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Parametrized post-Friedmann framework for interacting dark energy
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Dark energy might directly interact with cold dark matter. However, in such a scenario, an early-time large-
scale instability occurs occasionally, which may be due to the incorrect treatment for the pressure perturbation
of dark energy as a nonadiabatic fluid. To avoid this nonphysical instability, we establish a new framework to
correctly calculate the cosmological perturbations in the interacting dark energy models. Inspired by the well-
known parametrized post-Friedmann approach, the condition of the dark energy pressure perturbation is
replaced with the relationship between the momentum density of dark energy and that of other components on
large scales. By reconciling the perturbation evolutions on the large and small scales, one can complete the
perturbation equations system. The large-scale instability can be successfully avoided and the well-behaved
density and metric perturbations are obtained within this framework. Our test results show that this new

framework works very well and is applicable to all the interacting dark energy models.
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Interactions are ubiquitous in nature, and so it is very
possible that dark energy directly interacts with cold
dark matter, which also provides an intriguing mechanism
to solve the “coincidence problem” [1-4]. The existence
of such an imaginary interaction could be confirmed or
falsified by the future highly precision measurements of the
growth of large-scale structures combined with those of the
expansion of the universe. It is also of particular importance
to distinguish between the interacting dark energy (IDE)
and the modified gravity models, since both of them can
modify the growth of structures but there are some subtle
differences between the two [5]. To achieve this goal, the
cosmological perturbations in the IDE model should first be
investigated correctly and clearly. Numerous works on this
have been done; see, e.g., Refs. [5-10].

Nevertheless, the framework for calculating the cosmo-
logical perturbations in the IDE scenario in the literature
does not seem to be correct. This is hinted by the well-
known early-time large-scale (superhorizon) instability
appearing in the IDE scenario. The cosmological pertur-
bations will blow up at the early times for the Q « p,. model
with w > —1 [9] and for the Q « pg. model with w < —1
[5,10]. Such a phenomenon is particularly prominent in the
models with w = const. Here, p4. and p, are the back-
ground energy densities of dark energy and cold dark
matter, w is the equation-of-state parameter of dark energy
defined by pg4. = wpg, and Q describes the interaction
between dark energy and cold dark matter,
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where ' = d/dIna and H is the Hubble parameter. This
large-scale instability seriously depresses the study of IDE.
However, there exists an important possibility that such an
instability is not a true physical effect but an unreal
phenomenon arising from our ignorance about how to
correctly treat the pressure perturbation of dark energy.

In general, for any adiabatic / fluid its pressure pertur-
bation takes the form 6p; = cfl’lép,, where Jp; is the
density perturbation of / fluid and the adiabatic sound
speed 2 ; = p}/p;. However, if dark energy is treated as an
adiabatic fluid, it immediately follows that ¢, =w <0
(for constant w case) leading to dark energy collapsing
faster than dark matter on the small scales [11]. In order to
avoid such a nonphysical result, one has to treat dark
energy as a nonadiabatic fluid, and lets &pg. =
cideépde + Opnad>» Where 6p.q denotes the intrinsic non-
adiabatic pressure perturbation of dark energy. As
explained in Ref. [9], dp,,q is a function of pf., and thus
the interaction term Qg enters dp,,q explicitly via Eq. (1).
Due to the interaction, the nonadiabatic mode grows fast on
the large scales, no matter how small the coupling is, and
soon drags other matter perturbations onto the nonadiabatic
blowup, leading to rapid growth of the curvature perturba-
tion at the early times [9]. Therefore, it seems that simply
treating dark energy as a fluid is problematic for IDE
scenario.

In fact, even for the noninteracting dark energy such a
nonadiabatic fluid treatment can also bring instability when
w crosses the phantom divide w = —1 [12-15]. This
instability arises due to the fact that 2, = pl./phe
diverges at w = —1.
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The appearance of these instabilities in dark energy
perturbations reveals our ignorance about the nature of dark
energy. In the current framework for calculating dark
energy perturbations, dark energy is treated as a non-
adiabatic fluid, and the pressure perturbation of dark energy
is derived by assuming a rest-frame sound speed (which is
not equal to the adiabatic sound speed). But the current
embarrassed situation urges us to abandon this framework
and find out a new effective theory to handle dark energy

perturbations.
The parametrized post-Friedmann (PPF) approach was
proposed to solve the w = —1-crossing instability problem

[16,17]. This approach replaces the condition on the dark
energy pressure perturbation with a direct relationship
between the momentum density of dark energy and that
of other components on the large scales. Now, the sim-
plified PPF code has become a part of the CosmMmoMC
package [18], used to handle the perturbations in dark
energy with w # const. In this letter, we establish a PPF
framework for calculating the cosmological perturbations
in the IDE scenario. In this framework, the aforementioned
instability is successfully avoided. Also, this new PPF
framework is downward compatible with the previous one
for noninteracting dark energy.

In a FRW universe with scalar perturbations, the per-
turbed metric can be expressed in general in terms of four
functions A, B, H;, and Hy [19,20],

8900 = —a*(24Y),

6g0i = _azBYiv

0gij = 02(2HLY7ij +2HrY;;), (3)
where Y, Y;, and Y;; are the eigenfunctions of the Laplace

operator and its covariant derivatives. The perturbed
energy-momentum tensor can be expressed as

§T% = —é8pY,
6Ty = —(p + p)oY’,
8T'; = 6pY&'; + pIlY';, (4)

where v and IT are the velocity perturbation and anisotropic
stress of total matters including dark energy, respectively.
Then, the Einstein equations give [16]
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where ky; = k/(Ha) and cx = 1 — 3K /k? with k the wave
number and K the spatial curvature. Considering the
interaction between dark energy and cold dark matter,
the conservation laws become

VTP =0 ) 0]=0 (7)
1

and the energy-momentum transfer can be split in general
as

Q) =a(=Q,(1+AY)=6Q,Y.[f;+Q,(v—B)]Y;), (8)

where 6Q; and f; are the energy transfer perturbation and
momentum transfer potential of 7/ fluid, respectively. Then,
Egs. (7) and (8) give the following two conservation
equations [19],

8p; +3(8p; + 6p;) + (pr + pr)(kyv, +3HY)

= 41 (60, - AQ)) ©

a*(p; + v; — B/ 2
(1 111)( ! ) —op; + 5 cxpIl; = (pr + pr)A
a kH 3

= 21010 =B)+ /1. (10)

It is very convenient to present our work in the comoving
gauge defined by B = vy and Hy = 0. Hereafter, we use the
subscript T to denote the corresponding quantity of total
matters except dark energy (Hp is an exception). To avoid
confusion, we use new symbols for metric and matter
perturbation quantities in the comoving gauge. They are
{=H;,E=ApA=0op,Ap=9p,V =v,and AQ; =60;.
Note that [T and f; are two gauge-independent quantities. In
practice, one often sets Iy, = O for dark energy, AQ,. and
f4c are given by the specific interacting models, and the two
metric perturbations ¢ and & satisfy two Einstein equa-
tions (5) and (6). Thus, we still have three quantities, pg.Age,
Apge, and V., for dark energy. However, the remaining
conservation equations (9) and (10) can only give two of
them the equations of motion. A common practice to
complete the system is to treat dark energy as a nonadiabatic
fluid, and establish the relationship between Ap,. and
PaeAdes Which, however, induces the large-scale instability
in the IDE scenario, as mentioned above.

Inspired by the PPF approach to noninteracting dark
energy [16,17], we also replace the condition on the dark
energy pressure perturbation with a direct relationship
between the momentum density of dark energy and that
of other components on the large scales. This relationship
can be parametrized by a function f,(a) as
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since in the comoving gauge Vg4 —Vy = O(k3¢) and
Vi = O(kyl) on the large scales [21]. Substituting
Eq. (11) into Eq. (6), in the comoving gauge one obtains

. K 1
lim ¢’ =§—PkHVT+§CKf§kHVT’ (12)

ky<1

where £ can be derived from Eq. (10),

£ _ApT_%CKpTHT + 210 (V =Vy) + fc] (13)
pr+pr .

In the limit of kg > 1, dark energy is smooth enough,
and the first Einstein equation (5) reduces to the Poisson
equation

dnG

lim ® = —~2__
S CKk%IHZ

P AT/D T (14)
>1
where ® = { + V;/ky. In order to make these two limits
compatible, one can introduce a dynamical function I" such
that

4nG

P4+ =—1"—
Ckk%_IHQ TPT

(15)

on all scales. Taking the derivative of Eq. (15) and using
Egs. (9), (10), and (12), one can obtain the equation of
motion of I" at ky <« 1,

HmI" =S —T, (16)

k<1

where the source term

4G
S= kzﬂHz {[(pde + pde) - fC(pT + pT)]kHVT
H
3a 1
T g Qe V=V + fl+ (A0~ éQc)}-

The effect of dark sector interaction is explicitly shown in
this equation.

On the other hand, Egs. (14), (15), and (16) imply I' — 0
and § — 0 at kg > 1. To satisfy all these limits at ky << 1
and ky > 1, we can take the equation of motion for I" on all
scales to be

(14 k)" + T + cqkz ) = S. (17)

Here, cr gives a transition scale in terms of the Hubble
scale under which dark energy is smooth enough. Once the
evolution of I' is derived, we can directly obtain the energy
density perturbation and momentum density of dark energy,
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Actually, the dark energy pressure perturbation Apg, can
also be derived within this framework from Eq. (10),

[a4(pde + pde)(vde B VT)]/
Cl4kH

_Qae(V=Vr) e (20)

Apge = — (page + Pae)é

So far, the perturbation system has been completed by a
function f, a parameter cr, and a dynamical quantity I". We
can take the initial condition I' = 0 at @ — 0O for solving
Eq. (17), since S — 0 at a — O from the expression of S.
The values of f, can be inferred by solving the full
equations at ky — 0 in a specific IDE model. However,
it suffices for most purposes to simply let f- = 0 [17]. For
the value of ¢, we follow Ref. [17] and choose it to be
0.4¢, [22,23]. With a careful test, we conclude that the dark
energy perturbation evolution is insensitive to this value.

Next, we show that this new framework can give stable
cosmological perturbations in the IDE scenario. As a
concrete example, we consider the following typical model,

Q¢ = —Qy. = —3fpHp u, (1)
where f is a dimensionless coupling. The four-velocities
for 1 fluid in a general gauge are
uy = a'(1 — AY, v, YY),

l =
"

u, = a(-1—-AY,(v; — B)Y)).

From Egs. (8) and (21), we have

5Qde = _5Qc = 3:6Hp0501
fde = _fc = SﬁHpc(vc - U)’
Que = -0, = 3pHp,, (22)
where 6; = dp;/p; denotes the dimensionless density

perturbation of / fluid. Substituting the above equations
into the source term S and Eq. (13), we can obtain the
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FIG. 1 (color online).

PHYSICAL REVIEW D 90, 063005 (2014)
10% T T T T T

10°F !_/'- h"'r'm._‘i’__\ . w=-0.9 ]

Ji—— energy LY

\-.
A
10° F | —— dark matter [RULTT 5 =
i —-=baryon - "
10°F / ---- photon gV /S, |
=} B e massless neutrino )

10*° ]
10®° L ]
1 020 1 | 1 1 1
107 10°® 10° 10* 10° 10 10"
a
104 d T k T T T T
--=--dark energy L
f——dark matter w==0.9
10°F — - —baryon 3
[ ---- photon E
e S massless neutrino

19l

-

o
%

107 10° 10° 10* 10° 10% 107
a

The density perturbation evolutions at k = 0.1 Mpc~! in the IDE model with Q* = 3Hp_u in the synchronous

gauge. The upper panels are obtained by using the previous method, while the lower panels are obtained within the PPF framework

proposed in this work.

perturbations of dark energy in the comoving gauge.
It is also convenient to get the results in the synchronous
gauge by a gauge transformation, since most public
numerical codes are written in the synchronous gauge.
For the details of the gauge transformation, see the
Appendix of Ref. [16] [but note that the background
interaction term Q; enters the transformations of §; and
op; via Egs. (1) and (2)].

In Fig. 1, we plot the density perturbation evolutions at
k = 0.1 Mpc™' for the considered IDE model in the
synchronous gauge. The upper panels are obtained by
using the previous method, while the lower panels are
obtained within the PPF framework proposed in this letter.
To show the cases with w < —1 and w > —1, we take w =
—1.1 (left panels) and w = —0.9 (right panels) as typical
examples. We take = —107!7 and fix all the other
parameters at their best-fit values from Planck. Taking
such a small value for f is to avoid the possible breakdown
of the numerical computation when the instability occurs in
the IDE model using the old method. From Fig. 1, one can
clearly see that our new calculation framework (lower
panels) can give stable cosmological perturbations for both
w = —1.1 and w = —0.9 cases, while the previous method
(upper panels) leads to the instability for the w = —0.9 case
even though the coupling is so weak (8 = —107!7). Thus,
our new calculation scheme works very well. Note that

Fig. 1 is only an example for the IDE model with

# = 3BHp.u.. In fact, after a careful test, we conclude
that our new framework is applicable to all the IDE models.

Also as an example, we constrain the parameter space for
the above IDE model by using the current observations.
The observational data are the same as those used in
Ref. [24]. The fit results are shown in Table I and Fig. 2.
This example explicitly shows that the whole parameter
space of the IDE model can be explored within this new
calculation framework. In this fit, we get f = —0.0013 &+
0.0008 and w = —1.22870993 (16 CL).

Dark energy might interact with cold dark matter in a
direct, nongravitational way. The consideration of such an
interaction is rather natural since the interactions are
ubiquitous in nature. On the contrary, no interaction
between dark energy and dark matter is an additional
assumption [25]. In order to find out this interaction and
determine the properties of dark energy and dark matter
with the future highly accurate measurements of the growth
of large-scale structure, one should investigate the cosmo-
logical perturbations in detail in the IDE scenario.
However, some early-time large-scale instability occurs
on occasion in the IDE scenario, due to the incorrect
treatment for the pressure perturbation of dark energy
as a nonadiabatic fluid. In this letter, we establish a PPF
framework to correctly calculate the cosmological
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TABLE 1. Fit results for the IDE model with Q¥ = 38Hp .
Parameter Best fit 68% limits
Q,h? 0.02227 0.02218 £ 0.00028
Q. h? 0.12199 0.1224 + 0.0022
H, 71.16 715415

T 0.0955 0.0901 01

w -1.2050 —1.22870:00

B -0.00137 —0.0013 £ 0.0008
ng 0.9630 0.96097 3008
In(10'04,) 3.096 3.0867 0037

Q, 0.7139 0.7152200138
Q, 0.2861 0.28487 0011
Age/Gyr 13.826 13.831 £ 0.064

perturbations in the IDE scenario, in which the dark
energy pressure perturbation condition is replaced by the
relationship between the momentum density of dark energy
and that of the other components on large scales (para-
metrized by a function f;). Using a dynamical quantity I"
and a transition-scale parameter cr to reconcile the per-
turbation evolutions on the small and large scales, the
density and velocity perturbations of dark energy can be
derived directly. Our new framework can give stable
cosmological perturbations in the whole expansion history
of the universe, and is applicable to all the IDE models.
This calculation scheme would play a crucial role in
distinguishing among the (noninteracting) dark energy,
IDE, and modified gravity models with future highly
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FIG. 2 (color online). The one- and two-dimensional posterior
distributions for the parameters in the IDE model with Q¥ =
3BHp ..

precision data, and inject new vitality to the study of
IDE models.
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