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No pair production of open strings in a plane-wave background
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We consider whether an external electric field may cause the pair production of open strings in a type IIA
plane-wave background. The boundary states of D-branes with condensates are constructed in the Green-
Schwarz formulation of superstring theory with the light-cone gauge. The cylinder diagrams are computed
with massive theta functions. Although the value of the electric field is bounded by the upper value, there is
no pole in the amplitudes and it indicates that no pair production occurs in the plane-wave background.
This result would be universal for a class of plane-wave backgrounds.
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I. INTRODUCTION

The AdS/CFT correspondence [1-3] gives a nice
laboratory to argue new aspects of string theory and gauge
theories. The classical dynamics of strings on the AdS
space is related to nonperturbative phenomena in strongly
coupled field theories. An example of this fascinating
subject is the pair production of pairs of particle and
antiparticle in the presence of an external electric field. It is
originally studied in quantum electrodynamics (QED) [4]
and often called the Schwinger effect [5] (for further
developments, see [6,7]).

Recently, a holographic scenario to study the Schwinger
pair production was proposed by Semenoff and Zarembo
[8], where the production rate of W bosons in the Coulomb
phase (for various generalizations, see [9—11]). The poten-
tial analysis is done in the holographic way [12]. The
holographic analysis is applicable to confining gauge
theories [13-16].

In relation to this progress, an interesting issue is to
consider the pair production of strings on the AdS space
and argue its holographic dual. However, it is technically
difficult to analyze the dynamics of strings on the AdS
space; hence, it would be reasonable to consider a plane-
wave background as an approximation of the target space
geometry. It is known that the pair production of strings
occurs in flat space [17,18] (for the analysis based on the
Green-Schwarz formulation, see [19]), but it is not obvious
whether it can occur on curved backgrounds.

Here we will focus on a type IIA pp-wave background as
a concrete example. We consider if an external electric field
can induce the pair production of open strings. The
boundary states of D-branes with condensates are consid-
ered in the Green-Schwarz formulation of superstring
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theory with the light-cone gauge. The cylinder diagrams
are computed with massive theta functions. The value of
the electric field is found to be bounded by the upper value.
On the other hand, there is no pole in the amplitudes and it
indicates that no pair production occurs in the plane-wave
background.1 Although just one example of plane-wave
backgrounds is studied here, it is expected that this result
would be universal for general plane-wave backgrounds.

This paper is organized as follows. Section II gives a
brief review of the Green-Schwarz formulation of type IIA
superstring theory on a plane-wave background preserving
24 supersymmetries. In Sec. III, boundary states with con-
densates are constructed. In Sec. IV, we compute cylinder
amplitudes between parallel D-branes with condensates.
Section V argues the pole structure of the amplitudes after
moving to the open string picture. It is shown that there is
no pole in the amplitudes, and therefore the pair production
does not occur. This result indicates that there is no pair
production on general plane-wave backgrounds. Section VI
is devoted to the conclusion and discussion. Appendix A
explains in detail that there is no pole in the D2-brane
amplitude.

II. SETUP

This section gives a brief review of the construction of a
light-cone Hamiltonian for a closed superstring in a type
ITA plane-wave background, the details of which can be
found in [21].

A. A type ITIA plane-wave background

The type IIA plane-wave background is given by
[22-24]

'In fact, it has been reported that there is no vacuum
polarization in plane waves in the context of quantum field
theory [20]. Our result may be considered as its stringy version.
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ds® = =2dx*dx™ — A(x")(dx*)? + Y (dx)?,
=1

H
Fiis=p, F+4:—§, (2.1)

where x/ = (x', x") and the scalar function A(x') is defined
as

(u: const). (2.2)

4
=S S )

The relative coefficients are fixed so that the background
preserves 24 supersymmetries.

B. The Green-Schwarz action of type IIA
plane-wave string

The Green-Schwarz action of a type IIA superstring on
this background is simplified by fixing the kappa symmetry
with the light-cone gauge condition,

rt0=0, Xt =ptr (2.3)
Here pT is the total momentum conjugate to X~ and 7 is
time on the world sheet. Then the light-cone gauge fixed
action is given by2

2 2
+ x4+

5 ( 26 X’

Sic =1 [ alo,o
1 Or-9.0 +0r29,0 — %ér— <r123 + %r@) 9} ,
(2.4)
where a new parameter m is defined as
m=up". (2.5)

This is the mass parameter characterizing the masses of
the fields on the world sheet. Then the Majorana fermion 6
is the combination of Majorana-Weyl fermions #' and 6>
with opposite ten-dimensional SO(1,9) chiralities; that is,
0 = 6' 4 6, where 6' (6%) has positive (negative) chirality.
The Dirac conjugate of @ is defined as 6 = i0'T°.

The fermionic part in the action (2.4) is written in the
32-component notation. It is now convenient to rewrite the
action in the 16-component spinor notation. Let us first
introduce a representation of SO(1,9) gamma matrices as
follows:

*We set 2za’ = 1 for our convention. Here n™" is the flat
world-sheet metric with the world-sheet coordinates 6™ = (z, o).
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Here o’s are Pauli matrices and 1,4 the 16 x 16 unit matrix.
Then y! are the 16 x 16 symmetric real gamma matrices
satisfying the spin(8) Clifford algebra {y!,y’} = 256",
which are reducible to the 8 + 8, representation of spin
(8). Note that, in our representation, I is taken to be the
SO(1,9) chirality operator and y° becomes the SO(8)
chirality operator,

P=-6®y, TItf=—T0+I1). (2.6)

Y=rrh (2.7)

It is convenient to introduce the spinor notation

1 0
A —

so as to satisfy the kappa symmetry fixing condition of
(2.3), where the superscript A denotes the SO(1,9)
chirality. Then the action Sy is rewritten as

Sic = —% / dzo{nm"(?mX@nXl +";2(Xi)2 +';162(Xf’)2
— iy Oyl — iyl wl —iylo_y?
—iytd_y? + 2i%wiy4w_ 2ie "t |
(2.8)

where we have introduced the light-cone coordinates on the
world sheet and the associated derivatives are defined as
0. =0, £ 0,,. Here the subscripts + in y* represent the
eigenvalues £1 of y!2**. In our convention, the fermion has
the same SO(1,9) and SO(8) chiralities measured by I
and y°, respectively.

C. Mode expansions (bosons)

The light-cone action (2.8) is quadratic in fields; hence,
the quantization of closed string is carried out exactly.

Let us first consider the bosonic sector of the theory. The
equations of motion for the bosonic coordinates X' are
obtained from the action (2.8) like

2
nmnamanxi - (%) X = 07

2
70,0, X" (Z) X' =0.

Here the fields are subject to the periodic boundary
condition

(2.9)

X' (7,6 +27) = X!(,0).
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The solutions are given in the form of mode expansion,
, : 1 .3
X'(z,0) = x' cos <%T> +§pl%sin (%1)
Fi S (i (r.0) + @i (e.0))
ihW—> —(a 7,0) +a,¢,(7,0)),
dnig w, e
X! (z,6) = x' cos )+ L i 6s.in m
7,0) =X i =P ¢’
\/ 471Z

where x/ and p! are center-of-mass variables, coefficients
for zero modes, and a/ and @/ are the expansion coef-
ficients for the nonzero modes. The basis functions for
nonzero modes are given by

f’l¢l’l T o +an¢n(T 6))

(2.10)

$o(z.0) = gmionT=ing J)n (r,0) = gmionTHine (2.11)
A (17 6) _ e—iw’nr—ina’ ;#1 (77 U) _ e—iwi,ﬁ—ina, (2'12)
with the wave frequencies

w, = sign(n) <%>2 +n?,

w), = sign(n) (%)2 +n?. (2.13)

Note that the reality of X’ requires that o) =a,

and & = al,.

vl (z,0) = copg cos (% r> — cor*yg sin (g r) + ch

n#0

m . . (m 3 L~
yi(z,0) = copgcos <§T> + cor*ypg sin (gf) +) e <W11¢11 (z.0) +i (@, - n)y (7, 6)>,

where the chirality condition is that y'>%y,

given by

=y, andy

1

1234~
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The next is to promote the expansion coefficients in
(2.10) to operators with the canonical quantization. The
canonical commutation relations (at equal time) for the
bosonic fields are given by

[X!(z,0), P (z,6)] = i§"8(c — &), (2.14)
where P/ = 9,X” is the canonical conjugate momentum of
X’. Then one can read off the following commutation
relations between the mode operators,

[)CI, pq = ié”, [afq, 0111] = a)néijéiﬁ»m,ov
[(l;'l’, Od';} = wgz(si/j,(sn-&-m.()v

~il o~ ot
@) &th] = @,5'7'6,m0.

[aiw &iﬂ] = wnéij(sn-&-m,Ov

(2.15)

These relations will be used in considering boundary states
in the next section.

D. Mode expansions (fermions)

For the fermionic sector of the theory, the fermionic
fields are split into the two parts like (wl,y?) and
(w',w?). The equations of motion for the former part
are obtained as

m
Oyl + =yt =0, o_y* (2.16)

m
3 - §74l//1_ =0.
The nonzero mode solutions of these equations are given by
using the modes, (2.11). For the zero-mode part of the
solution, we impose a condition that, at 7 = 0, the solution
behaves just as that of the massless case. The mode
expansions for the fermionic coordinates are then

(Ftr.0) =12 (0 = ) wih) ).

o= ——,
0 V2

Then let us consider the other part (y,y?2). The equations of motion are given by, respectively,

m
Oyl ——rty?2 =0,

(2.17)
n#0
y, = =y, for all n. The normalization constants ¢, and c,, are
1
c, = .
V2m \/ 1+ (w, —n)?
oy + %y“m —0. (2.18)

6

The solutions are found to be
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vl (z,0) = cy} cos (rg ) + chrtyy sin (ET) + Zc

n#0

m
w2 (r,06) = cly)cos <€r> — chytpy sin <6 )

where the chirality conditions are described by y!Z3*y/

W =
—y!, and y'?**y!, = /. The normalization constants c and
¢, are given by

1 1 1

/ /

c, = VT \/1

() —n)?

Promoting the expansion coefficients to operators with
the canonical quantization again, the canonical anticom-
mutation relations (at equal time) are obtained as

WA(r.0) Wl (r.)} = 86— o). (220)

Then the anticommutation relations between the mode
operators are determined as

{l//n’ l//m} = 5n+m,0v {l/7n’ lpm} = 5n+m,0v (221)

{l///nv l//;n} = 5n+m,0v {l/’};w lpm} = 5n+m,0' (222)
E. The light-cone Hamiltonian

The light-cone Hamiltonian of the theory is given by

1/27rdH
H=— oH,
p"Jo

with the Hamiltonian density H derived from S;c given
in (2.8),

(2.23)

M= 5 (PP 43 (0,X)7 45 (%)2@(")2 = (%)z(xf’)z

I
— 5 Wiyt +2v/2+<9,;W+ + lgww wl

i i m

—Sylowh + oyt —i—yliytyl. (2.24)
2 2 6

By plugging the mode expansions for the fields,

Egs. (2.10), (2.17), and (2.19), into Eq. (2.23), the light-

cone Hamiltonian becomes
H=Ey+E+E, (2.25)

where E, E, and E are given by

n#0
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(#ntr)+i2 (= )i .0) )

6
ch <l//n¢n T, 6) - l%( n n)y l//n(pn(f 6)) (219)
|
I\ 2 2 2
TP m 2 m 72
Ey=—1(=— — —
o= () () e (§)
im
- —31/107 wo + —EWOJ’ wo !
1 [
E=— al—nalz + oy, + a)/nl//—nl//;l )
o ;( )
~ I & - - - )~
E=—> (L, + o _, + opi_,,).  (2.26)
P4

n

The first part E, is the zero-mode contribution and the
remaining two parts, E and E, are the contributions of the
nonzero modes. Here E and E are the normal-ordered
expressions, which do not have zero-point energy in total
because the zero-point energy coming from the bosonic
fields is exactly canceled by that of the fermionic ones.
The zero-mode contribution £ has the form of simple
harmonic oscillators. Hence, it can be conveniently rewrit-
ten in terms of the creation and annihilation operators. For
the bosonic part, the creation and annihilation operators are

defined as
m . Pr(p m
) SN\ T3 )
m

. 3z (P

it =, /22 £
R <27T *

a't = 6” + i—x a' = 6_7r p—l/ - iﬁx"’
" Vom 271' 6 ’ T Vm\2z 6 ’

(2.27)
and for the fermionic part, those are given by
¥ =it 1= o+ irin)
\/Z ’ 2 )
1 1
=y iy*ir), = _"_ (v — iv* ).
X ﬁ(lﬂo v x = —irtn)
(2.28)

Note that the chirality conditions are now rewritten as
y'2%y = —y and y'?*y = /. Equations (2.15), (2.21),
and (2.22) lead to the nonvanishing (anti)commutation
relations,
.’ = 5. W)=t
(2.29)

{ra' =1,
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Then, after taking the normal ordering, the zero-mode
contribution to H is given by

Ey = % (a'ta’ + a"ta” + 2Ty + Yty).  (2.30)

6p
Here the zero-point energy vanishes as in the case of £
and E.
The light-cone Hamiltonian H of (2.25) with (2.26) and
(2.30) will be used to describe time evolution of closed
string states.

III. BOUNDARY STATES WITH CONDENSATES

In this section, boundary states for D-branes with
condensates are constructed in the Green-Schwarz formu-
lation of type IIA superstring theory on the plane-wave
background. The boundary states constructed here will be
utilized to compute the cylinder diagrams between parallel
D-branes in the closed-string description.

A. The bosonic part

It is well known that, in the light-cone gauge (2.3), the
light-cone closed-string coordinates X* satisfy the
Dirichlet boundary condition on the boundary state for
D-brane basically due to the open/closed string channel
duality [25,26]. That is, letting the boundary state |B), it
follows that

9,X*|B) = 0.

These conditions imply that D-branes are instantonic
objects and restrict the dimensionality of a Dp-brane to
the range 0 < p+ 1 < 8.
For the spatial coordinates, the boundary condition can
be taken as
(8+X1_M118_XJ>|B> :O, (31)
where 0. = 0, £ 0, as defined in (2.8). The matrix M;,

eventually describes a rotation. In the absence of boundary
condensates, its explicit form is given by

+ forleD

, (3.2)
— forlIeN

M;; = ié,,{

where I € D(N) means that I denotes the Dirichlet
(Neumann) direction. Plugging this matrix into (3.1), the
Dirichlet or Neumann boundary condition is imposed for
X! like

9,X'|B) =0, or 0.X'|B)=0.
In the presence of boundary condensates, M, is no longer
the form of (3.2) as it should be.
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Note that, even without knowing the explicit form of
M;; in the presence of boundary condensates, boundary
states can be constructed at least at the formal level. In
terms of the bosonic modes in the mode expansion (2.10)
with (2.27), the boundary condition (3.1) is rewritten as

(al - MIJaJT)lB> =0,

(a, = Mpal,)By=0 (n>1). (3.3)

Then one can solve these conditions with the method
of constructing the coherent state. The resulting state is
given by

Mo & 4 iy i Sl
|B>B :eZ”>U(w”M‘](l_,,(l],,,*‘rm;,MI-//-/(l_n(l],n)e%Mijallaj +%Mj/j/a’ t |0>

’

(3.4)

where the subscript B in |B)y means the bosonic part of
the boundary state. This expression shows that the problem
of constructing a boundary state reduces to the problem of
finding an appropriate matrix M;; under a given setup.

In the following, we are concerned with the nonvanish-
ing boundary condensates. Here the condensates are
supposed to be constant electromagnetic fields F;; on
the D-brane world volume, and hence all the indices of F;
are in Neumann directions.

In the presence of F,;, the boundary condition for
Neumann directions is given by

(0.X' + F;0,X))|B) =0 (I,J€N). (3.5
By rewriting this condition in terms of J,, the relation
between M;; and F,; is obtained as

1-F
M]J:—<> (I,JEN),
1J

1+ F (36)

while M;; = 6;; when I,J € D. It is convenient here to
take a frame so that F;; becomes the block-diagonal form,

.7::diag(]—'(l),}"(z),...,.7:(1,/2)), (3.7)
where each block F () is given by
0 fa
Fla= ( > (3.8)
_fa 0

From (3.6), we see that M;; has also the block-diagonal
form. Recalling that M;; is a rotation matrix, the 2 x 2
block M, of M associated with F ) represents a rotation
in a certain two-dimensional plane labeled by a:
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1 (1=,
wo=-iia (o 1op)

— ol — < co.s Pa S ) (3.9)
—sing, cosq,

Here the first line is derived from (3.6) with (3.7) and (3.8),
T (,) is the rotation generator in the two-dimensional plane

labeled by a,
@ -1 0 ’

and ¢, is the rotation angle related to the constant back-
ground f, as follows:

l_fg sincp _ 2fa
1+ f% 42

(3.10)

cos @, = —

(3.11)

B. The fermionic part

Next we consider the fermionic part. The fermionic
boundary state in the absence of boundary condensates has
been constructed in [27]. Like the bosonic part, the basic
structure of the fermionic boundary state is not changed
even in the presence of boundary condensates. Thus we will
just quote some essential results obtained in [27] without
repeating the detailed analysis and focus upon the fer-
mionic counterpart of the matrix M;;.

The fermionic boundary state is constructed by requiring
that the boundary state preserves some amount of super-
symmetries possessed by the IIA plane-wave background.
Here, we demand that half of the supersymmetries are
preserved (i.e., 1/2-BPS condition) and that the fermionic
modes satisfy the following Ansdtze as the boundary
conditions,

(r—7'BMy")B) =0, (/- yme”N )=0.
(W, + iMy_,)|B) =0, (), +iMy’,)|B) =0

(n>0).
(3.12)

Here M is an orthogonal matrix and the fermionic counter-
part of the matrix M;;. The consistency of the 1/2
supersymmetry preserving condition with these Ansdtze
leads to the conditions which determine the matrix M. s

]MJ[+M}/1MT = O,

My + My'y' B0 = 0. (3.13)
In the absence of boundary condensates, by using M;; of
(3.2), the solution that satisfies the conditions (3.13) is
simply given by the product of gamma matrices with
indices in a particular set of Neumann directions,
M=yl (I eNI, <I)<---

<I,)., (3.14)

PHYSICAL REVIEW D 90, 066009 (2014)

TABLE 1. Spanning directions of Dp-brane instantons in the
type IIA plane-wave background. The branes are 1/2-BPS when
sitting at the origin of the transverse space. #y denotes the
number of Neumann directions. The indices are defined as ?} =
1,2,3and /', j =5,6,7,8.

#y(=p+1) Spanning directions

1 )

3 (1,7.4), (4,7, ])

5 (1.2,3,i,j), (i,5.6,7.,8)
7 (i,7,4,5,6,7,8)

for each 1/2-BPS Dp-brane boundary state. In general,
possible configurations of Dp-branes are restricted on
plane-wave backgrounds. The possible configurations in
the present case [27] are summarized in Table I.

Like in the bosonic case, the fermionic boundary state
can be constructed even without knowing the explicit
form of M in the presence of boundary condensates.
Namely, by solving the Ansdtze (3.12) with the method
of constructing the coherent state, the fermionic boundary
state is obtained as

|B>F = e_iZwo(W— My, M )e lzzM)(T+l;(/Ty123M)( |0>

(3.15)

where the subscript F in |B)r means the fermionic part of
the boundary state and the redefined fermionic zero modes
x and y' of (2.28) have been used.

Note that M is related to M, under the conditions given
in (3.13). Hence, when boundary condensates in the form
of (3.7) are turned on, M is determined from M 17 of (3.6)
with the 2 x 2 blocks given in (3.9). It should be remarked
that (3.6) is only for the Neumann directions, but M;; for
the Dirichlet directions is still glven by (3.2). Though one
may directly solve (3.13) for M, it is easier to determine M
by taking the group theoretical viewpoint that M and M are
the rotation matrices in the spinor and vector representa-
tions, respectively.

This can be illustrated by an explicit example. Let us
consider a D2-brane spanning along the 1, 2, and 4
directions (see Table I) and turn on a boundary condensate
on the 1-2 plane. Then, M;; is given by (e?T),, for
I,J = 1,2, and otherwise by (3.2). Here, T is the rotation
generator in the 1-2 plane given by (3.10), and ¢ is related
to the boundary condensate through (3.1 1).> Now, the
spinor representation of the rotation in the 1-2 plane by an
angle ¢ is simply given by 2", which is the part of M that
realizes the rotation. The full form of M is given by

B o 127/4 _ (COS% + },12 sin§)74, (3.16)

The subscript in (3.11), which distinguishes two-dimensional
planes, is not necessary in the present case.

066009-6
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which satisfies (3.13), as it should be. Note that the
boundary condensate is absent when ¢ = 7, as can be
seen from (3.11). Then M is reduced to just y'24, and this is
nothing but the expression implied by (3.14).

Also for the other branes listed in Table I, various
boundary condensates can be turned on and the corre-
sponding M’s are determined by following the same

|

PHYSICAL REVIEW D 90, 066009 (2014)

manner. Some examples will be given in the next
section.

C. The full boundary state

In summary, by collecting the bosonic and fermionic
parts of the boundary state, (3.4) and (3.15), the full
boundary state for a Dp-brane instanton |Dp) is given by

|Dp> _ Nezn>0 (ﬁM,-j(li_”('l];,, +mi;lMi’j’ (lin&/;/n_iW—11M¢—11+iV’Lan7’Ln) |Dp> (3 1 7)
= 0s .

where A is the normalization constant and [Dp), is the part composed of zero modes,

1

Dp)o = e

it 1 s il 5 Oro S +
M[l'al afTJriMi/j/a' tal e%)(i'leMX +%}(/f7123M)(' |0> )

(3.18)

In the next section we will compute cylinder diagrams with the constructed boundary states.

IV. PARALLEL BRANES WITH BOUNDARY CONDENSATES

In this section, we compute cylinder diagrams that describe the interaction between two parallel D-branes. The typical

expression of the amplitude is given by

dp*dp~ emip X —ip X"

ADPl;Dﬂz(X+7X_7 q:, q2) = / i

odpt »
_/ —"Fe X 9(p+)<Dp1,—p+,q1|e IHX+|Dp2’p+’q2>7

© P

where H is the closed-string light-cone Hamiltonian (2.25)
and X* = (x — x7) are the separation of two branes in the
light-cone directions. Then q; and (, describe the trans-
verse positions. The ie prescription, which induces the step
function O(p™) [28], is used in going to the last line.

Let us perform a usual Wick rotation on the world sheet,
t = it/m (with z for later convenience), or in terms of the
string coordinate,

X+
= i—+ . (4.2)
zp
Then the resulting amplitude has the form
App,pp, X, X7, 41, q0)
0 dt Xxtx— ~

= ) Te ’” ADpl;Dpz (t’ ql’qQ)7 (43)

where we have introduced the following quantity,

ADPI :Dp, (t’ qi, q2)

= (Dpy.—p*.qi e D Dpy. pT.qp).  (4.4)

In the following, we will consider the amplitude with
identical D-branes (i.e., p; = p,) sitting at the origin of the
transverse space, that is, q; = q, = 0.

_ 1 _
(Dp1,—p*,-p ,Q1|(m> IDpa, p™. p7.q2)

(4.1)

|
A. A general prescription to compute the amplitudes

The amplitude is evaluated in the standard way, and all
the following building blocks for the amplitude calculation
are obtained by following [25,28,29]. Note that the zero-
point energy is not taken into account because it is canceled
out between the bosonic and fermionic contributions in the
final expression.

1. The bosonic part (for nonzero modes)

Let us first see the bosonic oscillator part. For each of the
Neumann directions without boundary condensate and
each of the Dirichlet directions, when the direction is in
the 1234 space (or in the 5678 space), the contribution is
given by

[To-e (o Tla-a4).  g=e
n>0 n>0
(4.5)

For the presence of boundary condensates in a two-
dimensional plane labeled by @, when the two-dimensional
plane is in the 1234 space, the contribution is given by

H(l _ qmneidla)—l(l _ qwne—i(/)a)—l’

n>0

(4.6)
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where ¢, is the difference between two boundary con-

densates on the two parallel branes represented by (pgl) and

(pg), respectively,

(1) (2)

¢u =@a —@Pa - (47)

From (3.11), the angles that describe the boundary con-
densates are represented by

(12 )2
1-fa 1-fa
cos goElI) = _—f(1)2’ cos (piz) = —7]((2)2. (4.8)
1+ fa I+ fa

On the other hand, when the two-dimensional plane is in
the 5678 space, the contribution is given by

H(l —_ qw;ei‘ﬁa)_l(l - qmlne_iééa)_l'

n>0

(4.9)

2. The fermionic part (for nonzero modes)

For the fermionic oscillator part, the contribution from
the modes y,, and v, is given by

I 11

n>1sy,55,...==%1

(] _ qm,,eé(Sll/IHrSz(/Ier--.))d(Sl .sz,...)’ (410)

where s,’s are the eigenvalues of the spinors for the rotation
generator given by the product of two y matrices in the
corresponding two-dimensional plane labeled by al
The difference ¢, is given in (4.7). Then d(sy, s5,...) is
the multiplicity for a given sequence of (s, 55, ...). Though
it is not explicitly denoted, there is a constraint on the values
of s, such that the product of all s,,’s is consistent with the
chiralities of v, and y, (which are listed in Table II).

Similarly, the contribution from the modes v/, and v/}, is
given by

I 11

n>1 S’l,s’z,...=:|:1

(1 = gohedirsidrt )i (4 11)

where the product of all s,’s should be consistent with the
chiralities of v/, and ), listed in Table II. Although the
expressions given in (4.10) and (4.11) are rather symbolic,
the meaning of them will be clarified in later explicit
evaluations of various amplitudes.

3. The zero modes

The next is to consider the contributions from the
bosonic zero modes. For each of the directions without
boundary condensates, if it is in the 1234 space (or in the
5678 space), the contribution is given by

“The eigenvalues of the antisymmetric product of two y
matrices are £i. The symbol s, for these eigenvalues represents
only the sign.
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TABLE II.  The chiralities of the fermionic modes for y°, y!234,
and 7578,

¥ 41234 45678
l/!m X - + -
Yn + - -
W;w X ! - - +
W + + +

(=g (or (1=gm0)7R). (412

For a two-dimensional plane labeled by a with a
boundary condensate, if it is in the 1234 space, the
contribution is

(1) (2)qm/3)—]’

(1 —cos@,’ cos @, (4.13)

while if it is in the 5678 space, the contribution is

1 2) /6N —
D) cos p@ g6y,

(1 —cos@,’ cos @, (4.14)

Then let us see the fermionic zero modes. The contri-
bution from the mode y is given by

H (1 _ qm/3eé(s,¢|+sz¢2+...))d(5‘|~~Yz~--~)/2’ (4.15)
S1,82,...==%1

where the product of s,’s is under the same constraint
given to (4.10). Similarly, the contribution from the
mode ' is

H (1 = g/0edsihr+sspoto))ds155)/2 (4 16)

s’l,x’z,...:il

where the product of s/,’s is under the same constraint given
to (4.11).

By following the general prescription, we will consider
concrete examples in the next subsection.

B. Examples

In the following, let us consider three types of D-branes
concretely and compute the corresponding amplitudes.

1. Parallel D6-branes

First of all, let us consider parallel D6-branes which
extend along the (1,2,4,5,6,7,8) directions (see Table I).
We turn on boundary condensates in the 12, 56, and 78
planes. Then the matrix M is expressed as
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(4.17)

Here M (,) = e”’ (a = 1,2,3) is the 2 x 2 block given in
(3.9), where T (1), T2, and T'3) are the rotation generators
in the 12, 56, and 78 planes, respectively.

On the other hand, M is given by

S ?1,,12 ?2,56 93,78 ?1,,12 92,56 9378
M =27 yteiresr =27 3l exl yt.

(4.18)

For the contributions of y,,, ,,, and y to the amplitude, the
sequences of eigenvalues (s, s,,s3) in (4.10) and (4.15)
are obtained from Table II as

A1) = (1
(1) (2)

X (1 —cosg, ' cosp,’q

1~ cosgl?

PHYSICAL REVIEW D 90, 066009 (2014)

(s1.52.83) = (£, +.4), (£.-.-),  (4.19)

for each of which the multiplicity is 1, d(sy, s,,s3) = 1.
For y,,, y;,, and ¥/, the sequences of eigenvalues (s, 55, s5)
are

(£.+.-). (£ -.4). (420

(81,55, 83) =

for each of which the multiplicity is 1.
The basic building blocks from (4.5) to (4.16) lead to the
following factorized form,

Apeps(t) = Apps (VA (1), (4.21)

Here ,zlg)ﬁ);m(t) comes from the zero mode,

(2) m/3)—1

cos @, q
m/6)—1(1 — oS (p(;l) oS ¢(2)qm/6)—1

x (1 — m/3ez(1/’|+l/’2+</)z )]/2 1= m/362 ¢|+¢2+(/’1))]/2

x (1- m/3e?(¢l —$2—¢3) )1/2
x (1 — qm/6e§('/)|+l/)2 #3) ) /2

x (1 —

and ADOECM( ) is from the nonzero mode,

qm/6eé(¢l_¢2+¢2 ) /2 1

1= m/z (=p1—¢>— ¢3))1/2

(
(
(1 m/6 (=1 +dr— 4’3))1/2
(1 — gm/6es=dr=datd2))1/2 (4.22)

Afeide() = TT(1 = go)72(1 = gnei®)=1 (1 = goneit) !

n>0

X (1 - w;ei¢2>_1(1 - w;e_i¢2)_1(l - qw;16i¢3)_1(1 - que_iqu)_l

X 1 —_ (D,, ez ¢l+¢2+¢3

X

X

( ol
(1 wnez (b1 =do—p3) )(
(1 wnez (1 +b2—3) )(
(1- wnez (1= +3) )(

X 1-

wnez ¢1—¢2+¢3))'

1 — mneé(—¢1+¢2+¢3))
“’nez 4)I_(/’2_”3))

wnez ¢1+¢2—¢3))

(4.23)

It is now convenient to introduce the “massive” thetalike function defined in [30,31]

®(a,b)<7; V) = 64”72A("$‘1)H|1 —e

neZ

=277,/ V*+(n+a)*+ 27t (n+a)+2xib |2
9

(4.24)

where 7 = 7, + it, and A(v; a) is the zero-point energy. Actually, we are not concerned with A(v; a) because it disappears

in the final expression.

By using the massive theta functions, the amplitude can be rewritten into a simpler form,
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(1 _ qm/3ei¢l)l/2(1 _ qm/3e—i¢1>l/2

PHYSICAL REVIEW D 90, 066009 (2014)

(1 _ qm/6ei¢2)l/2(1 _ qm/6e—i¢2)l/2

-;‘Dﬁ;m(f) =
(1 —cos (pgl) cos (pg2)q"’/3)

(0. 4+ )/ 4m) (T 3)

1 2) m
(1) (>q/6)

(1 —cosg,’ cos g,

o) /am) 11/ 3)

(1 = gn/Seiba)1/2(1 = gmiSe-ids)1/2 @1/2
X

(1 —cos (pgl) cos (p<2)q’"/6)
12

% © 0,1+ =) 4 (03 m/6)

(ﬁ] —pr+ep3)/4r) (it; m/6)

@1/2 (lt m/3)

0.0 (/ /20 (lt, m/3)

172 1/2
(0., /2m) (I1:1M/6)8 0y 1

We would like to note that, if the boundary condensates are
absent, the above amplitude simply becomes one. This is
consistent with the previous result [27] of the amplitude
calculation without boundary condensates.

2. Parallel D4-branes

Let us consider parallel D4-branes. The world volume of
the D4-branes extends along the (1,2,3,5,6) directions.
Then we turn on boundary condensates in the 1-2 and
5-6 planes.

leD4;D4( t) =

(1 — qm/3ei¢1)1/2<1 — qm/3e—i¢1)1/2

(4.25)

(it;m/6)

It is possible to compute the amplitude in the same way
as in the case of D6-branes. But it can also be obtained
simply by taking the magnetic background in the 78 plane
to be infinite from the result on D6-branes. Note that x> (x*)
should be understood as the Neumann (Dirichlet) direction
at that time.

Let us consider the limit f3l , f32 — oo (equivalently
(pg ) , (p3 — 0, and thus ¢; — 0) in (4.25). Then the x’ and

x3 directions are turned into the Dirichlet ones. The

resulting amplitude is given by

(1 _ qm/6ei¢2)1/2<1 _ qm/6e—i¢2)1/2

(1) 2

(1 —cosq;’ cos g, q’”/3)

12
Ol am i1:/3)0

(1 —cos (pgl) cos ¢<22)qm/6)

br=gn)yam i85 /3)

CHANGE m/3)®1/2

00
(Ogy) o) (] 6)

r/) /2ﬂ)

(/) —¢2)/4n)

(it;m/3)

e\/2
X

(it m/6) (4.26)

@g/z (it;

/6)@1@ 1o (it m/6)
3. Parallel D2-branes

Finally, we shall consider parallel D2-branes. The world-volume of the D2 branes expands along the (1,2,4) directions.
We turn on the boundary condensate in the 1-2 plane. Then it is straightforward to obtain the following amplitude,

(1= 2cos(/2)g" + 4?1 = 2cos(/2)q"" + ¢
(1—g"3)(1 = g"®)%(1 - cos p'V) cos > g"/3)

-’le2;D2(t ) =

L= 2e08(6/2)q + (1 = 2cos(/2)¢* + 44y (4.27)
o (L=g)*(1—g”)*(1 = 2cos(¢)q™ + ¢*™)
This is also obtained from the amplitude for the D4-branes (4.26) by taking f gl), f gz) — oo (equivalently (pgl), gof) — 0, and
thus ¢, — 0).
In terms of the massive theta-like function, the amplitude can be rewritten as
Aopn() = (1 = gm/3ei®)1/2(1 — gm/3e=id)1/2 0 0.¢/4x) (it; m/3)B 0 a7 (it;m/6) (4.28)
’ (1= cosgV cosp®q"%) @5 (it;m/3)0(( 1 (it:m/3)8 ) (it; m/6)
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where the subscript 1 has been omitted from all of the
angles because the boundary condensate is turned on only
in the 1-2 plane.

V. NO PAIR PRODUCTION OF OPEN STRINGS

This section considers the possibility of the pair pro-
duction of open strings from the viewpoint of the pole
structure of the amplitudes. As an example, we concentrate
on the case of two parallel D2-branes.

First of all, it is necessary to move from the cylinder
diagram (closed string channel) to an annulus one (open
string channel). It is carried out by performing the trans-
formation r — ¢/ = 1/1. By the way, the resulting amplitude

PHYSICAL REVIEW D 90, 066009 (2014)

the light-cone gauge. Still, the amplitude with an electric
condensate can be anticipated from the magnetic one
through the replacement f — if (equivalently ¢ — ig).”
This anticipation will be supported later from agreement
with the result in the flat limit.

Then the pole structure on the real ¢ axis leads to an
imaginary part in the expression of the energy, which is
given by the sum over the residues of the poles. This is
interpreted as the sign of the pair creation of open strings.

To see the pole structure, recall the transformation law
of massive thetalike functions under the S transformation
T — —1/7 [30,31],

is the one containing the magnetic condensate. In. orde.r to Oan) <_ Z:le] y> = O _q)(T30). (5.1)
investigate the issue of open string pair production, it is T
necessary to have an electric condensate. It is difficult to
accomplish it directly because we are now working with ~ Then the D2 amplitude in (4.28) is rewritten as
|
~ O(0.p/ax) (it;m/3)0(0 g4z (it; m/6)
Apopo(t) = 72 X X
O 0.p/2m (i1:m/3)
z—>t71/t®( —p)an0) ({5 /31)O_y 47 0)(it';m/61') "
®(1/§,)/2 olit'sm/31)
d—it O(—ig/ar0)(it';m/31)O_i4 450y (it ;m/61)
02 X (5.2)
gm0 (i m/31)
I
where “...” denote the factors irrelevant to the pole e - -
structure. By the definition of the massive thetalike (z]7) = 2qsin(mz H —q"e7)(1=-¢"e™")
function (4.24), the last line does not lead to any pole in _ =1
the real 7 axis (For details of the proof, see Appendix A). (g=¢e"") (5.4)
Thus it has been shown that there is no pair creation of open
strings. . .
One interpretation of this result is that strings are trapped the last line of (5.2) can be rewritten as
in a harmonic potential due to the IIA plane wave back-
ground. In other words, the string coordinates describe the O igan0) (it';m/31)O_ipaz.0)(it'; m/6t")
set of harmonic oscillators. Hence it is impossible to o /2 (i #im/3¢)
separate the constituents of the produced pairs in an infinite (—ig/22.0)1"" >
distance even if a pair is produced at a certain instance. m_>0 34( |zt) sin (42)
At this point, one may ask if the production rate becomes : (,/,l it ) M X (5.5)
2

finite after removing the harmonic potential, that is, after
taking the flat space-time limit (m — 0). If it tends to be
finite, then the well-known result in flat space-time is
reproduced and our interpretation passes an important check.

Let us consider the flat space-time limit. With the help of
the expression of the massive thetalike function in m — 0
limit [31],

0:(atr + blz)|?
n(z)

and the usual product form of Jacobi theta function,

. _ 2
lim®, ) (z;m) = e~ 2724
m—0 :

. (53)

The last line explicitly shows that there are an infinite
number of poles on the real ¢ axis. The locations of the
poles are specified by

The replacement is not to be regarded as the result of
signature change from the Euclidean space to the Minkowskian
one, because the time direction is definitely set by the light-cone
time in our computation. Rather, it should be anticipated as a
natural generalization of the resulting amplitude following the
reasoning of [19]. For the issue of signature change from a
rigorous viewpoint, see for example Ref. [32].
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! =2n2k+1)/¢p (ke€Z).

This is nothing but the result in flat spacetime [25].5

VI. CONCLUSION AND DISCUSSION

We have considered whether an external electric field may
cause the pair production of open strings in a type IIA plane-
wave background. The boundary states of D-branes with
condensates have been constructed in the Green-Schwarz
formulation with the light-cone gauge. The cylinder dia-
grams have been computed with the boundary states and
the resulting amplitudes are shown to be expressed in terms
of massive theta functions. This is a characteristic property
intrinsic to plane-wave backgrounds. As a consequence,
although the value of the electric field is bounded by the
upper value,” there is no pole in the amplitudes and it
indicates that no pair production occurs in the plane-wave
background. Our result is based on an analysis in a IIA
pp-wave background, but the result would be universal for a
class of plane-wave backgrounds.

In order to confirm our conjecture that no pair production
occurs, it is indispensable to compute the amplitudes in other
plane-wave backgrounds. It would be interesting to classify
the gravitational backgrounds which allows the pair pro-
duction. For example, plane-wave backgrounds with flat
directions are good candidates. In this sense, adding angular
momenta would be able to support the pair production.

The next important question is whether or not the result
of no pair production is intrinsic to plane-wave back-
grounds. As was stated in the Introduction, it is interesting
to study the possibility of the pair production in AdS
backgrounds. A plane-wave background appears as an
approximation of the AdS geometry times an internal
space, while the geometry of flat space always appears
by considering a small and local region and the pair
creation seems possible on it. Actually, a Penrose limit
[33] of the AdS geometry may lead to flat space, depending
on the choice of the null geodesic. Thus, our argument
would not be able to exclude the possibility that the pair
production of strings occurs in the AdS backgrounds.
The phenomenon that no pair production occurs may be
an artifact in the plane-wave approximation.

The study of the pair production of open strings on
curved backgrounds would reveal a new aspect of the string
dynamics.

6Although D-strings in type IIB string theory are considered
there, the essential point is the same.

"We note that the upper bound is not the usual constant critical
electric field and comes from the consideration of Eq. (A6), the
zero-mode part that is essential in investigating the pair produc-
tion. From the viewpoint of ¢, it is easy to see that ¢ has the upper
bound from the non-negativity of the inside of the square root,
which is given by (A7).
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APPENDIX: THE POLE STRUCTURE OF THE
D2-BRANE AMPLITUDE

We will show that there is no pole in the D2-brane
amplitude given in (5.2).

Let us begin with the last line of (5.2). The definition of
the massive theta function is given in (4.24). The goal is to
show that there is no pole on the real ¢ axis. The amplitude
is divided into (1) the n # O contributions and (2) the n = 0
contribution. We will consider each of them below.

1. The n # 0 contributions

In order to study the pole structure, let us consider zero
points of the following part,

..om
9(—1'(]5/271:,0) <lf/;§)

Art' A(m/31 ;—igp/2r)

=€
2
x H‘l —exp [—\/M2 + 2 (2an — i¢)2] ) (A1)
nez
where we have defined
M= 2mm .

3

It is convenient to rewrite the argument of the exponential
part as follows:

M? 412 (2an—ig)? = M? +1*[(2zn)?> — §*| — i - 4ant?¢
=re'? = rcosg +irsing. (A2)
Here the parameters are identified as

rsing = —4xnt?¢, rcosg = M? + '?[(2zn)? — ¢?],

(A3)
where r and ¢ are represented by
r? = (4xnt?p)* + (M* + *[(2zn)? — %)),
ang = — A (A4

M2+ ?[(2an)* — ¢

Then it is easy to derive the following expression,
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2
’1 — exp [—\/M2 +1"2(272n — igb)z} ‘
=2 —2e""cos(0/2) cos (/2 sin(g/2)).

(AS)

Because r # 0 on the real ¢ axis, the only condition that
poles exist is the following,

p=m  r/2=27N(NeN).

However, this condition is not satisfied due to the
condition (A4).

2. The n = 0 contribution

The next is to see the contribution from the » = 0 mode.
From the denominator of (5.2), one can read off the
n = 0 contribution as follows:

172
© Ligj2r0)

1 —exp [—2;:#\/ <%>2 - (%) 2] . (A6)

(it';m/37)
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It is easy to see that this factor becomes 0 at

= (A7)

e
At this point, it seems that there should be a pole at
this value.

On the other hand, a massive thetalike function on the
numerator of (5.2) contains the n = 0 contribution given by

O (—ip/ano) (it s m/61)
— (1-ew e (2) - ()]) o

Interestingly, this factor also becomes 0 at the value of 7 in
(A7). Noting that the power of (A8) is higher than that of
(A6), the value of ¢ in (A7) does not indicate the existence
of a pole but a vanishing point of the amplitude.

In total, we conclude that the D2-brane amplitude given
in (5.2) does not have any pole on the real ¢ axis.
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