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We calculate the graviton’s β function in the AdS string-theoretic sigma model, perturbed by vertex
operators for Vasiliev’s higher spin gauge fields in AdS5. The result is given by βmn ¼ Rmn þ 4Tmnðg; uÞ
(with the AdS radius set to 1 and the graviton polarized along the AdS5 boundary), with the matter stress-
energy tensor given by that of conformal holographic fluid in d ¼ 4, evaluated at the temperature given by
T ¼ 1

π. The stress-energy tensor is given by Tmn ¼ gmn þ 4umun þ
P

NT
ðNÞ
mn where u is the vector excitation

satisfying u2 ¼ −1 and N is the order of the gradient expansion in the dissipative part of the tensor. We
calculate the contributions up toN ¼ 2. The higher spin excitations contribute to the β function, ensuring the
overall Weyl covariance of the matter stress tensor. We conjecture that the structure of gradient expansion in
d ¼ 4 conformal hydrodynamics at higher orders is controlled by the higher spin operator algebra in AdS5.
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I. INTRODUCTION

AdS/CFT correspondence is known to be an efficient
tool to investigate dynamics of strongly coupled conformal
field theories, such as nonlinear fluid dynamics. For
example, the equations of hydrodynamics can be obtained
by deforming the solutions of gravity with negative
cosmological constant and requiring that the deformations
asymptotically satisfy the Einstein equations. The AdS/
hydrodynamics correspondence particularly was used to
calculate various transport coefficients in holographic
fluid leading to remarkable predictions such as the ratio
of entropy density to sheer viscosity in conformal fluid
[1–13]. The equations of conformal hydrodynamics
can altogether be cast in the form of the “conservation
law”:

∇mTmn ¼ 0 ð1Þ

where

Tmn ¼
X∞
N¼0

TmnðNÞ ð2Þ

where

Tmnð0Þ ¼ 1

3
ϵðgmn þ 4umunÞ ð3Þ

is the ideal fluid part (with ϵ ∼ T4 being the energy density
satisfying ϵ ¼ 3P where P is the pressure and T is the
temperature),

Tmnð1Þ ¼ −ηρmn − ζΠmn ~∇ ~u

Πmn ¼ ηmn þ umun

ρmn ¼ ΠmpΠnq∇ðpuqÞ −
2

3
ΠmnΠpq∇puq ð4Þ

being the viscous part (with η and ζ being the shear and the
bulk viscosities proportional to the third power of the
temperature; bulk term is absent in case of conformal
invariance) and terms with N ≥ 2 representing the dis-
sipative corrections to the Navier-Stokes equation, traceless
and transverse, satisfying TmnðNÞum ¼ 0, which are of order
N in the derivatives of u and become significant if the mean
free path is comparable to the characteristic wavelength in
the fluid [5–7].
Thus the full stress-energy tensor in hydrodynamics

involves the derivative (gradient) expansion in the velocity
with each expansion order producing new transport coef-
ficients. For example, the second order terms result in five
new transport coefficients in conformal hydrodynamics. At
present, there exist various approaches to generate the
derivative expansion (4) in the dual gravity theories.
Strictly speaking, none of these approaches has complete
control over the expansion (4) and the systematic calculation
of the relative transport coefficients from dual gravity
models is still problematic, especially beyond the second
order hydrodynamics [14,15]. Many gravity models
describing the holographic fluids generally involve the
Gauss-Bonnet terms that are of higher order in the curvature
and the resulting transport coefficients particularly depend
on the Gauss-Bonnet coupling. These theories typically
have issues with unitarity and causality which signals that,
in general, they may not be fundamental but rather effective
theories, with certain physical degrees of freedom, such as
higher spins, integrated out. For this reason, string theory
(which naturally includes higher spinmodes) appears to be a
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particularly promising framework to approach the AdS/
hydrodynamics duality and to test the transport coefficients
at higher orders. In this paper we analyze the problem of
AdS/hydrodynamics correspondence from the string theory
side, by computing the graviton’s conformal β function in
the sigma model for AdS5 noncritical string theory, with the
graviton polarized along the d ¼ 4 AdS boundary. The
string model that we use is the Ramond-Neveu-Schwarz
(RNS) string theory perturbed by vertex operators describ-
ing gravitational perturbations around the AdS5 background
and higher spin gauge fields in Vasiliev’s framelike formal-
ism. The low-energy limit of this model is given by the
MMSW (MacDowell-Mansouri-Stelle-West) gravity [16–
18] coupled to Vasiliev’s higher spin gauge fields [19–22]
and the vacuum solution of the low-energy theory is given
by the AdS geometry [23]. Our main result (checked up to
N ¼ 2 level, with higher order checks now being in
progress) is that the beta function of the graviton is given by

βmn ¼ Rmn þ 4gmn þ 4Tmn

Tmn ¼ gmn þ 4umun þ
X∞
N¼1

TðNÞ
mn ð5Þ

where TðNÞ
mn are the terms in the derivative expansion of the

stress-energy tensor in d ¼ 4 hydrodynamics. In other
words, the low-energy equations in the AdS string model
are given by the Einstein equations with cosmological term
and the matter, with the latter described by the hydrody-
namical stress-energy tensor. Here gmn and um are the
massless excitations described by spin 2 and 1 vertex
operators in the AdS string model, in closed and open string
sectors accordingly. The spin 1 operators (related to trans-
vection isometry generators in AdS space [23]) serve as
sources of the velocity vector in this model. As for the open
string vertex operators for the massless higher spins, in this
paper, instead of coupling them to generic Vasiliev’s higher
spin gauge fields, we consider the special case of coupling
these operators to polynomial combinations of um, con-
structed to satisfy the same linearized on-shell [Becchi-
Rouet-Stora-Tyutin (BRST)-invariance] conditions as the
underlying higher spins. As a result, in the leading order of
α0, the structure of the higher order corrections to βmn
(polynomial in u) is determined by the structure constants of
the operator algebra of the higher spin vertex operators (this
operator algebra, in turn, fully controls the cubic couplings
for generic higher spins). In the leading α0 order, only the
three-point correlation functions on the world sheet

contribute to the graviton’s β function. Our main result is
that the matter stress tensor appearing in the β function
reproduces the derivative expansion (4) in the stress tensor of
the conformal fluid at the temperature T ¼ 1

π, which is
checked up to the order of N ¼ 2. Since the temperature
transforms covariantly under Weyl rescalings, this result
implies that the AdS string theory computation reproduces
the stress tensor of the conformal fluid at a particular
temperature gauge. We find that, at the order of N ¼ 2
and higher, the β function receives nontrivial contributions
from higher spin vertex operators. These contributions are
crucial to ensure the conformal covariance of the stress
tensor. In particular, at the N ¼ 2 level the graviton’s β
function is contributed by the h2 − 3 − 3i correlator on the
disc, while at higher orders operators of spin 4 and higher
also enter the game, so the holographic derivative expansion
(4) is controlled by operator algebra of higher spinvertices in
the limit of α0 → 0. The rest of the paper is organized as
follows: In Sec. 2, we explain the basic vertex operator setup
of the sigma model, whose low-energy limit describes the
AdS gravity coupled to higher spins in the framelike
formalism. In Sec. 3, we perform the computations of the
h1 − 1 − 2i and h1 − 3 − 3i correlators, contributing to the
graviton’s β function and reproducing the holographic
expansion (4) up to the second order. In the concluding
section, we comment on the structure of the higher order
terms related to higher spin contributions and discuss
physical implication of our results.

II. ADS STRING σ MODEL: VERTEX OPERATORS
AND 2d WEYL INVARIANCE

In this section we review the construction of the string-
theoretic sigma model [23] with some modifications that
will be used in our calculation of the graviton’s beta function.
Technically, the sigma model that we use in calculations in
this work is similar but not identical to the one constructed in
our previous works (e.g. see [23]) as it will combine vertex
operators for both Fronsdal-like objects (such as the vertex
operator for a graviton describing perturbations around AdS
vacuum) and those of Vasiliev’s type (describing framelike
higher spin excitations around an AdS vacuum solution of
the low-energy equations of motion).
The AdS string sigma model considered in [23] was

based purely on vertex operators for framelike gauge fields
(rather than those of Fronsdal type) and was described by
the generating functional

Zðeam;ωab
m ;ΩA1…As−1jB1…Bt

m Þ ¼
Z

D½X;ψ ;φ; λ; ghosts� exp
�
−SRNS þ eamFmL̄a

þ ωab
m ðpÞ

�
Fm
b L̄a −

1

2
FabL̄m

�
þ c:c:

þ
X

s≥3;0≤t≤s−1
ΩA1…As−1jB1…Bt

m Vm
A1…As−1jB1…Bt

�
ð6Þ
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where

SRNS ¼ Smatter þ Sbc þ Sβγ þ SLiouville

Smatter ¼ −
1

4π

Z
d2zð∂Xm∂̄Xm þ ψm∂̄ψm þ ψ̄m∂ψ̄mÞ

Sbc ¼
1

2π

Z
d2zðb∂̄cþ b̄∂c̄Þ

Sβγ ¼
1

2π

Z
d2zðβ∂̄γ þ β̄∂ γ̄Þ

SLiouville ¼ −
1

4π

Z
d2zð∂φ∂̄φþ ∂̄λλþ ∂λ̄ λ̄

þ μ0eBφðλλ̄þ FÞÞ ð7Þ

where SRNS is the full d-dimensional RNS superstring
action;Xmðm ¼ 0;…d − 1Þ are the space-time coordinates;

φ, λ, F are components of super-Liouville field and the
Liouville background charge is

Q ¼ Bþ B−1 ¼
ffiffiffiffiffiffiffiffiffiffiffi
9 − d
2

r
: ð8Þ

Next, eam and ωab
m are vielbein and spin connection gauge

fields generated by closed string vertex operators whose
holomorphic and antiholomorphic components are given by

Fm ¼ −2KU1
∘
Z

dzλψmeipXðzÞ

U1 ¼ λψmeipX þ i
2
γλðð~p ~ψÞψm − pmP

ð1Þ
ϕ−χÞeipX ð9Þ

or manifestly

Fm ¼ −2
Z

dz

�
λψmð1− 4∂cce2χ−2ϕÞ þ 2ceχ−ϕ

�
λ∂Xm − ∂φψm þ qψmP

ð1Þ
ϕ−χ −

i
2
ðð~p ~ψÞψm − pmP

ð1Þ
ϕ−χÞ

��
eipXðzÞ: ð10Þ

Next,

L̄a ¼
Z

dz̄e−3ϕ̄
�
λ̄∂̄2Xa−2∂̄ λ̄ ∂̄Xaþ ipa

�
1

2
∂̄2λ̄þ 1

q
∂̄ φ̄ ∂̄ λ̄−1

2
λ̄

�
∂̄ φ̄Þ2þð1þ3q2Þλ̄

�
3∂̄ψ̄bψ̄

b−
1

2q
∂̄2φ̄

���
eipX ð11Þ

at the minimal negative picture −3 representation and

L̄a¼K∘
Z

dz̄eϕ̄
�
λ̄∂̄2Xa−2∂̄ λ̄ ∂̄Xaþ ipa

�
1

2
∂̄2λ̄þ1

q
∂̄ φ̄ ∂̄ λ̄−1

2
λ̄

�
∂̄ φ̄Þ2þð1þ3q2Þλ̄

�
3∂̄ψ̄bψ̄

b−
1

2q
∂̄2φ̄

���
eipX ð12Þ

at the minimal positive pictureþ1 representation (similarly
for its holomorphic counterpart La). Here and elsewhere
below the normalizations of vertex operators are chosen so
they lead to standard normalizations of corresponding
kinetic terms in low-energy effective action. Then,

Fma ¼ Fð1Þ
ma þ Fð2Þ

ma þ Fð3Þ
ma ð13Þ

where

Fð1Þ
ma ¼ −4qKU2

∘
Z

dzceχ−ϕλψmψa

U2 ¼ ½Q −Q3; ceχ−ϕλψmψaeipX�
−
i
2
cλðð~p ~ψÞψaψm − pmψaP

ð1Þ
ϕ−χÞeipXðzÞ ð14Þ

Fð2Þ
ma ¼ K ∘

Z
dzψmψaeipX

¼ −4
�
Q;

Z
dzce2χ−2ϕeipXψmψaðzÞ

�
ð15Þ

and

Fð3Þ
ma ¼ K ∘

Z
dzeϕðψ ½m∂2Xa� − 2∂ψ ½m∂Xa�ÞeipXðzÞ: ð16Þ

Here the homotopy transform of an operator V K ∘V is
defined according to

K ∘V ¼ T þ ð−1ÞN
N!

I
dz
2iπ

ðz − wÞN∶K∂NW∶ðzÞ

þ 1

N!

I
dz
2iπ

∂Nþ1
z ½ðz − wÞNKðzÞ�KfQbrst; Ug ð17Þ

where w is some arbitrary point on the world sheet, U and
W are the operators defined according to

½Qbrst; VðzÞ� ¼ ∂UðzÞ þWðzÞ; ð18Þ

K ¼ ce2χ−2ϕ ð19Þ
is the homotopy operator satisfying fQbrst; Kg ¼ 1 andN is
the leading order of the operator product

Kðz1ÞWðz2Þ ∼ ðz1 − z2ÞNYðz2Þ þOððz1 − z2ÞNþ1Þ: ð20Þ
The partial homotopy transform T → L ¼ Kϒ ∘T of an
operator T based on ϒ is defined according to
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LðwÞ ¼ Kϒ ∘T ¼ T þ ð−1ÞN
N!

I
dz
2iπ

ðz − wÞN∶K∂Nϒ∶ðzÞ þ 1

N!

I
dz
2iπ

∂Nþ1
z ½ðz − wÞNKðzÞ�KfQbrst; Ug ð21Þ

where N is the leading order of the operator product
expansion (OPE) of K and ϒ. Particularly, if
½Qbrst; T� ¼

H
ϒ, the partial homotopy transform obviously

coincides with the usual homotopy transform. Finally,
Vm
a1…as−1jb1…bt

; 0 ≤ t ≤ s − 1 are the open string vertex
operators for emission of gauge fields of spin s which,
in Vasiliev’s approach, are described (for each s) by a
collection of two-row fields Ωs−1jt ≡Ωa1…as−1jb1…bt

m . In this
approach, only the Ωs−1j0 field is dynamical while those
with nonzero t values can be expressed in terms of order t
derivatives of the dynamical field: Ωs−1jt ∼ ∂ðtÞΩs−1j0
through generalized zero torsion constraints (e.g. see
[19–22,24]). In string theory, these constraints are realized
in terms of ghost cohomology conditions on the higher spin
vertex operators [25]. The BRST-invariance constraints
on the higher spin vertex operators (6) lead to linearized
on-shell constraints on the framelike fields while BRST
nontriviality conditions lead to gauge symmetry trans-
formation by these fields; the world sheet correlators of
the appropriate vertex operators multiplied by the corre-
sponding space-time fields are then invariant by construc-
tion [26]. The vertex operators in the generating functional
(6) can be classified in terms of ghost cohomologies
Hn ∼H−n−2; n ≥ 0. For example, the spin 2 operators
for vielbein and connection gauge fields are the elements
of H0 ⊗ H̄1 þ c:c: (with H and H̄) referring to holomor-
phic and antiholomorphic parts) while the class of higher
spin operators Vs of s ≥ 3 that we are considering is
restricted to open string vertex operators at nonzero
cohomologies; typically, Vs ∈ Hn with s − 2 ≥ n ≥
2s − 2 (this includes both dynamical and the extra fields
that sit at different cohomologies, with the dynamical field
occupying the lowest order positive cohomology). In the
previous works [25,27] we analyzed the low-energy limit
of the model (6) showing that, in the leading order in e and
ω in the absence of the open string excitations (spin 1
and higher spins), its low-energy equations of motion are
given by

dωþ ω∧ω − e∧e ¼ 0 ð22Þ
whose vacuum solution is given by AdS geometry (here
and elsewhere, unless specified otherwise we set the AdS
radius ρAdS ¼ 1).
All the vertex operators (6) are related to underlying

global symmetries of space-time. In particular, at the limit
of momentum zero, the La operators entering expressions
for vertex operators of vielbein are related to transvection
generators in the isometry algebra of AdSd while Fmn

operators are related to the rotational part of this isometry
algebra. Vm

a1…as−1jb1…bt
operators, in turn, are related to the

higher spin currents, or the generators of the higher spin

symmetry algebra which, to put it roughly, is the infinite-
dimensional algebra related to the universal enveloping of
the isometry algebra. The higher spin algebra is thus
realized in superstring theory as the operator algebra of
the appropriate higher spin states, whose structure con-
stants are given by the relevant three-point correlators, or
the leading order contributions to the conformal beta
functions. In the present paper, we investigate the corre-
lators contributing to the β function of the graviton. Our
interpretation of the spin 1 and the higher spin vertex
operators is, however, different from the one of the previous
papers [23,25]. Instead of interpreting the vertex operators
as the emission vertices for fundamental particles, we
consider them as sources of various polynomials in the
vector field um (with the polynomial degree obviously
related to the spin value) with the structure of the poly-
nomials determined by the on-shell conditions on the
corresponding operators. The polynomials in u, constructed
in such a manner, correspond to special configurations of
higher spin fields, solving Pauli-Fierz conditions in the on-
shell limit. In the present paper we restrict ourselves to
these particular solutions although it would certainly be
important to generalize the calculations presented in this
paper to higher spin vertex operators of more general
structure.
The idea is that, in the limit of α0 → 0, the polynomial

contributions to the β functions and the derivative expan-
sion (2) are controlled by the appropriate structure con-
stants in operator algebra of the higher spin vertex operators
for framelike gauge fields (which, in turn, naturally realize
higher spin algebra in a certain basis).
The constraint u2 ¼ −1 particularly follows from the on-

shell conditions, allowing us to interpret um as the velocity
vector in some underlying fluid. Then the β-function
equations of the graviton are realized as the Einstein
equations with the cosmological term and with the matter,
with the matter stress tensor being that of the hydro-
dynamics. Our claim is that the derivative expansion in
holographic d ¼ 4 hydrodynamics is determined, in the
leading order, by the higher spin algebra in AdS5 (calcu-
lated in a string theory approach), with the higher order
dissipative terms controlled by the derivative structure of
higher spin correlators.

III. GRAVITON IN THE FRAMELIKE SIGMA
MODEL AND TWO-DIMENSIONAL WEYL

INVARIANCE OF THE OPERATORS

As was explained above, the first building block that we
shall need in our construction is the graviton vertex
operator describing metric perturbations around the AdS
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vacuum, as opposed to operators for vielbeins and spin
connections present in (6). Similarly to the flat space case
(where the graviton operator is an object bilinear in flat
space translation operators), the vertex operator for the
graviton that we are looking for has to be an object bilinear
in AdS5 isometry generators (transvections), with the
BRST constraints imposing appropriate on-shell conditions
and gauge transformations. According to (6) there are two
types of such operators—those of L type and those of F
type. **The bilinears of mixed L − F type correspond to

vielbeins and connection gauge fields (elements of
½H0 ⊗ H̄1� cohomology) so the suitable candidates are
either of F − F type in ½H0 ⊗ H̄0� cohomology or L − L
type in ½H1 ⊗ H̄1�. The objects of F − F type,
however, clearly do not reproduce proper on-shell con-
ditions and have excessive gauge symmetry; therefore the
appropriate candidate for the graviton operator is the one in
½H1 ⊗ H̄1� ∼ ½H−3 ⊗ H̄−3�, with the explicit expression
given by

VH−3⊗H−3
grav ¼ GmnðpÞcc̄e−3ϕ−3ϕ̄

�
λ̄∂̄2Xm − 2∂̄ λ̄ ∂̄ Xm

þ ipm

�
1

2
∂̄2λ̄þ 1

q
∂φ∂λ − 1

2
λð∂φÞ2 þ ð1þ 3q2Þλ

�
3∂ψpψ

p −
1

2q
∂2φ

����
λ̄∂̄2Xn − 2∂̄ λ̄ ∂̄ Xn

þ ipn

�
1

2
∂̄2λ̄þ 1

q
∂̄ φ̄ ∂̄ λ̄− 1

2
λ̄ð∂̄ φ̄Þ2 þ ð1þ 3q2Þλ̄

�
3∂̄ψ̄qψ̄

q −
1

2q
∂̄2φ̄

���
eipX ð23Þ

at minimal negative picture −3 unintegrated representation and

V ¼ GmnðpÞKK̄ ∘
Z

d2zeϕþϕ̄

�
λ̄∂̄2Xm − 2∂̄ λ̄ ∂̄ Xmy

þ ipm

�
1

2
∂̄2λ̄þ 1

q
∂φ∂λ − 1

2
λð∂φÞ2 þ ð1þ 3q2Þλ

�
3∂ψpψ

p −
1

2q
∂2φ

����
λ̄∂̄2Xn − 2∂̄ λ̄ ∂̄ Xn

þ ipn

�
1

2
∂̄2λ̄þ 1

q
∂̄ φ̄ ∂̄ λ̄− 1

2
λ̄ð∂̄ φ̄Þ2 þ ð1þ 3q2Þλ̄

�
3∂̄ψ̄qψ̄

q −
1

2q
∂̄2φ̄

���
eipX ð24Þ

at minimal positive picture þ1 representation (note that the
operators at positive cohomologies are always integrated).
The antiholomorphic K̄ transformation is defined similarly
to the holomorphic one (17). The transformation Gmn →
Gmn þ pðmΛnÞ shifts (24) by BRST-exact part. The leading
order contribution to the graviton’s beta function is the
result of the Weyl invariance constraints on the operator
(24). These constraints can be conveniently deduced from
the OPE:

∼
Z

d2z
Z

d2wTzz̄ðz; z̄ÞVgravðw; w̄Þ ð25Þ

by expanding around the midpoint and evaluating the

coefficient in front of ∼ Vgravðzþw
2
;z̄þw̄

2
Þ

jz−wj2 (note that the trace

Tzz̄ of the stress-energy tensor, generating the Weyl trans-
formation, is nonzero off shell or, equivalently, in the
underlying ϵ expansion). For a usual graviton operator
∼GmnðpÞ

R
d2w∂Xm∂̄XneipXðw; w̄Þ in the bosonic string

this procedure leads, after simple calculation, to the
standard β-function contribution, quadratic in momentum,

given by the linearized part of the Ricci tensor plus the
second derivative of the dilaton ∼Rlin

mn − 2pmpnΦ with
Φ ∼ trðGmnÞ. The calculation, leading to the identical
result, is similar in superstring theory. The graviton
operator should then be taken at canonical ghost picture
[unintegrated b − c picture and ð−1;−1Þ β − γ ghost
picture], so Vgrav ¼ cc̄e−ϕ−ϕ̄ψmψneipX and the relevant
terms in the stress tensor are

Tzz̄ ≡ Tmatter
zz̄ þ Tb−c

zz̄ þ Tβ−γ
zz̄

¼ 1

2
ð−∂Xm∂̄Xm − ∂̄ψmψ

m − ∂ψ̄mψ̄
m

þ ∂σ∂̄σ þ ∂χ∂̄χ − ∂ϕ∂̄ϕÞ: ð26Þ

The OPE of Vgrav with Tmatter
zz̄ then contributes the term

∼p2Gmn to the graviton’s beta function (which is the gauge-
fixed linearized part of the Ricci tensor, with the gauge
condition ∼pmGmn ¼ 0), while the contribution stemming
from the OPE with Tb−c

zz̄ cancels the one from the OPE
with Tβ−γ

zz̄ since ∂σ∂̄σðz; z̄Þcc̄ðw; w̄Þ ∼ 1
jz−wj2 cc̄ðw; w̄Þ,
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∂ϕ∂̄ϕðz; z̄Þe−ϕ−ϕ̄ðw; w̄Þ ∼ 1
jz−wj2 e

−ϕ−ϕ̄ðw; w̄Þ and σ and ϕ

terms of Tzz̄ have opposite signs. It is this cancellation that
ensures the absence of “cosmological terms” in the β
function of the graviton with the conventional vertex
operator leading to Einstein gravity around the flat vacuum.
In the case of the vertex operator (24), the OPE of Tmatter

zz̄

with VH−3⊗H−3
grav still results in the appearance of the

linearized Ricci tensor. However, since this operator is
the element of H−3 ⊗ H̄−3, and its canonical ϕ-ghost
picture is ð−3;−3Þ [23], the contributions from Tb−c

zz̄ and

Tβ−γ
zz̄ no longer cancel each other as

ðTb−c
zz̄ þ Tβ−γ

zz̄ Þðz; z̄ÞVH−3⊗H−3
grav ðw; w̄Þ ∼

1
2
ð1 − 32ÞVH−3⊗H−3

grav

jz − wj2
ð27Þ

leading to the cosmological term proportional to ∼4Gmn in
the β function. Thus the Weyl invariance condition brings
the piece proportional to ∼Rlinearized

mn þ 4gmn to the β
function (assuming that the dilaton is switched off). The

higher order (quadratic) terms in βmn are given by the
appropriate three-point functions. In the next section we
shall analyze these terms by computing the corresponding
three-point correlators on the disc.

IV. GRAVITON’S β FUNCTION:
QUADRATIC CONTRIBUTIONS

We start with the analysis of h1 − 1 − 2i and h3 − 3 − 2i
correlators on the disc. These correlators give rise to
contributions of zero and second powers in momentum,
particularly producing terms corresponding to the stress
tensor of ideal fluid and second order hydrodynamics (in
this paper we disregard the higher order contributions, such
as those of the quartic order). The first order terms stem
fromWeyl invariance constraints on the operators while the
third order is produced by h2 − 2 − 3i and h2 − 2 − 1i disc
correlators. (In this paper, however, we do not consider
the third order terms.) We start with the h1 − 1 − 2i
contribution. The spin 1 vertex operator is the element
of H1, given by

Vs¼1 ¼ umLmðpÞ ¼ K ∘
Z

dzeϕ̄
�
λ∂2Xa − 2∂λ∂Xa

þ ipa

�
1

2
∂2λþ 1

q
∂φ∂λ − 1

2
λð∂φÞ2 þ ð1þ 3q2Þλ

�
3∂ψbψ

b −
1

2q
∂2φ

���
eipX: ð28Þ

To ensure the overall ϕ-ghost number balance (−2 on the
disc) it is convenient to take the graviton’s operator unin-
tegrated at ð−3;−3Þ picture representations while trans-
forming both of the integrated spin 1 operators to picture 2.
The full expression for Vs¼1 at picture 2 is complicated;
however we do not need all the terms but only those
contributing to the three-point h2 − 1 − 1i correlator ac-
cording to ghost number selection rules. The picture 2
operator contains three classes of such terms—those pro-
portional to the e2ϕ ghost factor, those proportional to
be3ϕ−χ and those proportional to ceχ , so the nonvanishing
ghost correlators are proportional to the exponential factors

∼he−3ϕ−3ϕ̄ð0Þceχþϕðτ1Þbe3ϕ−χðτ2Þi and ∼he−3ϕ−3ϕ̄ð0Þ×
e2ϕðτ1Þe2ϕðτ2Þi where τ1 and τ2 are the locations of
the s ¼ 1 operators. Straightforward evaluation of the
picture-changing transformation of (24), however, shows
that the overall coefficient in front of the terms propor-
tional to be3ϕþχ vanishes, so it is only the second ghost
structure ∼he−3ϕ−3ϕ̄ð0Þe2ϕðτ1Þe2ϕðτ2Þi that is relevant to
the correlator. Thus we only need the part of Vs¼1 at
picture 2 proportional to e2ϕ; straightforward applica-
tion of picture-changing and homotopy transformations
lead to the following expression for the relevant part
of Vs¼1:

Vs¼1ðz;pÞ ¼ umðpÞ
X5
k¼1

1

192 × ð5 − kÞ!
Z

dτðw − τÞ4e2ϕþipXPð4Þ
2ϕ−2χ−σP

ð5−kÞ
ϕ−χ LðkÞ

m ðλ;φ; X;ψ ; τÞ ð29Þ

where PðNÞ
a1ϕþa2χþa3χ

(a1;2;3 are numbers) are the conformal dimension N ghost polynomials whose definition and properties

are discussed in [25], the space-time vectors LðkÞ
m ; k ¼ 1;…; 5 are the conformal dimension k operators consisting of the

matter fields, whose manifest expressions are given by
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LðkÞ
m ¼

�
1

ðk − 1Þ! ∂
ðk−1Þψmλ −

1

ðk − 2Þ! ∂
ðk−2Þψm∂λð1 − δk1Þ

−
i

ðk − 3Þ! ~p∂
ðk−3Þ ~ψFmað1 − δk1Það1 − δk2Þ

þ 3ipmð1þ 3Q2Þλð1 − δk1Þ
�

1

ðk − 2Þ! ∂
ðk−1Þ ~X ~ψ −

1

ðk − 3Þ! ∂
ðk−2Þ ~X∂ ~ψð1 − δk2Þ

�

−
i

2ðk − 1Þ!pm∂ðkÞφþ ð1 − δk1Þ
�
−

1

ðk − 2Þ! ∂
ðp−1Þφ∂Xm þ ipm

2Q
∂ðp−1Þφ∂φ

�

þ ð1 − δk1Þð1 − δk2Þ
�

1

2ðk − 3Þ! ∂
ðk−2Þφ∂2Xm

þ ipm

4
∂ðp−2Þφ

�
ð∂φÞ2 þ 2ð1þ 3Q2Þ

�
∂ ~ψ ~ψ −

1

2Q
∂2φ

���

þ ipm
ð1 − δk1Þ
ðk − 2Þ!

�
1

2Q

�
∂ðk−2Þλ∂λ − 1

2
∂ðk−2Þλλ∂φ −

1þ 3Q2

4Qðk − 1Þ ∂
ðp−1Þλλ

�
þ δ1k

�

−
�
3

2
ð1þ 3Q2Þpmλð~p ~ψÞ − ð2þ 3Q2Þipm∂φ − 2Q∂Xm

�

þ δ2k

�
3

2
ð1þ 3Q2Þpmλð~p∂ ~ψÞ þQ

2
∂2Xm −

iQpm

4
ð∂φÞ2

��
eipX: ð30Þ

Although the expression (29) for the integrated picture 2
Vs¼1 depends on an arbitrary point z on the world sheet,
this dependence is irrelevant in correlation functions since
all the w derivatives of (29) are BRSTexact. For this reason,
w can be chosen arbitrarily in the integral (29).
We are now prepared to analyze the three-point

h2 − 1 − 1i amplitude on the disc. The unintegrated
Vs¼2 vertex is convenient to place at the disc’s origin, that
is, at the zero point. The calculation strategy is similar to the
one described in [27]. It is convenient to map a disc to a
half-plane using the conformal transformation:

z → fðzÞ ¼ i
2

zþ i
z − i

ð31Þ

and to calculate the three-point correlator on the plane. The
integrals over the disc boundary are then transformed into
integrals over the real line. On the half-plane, it is
convenient to choose w1 ¼ w2 ¼ i

2
in τ1 and τ2 integrals

for the open string vertices. Having calculated the half-
plane correlators, we shall further conformally map it
back to the disc and evaluate the integrals (which essen-
tially will become the angular integrals). Under the trans-
formation (31) the left part of the Vs¼2 vertex operator is
mapped to z1 ¼ i

2
while the right part is mapped to

z2 ¼ − i
2
. The ghost factors of the correlator for each term

in the sum over k1; k2 [stemming from the summation over
k in (29)] are given by

Aðk1;k2Þ
ghost ðp; k; qÞ ¼

�
ce−3ϕ

�
i
2

�
ce−3ϕ

�
−
i
2

�
e2ϕPð4Þ

2ϕ−2χ−σP
ð5−k1Þ
ϕ−χ ðτ1Þe2ϕPð4Þ

2ϕ−2χ−σP
ð5−k2Þ
ϕ−χ ðτ2Þ

	

¼




 i2 − τ1






12




 i2 − τ2






12

×Hð5−k1Þ
−3;−3;2

�
τ1j

i
2
;−

i
2
; τ2

�
Hð5−k2Þ

−3;−3;2

�
τ2j

i
2
;−

i
2
; τ1

�

×
�
Hð4Þ

−5;−5;4

�
τ1j

i
2
;−

i
2
; τ2

�
Hð4Þ

−5;−5;4

�
τ2j

i
2
;−

i
2
; τ1

�

þ 12ðτ1 − τ2Þ2Hð3Þ
−5;−5;4

�
τ1j

i
2
;−

i
2
; τ2

�
Hð3Þ

−5;−5;4

�
τ2j

i
2
;−

i
2
; τ1

��
ð32Þ

where the functions HðNÞ
a1;…aN ðτjτ1;…τNÞ are defined according to
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HðNÞ
a1;…aN ðτjτ1;…τNÞ ¼ N!

Xm1þ…þmN¼N

Njm1;…;mN

YN
j¼1;mj≠0

1

mjPmj
!

XN
i¼1

ai
ðτi − τÞmj

: ð33Þ

Here fm1;…mNg;m1 < m2… < mN are the partitions of number N of length N including zeros, Pmj
for mj ≠ 0 are the

multiplicities at which given mj enter the partition; and by definition P0 ≡ Pmj¼0 ≡ 0, P0! ¼ 1 no matter how many zeros
enter the partition. For example, the partition 10 ¼ 0þ 0þ 0þ 0þ 0þ 1þ 1þ 2þ 3þ 3would read asm1 ¼ 0;m2 ¼ 1,
m3 ¼ 2, m4 ¼ 3 with Pm1

¼ P0 ¼ 0; Pm2
≡ P1 ¼ 2; Pm3

≡ P2 ¼ 1; Pm4
≡ P3 ¼ 2. Therefore the overall h2 − 1 − 1i

correlator on the half-plane is given by

�
Vs¼2

�
i
2
;−

i
2

�
Vs¼1

�
i
2

�
Vs¼1

�
i
2

�	
¼ gm1m2ðpÞun1ðq1Þun2ðq2Þ

×
X5
k1¼1

X5
k2¼1

1

1922 × ð5 − k1Þ!ð5 − k2Þ!

×
Z

∞

−∞
dτ1

Z
∞

−∞
dτ2

�
i
2
− τ1

�
4
�
i
2
þ τ2

�
4
�ði

2
þ τ1Þði2 þ τ2Þ

ði
2
− τ1Þði2 − τ2Þ

�
k1k2

×





 i2 − τ1






12




 i2 − τ2






12

Hð5−k1Þ
−3;−3;2

�
τ1j

i
2
;−

i
2
; τ2

�
Hð5−k2Þ

−3;−3;2

�
τ2j

i
2
;−

i
2
; τ1

�

×

�
Hð4Þ

−5;−5;4

�
τ1j

i
2
;−

i
2
; τ2

�
Hð4Þ

−5;−5;4

�
τ2j

i
2
;−

i
2
; τ1

�

þ 12ðτ1 − τ2Þ2Hð3Þ
−5;−5;4

�
τ1j

i
2
;−

i
2
; τ2

�
Hð3Þ

−5;−5;4

�
τ2j

i
2
;−

i
2
; τ1

��

×

�
Fm1

�
p;

i
2

�
Fm2

�
p;−

i
2

�
Lðk1Þ
n1 ðq1; τ1ÞLðk2Þ

n2 ðq2; τ2Þ
	
: ð34Þ

The final step is to evaluate the matter part of the correlator in (34), given by hFm1
ðp; i

2
ÞFm2

ðp;− i
2
ÞLðk1Þ

n1 ×
ðq1; τ1ÞLðk2Þ

n2 ðq2; τ2Þi, with the expressions for LðkÞ
n given in (30). It is convenient to define the following functions:

RðaÞ
m ðyjðx1; p1Þ; ðx2; p2Þ; ðx3; p3ÞÞ ¼ ð−1Þaða − 1Þ!

�
ip1m

ðy − x1Þa
þ ip2m

ðy − x2Þa
þ ip3m

ðy − x3Þa
�
Kða1;a2;a3;a4Þ

λ ðz1; z2; τ1; τ2Þ

≡ h∂ða1Þλðz1Þ∂ða2Þλðz2Þ∂ða3Þλðτ1Þ∂ða4Þλðτ2Þi

¼ ð−1Þa1þa3ða1 þ a2Þ!ða3 þ a4Þ!
ðz1 − z2Þa1þa2þ1ðτ1 − τ2Þa3þa4þ1

þ ð−1Þa1þa2ða1 þ a3Þ!ða2 þ a4Þ!
ðz1 − τ1Þa1þa3þ1ðz2 − τ2Þa2þa4þ1

þ ð−1Þa1þa2ða1 þ a3Þ!ða2 þ a4Þ!
ðz1 − τ2Þa1þa4þ1ðz2 − τ1Þa2þa3þ1

Sm1m2n1n2
½a;b;c;d� ðz1; z2; τ1; τ2Þ

¼ ð−1Þaþcηm1m2ηn1n2

ðz1 − z2Þaþbðτ1 − τ2Þcþd þ
ð−1Þaþbηm1n1ηm2n2

ðz1 − τ1Þaþcðz2 − τ2Þbþd

þ ð−1Þaþbηm1n2ηm2n1

ðz1 − τ2Þaþdðz2 − τ1Þbþc : ð35Þ

Then the straightforward computation gives (with z1 ¼ z̄2 ¼ i
2
)

�
Fm1

�
p;

i
2

�
Fm2

�
p;−

i
2

�
Lðk1Þ
n1 ðq1; τ1ÞLðk2Þ

n2 ðq2; τ2Þ
	

¼
X27
l¼1

ZðlÞ
m1m2n1n2ðz1; z2; τ1; τ2jp; q1; q2Þ ð36Þ
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with the explicit expressions for the matter interaction

tensors ZðlÞ
mnpq (l ¼ 1;…; 27) given by (A1)–(A27) in the

Appendix.
This concludes the computation of the h2 − 1 − 1i

correlator, contributing to the graviton’s β function.
Next, consider the contributions from spin 3 excitations,
that stem from the h2 − 3 − 3i correlator. The spin 3 vertex
operators are given by

Vð−3Þ
s¼3 ¼ HmabðqÞce−3ϕψm∂Xa∂XbeiqXðzÞ ð37Þ

at negative unintegrated cohomology H−3 representation
and

Vðþ1Þ
s¼3 ¼ HmabðqÞK ∘

I
dzeϕψm∂Xa∂XbeiqXðzÞ ð38Þ

at positive H1 cohomology representation. The on-shell
conditions on the spin 3 field Hmab are given by

qaHmab ¼ 0 ð39Þ

ηabHmab ¼ 0 ð40Þ

and

ηmaHmab ¼ 0: ð41Þ

As was noted above, instead of considering general
configurations of Hmab, we are looking for polynomial
combinations of u coupling to the vertex operators
(37), (38) and satisfying the on-shell conditions (39)–
(41) to ensure the BRST properties of the operators.
The only suitable combination satisfying (39)–(41) is
given by

HmabðpÞ ¼
Z

d4k
Z

d4qumðkþ qÞuaðk − pÞubðq − pÞ

þ 1

2
δabumðpÞ −

1

2
ðδmaubðpÞ þ δmbuaðpÞÞ:

ð42Þ

In order to satisfy (39)–(41) ua must furthermore satisfy
uaua ¼ −1 with zero vorticity condition p½aub�ðpÞ ¼ 0 and
incompressibility pauaðpÞ ¼ 0.
(Note, however, that the zero vorticity and incompress-

ibility conditions must only be imposed in the on-shell
limit; in the full β function of the graviton these conditions
are not satisfied as the β function is the object which is
essentially off shell.)
On the other hand, the u2 ¼ −1 constraint can also be

obtained from the vanishing on the β function for the spin 1

operator (29) which, in the leading order, can be computed
to give βaua ∼ ubðgab þ uaubÞ.
So as the β function is the object that must be calculated

off shell, in the calculations below we shall keep the terms
that are both nontransverse and have nonzero vorticities, as
they only vanish in the on-shell limit.
As in the h2 − 1 − 1i computation, it is convenient to

take the graviton’s operator unintegrated at canonical
ð−3;−3Þ picture, locating it at the disc’s origin (accord-
ingly, at z ¼ i

2
on the half-plane). As for spin 3 operators,

located at the boundary of the disc (accordingly, on the real
line after the transformation to the half-plane) they both
should therefore be taken integrated at picture þ2. Instead
transforming the operator (38) to picture 2 by picture-
changing transform, it is more convenient to consider the
operator

V2j1 ¼ 2ωa1a2jb
n Vn

a1a2jbðpÞ

Vn
a1a2jbðpÞ ¼ K ∘

I
e2ϕð−2∂ψmψb∂Xða1∂2Xa2Þ

− 2∂ψm∂ψb∂Xa1∂Xa2

þ ψm∂2ψb∂Xa1∂Xa2ÞeipX ð43Þ

with V2j1 being a vertex operator for the spin 3 extra field
ω2j1 in Vasiliev’s framelike formalism [25]. This extra field
is related to the dynamical metriclike field ω2j0 ≡Hnab of
(38) up to BRST-exact terms through the cohomology
constraint [25] given by

ωabjc
n ðpÞ ¼ 2pcHab

n ðpÞ − paHbc
n ðpÞ − pbHac

m ðpÞ: ð44Þ

In addition, it is straightforward to check that the Weyl
invariance of V2j1 also requires

ωabjc
c ¼ 0 ð45Þ

which can also be seen directly from the primary field
constraint on V2j1 at the dual −4 picture. In particular, this
implies that the graviton’s β function can be shifted
according to

βmn → βmn þ const × ωmnjc
c ð46Þ

since such a shift corresponds to the same on-shell limit
and, in this limit, does not violate the conformal invariance
on the world sheet. Next, given (42) and (44), the vanishing
ωabjc
c condition (45) leads to

−pðaubÞ þ
Z

d4k
Z

d4qumðkþqÞpmuaðk−pÞubðq−pÞ¼0

ð47Þ
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or, in the position space,

∂ðaubÞ þ uðað~u ~∂ÞubÞ ¼ 0: ð48Þ

Note that, with the u2 ¼ −1 constraint the left-hand side
of (48) can be cast as the traceless tensor, transverse with
respect to ua:

ωabjc
c ∼ ΠacΠbd∂ðcudÞ −

1

3
Πabð∂cucÞ

which is nothing but the first-derivative dissipative term in
the hydrodynamical stress tensor.
The straightforward calculation of the h2 − 3 − 3i cor-

relator then gives

�
Vs¼2

�
i
2
;−

i
2

�
Vs¼3

�
i
2

�
Vs¼3

�
i
2

�	

¼ gm1m2ðpÞð2qc11 Ha1b1n1ðq1Þ − qa11 Hb1c1n1ðq1Þ − qb11 Ha1c1n1ðq1ÞÞ
× ð2qc22 Ha1b1n1ðq2Þ − qa22 Hb2c2n2ðq2Þ − qb22 Ha2c2n2ðq2ÞÞ

×
Z

∞

−∞
dτ1

Z
∞

−∞
dτ2

�
i
2
− τ1

�
2−q1q2

�
i
2
þ τ2

�
2−q1q2

×

�
i
2
− τ2

�
6−q1q2

�
i
2
þ τ1

�
6−q1q2ðτ1 − τ2Þq1q2−4 ×

h
Hð4Þ

−5;−5;4ðτ1jz1; z2; τ2ÞHð4Þ
−5;−5;4ðτ2jz1; z2; τ1Þ

þ 12

ðτ1 − τ2Þ2
Hð3Þ

−5;−5;4ðτ1jz1; z2; τ2ÞHð3Þ
−5;−5;4ðτ2jz1; z2; τ1Þ

i

×
X2

α1;α2¼1

ðδ2α1 − 2δα1
1
Þðδ2α2 − 2δα1

2
Þð−4δβ11 δγ10 δρ11 δλ12 − 4δβ11 δ

γ1
1 δ

ρ1
1 δ

λ1
1 þ 2δβ10 δ

γ1
2 δ

ρ1
1 δ

λ1
1 Þ

× ð−4δβ21 δγ20 δρ21 δλ22 − 4δβ21 δ
γ2
1 δ

ρ2
1 δ

λ2
1 þ 2δβ20 δ

γ2
2 δ

ρ2
1 δ

λ2
1 Þ

×
ð−1Þα2þβ1þγ1þλ1ð4 − α1 − α2Þ

ðz1 − z2Þ5−α1−α2
×
ηn1n2ηc1c2ðβ1 þ β2Þ!ðγ1 þ γ2Þ! − ηn1c2ηn2c1

ðτ1 − τ2Þβ1þβ2þγ1þγ2þ2

×

�
ηm1a1ηm2a2ηb1b2ðα1 þ ρ1 − 1Þ!ðα2 þ ρ2 − 1Þ!ðλ1 þ λ2 − 1Þ!

ðz1 − τ1Þα1þρ1ðz2 − τ2Þα2þρ2ðτ1 − τ2Þλ1þλ2

þ ηm1a2ηm2a1ηb1b2ðα1 þ ρ2 − 1Þ!ðα2 þ ρ1 − 1Þ!ðλ1 þ λ2 − 1Þ!
ðz1 − τ2Þα2þρ1ðz2 − τ1Þα1þρ2ðτ1 − τ2Þλ1þλ2

�
: ð49Þ

This concludes the computation of the integrand of the 2 − 3 − 3 correlator contributing to the graviton’s β function. The
next step is to perform the integrations of the lengthy expressions (A1)–(A27) and (49) in τ1 and τ2. All the integrals
entering the h2 − 1 − 1i and h2 − 3 − 3i amplitudes (A1)–(A27), (49) have the form

Iðα1; α2; β1; β2; γ;LÞ ¼ ðz1 − z2ÞL
Z

∞

−∞
dτ1

Z
τ1

−∞
dτ2ðτ1 − z1Þα1ðτ1 − z2Þα2ðτ2 − z1Þβ1ðτ2 − z2Þβ2ðτ1 − τ2Þγ ð50Þ

with the powers in the integrands given by

α1;2 ¼ −2q1q2 þM1;2

β1;2 ¼ −2q1q2 þ N1;2

γ ¼ k1k2 þ P ð51Þ

where L, M1, M2, N1, N2, P are various combinations of the integer numbers following from the manifest expressions
(A1)–(A27), (49), so the overall h2 − 1 − 1i and h2 − 3 − 3i amplitudes are given by the appropriate summations

h2 − s − sijs¼1;3 ∼
X

L;M1;M2;N1;N2;P

Iða1; a2; b1; b2; c; dÞ: ð52Þ
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The contributions of these sums to the AdS graviton’s β
function in the limit α0 → 0 are then determined by the
coefficients in front of the simple pole ∼ðq1q2Þ−1 produced
by the integrations. Although the integral (50) looks like a
complicated one of the hypergeometric type, things sim-
plify drastically if we use the overall conformal invariance
of the amplitudes (34), (49) allowing us to map the half-
plane expressions back to the disc. The integrals over τ1
and τ2 are then conformally mapped to the double angular
integral over φ1, φ2 with the angular variable 0 ≤ φ ≤ 2π
parametrizing the boundary of the disc. With the conformal

transformation (31), it is easy to check that the relation
between φ and τ is

τ ¼ 1

2
tan

�
φ

2
þ π

4

�
: ð53Þ

The resulting angular integrals turn out to be remarkably
simpler. Namely, simple computation using the conformal
transformations of (31), (53) and changing the angular
variable according to φ

2
þ π

4
→ φ gives

Iðα1; α2; β1; β2; γ;LÞ ¼ ð−1ÞL22−α1−α2−β1−β2−γ
× ½Fðα1 þ α2jβ1 þ β2jγÞ þ Fðα1 þ α2 þ 2jβ1 þ β2jγÞ
þ Fðα1 þ α2jβ1 þ β2 þ 2jγÞ þ Fðα1 þ α2jβ1 þ β2jγÞ ð54Þ

where

FðαjβjγÞ ¼
Z

π

0

dφ1

Z
φ1

0

dφ2tanαφ1tanβφ2ðtanφ1 − tanφ2Þγ: ð55Þ

Integrating one obtains

FðαjβjγÞ ¼ iπ

�ðδαþβ
−γ−2 þ δαþβ

−γ−4ÞΓðβ þ 1ÞΓðγ þ 1Þ
Γðβ þ γ þ 2Þ þ ðδαþβ

−γ−4 þ δαþβ
−γ−6ÞΓðβ þ 3ÞΓðγ þ 1Þ
Γðβ þ γ þ 4Þ

�
: ð56Þ

This is precisely the pole structure we are looking for. Using Mathematica, it is now straightforward to simplify the
integrands of (A1)–(A27), (49), to substitute the appropriate values of Iðα1; α2; β1; β2; γ;LÞ for each of the integrals we are
using and to compute the coefficient in front of the pole ðk1k2Þ−1 in the field theory limit α0 → 0. The final result is that the
contributions of spin 1 and spin 3 excitations to the β function of the graviton are given by

βmn
h2−1−1i þ βmn

h2−3−3i ¼ Λ
dgmnðpÞ

dΛ
¼ 32

Z
d4qumðq − pÞunðqþ pÞ − 1

2

X10
j¼1

Tmn
j ð57Þ

where

Tmn
1 ¼ 3fδb1a δb2c δb3m − δb1c δb2a δb3m − δb1a δb2m δb3c þ δb1c δb2m δb3a − δb1m δb2c δb3a þ δb1m δb2a δb3c g

×

�Z
d4k

Z
d4q1

Z
d4q2uaðk − pÞðq1 þ q2ÞðcunÞðq1 þ q2Þub1ðq1 − k − pÞðq2 − k − pÞb2ub3ðq2 − k − pÞ

þ
Z

d4k1

Z
d4k2

Z
d4k3

Z
d4q1

Z
d4q2ðq1 þ q2Þduaðk1 þ k2Þudðk2 − pÞ

× uðcðk3 − k2 þ pÞunÞðq1 þ q2Þub1ðq1 − k3 − k2 þ pÞðq2 − k3 − k2 þ pÞb2ub3ðq2 − k3 − k2 þ pÞ
�

ð58Þ
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Tmn
2 ¼ 64ηst

Z
d4k

�
ωmsjc
c ðk − pÞωntjd

d ðkþ pÞ − 1

3
ηmnωpsjc

c ðk − pÞωpsjd
d ðkþ pÞ

�

þ
�
20

3
− 12Q2 −

8

Q2

�
ηmn

Z
d4k½ðk − pÞaðkþ pÞaubðk − pÞubðkþ pÞ

þ ðk − pÞaðkþ pÞbubðq − pÞuaðk − pÞ�

−
64

3

Z
d4k

Z
d4q1

Z
d4q2umðk − pÞunðq1 þ q2Þ

× ½ðq2 − k − pÞaðq1 − k − pÞbuaðq1 − k − pÞubðq2 − k − pÞ
þ ðq2 − k − pÞaðq1 − k − pÞaubðq1 − k − pÞubðq2 − k − pÞ� ð59Þ

Tmn
3 ¼ 32

Z
d4kðk − pÞauaðk − pÞωmnjc

c ðkþ pÞ ð60Þ

Tmn
4 ¼ 96

Z
d4k

Z
d4q1

Z
d4q2ðk − pÞaðq1 þ q2Þbumðk − pÞunðq1 þ q2Þuaðq1 − k − pÞubðq2 − k − pÞ

− 32ηmn

Z
d4k

Z
d4q1

Z
d4q2ðk − pÞaðq1 þ q2Þbupðk − pÞupðq1 þ q2Þuaðq1 − k − pÞubðq2 − k − pÞ

− 16ηmn

Z
d4k1

Z
d4k2

Z
d4k3

Z
d4q1

Z
d4q2umðk1 þ k2Þunðk2 − pÞ

× ðk3 − k2 þ pÞaðq1 þ q2Þbupðk3 − k2 þ pÞupðq1 þ q2Þ
× uaðq1 − k3 − k2 þ pÞubðq2 − k3 − k2 þ pÞ ð61Þ

Tmn
5 ¼ 4

�
3Q2 − 1 −

2

Q2

�Z
d4kupðp − kÞðpþ kÞp

�
3

2
ðpþ kÞmunðpþ kÞ

þ 3

2
ðpþ kÞnumðpþ kÞ − ηmnðpþ kÞauaðpþ kÞ

�
ð62Þ

Tmn
6 ¼ 12

Z
d4k

Z
d4q1

Z
d4q2fðq2 − kþ pÞcunðkþ pÞubðq1 þ q2Þucðq1 − kþ pÞ

× ðubðq2 − kþ pÞðq2 − kþ pÞm þ umðq2 − kþ pÞðq2 − kþ pÞbÞg þ permfm↔ng ð63Þ

Tmn
7 ¼ −16

Z
d4k

Z
d4q1

Z
d4q2ðumðkþ pÞunðq1 þ q2Þ þ unðkþ pÞumðq1 þ q2ÞÞ

× ucðq1 − kþ pÞuaðq2 − kþ pÞðq2 − kþ pÞaðq2 − kþ pÞc ð64Þ

Tmn
8 ¼ −16ηmn

Z
d4k

Z
d4q1

Z
d4q2uaðkþ pÞubðq1 þ q2Þ

× ucðq1 − kþ pÞubðq2 − kþ pÞðq2 − kþ pÞaðq2 − kþ pÞc ð65Þ

Tmn
9 ¼ 48

Z
d4k1

Z
d4k2

Z
d4k3

Z
d4q1

Z
d4q2

× fuðmðq1 þ q2 þ k1ÞunÞðq1 þ q2 − k1Þuaðp − q1 − k2Þubðp − q1 þ k2Þ
× upðq2 − p − k3Þubðq2 − pþ k3Þðq2 − pþ k3Þaðq2 − pþ k3Þpg ð66Þ

Tmn
10 ¼ 16

Z
d4k1

Z
d4k2

Z
d4k3

Z
d4q1

Z
d4q2

× fuðmðq1 þ q2 þ k1ÞunÞðp − q1 − k2Þuaðq1 þ q2 − k1Þubðp − q1 þ q2Þ
× upðq2 − p − k3Þubðq2 − pþ k3Þðq2 − pþ k3Þaðq2 − pþ k3Þpg: ð67Þ
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As it is clear from (57)–(67), the overall result for the β
function of the graviton, polarized along the d ¼ 4 boun-
dary, generally depends on the value Q of the Liouville
background charge (which in turn can be expressed in
terms of the central charge cLiouv ¼ 1þ 3Q2). Therefore in
general, the trace of the β function is nonzero.
Transforming (58)–(67) to the position space and using
the u2 ¼ −1 condition it is straightforward to check that the
overall trace of (57)–(67) vanishes for Q ¼ ffiffiffi

2
p

which
precisely is the case for dþ 1 ¼ 5, where the trace of spin 1
contributions is canceled by that of spin 3. In this case the
answer has a natural interpretation in terms of holographic
fluid. This concludes the computation of the graviton’s β
function in the AdS string sigma model, up to terms
quadratic in momentum. Combining (57)–(67) and (27)
one finds that vanishing of the beta function (57) leads to
low-energy equations of motion in space-time, equivalent
to equations of gravity with the matter, described by the
stress-energy tensor of four-dimensional conformal fluid.
To see the relevance of this matter stress tensor to holo-
graphic hydrodynamics, one has to shift βmn according to

βmn → ~βmn ¼ βmn þ 16iωmnjc
c ð68Þ

with ωmnjp
p given by (42), (44). As was explained above,

such a shift does not change the on-shell limit of the theory
due to the Weyl invariance constraint (45) on the spin 3
vertex operator. The resulting stress-energy tensor for the
matter then simply describes the conformally invariant
second order hydrodynamics at the temperature T ¼ π−1

with five extra transport coefficients in the second order.
The relative values of the transport coefficients are becom-
ing remarkably close to those obtained in the AdS5 gravity
computations [5], with less then 10% discrepancy, albeit at
a specific temperature in string theory calculations per-
formed in this work. Note that in conformal second order
hydrodynamics both the stress-energy tensor and the
temperature transform covariantly under the 4d Weyl
rescalings: gmn → eρgmn according to Tmn → e−3ρTmn

and T → e−
ρ
2T so the temperature can always be fixed

by appropriate Weyl transformation. In other words, the
holographic second order hydrodynamics appears in a
particular gauge which, in a sense, is not surprising, as
it is generally the case in string theory calculations. In the
next concluding section we shall discuss the implications of
the main result (57) and particularly outline the calculations
that still need to be done.

V. CONCLUSIONS AND DISCUSSION

In case of d ¼ 4, Qdþ1¼5 ¼
ffiffiffi
2

p
the two-derivative piece

of the matter stress tensor in the graviton’s β function
becomes traceless and can be interpreted in terms of two-
derivative corrections to conformal hydrodynamics in
d ¼ 4. Transforming to the position space, it is straightfor-
ward to relate the contributions to the graviton’sβ function to
corresponding terms in the gradient expansion in conformal

hydrodynamics. The contributions related to the Weyl
invariance constraints on the graviton’s operator combined
with contributions from the h2 − 1 − 1i correlator of order
zero in momentum result in the ideal conformal fluid terms
in the β function, proportional to gmn þ 4umun. Shifting the
β function by the trace of ω2j1 spin 3 extra field, ∼ωmnjp

p ,
which vanishing on shell follows from the Weyl invariance
constraints on the spin 3 operator (45), leads to the leading
order dissipative term, containing one derivative due to the
ghost cohomology/zero torsion constraint (A2) relating
extra fields to the dynamical field in Vasiliev’s formalism.
Finally, the contributions (58)–(67) given by Tmn

i ði ¼
1;…; 10Þ are quadratic in momentum and stem from the
h2 − 3 − 3i correlator combined with the appropriate terms
from the h2 − 1 − 1i correlator. These terms describe the
two-derivative dissipative corrections in the second order
hydrodynamics [5,6,15]. The spin 3 contribution is crucial
to ensure the vanishing trace of the matter tensor. Note
that, at least in the approximation considered in this paper
(up to second order) there are no contributions from the
mixed h2 − 1 − 3i correlator, as all the relevant terms in this
correlator are cubic in λ and vanishing for this reason.
Transforming to the position space, it is straightforward to
identify Tmn

i with the corresponding two-derivative struc-
tures in the second order hydrodynamics, related to five new
transport coefficients for the conformal fluid, appearing in
the second order. Namely,

Tmn
1 ∼ϵbb1b2b3ϵabcðmρnÞc uaub1∂b2ub3

Tmn
2 ∼3ρmaρna−ηmnρabρab

Tmn
3 ∼ρmn∂aua

Tmn
4 ∼3ð~u ~∂Þumð~u ~∂Þun− ðηmnþumunÞð~u ~∂Þuað~u ~∂Þua

X10
i¼5

Tmn
i ∼ ð3ΠmaΠnb−ΠmnΠabÞð~u ~∂Þð∂aubþ∂buaÞ ð69Þ

with ρab ∼ ωabjc
c .

These structures are all well known to appear in the
second order of the gradient expansion of the conformal
fluid. They correspond to T2a, T2b, T2c, T2d and T2e terms,
considered in [5].
The correlators considered in this paper, as well as those

related to graviton interactions with operators of higher
spin values, will also contribute the higher derivative
contributions (with three and more derivatives) that were
not addressed in this work. At this stage, many more higher
spin correlators should enter the game, possibly including
those with mixed symmetries and those coming from the
closed string sector. As in the two-derivative case, however,
the conformal symmetry significantly reduces the number
of terms and new transport coefficients at higher orders. It is
not clear at present if higher order corrections to the
gradient expansion in conformal hydrodynamics can be
described in terms of contributions from two-row Vasiliev’s
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framelike fields or if more mixed symmetry degrees of
freedom are needed. The latter almost certainly produce the
structures that are present in the third and higher order
hydrodynamics but violate the 4d conformal symmetry;
however the question is whether the contributions from the
two-row fields are sufficient to describe the conformal limit.
To answer these questions we need to have better under-
standing of the general expansion structure of higher order
hydrodynamics. Our main conjecture, based on the leading
order results of this paper, suggests that, in general, the
gradient expansion in conformal hydrodynamics in d ¼ 4 is
controlled by the higher spin correlators in string theory and,
in the leadingα0 order, the derivative structure of the gradient
expansion must be holographically related to that of higher
spin vertices and to the structure constants of higher spin
algebra in AdS5, with the orders of the expansion roughly
corresponding to the total spin value carried by the higher
spin vertices. It would be particularly interesting to explore
the relation of the gradient expansion at higher orders to
well-known structures of the cubic and quartic vertices for
higher spins [24,28–37] which presumably should exist in
the limit of α0 → 0. If the higher spin interpretation of the
gradient expansion in hydrodynamics, investigated in this
paper in the string theory context, is still correct at higher
orders, the higher spin algebra in d ¼ 5 would provide a
powerful tool allowing us to control the transport coeffi-
cients in higher order hydrodynamics. Another important
problem to investigate is the role of α0 corrections in this
expansion and their holographic interpretation. This may
lead to new nontrivial and intriguing symmetries relating the
expansion structures and transport coefficients at different

orders and understanding these symmetries in terms of
higher spin quantization. Thework on these and other issues
is currently in progress andwe hope to be able to present our
results soon in future works.
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APPENDIX CALCULATION OF THE MATTER
INTERACTION TENSORS

In this appendix we present explicit expressions for the
matter interaction tensors ZðiÞ

mnpqði ¼ 1;…; 27Þ entering the
overall expression (36) of the matter part of the h1 − 1 − 2i
correlator contributing to the graviton’s β function. The
straightforward computation of these tensors gives

Zð1Þ
m1m2n1n2ðz1; z2; τ1; τ2jp; q1; q2Þ ¼

X2
a1;a2¼1

X1
b1;b2¼0

ðδ2a1 − 2δ1a1Þðδ2a2 − 2δ1a2Þðδ0b1 − δ1b1Þðδ0b2 − δ1b2Þ

×

�� ð−1Þa1þa2þb2þk1ηn1n2
ðk1 − b1 − 1Þ!ðk2 − b2 − 1Þ!ðτ1 − τ2Þp1þp2−b1−b2þ1

�ða1 þ a2 − 1Þ!ηm1m2

ðz1 − z2Þa1þa2

þ Rða1Þ
m1

ðz1jðz2; pÞ; ðτ1; q1Þ; ðτ2; q2ÞÞRða2Þ
m2

ðz2jðz1; pÞ; ðτ1; q1Þ; ðτ2; q2ÞÞ
�

×

� ð4 − a1 − a2Þ!ðb1 þ b2Þ!
ðz1 − z2Þ5−a1−a2ðτ1 − τ2Þb1þb2þ1

−
ð2 − a1 þ b1Þ!ð2 − a2 þ b2Þ!

ðz1 − τ1Þ3−a1−b2ðz2 − τ2Þ−a2þb1þ3

þ ð2 − a1 þ b2Þ!ð2 − a2 þ b1Þ!
ðz1 − τ1Þ3−a1−b1ðz2 − τ2Þ−a2þb2þ3

��
− ð1 − δ1k1Þð1 − δ2k2Þ

iqn12
ðk2 − 3Þ!

×
ð−1Þk1−b1ðk1 þ k2 − b1 − 3Þ!Kð2−a1;2−a2;b1;2−b2Þ

λ ðz1; z2; τ1; τ2Þ
ðτ1 − τ2Þk1þk2−b1−2

×

�ð−1Þa1ða1 þ a2 − 1Þ!ηm1m2

ðz1 − z2Þa1þa2
Rðb2Þ
n2 ðτ2jðz1; pÞ; ðz2; pÞ; ðτ1; q1ÞÞ

þ ð−1Þa1ða1 þ b2 − 1Þ!ηm1n2

ðz1 − τ2Þa1þb2
Rða2Þ
m2

ðτ1jðz1; pÞ; ðz2; pÞ; ðτ2; q2ÞÞ

þ ð−1Þa2ða2 þ b2 − 1Þ!ηm2n2

ðz2 − τ2Þa2þb2
Rða1Þ
m2

ðz1jðz2; pÞ; ðτ1; q1Þ; ðτ2; q2ÞÞ
��

: ðA1Þ
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Next,

Zð2Þ
m1m2n1n2ðz1; z2; τ1; τ2jp; q1; q2Þ ¼ ð1 − δ0k1Þ

X2
a1;a2¼1

X1
b1¼0

ðδ2a1 − 2δ1a1Þðδ2a2 − 2δ1a2Þðδ0b1 − δ1b1ð1 − δ1p1
ÞÞ

×
ð−1Þa1þb1þk1þk2ð3þ 9Q2Þηm1m2

q2n1q2n2K
2−a1;2−a2;b1;0
λ ðz1; z2; τ1; τ2Þ

2ðk1 − b1 − 1Þ!ðτ1 − τ2Þk1þk2−1−b1ðz1 − z2Þa1þa2
: ðA2Þ

Next,

Zð3Þ
m1m2n1n2ðz1; z2; τ1; τ2jp; q1; q2Þ ¼ ð1 − δ0k1Þð1 − δ0k2Þð1 − δ1k2Þ

X2
a1;a2¼1

X1
b1;b2¼0

ðδ2a1 − 2δ1a1Þðδ2a2 − 2δ1a2Þ

× ðδ0b2 − δ1b2ð1 − δ2k2ÞÞðδ0b1 − δ1b1ð1 − δ1k1ÞÞ

×
3iq2n2ð1þ 3Q2Þð−1Þk1−b1K2−a1;2−a2;b1;0

λ ðz1; z2; τ1; τ2Þ
ðk1 − b1 − 1Þ!ðk2 − b2 − 2Þ!ðτ1 − τ2Þk1−b1þb2

×

�ð−1Þa1ηm1m2
Rðk2−b2−1Þ
n1 ðτ2jðp; z1Þ; ðp; z2Þ; ðq1; τ1ÞÞ

ðz1 − z2Þa1þa2

þ ð−1Þa1ηm1n1R
ða2Þ
m2

ðz2jðp; z1Þ; ðq1; τ1Þ; ðq2; τ2ÞÞ
ðz1 − z2Þa1þk2−b2−1

þ ð−1Þa2ηm2n1R
ða1Þ
m1

ðz1jðp; z2Þ; ðq1; τ1Þ; ðq2; τ2ÞÞ
ðz1 − z2Þa2þk2−b2−1

�
: ðA3Þ

Next,

Zð4Þ
m1m2n1n2ðz1; z2; τ1; τ2jp; q1; q2Þ ¼ ð1 − δ0k1Þð1 − δ0k2Þð1 − δ1k1Þð1 − δ1k2Þð1 − δ2k1Þð1 − δ2k2Þ

×
X2

a1;a2¼1

X1
b1;b2¼0

ðδ2a1 − 2δ1a1Þðδ2a2 − 2δ1a2Þðδ2b1 − 2δ1b1Þðδ2b2 − 2δ1b2Þ

×
ð−1Þk1ðq1q2ÞK2−a1;2−a2;2−b1;2−b2

λ ðz1; z2; τ1; τ2ÞS½a1;a2;b1;b2m1m2n1n2 ðz1; z2; τ1; τ2Þ
ðk1 − 3Þ!ðk2 − 3Þ!ðτ1 − τ2Þk1þk2−5

: ðA4Þ

Next,

Zð5Þ
m1m2n1n2ðz1; z2; τ1; τ2jp;q1; q2Þ ¼ 3ð1þ 3Q2Þqn1q2n2ð1− δ0k2Þ

X2
a1;a2¼1

X2
b1¼1

X1
b2¼0

ðδ2a1 − 2δ1a1Þðδ2a2 − 2δ1a2Þðδ2b1 − 2δ1b1Þ

× ðδ0b2 − δ1b2ð1− δ2k2ÞÞ
ð−1Þk1K2−a1;2−a2;2−b1;0

λ ðz1; z2; τ1; τ2ÞS½a1;a2;b1;k2−b2−1�m1m2n1n ðz1; z2; τ1; τ2Þ
ðk1 − 3Þ!ðk2 − 2− b2Þðτ1 − τ2Þk1þb2−2

:

ðA5Þ
Next,

Zð6Þ
m1m2n1n2ðz1;z2;τ1;τ2jp;q1;q2Þ¼−9ð1þ3Q2Þq1n1q2n2ð1−δ0k1Þð1−δ0k2Þð1−δ1k1Þð1−δ1k2Þ

×
X2

a1;a2¼1

X1
b1;b2¼0

ðδ2a1 −2δ1a1Þðδ2a2 −2δ1a2Þðδ0b1 −δ1b1ð1−δ2k1ÞÞðδ0b2 −δ1b2ð1−δ2k2ÞÞ

×
ð−1Þb1ðb1þb2Þ!K2−a1;2−a2;1;1

λ ðz1;z2;τ1;τ2ÞηmnS½a1;a2;k1−b1−1;k2−b2−1�m1m2mn ðz1;z2;τ1;τ2Þ
ðk1−b1−2Þ!ðk2−b2−2Þ!ðτ1− τ2Þb1þb2þ1

ðA6Þ
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Zð7Þ
m1m2n1n2ðz1; z2; τ1; τ2jp; q1; q2Þ ¼ −

1

4
q1n1q2n2

X2
a1;a2¼1

ðδ2a1 − 2δ1a1Þðδ2a2 − 2δ1a2Þ

×
ð−1Þk1ða1 þ a2 − 1Þ!ð4 − a1 − a2Þ!ðk1 þ k2 − 1Þ!

ðk1 − 1Þ!ðk2 − 1Þ!ðz1 − z2Þ5ðτ1 − τ2Þp1þp2
ðA7Þ

Zð8Þ
m1m2n1n2ðz1; z2; τ1; τ2jp; q1; q2Þ ¼

1

2
q1n1q2n2

ð−1Þk1k1ð1 − δ0k1Þð1 − δ1k1Þð1 − δ0k2Þð1 − δ1k2Þð1 − δ2k2Þ
ðk2 − 2Þ!ðτ1 − τ2Þk1þ1

×
X2

a1;a2¼1

ðδ2a1 − 2δ1a1Þðδ2a2 − 2δ1a2Þ
ð−1Þa2ða1 þ a2 − 1Þ!

ðz1 − z2Þa1þa2

×

� ðk2 − a2Þ!ð2 − a1Þ!
ðz1 − τ2Þk2−a2þ1ðz2 − τ2Þ3−a1

−
ðk2 − a1Þ!ð2 − a2Þ!

ðz1 − τ2Þk2−a1þ1ðz2 − τ2Þ3−a2
�

ðA8Þ

Zð9Þ
m1m2n1n2ðz1; z2; τ1; τ2jp; q1; q2Þ
¼ ð1 − δ0k1Þð1 − δ1k1Þð1 − δ0k2Þð1 − δ1k2Þ

×
X2

a1;a2¼1

X1
b1;b2¼0

ðδ2a1 − 2δ1a1Þðδ2a2 − 2δ1a2Þ
�
−δ0b1 þ

1

2
δ1b1

��
−δ0b2 þ

1

2
δ1b2

�

×
ð−1Þk1þa1þb1ðk1 þ k2 − b1 − b2 − 3Þ!ð4 − a1 − a2Þ!

ðz1 − z2Þ5−a1−a2ðτ1 − τ2Þk1þk2−b1−b2−2

×

�
Sa1;a21þb1;1þb2
m1m2n1n2 þ ð−1Þa1ða1 þ b1Þ!ηm1n1R

ða2Þ
m2

ðz2jðp; z1Þ; ðq1; τ1Þ; ðq2; τ2ÞÞRð1þb2Þ
n2 ðτ2jðp; z1Þ; ðp; z2Þ; ðq1; τ1ÞÞ

ðz1 − τ1Þa1þb1þ1

þ ð−1Þa2ða2 þ b1Þ!ηm2n1R
ða1Þ
m1

ðz1jðp; z2Þ; ðq1; τ1Þ; ðq2; τ2ÞÞRð1þb2Þ
n2 ðτ2jðp; z1Þ; ðp; z2Þ; ðq1; τ1ÞÞ

ðz2 − τ1Þa2þb1þ1

þ ð−1Þa1ða1 þ b2Þ!ηm1n2R
ða2Þ
m2

ðz2jðp; z1Þ; ðq1; τ1Þ; ðq2; τ2ÞÞRð1þb1Þ
n1 ðτ1jðp; z1Þ; ðp; z2Þ; ðq2; τ2ÞÞ

ðz1 − τ2Þa1þb2þ1

�
ðA9Þ

Zð10Þ
m1m2n1n2ðz1; z2; τ1; τ2jp; q1; q2Þ ¼ ð1 − δ0k1Þð1 − δ1k1Þð1 − δ0k2Þð1 − δ1k2Þ

iq2n2
2Qðk1 − b1 − 2Þ!ðk2 − 2Þ!

×
X2

a1;a2¼1

X1
b1¼0

ðδ2a1 − 2δ1a1Þðδ2a2 − 2δ1a2Þ
�
−δ0b1 þ

1

2
δ1b1

�

×

�ðk1 − b1 − 1Þ!
ðτ1 − τ2Þk1−b1

×
ðk2 − a1Þ!ð2 − a2Þ!

ðz1 − τ2Þk2−a1þ1ðz2 − τ2Þ3−a2
−

ðk2 − a2Þ!ð2 − a1Þ!
ðz2 − τ2Þk2−a2þ1ðz1 − τ2Þ3−a1

�

×

�ð−1Þa2þ1ða1 þ b1Þ!ηm1n1R
ða2Þ
m2

ðz2jðp; z1Þ; ðq1; τ1Þ; ðq2; τ2ÞÞ
ðz1 − τ1Þa1þb1þ1

þ ð−1Þa1þ1ða1 þ b1Þ!ηm2n1R
ða1Þ
m1

ðz1jðp; z2Þ; ðq1; τ1Þ; ðq2; τ2ÞÞ
ðz2 − τ1Þa2þb1þ1

�
ðA10Þ
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Zð11Þ
m1m2n1n2ðz1; z2; τ1; τ2jp; q1; q2Þ ¼ −ð1 − δ0k1Þð1 − δ1k1Þð1 − δ0k2Þð1 − δ1k2Þ

iq2n2ð2þ 3Q2Þ
ðk1 − b1 − 2Þ!ðk2 − 2Þ!

×
X2

a1;a2¼1

X1
b1¼0

ðδ2a1 − 2δ1a1Þðδ2a2 − 2δ1a2Þ
�
−δ0b1 þ

1

2
δ1b1

�

×

�ð−1Þk1−b1ðk1 − b1 − 1Þ!
ðτ1 − τ2Þk1−b1

×
ð−1Þa1ð4 − a1 − a2Þ!

ðz1 − z2Þ5−a1−a2
�

×

�ð−1Þa1ða1 þ b1Þ!ηm1n1R
ða2Þ
m2

ðz2jðp; z1Þ; ðq1; τ1Þ; ðq2; τ2ÞÞ
ðz1 − τ1Þa1þb1þ1

þ ð−1Þa2ða1 þ b1Þ!ηm2n1R
ða1Þ
m1

ðz1jðp; z2Þ; ðq1; τ1Þ; ðq2; τ2ÞÞ
ðz2 − τ1Þa2þb1þ1

�
ðA11Þ

Zð12Þ
m1m2n1n2ðz1; z2; τ1; τ2jp; q1; q2Þ ¼

ipm2

2
ηn1n2ð1 − δ0k1Þð1 − δ0k2Þ

×
X2
a1

X1
b1;b2¼0

ðδ2a1 − 2δ1a1Þðδ0b1 − δ1b1ð1 − δ1p1
ÞÞðδ0b2 − δ1b2ð1 − δ1p2

ÞÞ
ðk1 − b1 − 1Þ!ðk2 − b2 − 1Þ!

× ð−1Þk1−b1ðk1 þ k2 − b1 − b2 − 2Þ!K
2−a1;2;b1;b2
λ Rða1Þ

m1
ðz1jðp; z2Þ; ðq1; τ1Þ; ðq2; τ2ÞÞ

ðτ1 − τ2Þk1þk2−b1−b2−1

ðA12Þ

Zð13Þ
m1m2n1n2ðz1; z2; τ1; τ2jp; q1; q2Þ ¼

1

2
q2n1pm2

ηm1n2ð1 − δ0k1Þð1 − δ1k1Þð1 − δ0k2Þð1 − δ1k2Þð1 − δ2k2Þ

×
X2
a1

X1
b1;b2¼0

ðδ2a1 − 2δ1a1Þðδ2a2 − 2δ1a2Þðδ0b1 − δ1b1ð1 − δ1p1
ÞÞðδ0b2 − δ1b2ð1 − δ1p2

ÞÞ
ðk1 − b1 − 1Þ!ðk2 − 3Þ!

× ð−1Þa1þb1þk1ða1 þ a2 − 1Þ!K
2−a1;2;b1;2−a2
λ ðz1; z2; τ1; τ2Þðk1 þ k2 − b1 − 3Þ!

ðz1 − τ2Þa1þa2ðτ1 − τ2Þk1þk2−b1−2
ðA13Þ

Zð14Þ
m1m2n1n2ðz1; z2; τ1; τ2jp; q1; q2Þ ¼ −

3

2
ð1þ 3Q2Þq2n2pm2

ηm1n1ð1 − δ0k1Þð1 − δ1k1Þð1 − δ0k2Þð1 − δ1k2Þ

×
X2
a1

X1
b1;b2¼0

ðδ2a1 − 2δ1a1Þðδ0b1 − δ1b1ð1 − δ1p1
ÞÞðδ0b2 − δ1b2ð1 − δ1p2

ÞÞ

× ð−1Þa1þb1þk1ða1 þ k2 − b2 − 2Þ!K
2−a1;2;b1;0
λ ðz1; z2; τ1; τ2Þðk1 þ b2 − b1Þ!
ðz1 − τ2Þa1þk2−b2−1ðτ1 − τ2Þk1þb2−b1þ1

ðA14Þ

Zð15Þ
m1m2n1n2ðz1; z2; τ1; τ2jp; q1; q2Þ ¼ pm2

q1n1ηm1n2

ð1 − δ0k1Þð1 − δ1k1Þð1 − δ0k2Þð1 − δ1k2Þ
ðk1 − 1Þ!

×
X2
a1

X1
b1¼0

ðδ2a1 − 2δ1a1Þð−δ0b1 þ 1
2
δ1b1ð1 − δ1k1ÞÞ

ðk2 − b2 − 2Þ!
ða1 þ b2Þ!

ðz1 − τ2Þa1þb2þ1

×

�
1

2

ð2 − a1Þ!k1!ðk2 − 1 − b2Þ!
ðz1 − z2Þ3−a1ðz2 − τ1Þk1þ1ðz2 − τ2Þk2−b2

þ 1

4
ð−1Þk1þ1

ð4 − a1Þ!ðk1 þ k2 − 2 − b2Þ!
ðz1 − z2Þ5−a1ðτ1 − τ2Þk1þk2−b2−1

�
ðA15Þ

HIGHER SPIN CONTRIBUTIONS TO HOLOGRAPHIC … PHYSICAL REVIEW D 90, 046008 (2014)

046008-17



Zð16Þ
m1m2n1n2ðz1; z2; τ1; τ2jp; q1; q2Þ ¼

pm1
q1n1ηm2n1

ðk1 − 1Þ!
X2
a1

ðδ2a1 − 2δ1a1Þð−1Þa1þ1
ð3 − a1Þ!k1!

ðz1 − z2Þ4−a1ðz2 − τ1Þk1þ1

×

�
1

2
δ2k2

ða1 þ 1Þ!
ðz1 − τ2Þa1þ2

− 2δ1k2
a1!

ðz1 − τ2Þa1þ1

�
ðA16Þ

Zð17Þ
m1m2n1n2ðz1; z2; τ1; τ2jp; q1; q2Þ ¼ ð1 − δ0k1Þð1 − δ0k2Þð1 − δ1k1Þð1 − δ1k2Þð−ipm2

Þ

×
X2
a1¼1

X1
b1;b2¼0

ðδ2a1 − 2δ1a1Þ
�
−δ0b1 þ

1

2
δ1b1ð1 − δ2k1Þ

��
−δ0b2 þ

1

2
δ1b2ð1 − δ2k2Þ

�

×
ðk1 − 1 − b1Þðk1 − 1 − b2Þ
ðz2 − τ1Þk1−b1ðz1 − τ2Þk2−b2

ηm1n1ða1 þ b1Þ!Rð1þb2Þ
n2 ðτ2jðp; z1Þ; ðp; z2Þ; ðq1; τ1ÞÞ
ðz1 − τ1Þa1þb1þ1

þ ηm1n2ða1 þ b2Þ!Rð1þb1Þ
n1 ðτ1jðp; z1Þ; ðp; z2Þ; ðq2; τ2ÞÞ
ðz2 − τ2Þa1þb2þ1

ðA17Þ

Zð18Þ
m1m2n1n2ðz1; z2; τ1; τ2jp; q1; q2Þ ¼ −pm2

q2n2ηm1n1ð1 − δ0k1Þð1 − δ0k2Þð1 − δ1k1Þð1 − δ1k2Þ

×
X2

a1;a2¼1

X1
b1;b2¼0

ðδ2a1 − 2δ1a1Þ
�
−δ0b1 þ

1

2
δ1b1ð1 − δ2k1Þ

�

×
ð−1Þa1ða1 þ b1Þ!

ðk1 − 2 − b1Þ!ðz1 − τ1Þa1þb1þ1

1

Q2

�
−δ1a2 þ

1þ 3Q2

2
δ2a2

��
1

2
δ0b2 þ

1

8
δ1b2ð1 − δ2k2Þ

�

×

�ð−1Þa1þa2þk1þb1ð4 − a1 − a2Þ!
ðk1 − b1 − 2Þ!ðz1 − z2Þ5−a1−a2

�ðk2 þ a2 − b2 − 2Þ!ðk1 − b1 þ b2 − 1Þ!
ðz2 − τ2Þk2þa2−b2−1ðτ1 − τ2Þk1−b1þb2

þ ða2 þ b2Þ!ðk1 þ k2 − b1 − b2 − 3Þ!
ðz2 − τ2Þa2þb2þ1ðτ1 − τ2Þk1þk2−b1−b2−2

�

þ ð−1Þa1þk1þb1ð1 − δ2k2Þ
8ðk2 − 3Þ!ðz1 − z2Þ3−a1

�
2ðk1 þ k2 − b1 − 4Þ!

ðz2 − τ2Þ4ðτ1 − τ2Þk1þk2−b1−3
þ 2ðk2 − 2Þ!ðk1 − b1 − 1Þ!
ðz2 − τ2Þk2þ1ðτ1 − τ2Þk1−b1

�

þ 3ð1þ 3Q2Þð−1Þa1þb1þk1ð1 − δ2k2Þðk1 þ k2 − b1 − 4Þ!
ðk2 − 3Þ!ðz1 − z2Þ3−a1ðz2 − τ2Þ4ðτ1 − τ2Þk1þk2−b1−3

�
ðA18Þ

Zð19Þ
m1m2n1n2ðz1; z2; τ1; τ2jp;q1; q2Þ ¼ −pm2

q2n2ηm1n1ð1− δ0k1Þð1− δ0k2Þð1− δ1k1Þ

×
X2

a1;a2¼1

X1
b1;b2¼0

ðδ2a1 − 2δ1a1Þð−δ0b1 þ 1
2
δ1b1ð1− δ2k1ÞÞ

ðk1 − 2− b1Þ!
�
−
1þ 3Q2

4Q
δ0b2 þ

1

2Q
δ1b2ð1− δ2k2Þ

�

×

�
1

Q
δ1a2 −

1þ 3Q2

2Q
δ2a2

�� ða1 þ b1Þ!ða2 þ k1 − b1 − 2Þ!
ðz1 − τ1Þa1þb1þ1ðz2 − τ1Þa2þk1−b1−1

×

� ð1− a1 þ k2 − b2Þ!ð2− a2 þ b2Þ!
ðz1 − τ2Þ2−a1þk2−b2ðz2 − τ2Þ3þb2−a2

−
ð1− a2 þ k2 − b2Þ!ð2− a1 þ b2Þ!
ðz1 − τ2Þ2−a2þk2−b2ðz2 − τ2Þ3þb2−a1

�

þ ð−1Þa1ð1− δ1k2Þðk1 − b1 − 1Þ!
ðz2 − τ1Þk1−b1ðz2 − τ2Þ2

� ðk2 − a1Þ!
ðz1 − τ2Þk2−a1þ1ðz2 − τ2Þ

−
ðk2 − 2Þ!

ðz1 − τ2Þ3−a1ðz2 − τ2Þk2−1
��

ðA19Þ
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Zð20Þ
m1m2n1n2ðz1; z2; τ1; τ2jp; q1; q2Þ ¼ ð1 − δ0k1Þð1 − δ0k2Þð1 − δ1k1Þδ1k2

×
X2
a1¼1

X1
b1¼0

ðδ2a1 − 2δ1a1Þð−δ0b1 þ 1
2
δ1b1ð1 − δ2k1ÞÞ

ðk1 − 2 − b1Þ!
�
ð2þ 3Q2Þpm2

q2n2ηm1n1

×
ð−1Þa1ða1 þ b1Þ!
2ðz1 − τ1Þa1þb1þ1

�ð−1Þa1þb1þk1ð4 − a1Þ!ðk1 − b1 − 1Þ!
ðz1 − z2Þ5−a1ðτ1 − τ2Þk1−b1

− 2
ð−1Þa1þ1ðk1 − b1 − 1Þ!

ðz1 − z2Þ3−a1ðz2 − τ1Þk1−b1ðz2 − τ2Þ2
�

þ
X2
a2¼1

ð−2δ1a2 þ ð1þ 3Q2Þδa2
2
Þðipm2

Þ ð−1Þ
a1þa2þ1ð4 − a1 − a2Þ!ðk1 − b1 þ a2 − 2Þ!
ðz1 − z2Þ5−a1−a2ðz2 − τ1Þk1−b1þa2−1

×

�ð−1Þa1ða1 þ b1Þ!ηm1n1R
ð1Þ
n2 ðτ2jðp; z1Þ; ðp; z2Þ; ðq1; τ1ÞÞ

ðz1 − τ1Þa1þb1þ1

þ ð−1Þa1a1!ηm1n2R
ð1þb1Þ
n1 ðτ1jðp; z1Þ; ðp; z2Þ; ðq2; τ2ÞÞ
ðz1 − τ2Þa1þ1

þ ð−1Þ1þb1ð1þ b1Þ!ηn1n2Rða1Þ
m1

ðz1jðp; z2Þ; ðq1; τ1Þ; ðq2τ2ÞÞ
ðτ1 − τ2Þb1þ2

��
ðA20Þ

Zð21Þ
m1m2n1n2ðz1; z2; τ1; τ2jp; q1; q2Þ ¼ ð1 − δ0k1Þð1 − δ0k2Þð1 − δ1k1Þδ2k2

×
X2

a1;a2¼1

X1
b1¼0

ðδ2a1 − 2δ1a1Þð−δ0b1 þ 1
2
δ1b1ð1 − δ2k1ÞÞ

ðk1 − 2 − b1Þ!

×
ðδ1a2 − 1

2
ð1þ 3Q2Þδa2

2
Þðipm2

Þð−1Þa1þ1ð4 − a1 − a2Þ!
ðz1 − z2Þ5−a1−a2

×
�ð−1Þa2ða2 þ k1 − b1 − 2Þ!

ðz2 − τ1Þa2þk1−b1−1

�ð−1Þa1ða1 þ b1Þ!ηm1n1R
ð2Þ
n2 ðτ2jðp; z1Þ; ðp; z2Þ; ðq1; τ1ÞÞ

2ðz1 − τ1Þa2þk1−b1−1

þ ð−1Þa1ða1 þ 1Þ!ηm1n2R
ð1þb1Þ
n1 ðτ1jðp; z1Þ; ðp; z2Þ; ðq2; τ2ÞÞ

2ðz1 − τ2Þa1þ2

þ ð−1Þ1þa1ðb1 þ 2Þ!ηm1n2R
ða1Þ
m1

ðz1jðp; z2Þ; ðq1; τ1Þ; ðq2τ2ÞÞ
2ðτ1 − τ2Þb1þ3

�

þ iq2n2ηm1n1ð−1Þa1þa2þb1þk1ða1 þ b1Þ!a2!ðk1 − b1 − 1Þ!
2ðz1 − τ1Þa1þb1þ1ðz2 − τ2Þa2þ1ðτ1 − τ2Þk1−b1

�
ðA21Þ

Zð22Þ
m1m2n1n2ðz1; z2; τ1; τ2jp; q1; q2Þ ¼ ð1 − δ0k1Þð1 − δ1k1Þ

X2
a1¼1

X1
b1¼0

ðδ2a1 − 2δ1a1Þ
�
δ0b1
2Q

þ ð1þ 3Q2Þð1 − δ2k1Þδ1b1
4Q

�

×
pm2

q1n1ηm1n2ð−1Þa1ðk1 − 1 − b1Þ!ð1þ b1Þ!
ðz1 − z2Þ3−a1ðz2 − τ1Þk1

×

�
Qδ2k2ða1 þ 1Þ!
2ðz1 − τ2Þa1þ2

−
2Qδ1k2a1!

ðz1 − τ2Þa1þ1

�

ðA22Þ

Zð23Þ
m1m2n1n2ðz1; z2; τ1; τ2jp; q1; q2Þ ¼ −ð1 − δ0k1Þð1 − δ1k1Þð1 − δ2k1Þ

3ð1þ 3Q2Þ
2ðk1 − 3Þ! ×

ηm1n2pm2
q1n1

ðz2 − τ1Þ4

×
X2
a1¼1

ðδ2a1 − 2δ1a1Þ
ð−1Þa1þ1

ðz1 − z2Þ3−a1
�ð−1Þa1Qδ2k2ða1 þ 1Þ!

2ðz1 − τ2Þa1þ2
−

2Qδ1k2a1!

ðz1 − τ2Þa1þ1

�
ðA23Þ
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Zð24Þ
m1m2n1n2ðz1; z2; τ1; τ2jp; q1; q2Þ ¼ −pm2

q1n1ηm1n2 ×
X2
a1¼1

X1
b1¼0

ðδ2a1 − 2δ1a1Þ

×

�ð− 1þ3Q2

4Q δ0b1 þ 1
2Q ð1 − δ1k1Þδ1b1Þ

2ðk1 − b1 − 1Þ!
�
−
Qδ2k2ða1 þ 1Þ!
2ðz1 − τ2Þa1þ2

þ ð−1Þa1 2Qδ1k2a1!

ðz1 − τ2Þa1þ1

�

×

� ðk1 − a1 − b1 þ 1Þ!ðb1 þ 2Þ!
ðz1 − τ1Þk1−a1−b1þ2ðz2 − τ1Þ3þb1

−
ð2 − a1 þ b1Þ!ðk1 þ 1 − b1Þ!

ðz1 − τ1Þ3−a1þb1ðz2 − τ1Þp1þ2−b1

�

þ
X2
a2¼0

��
δ1a2
Q

−
1þ 3Q2

2Q
δ2a2

�
×

1 − δ1p1

2ðk1 − 2Þ! ×
a2!

ðτ1 − τ2Þa2þ1

�

×

�
−
Qδ2k2ða1 þ 1Þ!
2ðz1 − τ2Þa1þ2

þ ð−1Þa1 2Qδ1k2a1!

ðz1 − τ2Þa1þ1

�

×

�
−
Qδ2k2ða1 þ 1Þ!
2ðz1 − τ2Þa1þ2

þ ð−1Þa1 2Qδ1k2a1!

ðz1 − τ2Þa1þ1

�

×

� ðk1 − a1Þ!
ðz1 − τ1Þk1−a1þ1ðz2 − τ1Þ3−a2

−
ðk1 − a2Þ!

ðz1 − τ1Þ3−a1ðz2 − τ1Þk1þ1−a2

��
ðA24Þ

Zð25Þ
m1m2n1n2ðz1; z2; τ1; τ2jp; q1; q2Þ ¼ δ1k1δ

1
k2

X2
a1;a2¼1

ðδ2a1 − 2δ1a1Þð2δ2a2 − ð1þ 3Q2Þδ1a2Þ

×

�
−ð1þ 3Q2Þpm2

q1n1ηm1n2

ð−1Þa2þ1a1!a2!ð4 − a1 − a2Þ!
ðz1 − z2Þ5−a1−a2ðz1 − τ2Þa1þ1ðz2 − τ1Þa2þ1

þ 2Q2ð−1Þa1þ1ðipm2
Þ × ð4 − a1Þ!

ðz1 − z2Þ5−a1

×

�ð−1Þa1a1!ηm1n1R
ð1Þ
n2 ðτ2jðp; z1Þ; ðp; z2Þ; ðq1; τ1ÞÞ
ðz1 − τ1Þa1þ1

þ ð−1Þa1a1!ηm1n2R
ð1Þ
n1 ðτ1jðp; z1Þ; ðp; z2Þ; ðq2; τ2ÞÞ
ðz1 − τ2Þa1þ1

−
ηn1n2R

ða1Þ
m1

ðz1jðp; z2Þ; ðq1; τ1Þ; ðq2τ2ÞÞ
ðτ1 − τ2Þ2

��
ðA25Þ

Zð26Þ
m1m2n1n2ðz1; z2; τ1; τ2jp; q1; q2Þ ¼ δ2k1δ

2
k2

X2
a1¼1

ðδ2a1 − 2δ1a1Þðipm2
Þ × ð4 − a1Þ!

ðz1 − z2Þ5−a1

×

�ð−1Þa1ða1 þ 1Þ!ηm1n1R
ð2Þ
n2 ðτ2jðp; z1Þ; ðp; z2Þ; ðq1; τ1ÞÞ

ðz1 − τ1Þa1þ2

þ ð−1Þa1a1!ηm1n2R
ð2Þ
n1 ðτ1jðp; z1Þ; ðp; z2Þ; ðq2; τ2ÞÞ
ðz1 − τ2Þa1þ2

þ 6ηn1n2R
ða1Þ
m1

ðz1jðp; z2Þ; ðq1; τ1Þ; ðq2τ2ÞÞ
ðτ1 − τ2Þ4

�
þ pm2

q2n2ηm1n1ða1 þ 1Þ!
ðz1 − τ1Þa1þ2ðz1 − z2Þ3−a1ðz2 − τ2Þ4

ðA26Þ
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Zð27Þ
m1m2n1n2ðz1; z2; τ1; τ2jp; q1; q2Þ ¼ δ1k1δ

2
k2

X2
a1¼1

ðδ2a1 − 2δ1a1Þ
�
ipm2

Q2ð−1Þa1þ1ð4 − a1Þ!
2ðz1 − z2Þ5−a1

×

�ð−1Þa1a1!ηm1n1R
ð2Þ
n2 ðτ2jðp; z1Þ; ðp; z2Þ; ðq1; τ1ÞÞ
ðz1 − τ1Þa1þ1

þ ð−1Þa1ða1 þ 1Þ!ηm1n2R
ð1Þ
n1 ðτ1jðp; z1Þ; ðp; z2Þ; ðq2; τ2ÞÞ

ðz1 − τ2Þa1þ2

−
ηn1n2R

ða1Þ
m1

ðz1jðp; z2Þ; ðq1; τ1Þ; ðq2τ2ÞÞ
ðτ1 − τ2Þ2

�
−

Qpm2
q2n2ηm1n1a1!

2ðz1 − z2Þ3−a1ðz1 − τ1Þa1þ1ðz2 − τ2Þ4

þQpm2
q1n1ηm1n2

X2
a2¼1

�
δ1a2
Q

−
1þ 3Q2

2Q
δ2a2

�

×
ð−1Þa2þ1ða1 þ 1Þ!a2!ð4 − a1 − a2Þ!

ðz1 − z2Þ5−a1−a2ðz1 − τ2Þa1þ2ðz2 − τ1Þa2þ1

�
: ðA27Þ
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