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Using large-N technique at fixed dimension (d ¼ 3), I examine the multicritical behavior of aUðN=2Þ ×
UðN=2Þ Ginzburg-Landau theory of two multicomponent complex fields interacting through gauge fields
described by Maxwell terms and a mixed Chern-Simons term. This model is relevant to the dynamics of
Cooper pairs and vortices in a self-dual Josephson junction array system near its superconductor-insulator
quantum transition. I present calculations of the various critical exponents including 1=N corrections to the
N ¼ ∞ saddle point. I investigate in the scaling region the behavior of the renormalized zero-momentum
four-point quartic couplings u and w in the action, and I calculate the 1=N correction to the β-functions and
their fixed-point values. It is shown that the decoupled fixed point is destabilized in the presence of the
mixed Chern-Simons term at the next-to-leading order. Finally, I examine the universal character of the
conductivity at the critical point up to the next-to-leading order in 1=N expansion.
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I. INTRODUCTION

The continuous quantum phase transition (QPT) [1] in
Josephson junction arrays systems (JJA) provides an ideal
example to study quantum fluctuations at zero temperature.
Near a quantum critical point [2], scale invariance and
universality emerge, and the long-distance low energy
properties of the system are characterized by critical
exponents that are insensitive to the microscopic details
of the model [2]. A topological two-field Ginzburg-Landau
theory interacting through gauge fields was introduced in
[3] as a phenomenological model to study the QPT in JJA
systems.Via a duality transformation, the currents ofCooper
pairs (pμ) and vortices (lμ) in the underlying microscopic
model are represented as the dual field strength of fictitious
gauge fields pμ ¼ ϵμνλ∂νbλ and lμ ¼ ϵμνλ∂νaλ, with ϵμνλ
(μ; ν; λ ¼ 0; 1; 2) being the antisymmetric Levi-Civita sym-
bol [4]. When written in terms of the gauge fields, these
currents are trivially conserved due to the presence of
the ϵμνλ symbol. In the dual description, kinetic terms for
charges and vortices are expressed by Maxwell terms for aμ
and bμ, while the Lorentz force exerted by the vortices on the
charges and the Magnus force exerted by the charges on the
vortices are expressed by a mixed Chern-Simons term
ϵμνλaμ∂νbλ [4]. Along with emerging gauge fields, two
complex scalar fields are introduced to account for quantum
disorder due to electric and magnetic excitations in the
system. The resulting low energy effective model is a
Ginzburg-Landau theory with two disorder fields coupled
to a Maxwell-mixed-Chern-Simons gauge theory [3].

The competition between the disordering fields exhibits
multicritical point behavior. This was investigated in a
recent paper [3] where a rich phase diagram was found. The
renormalization group (RG) analysis was done at fixed
dimension D ¼ 3 and not in D ¼ 4 − ϵ as is often done
because of the presence of the Chern-Simons term, which
is an intrinsically three-dimensional object. This fixed-
dimension approach to critical phenomena was introduced
by Parisi in his study of a pure uϕ4 theory [5]. It draws on
the fact that near the critical point the system has only one
relevant length scale, the correlation length, which diverges
at this point. This length is used to convert dimensionful
coupling constants into dimensionless ones. The dimen-
sionless bare coupling g0 ¼ u=m used in the expansion
diverges when the mass m goes to zero, resulting in a
useless perturbative expansion near the transition. To find a
more suitable expansion parameter other than the bare
coupling, one introduces a field renormalization and a
renormalized dimensionless coupling constant g as in four
dimensions, and one looks for an infrared (IR) stable zero
in the corresponding Callan-Symanzik βðgÞ—function. It
ensues that the renormalized coupling has a finite limit
gc when the bare coupling becomes large. In contrast with
the ϵ-expansion, however, at fixed dimension no small
parameter is available to control the calculation. In the
absence of a parameter other than the nonlinearity g to
systematically control the computation, accurate determi-
nations of the fixed-point (FP) value of the coupling and all
other physical quantities hinge on the analytic properties of
the series, in addition to the number of terms available [6].
This limitation of the approximate one-loop renormaliza-
tion group at fixed dimension prompts us to look for
another method to solve our model beyond perturbation*ssakhi@aus.edu
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theory and obtain confirmation of the perturbative results
found in [3].
In this paper I concentrate on the critical behavior of

the d ¼ 2þ 1 dimensional UðN=2Þ ×UðN=2Þ Ginzburg-
Landau-mixed-Chern-Simons theory in the framework of
the 1=N expansion. Large-N expansion has many appli-
cations in quantum field theory and statistical mechanics.
Since this method applies to any dimension of space, it was
particularly useful in revealing some of the most funda-
mental aspects of critical phenomena. The study of spin
systems in the large-N limit began with the work of Stanley
[7], who studied the N vector model using the saddle point
technique. Its application to critical phenomena was carried
out by Ma [8], who calculated 1=N corrections to the
critical exponents and explained in the same context the
Wilson renormalization group ideas. Calculations in con-
tinuum field theory were performed in [9] and nonlinear
sigma models [10]. The advantage of such a technique is
that 1=N provides a new expansion parameter that allows
the summation of infinite classes of Feynman graphs and
the results have a nonperturbative interpretation. It turns out
that this model is renormalizable in the 1=N expansion, and
its critical exponents can be obtained in a systematic way.
The critical exponents ν, η, and γ are calculated to the
Oð1=NÞ. Next we study the renormalized zero-momentum
four-point couplings of the model by applying the 1=N
expansion. We compute the next-to-leading 1=N correction
to the renormalized couplings as a function of the bare
couplings and the renormalized mass. From these we find
the 1=N correction to the β-functions and the fixed-point
values. Finally, I examine the universal character of the
conductivity at the critical point up to the next-to-leading
order in 1=N expansion.

II. THE CONTINUUM MODEL

The low energy effective field theory describing the
dynamics of Cooper pairs and vortices in a self-dual
Josephson junction array consists of two complex fields
associated with disordering due to electric charges (Ψ) and
magnetic charges (Φ) interacting through fictitious gauge
fields aμ and bμ. The derivation has been presented before
[3], and the Euclidean Lagrangian is given by

L ¼ LS þ U þ LG; ð1Þ
LS ¼ jð∂μ− iaμÞΨj2þjð∂μ− ibμÞΦj2

U¼ rðjΨj2þjΦj2Þþu0
2
ðjΨj4þjΦj4Þþw0jΨj2jΦj2; ð2Þ

LG ¼ 1

4e2b
f2μν þ

1

4e2a
g2μν þ iκbμϵμνλ∂νaλ: ð3Þ

Because of quantum fluctuations and RG iterations, we start
with themost general Landau-Ginzburg-Wilson Lagrangian
that is symmetric under Uð1Þ × Uð1Þ transformations and

contains up to quartic interaction terms described by
couplings u and w between Φ and Ψ fields. The first two
terms inLG are the usual Maxwell terms for the gauge fields
bμ, aμ, associated with the currents of Cooper pairs and
vortices in the JJA system. Notice that we have two different
gauge couplings, which are related to the parameters of
the JJA system: e2a ¼ 8EC and e2b ¼ 4π2EJ where EJ, the
Josephson coupling energy, measures the strength for the
phase coupling between two superconducting islands and
EC, the charging energy required to add extra charges to
neutral islands. The mixed Chern-Simons term has a
coefficient κ ¼ 1=π [3].

III. ONE-LOOP RENORMALIZATION GROUP
ANALYSIS IN THREE DIMENSIONS

Before we construct the 1=N expansion of the massive
scaling regime, it is instructive to summarize some proper-
ties of this field theory from the point of view of perturbative
RG in the same regime. Thisway onewill be able to compare
large-N results with RG predictions. We note that the
construction of the perturbative renormalization expansion
in the massless regime of model (1) was recently reported in
[3]. At one-loop and for N=2-component complex scalar
fields, one introduces renormalized ΨR, ΦR, aμ;R, and bμ;R
fields, which are proportional to the bare ones:

ΨR ¼ Z−1=2
Ψ Ψ; ΦR ¼ Z−1=2

Φ Φ; aμ;R ¼ Z−1=2
a aμ;

bμ;R ¼ Z−1=2
b bμ: ð4Þ

The constants of proportionality are fixed by imposing
normalization conditions on the one-particle irreducible
two-point Γð2ÞRðkÞ and four-point Γð4ÞRð0; 0; 0; 0Þ functions

Γð2ÞRðk ¼ 0Þ ¼ m2;
∂Γð2ÞRðkÞ

∂k2
����
k2¼0

¼ 1; ð5Þ

Γð4ÞR
1;1 ð0; 0; 0; 0Þ ¼ Γð4ÞR

2;2 ð0; 0; 0; 0Þ ¼ 3mûR; ð6Þ

Γð4ÞR
1;2 ð0; 0; 0; 0Þ ¼ mŵR; ð7Þ

1

2

∂
∂k2 ½P

μν
T ðkÞΓð2ÞR

a;νμ ðkÞ�k¼0 ¼
1

mê2a;R
; ð8Þ

1

2

∂
∂k2 ½P

μν
T ðkÞΓð2ÞR

b;νμ ðkÞ�k¼0
¼ 1

mê2b;R
; ð9Þ

where the mass m was used to define the renormalized
dimensionless coupling constants with hats and Pμν

T ðkÞ is
the transverse projection given by Pμν

T ðkÞ ¼ δμν − kμkν=k2.
Up to one-loop order, the relevant Feynman diagrams for

the four-point Γð4Þ
1;1 and Γð4Þ

1;2 functions at zero external
momenta are shown in Fig. 1. These lead to the flow
equations in three space-time dimensions:
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βðûRÞ ¼
dûR

d lnðmÞ
¼ ð2ηΨ − 1ÞûR þ N þ 8

16π
û2R þ N

16π
ŵ2
R; ð10Þ

βðŵRÞ ¼
dŵR

d lnðmÞ

¼ ðηΦ þ ηΨ − 1ÞŵR þ N þ 2

8π
ûRŵR þ ŵ2

R

4π
; ð11Þ

βðê2a;RÞ ¼
dê2a

d lnðmÞ ¼ −ê2a;R

�
1 −

N
48π

ê2a;R

�
; ð12Þ

βðê2b;RÞ ¼
dê2b

d lnðmÞ ¼ −ê2b;R

�
1 −

N
48π

ê2b;R

�
; ð13Þ

where the η-exponents, which characterize the anomalous
dimensions of the two-point correlation functions, are
given by

ηΦ ¼ −
2

3π

ê2a;R
ðM̂ þ 1Þ2 ; ηΨ ¼ −

2

3π

ê2b;R
ðM̂ þ 1Þ2 ; ð14Þ

with M̂ ¼ κêa;Rêb;R. Note that the beta functions for the
gauge charges can also be given exactly in terms of the
anomalous dimensions of the gauge fields by βðê2a;RÞ ¼
ê2a;Rðηa − 1Þ and βðê2b;RÞ ¼ ê2b;Rðηb − 1Þ, where ηa ¼
d lnðZaÞ=d lnðmÞ and ηa ¼ d lnðZaÞ=d lnðmÞ. In this form,
the existence of a charged fixed point, ê2a;R ≠ 0, ê2b;R ≠ 0, has
the immediate consequence that ηa ¼ 1, ηb ¼ 1 [11]. The
beta functions associated with the gauge couplings have
nontrivial solutions when ê2a ¼ 48π=N and ê2b ¼ 48π=N.
These lead to the fully charged FPs with respect to both
gauge fields. There exist four fixed points: (1) Gaussian, at
û¼ŵ¼0, (2) UðNÞ symmetric, at û¼ŵ¼8πð1−2ηÞ=
ðNþ4Þ, (3) decoupled fixed point, at û¼ 16πð1− 2ηÞ=
ðNþ 8Þ and ŵ ¼ 0, and (4) mixed, at û ¼ 8πð1 −
2ηÞ=ðN2 þ 8Þ and ŵ ¼ 8πð1 − 2ηÞð4 − NÞ=ðN2 þ 8Þ. The
flows of the interaction coupling constants for different
numbers of component N in the critical planes ê2a ¼ ê2b ¼
48π=N are depicted in Fig. 2. The infrared stability of these

fixed points is done as usual through the positivity

analysis of the eigenvalues of the matrix Mij ¼ ∂βðλiÞ∂λj ,
λi ¼ ðû; ŵ; ê2a; ê2bÞ, at each fixed point. The result of such
study shows that for N < 2, the stable fixed point is the one
with the enlarged UðNÞ symmetry. For 2 < N < 4, on the
other hand, the mixed fixed point becomes the stable one.
Finally, for N > 4 the decoupled fixed point is stable.

IV. LARGE-N EXPANSION

The calculation proceeds in standard fashion, making
the assumption that u and w are both of order 1=N. The
complex scalar fields have both N=2 components. The
solution of the model in the large-N limit is inspired by
the central limit theorem [12]. It can be expected that, for N
large, OðNÞ invariant quantities like jΦj2 self-average and
therefore have small fluctuations. This suggests taking jΦj2
and jΨj2 as dynamical variables, rather than Φ and Ψ. To
implement this idea, one introduces auxiliary fields λα and
ρα and imposes the constraint ρ1ðxÞ ¼ jΨj2=N and ρ2ðxÞ ¼
jΦj2=N by integrals over λ1 and λ2. The new representation
of the partition function is

Z ¼
Z

dΨdΦ½dλidρj�daμdbμ exp½−S�

S ¼
Z
x

�
LS þ iλ1ðjΨj2 − Nρ1Þ þ iλ2ðjΦj2 − Nρ2Þ

þ NU þ N
2
LG

�
; ð15Þ

where the integration is over (2þ 1)-dimensional space and
imaginary time and Uðρ1;ρ2Þ¼rðρ1þρ2Þþuðρ21þρ22Þ=2þ
wρ1ρ2. The field integral is then Gaussian in Φ and Ψ and

FIG. 1 (color online). (a) Γð4Þ
11 and (b) Γð4Þ

12 to one loop. The solid
lines represent the scalar field propagators with 1 corresponding
toΨ and 2 to Φ. The wiggly lines represent the gauge propagators
with 1 corresponding to aμ and 2 to bμ.

FIG. 2 (color online). One-loop renormalization group flows in
the ðû; ŵÞ plane at fixed dimension d ¼ 3.
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can be performed making the dependence of the partition
function on N more explicit:

Z ¼
Z

½dλidρj�daμdbμ

× exp

�
−
Z
x

�
N
2
LG þ NU þ Nðλ1ρ1 þ λ2ρ2Þ

��

× exp−
N
2
½tr ln ðði∂μ þ aμÞ2 − iλ1Þ

þ tr ln ðði∂μ þ bμÞ2 − iλ2Þ�: ð16Þ
The integration over each component of Φ and Ψ has

generated the determinant of a differential operator, which
is not a simple quantity since λ1, λ2, aμ, and bμ are
fluctuating fields. Fortunately, the calculations that follow
require only a perturbative definition valid when λ1 and λ2
fluctuate only weakly around some constant imaginary
value. Furthermore, since the potential U is quadratic the
integral over ρ1 and ρ2 is Gaussian and can thus be
calculated explicitly. One finds

Z ¼
Z

½dλi�daμdbμ exp ½−Seff �

Seff ¼
N
2

Z
x
½LG þ ðγþ þ γ−Þðλ21 þ λ22Þ=2þ ðγþ − γ−Þλ1λ2

− 2irγþðλ1 þ λ2Þ�

þ N
2
½tr ln ðði∂μ þ aμÞ2 − iλ1Þ

þ tr ln ðði∂μ þ bμÞ2 − iλ2Þ�; ð17Þ
where γ� ¼ 1=ðu0 � w0Þ. In the large-N limit, Seff is of
order N and the integral can thus be evaluated by the
steepest descent method. We look for a uniform saddle
point λα ¼ im2, α ¼ 1, 2 with m > 0. Differentiating Seff
with respect to λα, we find saddle point equation

r ¼ m2 −
1

2γþ

Z
k

1

k2 þm2
; ð18Þ

where we now adopt the convention that the Fourier
transform integral

R
k ≡
R
d3k=ð2πÞ3, which we will use

throughout this paper. At N ¼ ∞ the system becomes
critical when m ¼ 0, i.e., at r ¼ rc. The saddle point
equation becomes

τ ¼ m2 þ m
8πγþ

; ð19Þ

where τ ¼ r − rc characterizes the deviation from the
critical point. From the gap equation we can obtain the
scaling of the mass and thus the exponent ν at the leading
order. The leading m-dependent contribution for m → 0
givesm ¼ 1=ξ ∼ τ, which shows that the exponent ν ¼ 1 is
no longer Gaussian.

V. THE 1=N CORRECTIONS

The large-N technique allows one to generate a system-
atic 1=N expansion. The evaluation of the Feynman rules
shown in Fig. 3 is straightforward. Differentiating twice the
action with respect to the shifted fields σ1;2, defined as
λα ¼ im2 þ σα, α ¼ 1, 2, one obtains the σα-propagators,
represented diagrammatically by dotted lines throughout
the paper. At an intermediate step we find

S2 ¼
N
2

Z
q

�
σ1ð−qÞ σ2ð−qÞ

�
Δ
↔−1ðqÞ

�
σ1ðqÞ
σ2ðqÞ

�
; ð20Þ

Δ
↔−1ðqÞ¼

 
ðγþþ γ−Þ=2þ 1

2
ΠðqÞ ðγþ− γ−Þ=2

ðγþ− γ−Þ=2 ðγþþ γ−Þ=2þ 1
2
ΠðqÞ

!
:

ð21Þ

Taking the inverse of the 2 × 2 matrix we find the σi-
propagators (i, j ¼ 1, 2)

DijðqÞ¼
1

N
ΔijðqÞ¼

1

2N
½Δþðq;mÞþð2δij−1ÞΔ−ðq;mÞ�;

ð22Þ

Δ�ðq;mÞ ¼ 1

γ� þ 1
2
ΠðqÞ ; ð23Þ

ΠðqÞ ¼
Z
k

1

ðk2 þm2Þ½ðkþ qÞ2 þm2� ¼
1

4πq
tan−1ðq=2mÞ:

ð24Þ

FIG. 3. Feynman rules for the 1=N expansion.
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Similarly differentiating twice the large-N action with
respect to the gauge fields and setting λα ¼ im2, one
obtains at an intermediate step

Sð2ÞG ¼ N
4

Z
q
aμð−qÞ

�
q2

e2a
þ ΓðqÞ

�
δTμνaνðqÞ

þ bμð−qÞ
�
q2

e2b
þ ΓðqÞ

�
δTμνbνðqÞ

− 2κbμð−qÞϵμλνqλaνðqÞ: ð25Þ

Here, δTμν ¼ ðδμν − qμqν=q2Þ and where the ΓðqÞ term
arises from the one-loop polarization diagrams shown in
Fig. 4, which are expressed as

2

Z
k

δμν
k2 þm2

−
Z
k

½2kμ þ qμ�½2kν þ qν�
ðk2 þm2Þððkþ qÞ2 þm2Þ ¼ ΓðqÞδTμν:

ð26Þ

At zero temperature, a full analytic evaluation of the
integrals is possible using the standard steps [13], and the
result is

ΓðqÞ ¼ q2 þ 4m2

8πq
tan−1

�
q
2m

�
−

m
4π

: ð27Þ

The resulting gauge propagators in Landau gauge are then
ðα; β ¼ a; bÞ

Gαβ
μνðqÞ ¼ 2

N
½FαðqÞδTμνδαβ þ GðqÞϵμλνqλð1 − δαβÞ�; ð28Þ

FaðqÞ ¼
q2=e2b þ ΓðqÞ

ðq2=e2a þ ΓðqÞÞðq2=e2b þ ΓðqÞÞ þ q2κ2
; ð29Þ

GðqÞ ¼ κ

ðq2=e2a þ ΓðqÞÞðq2=e2b þ ΓðqÞÞ þ q2κ2
: ð30Þ

VI. CRITICAL EXPONENTS

Using the propagators derived in the previous section,
we are now ready to compute two independent critical
exponents associated with the singularity at the critical
point (γ and η) including one-loop corrections about the
N ¼ ∞ saddle point. The critical exponent of interest ν is

obtained from the scaling relation ν ¼ γ=ð2 − ηÞ. We begin
by calculating η, which is obtained from the two-point
vertex function Γð2Þðp;m ¼ 0Þ ¼ p2−η by picking up the
coefficient of the p2 lnp. The self-energy diagrams that
enter the two-point Ψ correlation function at order 1=N are
diagrams (a) and (b) shown in Fig. 5. Their contribution
gives

Γð2Þðp;m ¼ 0Þ ¼ p2 þ 1

N

Z
q
Δ11ðqÞ

�
1

ðqþ pÞ2 −
1

q2

�

−
8

N

Z
q

p2 − ðp⋅qÞ2=q2
ðqþ pÞ2 FaðqÞ: ð31Þ

In the critical region, Δ11ðq;m ¼ 0Þ ≈ 16q and
FaðqÞ ≈ ΓðqÞ=½Γ2ðqÞ þ q2κ2�. Evaluating these diagrams
asymptotically gives the divergent part

Γð2Þðp;m ¼ 0Þ ¼ p2 þ 8

3Nπ2
p2 lnðΛ=pÞ

−
128

3Nπ2
1

1þ c2
lnðΛ=pÞ: ð32Þ

From this expression we read off the critical exponent η
by re-exponentiating the p-terms

η ¼ 8

3Nπ2
−

128

3Nπ2
1

1þ c2
þ oð1=N2Þ; ð33Þ

where c ¼ 16κ. Consideration of two limiting cases of this
result yields some expected results. First, it is consistent
with the critical exponent η of the OðNÞ symmetric scalar
field model [6] when c → ∞ corresponding to the decou-
pling of the gauge fields. Second, it is consistent with [14]
when the Chern-Simons term is absent (c ¼ 0).
The critical exponent γ determines how the mass of the

scalar fields goes to zero at the critical point, i.e.,
Γð2Þðp ¼ 0; mÞ ∼mγ. The relevant self-energy diagrams
that enter the two-point vertex function at order 1=N are all
the diagrams shown in Fig. 5 [diagram (b) gives zero
contribution when p ¼ 0].
Evaluating these diagrams, we find

Γð2Þðp¼0;mÞ¼m2þ 1

N

Z
q

Δ11ðqÞ
q2þm2

−
Δþð0;mÞ
16πmN

Z
q

Δ11ðqÞ
q2þ4m2

þΔþð0;mÞ
2πN

Z
q
FðqÞ tan

−1ðq=2mÞ
q

: ð34Þ

Evaluating these integrals asymptotically gives the diver-
gent part

FIG. 4. One-loop diagrams that determine the effective action
of the gauge fields at large N.
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Γð2Þðp ¼ 0; mÞ ¼ m2 þ 24m2

Nπ2
ln

�
Λ
m

�

þ 128m2ð1 − 3c2Þ
Nπ2ð1þ c2Þ2 ln

�
Λ
m

�
: ð35Þ

Re-exponentiating the logarithmic terms gives

γ ¼ 2 −
152

Nπ2
þ 128

Nπ2
c2ðc2 þ 5Þ
ð1þ c2Þ2 þ oð1=N2Þ: ð36Þ

We can now calculate the coefficient ν by using a scaling
relation ν ¼ γ=ð2 − ηÞ,

ν ¼ 1 −
96

Nπ2
þ 256

3Nπ2
c2ðc2 þ 4Þ
ð1þ c2Þ2 þ oð1=N2Þ: ð37Þ

This result is consistent with the critical exponent ν of the
OðNÞ symmetric scalar field model [6] when one takes the
limit c → ∞ corresponding to the decoupling of the gauge
fields. It is also consistent with the result of [14] when the
Chern-Simons term is absent (c ¼ 0).

VII. THE RENORMALIZED COUPLINGS

Using the propagators derived in the previous section, we
now investigate the renormalized dimensionless zero-
momentum four-point couplings û and ŵ in the scaling

region and obtain their fixed-point values for arbitraryN and
at fixed dimension. We compute the relevant Feynman
diagrams that contribute to the next-to-leading 1=N correc-
tion to the renormalized coupling as a function of the bare
coupling and the renormalized mass. These are used to find
the 1=N correction to the β − functions βðûÞ ¼ mrdû=dmr
and βðŵÞ ¼ mrdŵ=dmr and the fixed-point values û� and
ŵ�. Renormalization is performed according to the follow-
ing prescription for the two- and four-point functions of the
fields Ψ and Φ:

Γð2Þ
11 ðpÞ ¼ Γð2Þ

22 ðpÞ ¼ Z−1½m2
r þ p2 þOðp4Þ�; ð38Þ

Γð4Þ
1;1ð0; 0; 0; 0Þ ¼ Z−2 3û

N
mr; ð39Þ

Γð4Þ
1;2ð0; 0; 0; 0Þ ¼ Z−2 3ŵ

N
mr: ð40Þ

In terms of the self-energyΣðp;mÞ found from the diagrams
in Fig. 5, the two-point function and the renormalized mass
mr are given by

Γð2ÞðpÞ ¼ p2 þm2 − Σðp;mÞ; ð41Þ

m2
r ¼ m2 − Σð0; mÞ þm2

�∂Σðp;mÞ
∂p2

�
p¼0

: ð42Þ

FIG. 5. Self-energy diagrams that enter the two-point scalar fields correlation function at order 1=N.
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The renormalized couplings û and ŵ are given by

û ¼ N
3mr

�
1þ 2

�∂Σðp;mÞ
∂p2

�
p¼0

�
Γð4Þ
1;1ð0; 0; 0; 0Þ; ð43Þ

ŵ ¼ N
3mr

�
1þ 2

�∂Σðp;mÞ
∂p2

�
p¼0

�
Γð4Þ
1;2ð0; 0; 0; 0Þ: ð44Þ

The relevant Feynman diagrams that contribute to the next-
to-leading 1=N correction to Γð4Þ

1;1 and Γ
ð4Þ
1;2 are, respectively,

shown in Figs. 6–7 and Figs. 8–10.
In order to obtain finite results, û and ŵ must be

expressed in terms of the renormalized massmr. To achieve
this, we express m in terms of mr by inverting Eq. (42),

m2 ¼ m2
r þ Σð0; mrÞ −m2

r

�∂Σðp;mrÞ
∂p2

�
p¼0

ð45Þ

and the scalar propagators at zero momentum are
expressed as

D11ð0; mÞ ¼ D11ð0; mrÞ þ
D2

11ð0; mrÞ þD2
12ð0; mrÞ

32πm3
r

×

�
Σð0; mrÞ −m2

r

�∂Σðp;mrÞ
∂p2

�
p¼0

�
; ð46Þ

D12ð0; mÞ ¼ D12ð0; mrÞ þ
D11ð0; mrÞD12ð0; mrÞ

16πm3
r

×

�
Σð0; mrÞ −m2

r

�∂Σðp;mrÞ
∂p2

�
p¼0

�
: ð47Þ

As a consequence, the divergences contained in the
tadpole insertions (the first four tadpole diagrams in
Fig. 6 and the first ten diagrams in Fig. 7) cancel out.
In terms of the renormalized mass, we obtain the
following representation of the renormalized couplings:

FIG. 6. Diagrammatic scalar field contributions to the four-
point vertex function Γð4Þ

1;1.

FIG. 7. Diagrammatic gauge field contributions to the four-point vertex function Γð4Þ
1;1.
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mrû ¼ Δ11ð0Þ −
3

4N
ð2Δ11ð0Þ − δ1Þ

Z
q

Δ11ðqÞ
ðq2 þm2

rÞðq2 þ 4m2
rÞ

−
1

2N

�
5Δ11ð0Þ þ

δ1
6

�Z
q

Δ11ðqÞ
ðq2 þm2

rÞ2
þ 4

N

�
Δ11ð0Þ −

δ1
2

�

×
Z
q

Δ11ðqÞ
ðq2 þ 4m2

rÞ2
þ 2m2

r

N

�
Δ11ð0Þ þ

δ1
6

�Z
q

Δ11ðqÞ
ðq2 þm2

rÞ3
−

1

2N

Z
q

Δ2þðqÞ þ Δ2
−ðqÞ

ðq2 þ 4m2
rÞ2

�
3m2

r

q2 þm2
r
þ γþΔþð0Þ

�
2

−
1

N

Z
q

ΔþðqÞΔ−ðqÞ
ðq2 þ 4m2

rÞ2
�

3m2
r

q2 þm2
r
þ γ−Δ−ð0Þ

�
2

þ 24m2
r

N

�
Δ11ð0Þ −

δ1
2

�Z
q

FðqÞ
ðq2 þm2

rÞðq2 þ 4m2
rÞ

þ 16δ1
3N

Z
q

FðqÞ
q2 þm2

r

−
2δ1
Nπ

Z
q
F2ðqÞ tan

−1ðq=2mrÞ
q

þ 2δ2
Nπ

Z
q
qG2ðqÞtan−1

�
q

2mr

�
−
8δ3
N

Z
q
F2ðqÞ þ 8δ4

N

Z
q
q2G2ðqÞ

−
Δ2

11ð0Þ þ Δ2
12ð0Þ

4π2N

Z
q
F2ðqÞ

�
tan−1ðq=2mrÞ

q

�
2

þ Δ11ð0ÞΔ12ð0Þ
2π2N

Z
q
G2ðqÞ

�
tan−1

�
q

2mr

��
2

þO

�
1

N2

�
; ð48Þ

mrŵ¼Δ12ð0Þ−
3

16πmN
Δ11ð0ÞΔ12ð0Þ

Z
q

Δ11ðqÞ
ðq2þm2

rÞðq2þ4m2
rÞ
−
Δ12ð0Þ
3N

�
8−

Δ11ð0Þ
16πm

�Z
q

Δ11ðqÞ
ðq2þm2

rÞ2

þ 1

2πmN
Δ11ð0ÞΔ12ð0Þ

Z
q

Δ11ðqÞ
ðq2þ4m2

rÞ2
þ4m2

rΔ12ð0Þ
3N

�
2−

Δ11ð0Þ
16πm

�Z
q

Δ11ðqÞ
ðq2þm2

rÞ3

−
1

2N

Z
q

Δ2þðqÞþΔ2
−ðqÞ

ðq2þ4m2
rÞ2

�
3m2

r

q2þm2
r
þγþΔþð0Þ

�
2

þ 1

N

Z
q

ΔþðqÞΔ−ðqÞ
ðq2þ4m2

rÞ2
�

3m2
r

q2þm2
r
þγ−Δ−ð0Þ

�
2

−
Δ11ð0ÞΔ12ð0Þ

πmN

Z
q

FðqÞ
ðq2þ4m2

rÞ
þ16Δ12ð0Þ

3N

�
2−

Δ11ð0Þ
16πm

�Z
q

FðqÞ
q2þm2

r
−
4Δ12ð0Þ
πN

�
1−

Δ11ð0Þ
8πm

�

×
Z
q
F2ðqÞtan

−1ðq=2mrÞ
q

þ 4

Nπ

�
Δ11ð0Þ−

Δ2
11ð0ÞþΔ2

12ð0Þ
16πm

�Z
q
qG2ðqÞtan−1

�
q

2mr

�
þ2Δ12ð0Þ

πmN

�
1−

Δ11ð0Þ
16πm

�Z
q
F2ðqÞ

þ16

N

�
1−

Δ11ð0Þ
8πm

þΔ2
11ð0ÞþΔ2

12ð0Þ
ð16πmÞ2

�Z
q
q2G2ðqÞ−Δ11ð0ÞΔ12ð0Þ

4π2N

Z
q
F2ðqÞ

�
tan−1ðq=2mrÞ

q

�
2

þΔ2
11ð0ÞþΔ2

12ð0Þ
4π2

Z
q
G2ðqÞ

�
tan−1

�
q

2mr

��
2

þO

�
1

N2

�
; ð49Þ

FIG. 8. Diagrammatic scalar field contributions to the four-point vertex function Γð4Þ
1;2.
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where δ1¼γþΔ2þð0Þþγ−Δ2
−ð0Þ; δ2¼γþΔ2þð0Þ−γ−Δ2

−ð0Þ;
δ3 ¼ γ2þΔ2þð0Þ þ γ2−Δ2

−ð0ÞÞ; δ4 ¼ γ2þΔ2þð0Þ − γ2−Δ2
−ð0Þ.

We note that when w ¼ 0 and in the absence of gauge
fields Eq. (48) reduces to Eq. (24) of Ref [15] where an
OðNÞ invariant scalar field theory was considered. Of
course the theory analyzed here is more complicated since
it not only deals with two interacting multicomponent
scalar fields, but it involves fluctuating gauge fields, too.

By introducing a rescaled integration variable x ¼ q=mr, it
becomes apparent that all the dependence on the renor-
malized mass and the bare couplings can only come
through the dimensionless combinations γ̂� ¼ mrγ� and
ê2 ¼ e2=mr. In the large-N limit, these equations reduce to

û ¼ 8π

�
1

γ̂þ þ 1
þ 1

γ̂− þ 1

�
; ð50Þ

FIG. 10. Diagrammatic gauge field contributions to the four-point vertex function Γð4Þ
1;2.

FIG. 9. Diagrammatic gauge field contributions to the four-point vertex function Γð4Þ
1;2.
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ŵ ¼ 8π

�
1

γ̂þ þ 1
−

1

γ̂− þ 1

�
ð51Þ

and therefore the large-N limit of the β-functions reduce to

βð0Þu ðû; ŵÞ ¼ mr
dû
dmr

¼ −ûþ û2 þ ŵ2

16π
; ð52Þ

βð0Þw ðû; ŵÞ ¼ mr
dŵ
dmr

¼ −ŵþ û ŵ
8π

: ð53Þ

These have four fixed points (see Fig. 11): ðû�; ŵ�Þ ¼ ð0; 0Þ,
the Gaussian fixed point, which is unstable in both direc-
tions in the û − ŵ plane; ðû�; ŵ�Þ ¼ ð16π; 0Þ, the decoupled
fixed point, which is stable; ðû�; ŵ�Þ ¼ ð8π; 8πÞ, the
enlarged UðNÞ symmetric fixed point, which is unstable,
and ðû�; ŵ�Þ ¼ ð8π;−8πÞ, which is also unstable.
The 1=N expanded β-functions of the model are con-

structed from Eqs. (48) and (49) by using the relations

βuðû; ŵÞ¼mr
dû
dmr

¼ βð0Þu ðû; ŵÞþ 1

N
βð1Þu ðû; ŵÞþO

�
1

N2

�
;

ð54Þ

βwðû; ŵÞ¼mr
dŵ
dmr

¼ βð0Þw ðû; ŵÞþ 1

N
βð1Þw ðû; ŵÞþO

�
1

N2

�
:

ð55Þ

To find expressions of the Oð1=NÞ contributions to the
β-functions, it is convenient to work with the new coupling
constants λ� ¼ û� ŵ that from Eqs. (48) and (49) can be
expressed as

λ� ¼ 16π

γ̂� þ 1
þ 1

N
h�ðγ̂þ; γ̂−; ê2Þ þO

�
1

N2

�
ð56Þ

and that lead to the following β-functions:

βuðû; ŵÞ ¼ ðβλþ þ βλ−Þ=2; ð57Þ

βwðû; ŵÞ ¼ ðβλþ − βλ−Þ=2; ð58Þ

where

βλþ ¼mr
dλþ
dmr

¼βð0Þλþ ðλþÞþ
1

N
½βð0Þλþ ðλþÞ�

2 ∂
∂λþ

�
hþðλþ;λ−;ê2Þ

βð0Þλþ ðλþÞ

�

þ 1

N
βð0Þλ− ðλ−Þ

∂hþðλþ;λ−;ê2Þ
∂λ− −

ê2

N
∂hþðλþ;λ−;ê2Þ

∂ê2
þO

�
1

N2

�
; ð59Þ

βλ− ¼mr
dλ−
dmr

¼βð0Þλ− ðλ−Þþ
1

N
½βð0Þλ− ðλ−Þ�2

∂
∂λ−

�
h−ðλþ;λ−; ê2Þ

βð0Þλ− ðλ−Þ

�

þ 1

N
βð0Þλþ ðλþÞ

∂h−ðλþ;λ−; ê2Þ
∂λþ −

ê2

N
∂h−ðλþ;λ−; ê2Þ

∂ê2

þO

�
1

N2

�
; ð60Þ

βð0Þλ�ðλ�Þ ¼ −λ�
�
1 −

λ�
16π

�
: ð61Þ

Regarding the fixed-point values of û and ŵ, these can be
easily obtained directly from Eqs. (48)–(49) by taking the
limit γ̂� → 0 and ê2 → ∞ and evaluating the remaining
integrals. The result in integral form is

û�

16π
¼1−

4π

N

Z
d3x
ð2πÞ3

x
arctanðx=2Þðx2þ1Þ2

�
8

x2þ1
þ 9

x2þ4

�

þ24

N

Z
d3x
ð2πÞ3

ΩðxÞ
ðΩ2ðxÞþx2κ2Þðx2þ1Þðx2þ4Þ

−
4

Nπ

Z
d3x
ð2πÞ3

�
ΩðxÞarctanðx=2Þ
xðΩ2ðxÞþx2κ2Þ

�
2

; ð62Þ

ŵ� ¼ 64κ2

N

Z
d3x
ð2πÞ3

�
arctanðx=2Þ
Ω2ðxÞ þ x2κ2

�
2

; ð63Þ

where ΩðxÞ¼ðx2þ4Þtan−1ðx=2Þ=ð8πxÞ−1=4π. Numerical
evaluation of these integrals for the relevant value κ ¼ 1=π
gives û� ¼ 16πð1 − 3.545=NÞ and ŵ� ¼ 34=N.

FIG. 11 (color online). The flow of the interaction coupling
constants for N ¼ ∞.
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VIII. CONDUCTIVITY NEAR THE
CRITICAL POINT

It is interesting to examine the conductivity near the
quantum critical point. This may be computed as the
response of the system to a weak external electromagnetic
field Aμ. Since the charged bosons in the system are Cooper
pairs whose current is pμ ¼ ð1=πÞϵμνλ∂νbλ, the probing
electromagnetic field Aμ will enter the partition function
through the term 2eAμJμ ¼ 2e

π Aμϵ
μνλ∂νbλ in Eq. (3). The

effective action of the external electromagnetic gauge
fields Aμ is obtained after integrating out the fluctuations
in bμ, aμ, resulting in Seff ½Aμ� ¼ 1=2

R
Aμð−qÞKμνðqÞAνðqÞ

where KμνðqÞ ¼ ð2e=πÞ2ϵμτβϵνραqαqβhbτð−qÞbρðqÞi. The
resulting conductivity (per flavor) is σijðωÞ ¼ Kijðq ¼
0;ωÞ=ω ¼ σðωÞδij with

σðωÞ ¼ 2ω

πRq

ω2=e2a þ ΓðωÞ
ðω2=e2a þ ΓðωÞÞðω2=e2b þ ΓðωÞÞ þ ω2κ2

;

ð64Þ
here, Rq ¼ 2πℏ=4e2 is the quantum resistance for Cooper
pairs. Near the critical region, this reduces to

σðωÞ ¼ 1

Rq
f

�
ω

m

�
; ð65Þ

fðxÞ ¼ 2

π

xΩðxÞ
Ω2ðxÞ þ x2κ2

: ð66Þ

At the critical point m ¼ 0, the conductivity is a universal
number

σ� ¼ π

8Rq

1

1þ π2=162
: ð67Þ

This is the leading (zeroth) order in 1=N expansion. To
obtain the first order correction to the universal conduc-
tivity in the 1=N expansion, we need the corrections to the
propagators of the gauge fields aμ and bμ, Eq. (28), by
adding new diagrams constructed by substituting complex
scalar loops to each vertex in diagrams of Fig. 4 and
attaching to it the propagators in all possible ways. The
needed diagrams are shown in Figs. 12–13.
The tadpole insertion diagrams in Fig. 12 cancel out once

we express the leading order polarization tensor in Eq. (26)
in terms of the renormalized mass in Eq. (42):

Γðq;mÞ ¼ Γðq;mrÞ þ
1

2π

�
Σð0; mrÞ −m2

r

�∂Σðp;mrÞ
∂p2

�
p¼0

�

×

�
2mr

q
arctan

�
q

2mr

�
− 1

�
: ð68Þ

The other graphs in Fig. 13 contribute to the 1=N
correction to the polarization tensor. Gauge invariance is

preserved since each internal gauge field propagator is
combined with its corresponding seagull diagram. As we
show in Appendix A, diagrams (1) and (2) combine to give
a finite and transverse contribution to the polarization
tensor. Similarly, the combination of diagrams (3), (4),
(5), and (6) is finite and transverse. Finally, diagrams (7),
(8), and (9) combine to give also a finite and a transverse
contribution. The result is a transverse polarization tensor
ΠμνðqÞ ¼ ΠðqÞδTμν. The resulting momentum integrals at
the critical point (mr ¼ 0) are presented in Appendix A. It
is important to note that at the critical point the contribution
to the mixed Chern-Simons term at the 1=N order is zero.
This is because such a contribution could only result from
diagrams with two loops like diagram (8) involving an
internal scalar field propagator D12ðqÞ. However, such a
propagator is proportional to γ̂þ − γ̂− and hence gives zero
contribution at the critical point. This is consistent with a
known fact that in a topological field theory the Chern-
Simons term does not renormalize [13]. The bμ-gauge
propagator at the critical point (mr ¼ 0) including correc-
tions to the leading order in 1=N is then

hbμð−qÞbνðqÞi ¼
ΓðqÞ − ΠðqÞ=N

ðΓðqÞ − ΠðqÞ=NÞ2 þ q2κ2
δTμν; ð69Þ

FIG. 13. Contributions to the vacuum polarization tensor to
order 1=N.

FIG. 12. Contributions with tadpole insertion to the vacuum
polarization tensor to order 1=N.

LARGE-N ANALYSIS OF THE CRITICAL BEHAVIOR … PHYSICAL REVIEW D 90, 045028 (2014)

045028-11



where ΠðqÞ ¼ 4q=ð9π2Þ − 2qð7=3π2 þ 0.11Þ=ð1þ c2Þ.
The resulting universal dc conductivity to Oð1=NÞ is

σ ¼ σ�
�
1þ 1

N
c2 − 1

c2 þ 1

�
−

64

9π2
þ 32

c2 þ 1

�
7

3π2
þ 0.11

���
:

ð70Þ
For Josephson junction array systems N ¼ 2, this yields
σ ¼ 0.21ð2eÞ2=h. Thus, the next-to-leading order correc-
tion to the universal conductivity in the 1=N expansion
reduces the value by about 14%.

IX. CONCLUSION

In summary, the critical behavior of aUðN=2Þ ×UðN=2Þ
Ginzburg-Landau theory containing two multicomponent
complex fields coupled to gauge fields described byMaxwell
terms and a Mixed-Chern-Simons term was investigated in
the framework of the 1=N expansion at fixed dimension
d ¼ 3. The critical exponents ν, η, and γ are calculated to the
Oð1=NÞ. We computed the dependence of the renormalized
zero-momentum four-point quartic couplings û and ŵ from
the renormalized mass mr and the bare couplings to order
Oð1=NÞ. The resulting beta functions and the fixed-point
values of the couplings were also obtained within the same
approximation. In the limit of anOðNÞ invariant scalar field
theory (w ¼ 0 and no fluctuating gauge fields) our result for
the fixed-point value of the coupling u agrees with that of
[15]. For nonzero four-point quartic couplings û and ŵ, it is
found that the decoupled fixed point that was stable within
the approximate one-loop renormalization group for N > 4
is destabilized in the framework of the 1=N expansion since
ŵ� ≠ 0. This is attributed to the interaction mediated by the
mixedChern-Simons term. The dc conductivity that includes
corrections to the leading order in 1=N is found to be
universal. It is important to note here that the universal
conductivity is obtained when both chargelike and magnet-
iclike modes are simultaneously excited and when both
fluctuating gauge fields are taken into account. In this regard
our result is more general than that of [16], which considered
the dynamics of a single complex field (representing charge-
like modes only) and in the absence of fluctuating gauge
fields. Furthermore, here we recover the result of [16] in the
limit of extremely massive magnetic modes. In fact in this

case theΦ field decouples form the theory and the gauge field
bμ nowessentially plays the role of aLagrangemultiplier that
imposes the constraint aμ ¼ −2eAμ where the probing
electromagnetic field Aμ enters the Lagrangian in Eq. (3)
through the term 2eAμJμ ¼ 2e

π Aμϵ
μνλ∂νbλ. The resulting

effective action reduces then to the standard Landau–
Ginzburg theory considered in [16] with only chargelike
modesΨ coupled toAμ. In this case the next-to-leading order
correction to the conductivity involves only diagrams (1) and
(2) in Fig. 13 and the result is

σ ¼ π

8Rq

�
1 −

64

9π2N

�
; ð71Þ

which reproduces Eq. (5.25) of [16] (note that here
N=2 ¼ M).
It would be interesting to investigate higher corrections

to the conductivity at finite temperature when chargelike
and magneticlike modes are simultaneously excited. This
effect is known to involve crossover phenomena between
different dimensions when the temperature varies from zero
to infinity. Large-N technique is particularly well suited to
study such a crossover situation. We hope to tackle these
points in future works.
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APPENDIX A: EVALUATION OF THE
POLARIZATION TENSOR TO ORDER 1=N

In this appendix, we provide more details on how we
evaluate the momentum integrals appearing in the two- and
three-loop diagrams for the gauge propagator to order 1=N
at the critical point. We show that all momentum-dependent
singularities from different diagrams mutually cancel to
1=N and that the polarization tensor is transverse. Most
calculations at order 1=N rely on the evaluation of the
generic d-dimensional integrals

Z
k

1

ðkþ pÞ2αk2β ¼ pd−2α−2β Γðαþ β − d=2ÞΓðd=2 − αÞΓðd=2 − βÞ
ð4πÞd=2ΓðαÞΓðβÞΓðd − α − βÞ ; ðA1Þ

Z
k

kμ
ðkþ pÞ2αk2β ¼ −pμpd−2α−2β Γðαþ β − d=2ÞΓðd=2 − αÞΓðd=2 − β þ 1Þ

ð4πÞd=2ΓðαÞΓðβÞΓðd − α − β þ 1Þ ; ðA2Þ
Z
k

kμkν
ðkþ pÞ2αk2β ¼

pdþ2−2α−2β

ð4πÞd=2ΓðαÞΓðβÞΓðd − α − β þ 2Þ
�
1

2
δμνΓðαþ β − d=2 − 1ÞΓðd=2 − αþ 1ÞΓðd=2 − β þ 1Þ

þ pμpν

p2
Γðαþ β − d=2ÞΓðd=2 − αÞΓðd=2 − β þ 2Þ

�
: ðA3Þ
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In what follows d ¼ 3 − ϵ, and the singularities appear
as poles in 1=ϵ. If one chooses a hard cutoff and restricts the
integration to values k ≤ Λ, the residue of the pole yields
the coefficient of p lnðΛ=pÞ. The expression of the first
diagram with a scalar self-energy correction is

Πð1Þ
μν ðpÞ ¼ −8

Z
k;q

½2kμ þ pμ�½2kν þ pν�q
k4ðkþ pÞ2

�
1

ðkþ qÞ2 −
1

q2

�
:

ðA4Þ
The integration over q is done first with the intermediate

result

Πð1Þ
μν ¼−

4

3π2

�
1

ϵ
−
γ

2
− lnð2Þþ8

3

�Z
k

½2kμþpμ�½2kνþpν�
k2þεðkþpÞ2 :

ðA5Þ
Next, the integration over k is done with the result

Πð1Þ
μν ðpÞ ¼ p

12π2

��
1

ϵ
þ 47

12
− γ

�
δTμνðpÞ þ

1

2

pμpν

p2

�
: ðA6Þ

The expression of the second diagram with a scalar
vertex correction is

Πð2Þ
μν ðpÞ ¼ −8

Z
k;q

q½2kμ þ pμ�½2kν þ 2qν þ pν�
k2ðkþ pÞ2ðkþ qÞ2ðkþ pþ qÞ2 :

ðA7Þ

We find it useful to decompose this polarization tensor in
terms of its transverse part and its longitudinal part

Πð2Þ
μν ðpÞ ¼ ΠtðpÞδTμνðpÞ þ ΠLðpÞ

pμpν

p2
: ðA8Þ

The integral giving the longitudinal part can be reduced
by means of the formula

2k · p ¼ ðkþ pÞ2 − p2 − k2 ðA9Þ

and, after performing the q integration, the intermediate
integral is

Πð2Þ
L ðpÞ ¼ −

8

3π2p2

�
1

ϵ
−
γ

2
− lnð2Þ þ 8

3
þOðϵÞ

�

×
Z
k

p2 þ 2k · p
kεðkþ pÞ2 : ðA10Þ

Next, the integration over k is done with the result

Πð2Þ
L ðpÞ ¼ −

p
12π2

: ðA11Þ

To get the transverse part ofΠð2Þ
μν ðpÞ, we first find the trace

Πð2Þμ
μ ðpÞ and use the relation Πð2Þμ

μ ðpÞ¼ðd−1ÞΠtðpÞ þ
ΠLðpÞ. Repeated use of formula (A9) gives

Πð2Þμ
μ ðpÞ ¼ −8

Z
k;q

4q
k2ðkþ pÞ2ðkþ qÞ2

−
qð2q2 þ p2Þ

k2ðkþ pÞ2ðkþ qÞ2ðkþ pþ qÞ2 : ðA12Þ

The first part in (A12) is easily done by integrating first
over q using the generic formula (A1) followed by another
generic k-integration. The second part in (A12) requires
more work and is of the generic formZ

k1;k2

1

k2n11 k2n22 ðk1 þ pÞ2n3ðk2 þ pÞ2n4ðk1 − k2Þ2n5
¼ p2d−ΣniGðn1; n2; n3; n4; n5Þ: ðA13Þ

These types of integrals are handled by finding
recurrence relations (known as triangle relations) for
Gðn1; n2; n3; n4; n5Þ, which are obtained by applying the
operators ∂1 · ðk1 − k2Þ and ∂1 · k1 to the integrand of
(A13). Relevant to the integrals needed in (A12), these
relations are

ðd − 3ÞGð1; 1; 1; 1; 1=2Þ þ ð2d − 5ÞGð1; 1; 1; 1;−1=2Þ
¼ fð−1=2Þ; ðA14Þ

ðd − 1ÞGð1; 1; 1; 1;−1=2Þ þ ð2d − 3ÞGð1; 1; 1; 1;−3=2Þ
¼ fð−3=2Þ; ðA15Þ

where

fðn5Þ ¼ 2ðGð2; n5ÞGð1; 3þ n5 − d=2Þ
−Gð1; n5 þ 1ÞGð2; n5 þ 3 − d=2Þ; ðA16Þ

Gðn;mÞ ¼ Γðnþm − d=2ÞΓðd=2 − nÞΓðd=2 −mÞ
ð4πÞdΓðnÞΓðmÞΓðd − n −mÞ :

ðA17Þ

The resulting transverse part is

Πð2Þ
t ðpÞ ¼ −

p
6π2ϵ

−
31

72π2
þ γp
6π2

: ðA18Þ

Adding the two polarization tensors with corrections
from the scalar field self-energy and vertex contributions,
taking into account a combinatorial factor 2 for the self-
energy diagram, gives

2Πð1Þ
μν ðpÞ þ Πð2Þ

μν ðpÞ ¼ 2p
9π2

δTμνðpÞ: ðA19Þ

We verify that the two longitudinal components and the 1=ϵ
singularities in the transverse parts both sum to 0 as they
should.
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Next, we proceed to evaluate the diagrams with gauge
field propagators. We find it convenient to combine directly
diagrams (3) and (5) as the logarithmic singularities in each
diagram cancel out and their combination gives a finite
contribution to the polarization tensor. We verified that
both calculations using a hard cutoff and dimensional
regularization give the same answer,

diagramð3Þ þ ð5Þ

¼ 2

Z
k;q

½2kμ þpμ�½2kν þpν�
k4ðkþpÞ2

½2kλ þ qλ�GλτðqÞ½2kτ þ qτ�
ðkþ qÞ2

− 4

Z
k;q

½2kν þpν�½2kτ þ qτ�
k2ðkþpÞ2

GμτðqÞ
ðkþ qÞ2 þ ðμ↔ νÞ:

ðA20Þ

Note the factors 2 and 4 in front of each integral, which
account for the fact that there are two self-energy insertions
for the diagram of type (3) and the two diagrams of type (5),
each has a factor −2 at the vertex where two gauge field

lines meet. We first perform a generic integration over q,
and, simplifying the combined integrands, we get at an
intermediate step

diagramð3Þ þ ð5Þ

¼ −
128

3π2ð1þ c2Þ
Z
k
lnðkÞkμpν þpμkν þpμpν

k2ðkþpÞ2 : ðA21Þ

It is easy to check that the trace Πð3þ5Þμ
μ ðpÞ and the

longitudinal part are given by the same integral. As a
result, the transverse part is zero.
The remaining k-integration can be done easily, result-

ing in

Πð3þ5Þ
μν ðpÞ ¼ 8p

3π2ð1þ c2Þ
pμpν

p2
: ðA22Þ

The diagram (4) with a gauge field vertex correction is
expressed by the following integral:

Πð4Þ
μν ðpÞ ¼

Z
k;q

½2kμ þ pμ�½2kν þ 2qν þ pν�½2kλ þ qλ�GλτðqÞ½2kτ þ 2pτ þ qτ�:
k2ðkþ pÞ2ðkþ qÞ2ðkþ pþ qÞ2 ðA23Þ

It is finite. Its longitudinal part Πð4Þ
L ðpÞ ¼

pμΠ
ð4Þ
μν ðpÞpν=p2 can be easily obtained by using formula

(A9) and then performing the q-integration using (A1–A3),

Πð4Þ
L ðpÞ ¼ −

2p
3π2ð1þ c2Þ : ðA24Þ

Its transverse part is finite, but it requires more work.

We first find its trace Πð4Þμ
μ ðpÞ and make use repeatedly

of formula (A9). This generates several terms in the
integrand that can be computed easily with the help of
(A1) and one term that is of the type (A13). At an
intermediate step, we get

Πð4Þμ
μ ðpÞ ¼ 1

1þ c2

�
−
70p
9π2

þ 32p4Gð1; 1; 1; 1; 1=2Þ
�

¼ −
1

1þ c2

�
70p
9π2

þ 4p
π2

�
π2

12
þ 1

2
lnð1þ

ffiffiffi
2

p
Þ

× lnð2þ 2
ffiffiffi
2

p
Þ þ di logð1þ

ffiffiffi
2

p
Þ

þ di logð2þ
ffiffiffi
2

p
Þ
��

: ðA25Þ

Gð1; 1; 1; 1; 1=2Þ is the integral defined in (A13) (see
Appendix C for its computation). The resulting transverse
part is

Πð4Þ
T ðpÞ ¼ −

1

1þ c2

�
32p
9π2

þp
6
þ 2p

π2

×

�
1

2
lnð1þ

ffiffiffi
2

p
Þ lnð2þ 2

ffiffiffi
2

p
Þþ di logð1þ

ffiffiffi
2

p
Þ

þ di logð2þ
ffiffiffi
2

p
Þ
��

: ðA26Þ

Diagram (6) is expressed by the following integral:

Πð6Þ
μν ðpÞ ¼ 4

Z
k;q

GμνðqÞ
ðkþ pÞ2ðkþ qÞ2 : ðA27Þ

This is easily computed with the use of (A1)–(A3) and
the result is

Πð6Þ
μν ðpÞ ¼ −

p
π2ð1þ c2Þ

�
δμν þ

pμpν

p2

�
: ðA28Þ

Note that when diagrams (3), (4), (5), and (6) are added
the result is transverse. This is the same as in the two-loop
diagrams of scalar QED3; the only difference is the form of
the internal gauge propagator.
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Πð3Þ
μν ðpÞ þ Πð4Þ

μν ðpÞ þ Πð5Þ
μν ðpÞ þ Πð6Þ

μν ðpÞ ¼ −
p

π2ð1þ c2Þ
�
δμν −

pμpν

p2

��
41

9
þ π2

6
þ lnð1þ

ffiffiffi
2

p
Þ lnð2þ 2

ffiffiffi
2

p
Þ

þ 2di logð1þ
ffiffiffi
2

p
Þ þ 2di logð2þ

ffiffiffi
2

p
Þ
�

¼ −
p

ð1þ c2Þ
�
δμν −

pμpν

p2

��
1

π2
þ 0.1102531

�
: ðA29Þ

Diagram (7) is expressed by the following integral:

Πð7Þ
μν ðpÞ ¼ −4

Z
k;q;l

GμνðqÞDðpþ qÞ
k2ðkþ pþ qÞ2l2ðlþ pþ qÞ2 :

ðA30Þ
With the help of (A1) we first perform the two separate

integrations over k and over l; then with the help of (A3) we
compute the resulting integration over q. The result is

Πð7Þ
μν ðpÞ ¼ p

π2ð1þ c2Þ
�
δμν þ

pμpν

p2

�
: ðA31Þ

It is important to notice that when diagrams (7), (8), and
(9) are combined, the resulting tensor is transverse and its
expression is convergent. Gauge invariance is preserved
since each gauge propagator is combined with its seagull
diagram. Diagram (8) is expressed by the following
integral:

Πð8Þ
μν ðpÞ ¼ −4

Z
k;q;l

½2kμ þ pμ�½2lν þ pν�½2kλ þ qλ�½2lτ þ qτ�GλτðqÞDðp − qÞ
k2ðkþ pÞ2ðkþ qÞ2l2ðlþ pÞ2ðlþ qÞ2 : ðA32Þ

Diagram (9) is given by

Πð9Þ
μν ðpÞ ¼ 4

Z
k;q;l

½2lν þ pν�
k2ðkþ pþ qÞ2

� ½2lτ − qτ�
l2ðlþ pÞ2ðl − qÞ2 þ

½2lτ þ 2pτ þ qτ�
l2ðlþ pÞ2ðlþ pþ qÞ2

�

×GμτðqÞDðpþ qÞ: ðA33Þ

With the help of the following formulas (see Appendix B for their derivation),

Z
k

kμ
k2ðkþ pÞ2ðkþ qÞ2 ¼ −

1

8jp − qjðpþ qþ jp − qjÞ
�
pμ

p
þ qμ

q

�
; ðA34Þ

Z
k

kμkν
k2ðkþ pÞ2ðkþ qÞ2 ¼ Aδμν þ Bpμpν þ Cðpμqν þ qμpνÞ þDqμqν; ðA35Þ

A ¼ 1

16ðpþ qþ jp − qjÞ ; B ¼ pþ 2qþ jp − qj
16pjp − qjðpþ qþ jp − qjÞ2 ; ðA36Þ

C ¼ 1

16jp − qjðpþ qþ jp − qjÞ2 ; D ¼ 2pþ qþ jp − qj
16qjp − qjðpþ qþ jp − qjÞ2 : ðA37Þ

The two separate integrations over k and over l in Πð8Þ
μν ðpÞ yield

Πð8Þ
μν ðpÞ ¼ −

32

ð1þ c2Þ
Z
q

q
jp − qjðpþ qþ jp − qjÞ4

�
jp − qjðpþ qþ jp − qjÞ δμλ

q
þ pμpλ

p
þ qμpλ

q

�

×

�
jp − qjðpþ qþ jp − qjÞ δντ

q
þ pνpτ

p
þ qνpτ

q

��
δλτ −

qλqτ
q2

�
: ðA38Þ
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Its longitudinal part Πð8Þ
L ðpÞ ¼ pμΠ

ð8Þ
μν ðpÞpν=p2 is

given by

Πð8Þ
L ðpÞ ¼ 2p

π2ð1þ c2Þ : ðA39Þ

Similarly, the longitudinal part Πð9Þ
L ðpÞ is found to be

Πð9Þ
L ðpÞ ¼ −

4p
π2ð1þ c2Þ : ðA40Þ

The transverse part of the combined diagrams (8) and
(9) is

Πð8Þ
T ðpÞ þ Πð9Þ

T ðpÞ ¼ −
7p

3π2ð1þ c2Þ : ðA41Þ

Note that when diagrams (7), (8), and (9) are added the
result is transverse,

Πð7Þ
μν ðpÞþΠð8Þ

μν ðpÞþΠð9Þ
μν ðpÞ¼−

4p
3π2ð1þc2Þ

�
δμν−

pμpν

p2

�
:

ðA42Þ

APPENDIX B: EVALUATION OF (A34) AND (A35)

In this appendix we derive identities (A34)–(A35),
which are crucial for the derivation of the polarization
tensors Πð4Þ

μν ðpÞ and Πð8Þ
μν ðpÞ. We write the integral in terms

of Lorentz invariant amplitudesZ
k

kμ
k2ðkþ pÞ2ðkþ qÞ2 ¼ Apμ þ Bqμ: ðB1Þ

By contracting with pμ and qμ, we derive a system of
linear equations for A and B:

Ap2 þ Bp · q ¼ I; ðB2Þ

Ap · qþ Bq2 ¼ J; ðB3Þ

with

I ¼
Z
k

k · p
k2ðkþ pÞ2ðkþ qÞ2 ; ðB4Þ

J ¼
Z
k

k · q
k2ðkþ pÞ2ðkþ qÞ2 : ðB5Þ

Using 2k · p ¼ ðkþ pÞ2 − p2 − k2 in the integrand, we
can easily calculate I and J with the help of (A1) and of
formula (D1) (see Appendix D):

I ¼ 1

16qjp − qj ðjp − qj − p − qÞ; ðB6Þ

J ¼ 1

16pjp − qj ðjp − qj − p − qÞ: ðB7Þ

Solving the system of linear equations, we get

A ¼ q2I − ðp · qÞJ
p2q2 − ðp · qÞ2 ; ðB8Þ

B ¼ p2J − ðp · qÞI
p2q2 − ðp · qÞ2 : ðB9Þ

Substituting the expressions of I and J and simplifying,
we get the results used in Appendix A.
Similarly, we write the other integral in terms of Lorentz

invariant amplitudes:

Z
k

kμkν
k2ðkþ pÞ2ðkþ qÞ2 ¼ aδμν þ bpμpν

þ cðpμqν þ qμpνÞ þ dqμqν:
ðB10Þ

By contracting with δμν, pμ, and qμ, we obtain a system
of linear equations for a, b, c, and d:

3aþbp2þ2cðp ·qÞþdq2¼K

aq2þbðp ·qÞ2þ2cq2ðp ·qÞþdq4¼L

ap2þbp4þ2cp2ðp ·qÞþdðp ·qÞ2¼M

aðp ·qÞþbp2ðp ·qÞþcðp2q2þðp ·qÞ2Þþdq2ðp ·qÞ¼N;

ðB11Þ

where K, L, M, and N are basic integrals defined as follows:

K ¼
Z
k

1

ðkþ pÞ2ðkþ qÞ2

L ¼
Z
k

ðk · qÞ2
k2ðkþ pÞ2ðkþ qÞ2

M ¼
Z
k

ðk · pÞ2
k2ðkþ pÞ2ðkþ qÞ2

N ¼
Z
k

ðk · qÞðk · pÞ
k2ðkþ pÞ2ðkþ qÞ2 : ðB12Þ

These basics integrals can be easily computed by using
integral (A1) and (D1) after reducing the integrand when
necessary with the formula 2k · p ¼ ðkþ pÞ2 − p2 − k2.
Solving the system of linear equations, and simplifying the
expressions, we get expressions for a, b, c, and d as given
in Appendix A.
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APPENDIX C: EVALUATION OF Gð1;1;1;1;1=2Þ
In this appendix we compute Gð1; 1; 1; 1; 1=2Þ. First, we

simplify the integrand by multiplying and dividing by 2p ·
q and using the following formula: 2p · q¼ ðkþpþ qÞ2 −
ðkþpÞ2 − ðkþ qÞ2 þ k2 in the numerator to reduce the
number of propagators in the denominator to 4.
This step gives, after some shifts in the variable of
integration,

Gð1; 1; 1; 1; 1=2Þ ¼
Z
k;q

1

qk2ðkþ pÞ2ðkþ qÞ2ðkþ pþ qÞ2

¼ 2

Z
k;q

1

qðp · qÞ
1

k2ðkþ pÞ2ðkþ qÞ2 :

ðC1Þ
Integrating over k first using formula (D1) (see
Appendix D) gives

Gð1; 1; 1; 1; 1=2Þ ¼ 1

4p

Z
q

1

q2ðp · qÞjp − qj ¼
1

16π2p2

Z
∞

0

dq
q

Z
1

−1

du

u
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þ q2 − 2pqu

p
¼ −

1

8π2p2

Z
∞

0

dq
q

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 þ p2

p ln

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 þ p2

p
þ jq − pjffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

q2 þ p2
p

þ qþ p

�

¼ −
1

8π2p3

�
π2

12
þ 1

2
lnð1þ

ffiffiffi
2

p
Þ lnð2þ 2

ffiffiffi
2

p
Þ þ di logð1þ

ffiffiffi
2

p
Þ þ di logð2þ

ffiffiffi
2

p
Þ
�
: ðC2Þ

APPENDIX D: EVALUATION OF THE
SCALAR INTEGRAL (D1)

In this appendix we derive the following identity:

Z ¼
Z
k

1

k2ðkþ pÞ2ðk − qÞ2 ¼
1

8pqs
; ðD1Þ

where s ¼ jpþ qj. Using a Feynman parametric represen-
tation, we transform this integral into

Z ¼ 1

16π

Z
1

0

dx
Z

1−x

0

dy

×
1

½xð1 − xÞq2 þ yð1 − yÞp2 þ 2xyðp · qÞ�3=2 : ðD2Þ

The integration over y is done first, and the expres-
sion obtained is greatly simplified with the help of
Maple by using 2q · p ¼ ðqþ pÞ2 − p2 − q2 beforehand.
We obtain

Z ¼ 1

8π

qþ s
qsðs2 − p2Þ

Z
1

0

dx
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

xð1 − xÞp 1

xþ u
; ðD3Þ

where u ¼ p2=½ðqþ sÞ2 − p2�. Finally, the integration over
x gives the desired result.
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