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We match continuum and lattice heavy-light four-fermion operators at one loop in perturbation theory.
For the heavy quarks we use nonrelativistic QCD and for the massless light quarks the highly improved
staggered quark action. We include the full set of AB = 2 operators relevant to neutral B mixing both

within and beyond the standard model and match through order a;, Agcp/M),, and a;/(aMy).
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I. INTRODUCTION

Despite intense experimental and theoretical effort, there
have been no observations of beyond the standard model
(BSM) particles. Direct detection at high energy collider
experiments is not, however, the only way to uncover
evidence for new physics. Indirect detection through high-
precision measurements at relatively low energies is also
possible. At low energies, new physics appears through
quantum loop effects, which can probe energy scales far
greater than those available at current high energy experi-
ments, such as at the Large Hadron Collider. Detecting such
loop effects requires precise theoretical predictions of
standard model physics with which to compare experi-
mental data. A related approach is to study the unitarity of
the Cabibbo-Kobayashi-Maskawa (CKM) quark mixing
matrix. In the standard model, the CKM matrix is unitary
and deviations from unitarity could indicate the presence of
new physics. Multiple, independent determinations over-
constrain the CKM parameters, usually expressed in terms
of “unitarity triangles.”

Heavy quark flavor physics is one area that could be
particularly sensitive to the effects of heavy BSM particles.
In particular, neutral B meson mixing, which is both loop
suppressed and CKM suppressed, provides a promising
avenue for new physics searches. In the past decade there
have been extensive experimental studies of neutral B meson
mixing and B decays from the CDF [1,2], DO [3-5], and
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most recently, LHCb [6,7] collaborations. Some of these
results have exposed a 2—-3¢ discrepancy between certain
standard model predictions and measurements [3,5,8]. In
addition, recent CKM unitarity triangle fits hint at the
presence of BSM physics, with some fits favoring new
physics contributions in the neutral B mixing sector [9-12].

Neutral B meson mixing is characterized by the mass and
decay width differences between the “heavy” and “light”
mass eigenstates, which are admixtures of quark flavor
eigenstates. The mass difference, AM, = My — M, is
equivalent to the oscillation frequency of a neutral B,
meson with light quark species g. Theoretical studies of
neutral B meson mixing employ effective Hamiltonians that
incorporate four-fermion operators. Matrix elements of
these operators characterize the nonperturbative quantum
chromodynamics (QCD) behavior of the mixing process
and these matrix elements must be determined with a
precision sufficient to confront experimental data with
stringent tests. Precise ab initio calculations of nonpertur-
bative QCD effects require lattice QCD.

The scope of neutral B meson mixing calculations on the
lattice has been quite extensive and several lattice collab-
orations have produced results with up/down and strange
quarks in the sea [13—17]. The HPQCD collaboration is
currently carrying out nonperturbative calculations that
incorporate the effects of up/down, strange, and charm
quarks in the sea for the first time [18].
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The gauge ensembles that are currently available have a
lattice spacing too large to accommodate heavy quarks
directly at the physical b quark mass. Lattice calculations
are therefore generally carried out using an effective
theory for the heavy quark fields, such as heavy quark
effective theory (HQET) or nonrelativistic QCD (NRQCD).
Effective theories on the lattice must be related to con-
tinuum QCD to extract physically meaningful results. In
this paper we determine the one loop matching coefficients
required to relate lattice matrix elements of AB =2
operators, constructed using the highly improved staggered
quark (HISQ) and NRQCD actions, to the correspon-
ding matrix elements in continuum QCD. We match
through O(ay, Agep/M,y, a5/(aM,)) and include “sub-
tracted” dimension-seven operators, which remove power
law divergences at O(a,/(aM)), only at tree level.

Our calculation extends the work of [19] to include
massless HISQ light quarks and is a significant step in
the HPQCD collaboration’s program to determine improve-
ment and matching coefficients for lattice NRQCD at one
loop [20-22]. These matching calculations are an integral
component of the HPQCD collaboration’s precision B
physics effort. Here we largely follow the notation of [19]
for consistency and to enable easy comparison with that
paper. A similar matching calculation for a restricted range
of AB =2 operators in NRQCD was carried out in [23].
Matching calculations for static heavy quarks with a range
of light quark actions were undertaken in [24] and more
recently in [25-27]. A preliminary discussion of O(1/M,,)
operators in HQET was presented in [28]. We provide full
details of the extraction of the lattice NRQCD mixing
coefficients, which does not appear in the literature.

In the next section we discuss four-fermion operators in
continuum QCD and on the lattice. We then describe the
matching procedure that relates the matrix elements of these
operators. In Sec. IV we detail the calculation of the lattice
mixing coefficients. We present our results for the mixing
parameters from heavy-light four-fermion operators through
order a, Agcp/M,,, and a;/(aM),) in Sec. V. We conclude
with a summary in Sec. VI. In the Appendix we provide some
details of the continuum calculations entering the matching
procedure. We discuss two different NDR-MS schemes that
have been used in the literature for the renormalization of the
standard model AB = 2 operators Q2 and Q3, and we
correct two errors in Egs. (B9) and (B10) of Ref. [19].

II. FOUR-FERMION OPERATORS
A. In continuum QCD

There are three dimension-six, AB = 2 operators that are
relevant to neutral B meson mixing in the standard model:

0l = (‘I’Z}’”PL‘I’Z><@27;¢PL‘I’/§)’ (1)

Q2 = (VjP,W}) ()P, ), (2)
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03 = (W}, P, W})(I}PL ). (3)

Here the subscript on the QCD fields, ¥ and U, denotes the
quark species: b for bottom quarks and g for down or
strange quarks, which we take to be massless. The super-
scripts i and j are color indices and Pgr; = (1 £ ys) are
right- and left-handed projectors. Operator Q1 determines
the mass difference AM, in the standard model and all
three are useful in studies of the width difference AL,.

BSM physics can be parametrized by a AB = 2 effective
Hamiltonian, which incorporates two further independent
operators,

04 = (Vi P, W) (W) PR, (4)
05 = (U}, P, W) (] PR TL). (5)

Collectively these five operators are known as the “SUSY
basis of operators” in the literature [29]. We simplify
intermediate stages of the matching calculation by intro-
ducing two extra operators,

06 = (Viy, PLUL) (U] PRUY), (6)
07 = (Vy, PLUY) (T " Ppll). (7)

Matrix elements of these operators are related to matrix
elements of Q5 and Q4 via Fierz relations, so that, as one
would expect, Q6 and Q7 are not independent operators.
Matching calculations in perturbation theory are gen-
erally carried out by considering scattering between exter-
nal quark (or gluon) states. For the case of AB =2
operators, we consider scattering from an incoming state
consisting of a heavy antiquark and a light quark to an
outgoing state of a heavy quark and light antiquark. We
write these states symbolically by
lin) = 0% ¢). and (ouf = (g*:Q". (8
where the superscripts are color indices. The corresponding
external Dirac spinors are u, and v, for the incoming light
quark and outgoing light antiquark and it and 7, for the out-
going heavy quark and incoming heavy antiquark respectively.
We denote the matrix elements of the operators Qi by

(Qi) = (out|Qilin), 9)
and at tree level Q1, 02, 04, and Q6 are
(@"; QP |(WyI W) (BT, W) | Q% ¢©) e
= Sapdcpl(igliuy) (Dolhv,) + (ApTou,) (9ol v,)]

— 8ap0pcl(ghv,)(Dolauy) + (gl v, ) (DT u,)].
(10)
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FIG. 1. Tree-level diagrams representing the matrix elements of
operators Q1, 02, 04, and Q6. The incoming state is a heavy
antiquark and a light quark and the outgoing state is a heavy
quark and a light antiquark. The letters A, B, C, and D are color
indices and correspond to the conventions of Eq. (10).

which we represent diagrammatically in Fig. 1. The Dirac
operators I'; , represent the operator insertions correspond-
ing to Egs. (1) to (7). For matrix elements of O3, 05, and
Q7, we have instead

<qA; QD|<\T/ZFI \P{I)(\TIJbFQ\IIZHQB’ qc>tree
= Oap0ca|(itoliuy)(Dolhv,) + (ghhu,) (Dol v,)]
— Sap0cp (ol v,) (Dol hu,) + (plhv,) (Dol u,)].
(11)

Radiative corrections induce mixing between the four-
fermion operators, which we write as

(12)

where the superscript (0) denotes matrix elements con-
structed using spinors that obey

(OIS = (0 yee + A5¢1 Q) e

(13)

in order to match to the effective theory. In principle the
product ¢;;(Q J>tr0e)e is a sum over all operators Qj that mix
with Qi. In practice, however, only two such operators
appear: for example, for Q1 we have

L_iQ]/O = Ile, and ’DQ}/Q = _DQ’

(O1)ee + a,c11 (O + aye12(02) .
(14)

(QI)MS =

In the following, we leave this sum implicit.

B. On the lattice

In the effective theory formalism of NRQCD, the heavy
quarks and antiquarks are treated as distinct quark species.
We separate the quark fields that create heavy quarks,
which we denote \IJQ, from the fields that annihilate heavy
antiquarks, which we represent by \I/Q
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The two-component heavy quark field is obtained from
the four-component QCD quark field, ¥, via the Foldy-
Wouthuysen-Tani transformation (see, for example, [30]),

U, =", <1 +iy -V + O(I/M2)>, (15)
2M

where the arrow indicates that the derivative acts on the

heavy quark field to the left. We insert this expansion into

the four-fermion operators of Eqs. (1) to (7) to determine

the appropriate NRQCD operators. We see immediately

that, at leading order in 1/M, we need operators of the form

(16)

We obtain the O(Aqgcp/M) corrections by introducing
the operators

0l =5 (Vg T, 0,) (¥p0T,)
(Tl 0,) (Vi T,
+ (Vg ATy, (Tl
+ (DT W,) (Vg - 4T, 0, ). (17)
We denote the matrix elements of the effective theory by
(Qi) = (out|Qilin), and (Qil) = (out|Qillin), (18)

1333 ”

where now the “in” and “out” states are understood to be an
incoming NRQCD antiquark and HISQ quark and an
outgoing NRQCD quark and HISQ antiquark, respectively.
Radiative corrections induce mixing between these oper-
ators, with mixing coefficients claltt and we obtain

(19)

<Q > <Ql>lree + a Clatt<QJ>tree’

and similarly

(0i1) = (Qil e + 2, L5 Dj) e (20)
We ignore the one loop corrections to (Qil >t(roe)e which only
arise at O(a;Aqcp/M),) in the matching procedure.

As discussed in more detail in [19], the mixing coef-
ficients c_,“lm describe the “mixing down” of dimension-
seven operators Qil onto dimension-six operators 0j.

In the next section we outline the matching procedure
before describing the calculation of the lattice mixing
coefficients.

III. THE MATCHING PROCEDURE

We now relate the matrix elements of the NRQCD-
HISQ operators, which ultimately will be determined
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nonperturbatively on the lattice, to the matrix elements of
QCD operators in the MS scheme. In other words, we wish
to relate Egs. (19) and (20) to Eq. (12).

We first expand the QCD matrix element (Qi) .. in
Eq. (12) in powers of the inverse heavy quark mass:

(0i)gee = (0D, + (Qil)0.. (21)

Thus the QCD matrix element becomes

(QI)™ = (Qilge + (Qil)ie + ascip{Qi)ie (22)
Our aim is to write the QCD matrix element in terms of
the NRQCD-HISQ matrix elements. Therefore we need to
reexpress the tree-level matrix elements (Qz)tre)e and
(Qi 1);& in terms of the matrix elements on the lattice.
To achieve this, we invert Egs. (19) and (20) to obtain

(0i) e = (0i) = a,ci(0)), (23)
and

(Qil) . = (Qil) — a, {80 ). (24)
Using
(Oi)e = (Qi)ie  and  (Dil)ige = (Qil)e.  (25)

we can now plug these results into Eq. (22) to find

(OIS = [1 + ayp;i](0i) + awp;;{QJ) + (0il)
— O km(QJ)*‘O(as’a Aqep/M), (26)

where the matching coefficients, p;;, are given by

Pij = Cij — Ciéjm- (27)

We now define the “subtracted” matrix elements, which
remove power law divergences at O(a,/(aM)) [19], as

(i) = (i) = a,L1Y(0)), (28)

so that our final expression is

(QIMS = (i) + awp;(0)) + (Oil)
+ O(a2, agAgep/M). (29)

For a more comprehensive discussion of power law
divergences in lattice NRQCD see [31] and [32].
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IV. EVALUATION OF LATTICE MIXING
COEFFICIENTS

Complete details of the lattice actions used in our
matching procedure were given in [22] and here we simply
summarize the relevant information. For the gauge fields
we use the Symanzik improved gauge action with tree level
coefficients [33-36], because radiative improvements to the
gluon action do not contribute to the matching calculation
at one loop [22]. We include a gauge-fixing term and,
where possible, we confirm that gauge invariant quantities
are gauge parameter independent by working in both
Feynman and Landau gauges.

We discretize the light quarks using the HISQ action [37]
and set the bare light quark mass to zero. For the heavy
quark fields, we use the tree-level NRQCD action of
[20,22]. We do not consider the effects of radiative
improvement of the NRQCD action, which are not required
for our one loop calculation.

Our results were obtained using two independent meth-
ods: with the automated lattice perturbation theory routines
HIPPY and HPSRC [38,39]; and with MATHEMATICA
and FORTRAN routines developed for earlier matching
calculations [22,40]. We described both of these methods in
detail in [22].

We undertook a number of checks of our results. We
reproduced the results of [19] with NRQCD heavy quarks
and AsqTad light quarks to test the automated lattice
perturbation theory routines. In many cases, we established
that gauge invariant quantities, such as the mass renorm-
alization, are gauge parameter independent by working in
both Feynman and Landau gauges. Furthermore, we carried
out several diagram specific checks, which we discuss in
more detail in the next subsections.

Finally, we confirmed that infrared divergent parameters,
such as the wave function renormalization and certain
matching parameters, exhibited the correct continuum-like
behavior.

As with the heavy-light current matching results of [22],
we believe that these two methods are sufficiently inde-
pendent that agreement between these methods provides a
stringent check of our results.

A. Dimension-six operators

The spinor structures corresponding to the one loop
contributions to the matrix elements of the dimension-six
operators of Eq. (19) can be written schematically as the
product of two spinor bilinears, each with some particular
Lorentz and color structure specified by the precise con-
tribution in question. We illustrate the corresponding
Feynman diagrams in Fig. 2. This idea schematically
generalizes the tree-level results of Eqgs. (10) and (11).

With this schematic in mind, we can break down the
diagrams of Fig. 2 into two types: those diagrams in which
a gluon propagator connects each spinor bilinear and those
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FIG. 2. One loop diagrams representing the corrections to
matrix elements of the operators Qi. The external states are
those of Fig. 1 and Eq. (10).

without such a propagator connection. It is straightforward
to recognize that diagrams (a), (b), (¢’), and (d') of Fig. 2
fall into the latter category and all others into the former. In
the following, we focus the discussion on the determination
of mixing coefficients for 01, 02, 04, and 06. We discuss
03, 05, and Q7 at the end of this subsection.

1. Diagrams (a) and (b)

Diagrams (a) and (b) are the most straightforward to
compute, since we can separate the spinor bilinears.
Diagrams (¢’) and (d’ ) are s1m11arly straightforward, but
only contribute to Q3 05, and O7, which we discuss later.
The contribution to Q1 from diagram (a) is given by

a) = (30)

§(SAB‘SCD(ﬁQVMPLuq)(vaﬂvq)’

where )V, represents the one loop vertex correction to the

heavy-light quark bilinear o5y, P v,:

V= V”QQgGQyﬂPLG ViieKuo- (31)
Here the V* represent the quark-quark-gluon vertices, G
the heavy antiquark propagator and G, the quark propa-
gator, and K, the gluon propagator. Note that, for the other
operators in the SUSY basis, there is no occurrence of Yu in
the operator insertions and consequently diagram (a) takes

the form

4
(a) = 3 8apdcn(oPL ritg) (T V1), (32)

where

V= V”QQgGQPL,RGqV‘;quW. (33)

We have chosen a specific combination of external
colors that isolates the contribution proportional to the
spinor bilinears #py*Pru, and vpy*Prv, [compare to
Eq. (10)], with color factor (4/3)5,56cp. We could equally
have chosen to isolate the spinor structure proportional to

PHYSICAL REVIEW D 90, 054015 (2014)

oy P v, and Dy Ppu, with color factor (—=4/3)84pdpc.
This choice would have given identical results. In the
following discussion we leave the color factor implicit for
clarity and always work with the contribution to Ol
(analogous relations hold for the other operators).

We separate out the temporal and spatial components so
that, for diagram (a), for example, we write

(a) = CO(IZQVOPL” )(? voY PLU )

DkaPqu). (34)

By symmetry of the spatial directions, the three coefficients
¢y, for k € {1,2,3}, are all equal. In terms of the operator
mixing of Eq. (19), we also have

(a) = clf‘l“(qu"PLu )( v.PLv, )

+ Clat (MQPLM )(’I_]QPL’U({) (35)
Therefore, by projecting out the coefficient of each spinor
structure in Eq. (34), we can obtain the mixing coefficients
from

ltt
af =y,

and 8= ¢, — . (36)
In the automated lattice perturbation theory routines used
in this calculation, the result of a generic Feynman diagram
integral is expressed as a “SPINOR,” which is a derived
type specified by the HPSRC module MOD_SPINORS.F90
[38,39]. The SPINOR type incorporates a 16-element array
that specifies the coefficient of each element of the Dirac
algebra. Therefore, to extract the coefficient of some
particular Dirac structure, all one needs to do is return
the corresponding element of the SPINOR array (external
spinors are dropped for the purposes of the calculation).

For example, to determine c¢; for diagram (a) we extract
the coefficient of, say, y; from the integrated expression for
the Feynman diagram. This corresponds exactly to the
standard continuum procedure of multiplying by an appro-
priate projector and taking the trace, which is the method
applied in our second, MATHEMATICA/FORTRAN,
approach to this calculation.

We applied two sets of cross-checks to our results for
these diagrams. First, we checked that diagrams (a) and (b)
give identical results. Second, we confirmed that the
mixing coefficients were equal to the corresponding
heavy-light current results of [22]:

Clatt.(a) _ Z:(Vk) latt.(a) _ Z:WO)

11 1> ©» 1 > Cllazn'(a):é'(m_‘:(vo)

11 1 -

(37)

Note that these ¢ <1‘1/ “) are not the mixing coefficients of the
1/M operators described above (which we denote (; la“) but
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the mixing coefficients of the heavy-light currents
described in [22].

2. Diagrams (c) to (f')

The calculation of the contributions from diagrams (c) to
(f") of Fig. 2 proceed along conceptually similar lines,
although the integrand structure is more complicated.

We will examine two examples of the possible spinor
structure to illustrate our method. The other diagrams
follow the same pattern, mutatis mutandis.

The contribution to Q1 from diagram (c) is given by

1 _ -
(c) = _65AB5CD(”Qv(l)muq)(vévﬁ)”q)’ (38)

where, using the notation described below Eq. (31),

Y — PG, V"

2) _ yo
999> Viw = Vo0,GoruPrLKsy.

(39)

Once again we separate out the temporal and spatial
contributions to the diagram, akin to Eq. (34), and
determine the mixing coefficients from

At =c,, and % =c; - . (40)

The procedure for diagram (a’) is much the same. This
time the starting point is (note the different spinor structure)

1 _ -
(&) = 50a8ben (V) (TpViuy).  (41)

with VI and V,(f,) given in Eq. (39).

For these diagrams, we confirmed that the contributions
from the pairs of diagrams (c) and (d), (a’) and (b’), and (c’)
and (d’), are each identical.

3. Operators Q3 and QS

The previous discussion focused on the extraction of the
mixing coefficients for Q I, QZ, 04, and Q6, which all have
the same color structure. The contributions from 03, 05
and Q7 have a different color structure. It is straightforward
to the observer, however, that by judicious choice of
external colors and appropriate Fierz relations, the con-
tributions to these operators can be related to those from
operators QZ, Q4, and Q6.

For example, one can compare the term proportional to
Oap0cp for 02 with that proportional to 6, pdpc for 03 and
then, taking into account the relative color factors, one finds

PHYSICAL REVIEW D 90, 054015 (2014)

latt(2)/(b) 1 law(c)/(d) I Ja(a)/0)

€33 3 g ;
clﬁh(c)/(d) _ —SClzazn’(C)/(d),

C;agt,(e) _ Clzaztt,(e)’ Cl;;t.(e’) _ Cl2a2tt.(e’)’

Cl3a3tt,(f) _ Clzaztt,(f)’ C1333t1.(f’) _ Clzazn.(f/). (42)

We have verified by explicit calculation for a specific
choice of heavy quark mass that these relations hold.

Combined with the appropriate Fierz identities, these
results reduce the number of integrations we must carry out.
This significantly speeds up the matching procedure,
because there are approximately 80 nonzero coefficient
contributions that must be determined at each heavy quark
mass for the complete matching calculation.

B. Dimension-seven operators

We represent the diagrams that include the 1/M oper-
ators, Qil, in Fig. 3. Note that diagrams in which the
derivative acts directly on an external heavy quark or
antiquark vanish, because these external states have zero
spatial momentum.

We expect that the systematic truncation uncertainty is
dominated by missing terms of O(a?) and therefore we do
not include contributions that appear at O(a,Aqcp/My),
which we illustrate in Fig. 4. These contributions are
generated by gluon emission at the 1/M operator vertex
and, to our knowledge, have not been calculated in
continuum QCD.

a.i b.i a.ii b.ii
a'i b'i a'ii b'ii
FIG. 3. Sample one loop diagrams representing the corrections

to matrix elements of the 1/M operators 0 j1. The black dot
represents a derivative acting on the heavy (anti)quark propaga-
tor. The external states are those of Fig. 1. We show the
corrections associated with diagrams (a), (b), (a’), and (b’) of
Fig. 2. Analogous diagrams exist for diagrams (c) to (f'). In
general diagrams such as a.ii and b.ii vanish, because the
derivative acts on an external heavy (anti)quark with zero
momentum.
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FIG. 4. Sample one loop diagrams representing the one loop
corrections to matrix elements of the 1/M operators 0 j1. We
show the four corrections associated with diagram (a) of Fig. 2.
Analogous diagrams exist for diagrams (b) to (f’). For more
details, see the caption of Fig. 2. We do not include these
contributions in our matching procedure.

The extraction of the mixing coefficients, C{-?“, for the
1/M operators parallels that for the leading order operators,
with two small differences. The first is the inclusion of a
derivative acting on the heavy (anti)quark propagator. The
second is the presence of the extra gamma matrix in the
operator, which means that the result is extracted from
the coefficient of a different element of the Dirac algebra
than in the leading order case. These changes aside, the
process is the same.

The results are all infrared finite, which we confirm by
explicit calculation at different values of the gluon masses.
Furthermore we verify that

Z:llaln-(a)/(b) — C%k)7 and Cllggt,(a)/(b) _ Z:%k) _ C%o)’ (43)

where the { (1‘(;”) are the heavy-light current matching results
of [22].

C. Wave function renormalization

To complete the matching calculation we also require the
HISQ and NRQCD wave function renormalization con-
tributions. The one loop parameters of NRQCD have been
extensively studied in the literature, for example in
[20,22,40,41] and we describe the complete one loop
calculations for both massless and massive HISQ in
[22]. For the purposes of this paper, we need only the
massless HISQ result:

Z,=1-a,|C, +$ [1=(1=2¢&)]log(a®2?)| + O(a?),
(44)

where a4 is a gluon mass introduced to regulate the infrared
divergence. Here ¢ is the gauge-fixing parameter: for
Feynman gauge, £ = 1. The infrared finite contribution,
C,, is C, = 0.3940(3) in Feynman gauge.

The NRQCD wave function renormalization, Zy, is
given by

PHYSICAL REVIEW D 90, 054015 (2014)

TABLE 1. Infrared finite contributions to the one loop wave
function renormalization in NRQCD. All results use stability
parameter n = 4. We implement tadpole improvement with the
Landau link definition of u,. All results are in Feynman gauge.
The statistical uncertainties from the numerical integration of the
relevant diagrams are unity in the final digit.

aM, 3.297 3.263 325 266 262 191 1.89
Cy -0.235 -0.241 -0.244 -0.366 —0.374 —0.617 —0.627

Lt (1 - olog (@) + 0().

Zy=1+a CH__JT

(45)

We tabulate the infrared finite contribution, Cp, in
Table 1. We present results with the tree-level NRQCD
coefficients, ¢; = 1, and use the Landau link definition of

the tadpole improvement factor u,, with u(()l) = 0.7503(1).
All results use stability parameter n = 4.

In the following, we incorporate the wave function
renormalizations, Z, and Z,, in the mixing coefficients
c;j with i = j.

V. RESULTS
A. In continuum QCD

The mixing coefficients defined in Eq. (12), ¢;;, are given
to O(ay) in [19]. Coefficients cy;, cs, €20, and c,; were
first published in [23]. Here we collect the results for
the mixing coefficients for completeness. We discuss the
continuum one loop calculation in more detail in the
Appendix, where we focus on the scheme dependence of
the “evanescent” operators that enter the matching pro-
cedure and correct Egs. (B9) and (B10) of [19].

TABLE II. One loop lattice coefficients, 63“, for HISQ-
NRQCD AB = 2 operators. We include only the infrared finite
contributions to the coefficients. The statistical uncertainties from

the numerical integration of the relevant diagrams are £0.002.

aMy, 3297 3263 325 266 262 191 1.89

cat 0208 0.197 0.194 0.008 —0.005 —0.374 —0.389
ct —0.720 —0.727 —0.730 —0.865 —0.877 —1.138 —1.150
0450 0448 0447 0417 0417 0337 0335
cit —0.052 —0.051 —0.051 —0.030 —0.032 0.000 0.001

¥t 0.090 0.086 0.083 —0.015 —0.021 —0.230 —0.239
ct —0.008 —0.006 —0.004 0.021 0.023 0.072 0.073
cit0.832 0.830 0.829 0.816 0.818 0.792 0.791
citt 0,039 0.036 0.036 —0.018 —0.023 —0.124 —0.129
c#t 0202 0.195 0.192 0.060 0.052 —0.204 —0.215
cit 0488 0.489 0490 0.522 0525 0.587 0.591
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The nonzero coefficients for the standard model oper-
ators in the “BBGLN” scheme of [42] are

1 ( 35 w2 2
B S S L P 4
cu 47:{ 37 %)p OgM2}’ (46)

8

CIZZ_Ev (47)

1 6. uw 4 2
sz—E{lo—i—?logW—glogW R (48)

1(3 1, @ 2 2
Cz]——{—+—10gw+—10gw s (49)

Az |2 3 3
1.0
« o0 Py
0.5}
bad o0
[ ]
«
0.0} o
at
(59
o
—0.5F ® (i1 ® Cu
® (2 Cs5
® C33
10}
0.25 0.30 0.35 0.40 0.45 0.50 0.55
1/(@]\/{1,)

FIG. 5 (color online). Mass dependence of the lattice coeftfi-
cients ci-?“, for i = j. Statistical uncertainties from numerical
integration are 4+0.002 and smaller than the data points on
this scale.
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FIG. 6 (color online).

Mass dependence of the lattice coeffi-
cients clat

i for i # j. Statistical uncertainties from numerical
integration are 4+0.002 and smaller than the data points on
this scale.
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1 8§ 42 4 0
=—{-2-"logt —Z1og =L (50
€33 47[{ 3 OgM2 3 OgMz} ( )
1 4 42 2 2
C31 25{3 +§10gw+§10gw}, (51)

while the mixing coefficients for the remaining operators in
the SUSY basis are

1 (143 2 7 R
c44:—ﬂ{—+81og”———1og—}, (52)

4m | 12 M?> 2 M?
055—${—§—§ 10g]"b;—22 2lc)gMzz}, (54)
c54:${2—3+310g:4—22—§10gﬁzz}. (55)

TABLE III.  One loop matching coefficients for HISQ-NRQCD
AB = 2 operators. The statistical uncertainties from the numeri-
cal integration of the relevant diagrams are +0.002.

aM, 3297 3263 325 266 262 191 1.89
pu1 —0377 -0.373 -0.372 —-0.314 —0.310 —0.142 —0.134

P12 0.083 0.090 0.093 0.227 0.238 0.507 0.513
prn 0599 0599 0.599 0.586 0.583 0.596 0.596
P21 0.045 0.045 0.045 0.059 0.049 0.051 0.051
p3z 0.004 0.006 0.008 0.063 0.066 0.208 0.215
P31 0.120 0.119 0.119 0.114 0.114 0.098 0.098
pse 0781 0777 0.776  0.677 0.667 0.517 0.512

pss  —0.212 -0.211 -0.212 -0.206 —0.205 —0.179 —0.177
pss  —0.101 —-0.100 -0.099 -0.079 —-0.079 0.001 0.006
pss  0.055 0.052 0.050 -0.030 —0.036 —0.174 —0.180

TABLE IV. Next-to-leading order matching coefficients for
HISQ-NRQCD AB = 2 operators. The statistical uncertainties
from the numerical integration of the relevant diagrams are
£0.002.

aM, 3297 3263 325 266 262 191 1.89

{n 0.095 0.096 0.097 0.115 0.117 0.154 0.155
C1n 0.382 0.386 0.387 0.462 0467 0.615 0.620
n 0.159 0.161 0.161 0.192 0.165 0.256 0.258
<y 0.004 0.004 0.004 0.005 0.005 0.006 0.006
{33 —0.032 -0.032 —0.032 —0.038 —0.039 —0.051 —0.052
3] 0.028 0.028 0.028 0.034 0.034 0.045 0.045
$4a 0135 0.137 0.137 0.163 0.166 0.218 0.220
Cas 0.040 0.040 0.040 0.048 0.049 0.064 0.065
Css 0.040 0.040 0.040 0.048 0.049 0.064 0.065

{54 —0.056 —0.056 —0.056 —0.067 —0.068 —0.090 —0.090
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In addition, we require the mixing coefficients for the
intermediate operators Q6 and Q7 of Egs. (6) and (7),
which are given by

1 (23 3 2
Cy6 = E {§+Zlogw}, (56)

1 13 3. u* 3, A

B. On the lattice

We tabulate the infrared finite contributions to the one
loop lattice coefficients in Table II. For a breakdown of the
individual contributions to the mixing coefficients, see [19],

which demonstrates how one obtains the final result for c!a

L0 SE—
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FIG. 7 (color online). Mass dependence of the leading order
matching coefficients p;;, for i = j. Statistical uncertainties from
numerical integration are £0.002 and smaller than the data points
on this scale.
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FIG. 8 (color online).
coefficients p;;, for i # j.

Mass dependence of the matching
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and ¢ and recovers the continuum infrared behavior. For

illustration, we plot the mass dependence of the coefficients
ci.*}“, fori = jand i # j, in Figs. 5 and 6, respectively. Note
that the scales on the vertical axes of these two plots are
identical, to enable easy comparison.

C. Matching coefficients

Tables III and IV summarize the final results of our
calculation. Table III lists the leading-order matching
coefficients, p;;, at a range of heavy quark masses and at
a scale equal to the heavy quark mass. We tabulate next-to-
leading contributions, ;;, in Table IV. We plot the leading
order coefficients p;; in Figs. 7 and 8, and the next-to-
leading order coefficients {;; in Figs. 9 and 10. We use the

0.7
0.6 e (i o Cu
0.5¢ o (2 G55
0.4r e (3
EL
¢ o
0.2} oo oo
o0
- ot od
0.1} Pt
0.0}
[_J o0 Pos
—o01l
0.25 0.30 0.35 0.40 0.45 0.50 0.55
1/(aMy)

FIG. 9 (color online). Mass dependence of the next-to-leading
order matching coefficients ¢;;, for i = j. Statistical uncertainties
from numerical integration are £0.002 and smaller than the data
points on this scale.
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FIG. 10 (color online). Mass dependence of the next-to-leading
order matching coefficients {;;, for i # j. Statistical uncertainties
from numerical integration are +0.002 and smaller than the data
points on this scale.
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same vertical axes to simplify comparison between Figs. 7
and 8 and between Figs. 9 and 10. We choose heavy quark
masses that correspond to the HPQCD collaboration’s
ongoing nonperturbative calculations of neutral B mixing
[18]. These masses are a subset of those presented in the
matching calculation of [22].

VI. SUMMARY

We have determined the one loop matching coeffi-
cients required to match the matrix elements of heavy-
light four-fermion operators on the lattice to those in
continuum QCD. We used NRQCD for the heavy quarks
and massless HISQ light quarks. We incorporated the full
set of five independent AB =2 operators relevant to
neutral B mixing both within and beyond the standard
model and carried out the matching procedure through
O(ay, Agep/ My, a,/(aMy,)).  The  perturbative — coeffi-
cients are well behaved and all are smaller than unity.

The dominant systematic uncertainties in our matching
procedure appear at O(a?) with next-to-leading contribu-
tions at O(a;Aqep/M,), the exact values of which will
depend on the choice of lattice spacing and matching scale.
We estimate that these uncertainties will correspond to a
systematic uncertainty of approximately a few percent in
the final results for nonperturbative matrix elements in the
MS scheme [17]. We note that the uncertainties arising
from perturbative matching will be significantly reduced in
ratios of nonperturbative matrix elements [17,43] and that,
in general, many HISQ parameters exhibit better perturba-
tive convergence than their AsqTad counterparts [22].

These matching coefficients are critical ingredients in the
determination of neutral B meson mixing on the lattice
using NRQCD and HISQ quarks. Without these coeffi-
cients, matrix elements calculated nonperturbatively on the
lattice cannot be related to experimentally relevant results
in continuum QCD in the MS scheme. Since any lattice
calculation of neutral meson mixing that incorporates an
effective theory description of the heavy quark requires
some matching procedure, we have included full details of
the lattice perturbation theory calculation, not previously
available in the literature, as an aid to future calculations.

Although recent work on the decays of the B, meson has
been carried out using the relativistic HISQ action for » and
s quarks [44], such calculations are currently prohibitively
expensive for the B; meson. Furthermore, computations at
the physical b quark mass are not yet possible and an
HQET-guided expansion up to the physical point is still
required. Therefore, the use of effective theories for heavy-
light systems remains the most practical method for precise
predictions of neutral B meson mixing phenomena.
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APPENDIX: COMMENTS ON THE CONTINUUM
ONE LOOP CALCULATION

In this Appendix we give some details of the continuum
one loop calculations entering the matching procedure. We
focus mainly on scheme dependence, particularly in the
“SLL sector,” the sector that covers operators Q2 and Q3.
The continuum results given in Sec. VA appeared in [19]
and expressions for c;, ¢jp, ¢y and c,; were first
published in [23]. For those calculations the BBGLN
scheme [42] was used in the SLL sector. In an
Appendix of [19] results were also presented in the SLL
sector in the BMU scheme [45], another popular scheme,
denoted ¢4, 1, ¢33 and ¢3;. We have since discovered
errors in results for ¢33 and ¢;; and correct them here.

We use the NDR-MS scheme to regularize ultraviolet
divergences. We employ a gluon mass, 4, to handle infrared
divergences, as in the lattice calculations. To fix a renorm-
alization scheme completely within dimensional regulari-
zation of four-fermion operators, one must also specify
one’s choices of evanescent operators, which enter the
calculations as counterterms. Hence one starts from a
specific basis of physical operators and then lists the
evanescent operators that arise when one tries to project
complicated Dirac structures in loop diagrams back onto
the physical basis. Most calculations in the literature follow
the renormalization procedures with evanescent operators
of Buras and Weisz [46]. For one loop calculations it is
more convenient to list projections onto the physical basis
for the various Dirac structures encountered. Then the
evanescent operators are defined as the difference between
left-hand and right-hand sides of these projection relations.
The evanescent operators vanish in d = 4 dimensions by
construction, and for d # 4 dimensions they are understood
to be subtracted away through the renormalization process.
In the Buras and Weisz renormalization scheme [46],
equations explicitly involving evanescent operators will
become relevant only at two loops. Even at one loop,
however, and staying within the framework of the Buras
and Weisz renormalization scheme, the set of evanescent
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operators is not unique. Different projections correspond to
different evanescent operators being subtracted by the
renormalization procedure. Different projections also lead
to different finite contributions to the matching coefficients
(the c;;’s), although the one loop anomalous dimensions
remain the same.

1. Examples from the VLL sector
Essentially all continuum calculations used in phenom-
enology are in agreement on the choices for evanescent
operators relevant for Q1, Q4 and Q5. A well-known
projection relation, for instance, in the Q1 sector (also
called the “VLL sector”) is given by

urvoPr @ Yy y"Pr] = (16 = 2€)[y,PL @ y"PL],
(A1)
where we use d = 4 — e and P;, = 1 — y5. Equation (A1) is

equivalent to defining and writing down the evanescent
operator,

EY™ = (Wiy,p,p, PLVL) (W)t y y? PLWY)

— (16 —2¢)Q1. (A2)
Another evanescent operator in the VLL sector is
EYY = (U, PLy) (B PL ¥y — Q1. (A3)

In order to write the “projection” version of this definition
we work with Dirac structures [, ® I',)] sandwiched
between external spinors. This allows us to take the
different color contractions (e.g., “iijj” or “ijji”) into
account. In other words if

(UL U5) (WD, W) e = (01T uua) (3 us),  (A4)
then
(U0, W) (W40, W4 )) oo = — [T gua] [@3Tpua).  (AS)

This step appears between Eqgs. (10) and (11) in the main
text. In this notation the projection version of Eq. (A3)
becomes

[it17, Prus) [y’ Prus) = =iy, Prus ][y’ Pruy]

— (EY™). (A6)
Again the operator (EY') is subtracted away in most
renormalization schemes and does not contribute in
Eq. (A6) (see Appendices A and B of Ref. [47] that
discuss this point). We have used projections such as (A1)
and (A6) in deriving c¢;; and cj, of Sec. VA.

PHYSICAL REVIEW D 90, 054015 (2014)
2. The SLL sector in the BBGLN scheme

We turn next to the SLL sector, which includes operators
such as Q2 and Q3 and also, in some schemes, the tensor
operator

OT = (V}6,, PLV}) (T} PLTY), (A7)
where 6, = 1 [7,,.7,]. As mentioned earlier, our continuum
results for ¢y, €51, €33 and c3; in Sec. VA are given in the
BBGLN scheme, introduced in [42]. This scheme uses Q2
and Q3 as the physical operator basis. Equation (15) of [42]
defines their evanescent operators in the SLL sector
through the following projection:

[it17,7, Prus|[sy" v Prug) = 2(4 — €)[ity PLuy] (3P uy)
—4(2 = e)[ity PLug][us Prus).

(A8)
Equivalently one can list the evanescent operators
ESY = (Why L) (Wit PLYG)
—2(4-¢€)02-4(2-¢)Q3, (A9)
and
ES™ = (U}y,r, PLVo) (U PL YY)
—2(4-¢€)03-4(2-¢)Q2. (A10)

Using projections such as (A8), we first calculate the one
loop corrections to Q2 and (@3, including the mixing
between these two operators. This gives

(i) o1(igy)..

= ().
€3 C33
We note that these are the full continuum QCD results, with
external momenta p, = 0 for the light quarks and p, =
(£M.,0) for the heavy (anti)quarks. The on-shell spinors
obeying iy py, = Miiy and vyp'y, = —M7, then also
obey itgyy = g and yyy = —V¢. This allows us to use the
large M relation,

(A11)
with

(A12)

1
<Q2>tree + <Q3>tree + 5 <Q1>tree =0. (A13)

So, the ¢;; in Sec. VA for the VLL + SLL sector become

1
Cyp = Chy = Chs, Cy = —50/23» (A14)

— / _ /
€33 = €33 — (3 €31 = 75 (A15)
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3. The SLL sector in the BMU scheme

The “BMU” scheme picks Q2 and QT for the physical
basis in the SLL sector. Reference [47] presents a very
convenient set of projections for this scheme in their
Appendix B, which covers the full basis, Q1, 02, QOT,
Q4 and Q6. Here we reproduce just those for the SLL
sector:

[y, PL @ y'y'Pr] = (4—¢)[PL ® Py]

+[6,PL ® 0P, (Al6)
[, PL ® VPl = (4—¢)[P, ® Py
— [GﬂDPL ® G’MDPL], (A17)

[Gﬂuya}/ﬁPL ® UﬂyyayﬂPL] = (48 - 406) [PL ® PL]
+ (12 = 3e) [GWPL ® o' Py],
(A18)

[6,uYarpPL ® Yy o P ] = —(48 —40¢)[P, ® P/]
+ (12 -7¢)[0,, P, ® 6"Py)].
(A19)
Note that since all five operators in this basis have the same

color structure, we do not need to include external spinors
in the projection relations. Instead of Eq. (Al1), we now

have
(9) vaina(2) o

with

PHYSICAL REVIEW D 90, 054015 (2014)

~! ~!
C C
" 22 2T
My = ( o )
T2 T

One can now rotate to the Q2, Q3 basis so that

(A21)

(A22)

where

N 1 0

R=1{ | ) (A23)
2 8

Finally we use Eq. (A13) once again to obtain ¢,,, €51, €33,

¢31 in the BMU scheme. The updated and corrected results
are

Can :${6+13—610g1\ﬁ;—22—§10g1‘/;—22}, (A24)
o1 zi{;—‘—kglog%—k%log;—z}, (A25)
Cx3 zi{—g—glogﬂ—z—glog%}, (A26)
3 :;{167+;‘10g£122+§10g;;}. (A27)

As expected, the anomalous dimension terms and infrared
logarithms are the same as in the BBGLN scheme.
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