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Renormalizable SO(10) grand unified theories (GUTs), extended by OðNgÞF family gauge symmetry,
generateminimal supersymmetric StandardModel flavor structure dynamically via vacuumexpectationvalues
of “Yukawon” Higgs multiplets. For concrete illustration and calculability, we work with the fully realistic
minimal supersymmetric GUTs based on the 210 ⊕ 126 ⊕ 126 GUT Higgs system—which were already
parameter counting minimal relative to other realistic models. SOð10Þ fermion Higgs channels 126; 10ð120Þ
extend to symmetric (antisymmetric) representations of OðNgÞF, while 210; 126 are symmetric. Ng ¼ 3

dynamical Yukawa generation reduces the matter fermion Yukawas from 15 to 3 (21 to 5) without (with) the
120Higgs. YukawonGUTs are thus ultraminimal in parameter counting terms. Consistent symmetry breaking
is ensured by a hidden sector Bajc–Melfo superpotential with a pair of symmetric OðNgÞ multiplets ϕ; S, of
which the latter’s singlet partSs breaks supersymmetry and the traceless part Ŝ furnishes flat directions to cancel
theOðNgÞ D-term contributions of the visible sector. Novel dark matter candidates linked to flavor symmetry
arise from both the Bajc–Melfo sector and GUT sector minimal supersymmetric Standard Model singlet
pseudo-Goldstones. These relics may be viable light (<50 GeV) cold dark matter as reported by DAMA/
LIBRA. In contrast to the newminimal supersymmetric SO(10) grand unified theory (NMSGUT) even sterile
neutrinos can appear in certain branches of the flavor symmetry breaking without the tuning of couplings.

DOI: 10.1103/PhysRevD.90.045008 PACS numbers: 12.10.Dm, 11.30.Hv

I. INTRODUCTION

Renormalizable SO(10) grand unified theories (GUTs)
have an array of virtues. 16-plet spinors enclose Standard
Model (SM) families with right-handed neutrinos required
for seesaw neutrino masses. Natural quark lepton unifica-
tion is achieved with realistic fermion mass relations based
on just three allowed fermion mass generating Higgs
irreducible representations (irreps) (in the renormalizable
case): 10; 120; 126. Matter parity [ð−Þ3ðB−LÞ] is a part of
GUT gauge symmetry, and using only vacuum expectation
values (VEVs) with even values of Baryon Number (B)-
Lepton Number (L) ensures R parity is conserved to low
scales in the supersymmetric case [1]. The lightest super-
symmetric particle (LSP) being stable is an ideal weakly
interacting massive particle dark matter candidate. SO(10)
GUTs based on the 210⊕ 126⊕ 126Higgs system [2,3] are
parameter counting minimal [4]. The version called the new
minimal supersymmetric SO(10) grand unified theory
(NMSGUT) with the 120-plet fits [5–7] all fermion masses
and makes distinctive predictions and is thus falsifiable.
Notably, we found it requires large soft A terms [6] in 2008,
well before Higgs discovery promoted general acceptance of
this possibility. It also predicts a normal s hierarchy, Bino
LSP and can yield a light smuon as the next to LSP, thus
promoting a Bino as a good dark matter candidate and

making a significant supersymmetric contribution to the
muon magnetic moment anomaly. Recently, we showed that
careful attention to the quantum communication between the
UV completion and its effective theory through the light
Higgs portal yields natural and generic suppression of fast
proton decay in suppersymmetric (SUSY) GUTs [7].
The appealing speculation that the observed dimension-

less fermion Yukawa couplings actually arise via VEVs of
“spurion” fields has a long history [8]. In Ref. [9], these
fields—appropriately called “Yukawa-on”s—carry repre-
sentations of UðNgÞ6 family symmetry [in a theory with six
SM flavors (Q;L; ucL; d

c
L; e

c
L; ν

c
L) and Ng generations], but

not of the SM gauge group. Given that the main hint for
flavor unification is the convergence of third-generation
Yukawas at GUT scales, Yukawon models with flavor
symmetry broken at the GUT scale are well motivated. Our
work [2,4–7,10] on realistic renormalizable supersymmet-
ric SO(10) GUTs—which encodes the fermion hierarchy in
the SO(10) matter fermion Yukawa matrices and pays
careful attention to how the minimal supersymmetric SM
(MSSM) Higgs emerges from the multiple MSSM type
doublets present in the UV theory—also naturally and
minimally identifies the associated Higgs multiplets as
candidate Yukawon multiplets. It thus yields a novel
mechanism whereby the fermion hierarchy could emerge
from a flavor symmetric and renormalizable GUT. Thus, in
our work Yukawons also carry representations of the
gauge (SM=GUT) dynamics. In previous work, typically*aulakh@pu.ac.in; http://physics.puchd.ac.in/aulakh/
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the dimension-1 Yukawa-on Y in the Higgs vertex made it
nonrenormalizable (L ¼ fcYfH=ΛY þ…), where the
unknown high-scale ΛY controlled Yukawa-on dynamics.
In this paper, we work out how minimal SO(10) GUTs [2–
4,6] provide a gauged OðNgÞ family symmetry route to
“Yukawonifcation”: with the GUT and family symmetry
breaking at the same scale, obviating the need for non-
renormalizable interactions and any extraneous scale ΛY .
As we shall see, the consistency conditions for the main-
tainability of the Higgs portal to the UV completion of the
MSSM play a central role in determining just how the
peculiarly lopsided and “senseless” fermion hierarchy is
produced from the flavor symmetric and grand unified
UV completion. In our [2,4–7] minimal SUSY GUTs, we
eschew invocation of discrete symmetries and insist
only upon following the logic of SO(10) gauge symmetry.
This insistence, combined with careful attention to the
implications of the emergence of a light MSSM Higgs pair
from the 2NgðNg þ 1Þ pairs in the OðNgÞ extended
minimal supersymmetric GUT (MSGUT), leads to an
effectively unique extension of the SO(10) gauge group
by a OðNgÞ family gauge symmetry for the Ng generation
case and the dynamical emergence of fermion hierarchy
and mixing.
The plan of this paper is as follows: In Sec. II we explain

the basic mechanism of generation of Flavor hierarchy by
enforcement of the masslessness of MSSM Higgs. In
Sec. III we discuss the spontaneous symmetry breaking
of the GUTand flavor symmetries. In Sec. IV we show how
to calculate the flavor hierarchies associated with two
generation (toy model) and three generation (realistic case)
example solutions. In Sec. V we discuss our results and the
research program they define. In Appendix A we give the
explicit values of the VEVs for our example solutions. In
Appendix B we give the numerical values of the Yukawa
hierarchies for the three cases studied in Sec. IValong with
the complete superheavy spectra for each case.

II. MSGUTS AND THE YUMGUT PROPOSAL

Theminimal SUSYSO(10)model [2,3] consists of an SM
singlet containing Higgs irreps, ð210ðΦÞ⊕ 126ðΣÞ
⊕ 126ðΣÞÞ, responsible for GUT symmetry breaking and
right-handed neutrino masses (Mνc ∼ hΣi) and 10ðHÞ;
120ðΘÞ Higgs. The 10, 120 have SM doublets but no SM
singlets and thus donot participate inGUT scale spontaneous
symmetry breaking (SSB). The 126ðΣÞ also contributes to
both neutrino and charged fermion masses. Gauging just
an OðNgÞ subgroup of the UðNgÞ symmetry of the fermion
kinetic terms is workable because the use of complex
representations of a unitary family group introduces
anomalies and requires doubling of the Higgs structure to
cancel anomalies and to permit holomorphic invariants to be
formed for the superpotential. Worse, unitary symmetry
enforces vanishing of half the emergent matter Yukawa
couplings. OðNgÞ family symmetry suffers from none of

these defects, and gauging it ensures that no Goldstone
bosons arise when it is spontaneously broken. Oð3Þ family
symmetry with traceful six-dimensional irrep has also been
considered for nonrenormalizable, non-GUTYukawa-on [9]
models. However, our model is renormalizable and GUT
based and thus radically different in its construction and
implications.
The GUT superpotential has exactly the same form as the

MSGUT (see Refs. [6,10–12] for comprehensive details):

WGUT ¼ TrðmΦ2 þ λΦ3 þMΣ:Σþ ηΦ:Σ:ΣÞ
þ Φ:H:ðγΣþ γ:ΣÞ þMHH:HÞ

WF ¼ ΨA:ððhHÞ þ ðfΣÞ þ ðgΘÞÞABΨB: ð1Þ

We have shown how the 120-plet is included in WF but
will here study onlyMSGUTs (i.e., with 10; 126). Inclusion
of the 120-plet does not affect GUT SSB. The only
innovation in Higgs structure is that all the MSGUT
Higgs fields now carry symmetric representation of the
OðNgÞ family symmetry: fΦ;Σ;Σ; HgAB;A;B ¼ 1; 2…Ng
(under which the matter 16-plets ψA are vector Ng-plets).
Couplings h; f; g are single complex numbers, while the
Yukawons carry symmetric (H;Σ) and antisymmetric
(ΘAB) representations of Oð3Þ, as required by the trans-
position property of relevant SO(10) invariants. For
Ng ¼ 3, real fermion mass parameters come down from
15 ðRe½hAA�; fABÞ to just 3 (Re½h�; f) without the 120-plet
(6 additional to just 2 with the 120-plet). Thus, this type of
renormalizable flavor unified GUT can legitimately be
called a Yukawon ultraminimal GUT (YUMGUT).
An essential component of our proposal is that the single

pair of light Higgs doublets H;H in the effective MSSM
arises as combinations of the manifold pairs of MSSM
doublets contained in the full set of fields. The consistency
(also known as “fine-tuning”) conditions for obtaining a
light pair are here seen positively as the “open sesame” to
peek through the Higgs portal into the UV completion. This
is possible precisely because the effective light pair is so
deeply entangled in the innards of the UV theory in spite of
being a bona fide member of the low-energy effective
theory, i.e., the MSSM. After imposing DetH ¼ 0 on the
doublet mass matrix H, one pair, H½1; 2;−1�⊕H½1; 2; 1�,
remains light. Its Yukawa couplings are determined by the
“Higgs fractions” specified by the left and right null
eigenvectors of H [4,6,10]. H depends on the family
symmetry breaking SM singlet VEVs ðp; a;ωÞAB ∈
hΦABi; ðσ; σ̄ÞAB ∈ ðΣ;ΣÞAB. Here, for simplicity, we ignore
the 120-plet, although it is known that this multiplet is
required for fully realistic fermion masses when there is no
family symmetry [5,6]. Then the four-dimensionalH of the
MSGUT becomes 2NgðNg þ 1Þ dimensional. If the 120-
plet were included (NMSGUT), H would have dimen-
sion Ngð3Ng þ 1Þ,
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H ¼

0
BBBBB@

−MH γ̄
ffiffiffi
3

p
Ωðω − aÞ −γ

ffiffiffi
3

p
Ωðωþ aÞ −γ̄Ωðσ̄Þ

γ
ffiffiffi
3

p
Ωðω − aÞ −ð2M þ 4ηΩða − ωÞÞ ∅d −2η

ffiffiffi
3

p
Ωðσ̄Þ

−γ̄
ffiffiffi
3

p
Ωðωþ aÞ ∅d −ð2M þ 4ηΩðωþ aÞÞ ∅d

−γΩðσÞ −2η
ffiffiffi
3

p
ΩðσÞ ∅d −2mþ 6λΩðω − aÞ

1
CCCCCA
: ð2Þ

∅d is the d-dimensional null square matrix. The rows are
labelled by the NgðNg þ 1Þ=2-tuples (ordered and normal-
ized, for a symmetric ϕAB; A; B ¼ 1…Ng, as fϕ11; ϕ22;…
ϕNgNg

;
ffiffiffi
2

p
ϕ12;

ffiffiffi
2

p
ϕ13;……;

ffiffiffi
2

p
ϕNg−1;Ng

g) containing

MSSM-type H½1; 2;−1� doublets from 10; 126; 126; 210.
The columns are labelled byH½1; 2; 1� doublets in the order
10; 126; 126; 210. The matrix function ΩðϕÞ has the form
determined by the symmetric invariant Tr½hVi:H:H�. For
Ng ¼ 2, it is

Ω2½V� ¼

0
BB@

V11 0 V12=
ffiffiffi
2

p

0 V22 V12=
ffiffiffi
2

p

V12=
ffiffiffi
2

p
V12=

ffiffiffi
2

p ðV11 þ V22Þ=2

1
CCA ð3Þ

with labels fH11; H22;
ffiffiffi
2

p
H12g⊕fH11; H22;

ffiffiffi
2

p
H12g.

Imposing DetH ¼ 0, fermion Yukawa couplings of the
MSSM are extracted by generalizing the MSGUT pro-
cedure [4,6,10,11]. For Ng ¼ 2, we get Yukawa couplings

Yu ¼
 

ĥV̂1 þ f̂V̂4 ðĥV̂3 þ f̂V̂6Þ=
ffiffiffi
2

p

ðĥV̂3 þ f̂V̂6Þ=
ffiffiffi
2

p
ĥV̂2 þ f̂V̂5

!

Yd ¼
 

ĥŴ1 þ f̂Ŵ7 ðĥŴ3 þ f̂Ŵ9Þ=
ffiffiffi
2

p

ðĥŴ3 þ f̂Ŵ9Þ=
ffiffiffi
2

p
ĥŴ2 þ f̂Ŵ8

!

ĥ ¼ 2
ffiffiffi
2

p
h; f̂ ¼ −4i

ffiffiffi
2

3

r
f: ð4Þ

TheYukawasYν; Yl for the neutrinos and charged leptons are
obtained fromYu; Yd by the replacement f̂ → −3f̂. V̂; Ŵ are
the normalized right and left null eigenvectors of the mass
matrix H and contain [10,11] the Higgs fractions. It is
obvious that jhj ≫ jfj implies Yu ¼ Yν; Yd ¼ Yl. Right-
handed neutrino masses are proportional to fhΣi, so this
conditionwill elevate type I (and depress type II) seesaw light
neutrino masses. On the other hand, the type II seesaw
mechanism is more complicated now since the Oð1; 3;−2Þ
SUð2ÞL triplet submultiplets of 126 (the VEVs of which
generate type II seesaw masses) are now symmetric multip-
lets of the flavor group. Although the same kind of conflict-
ing demands on themagnitude of the coupling f that put paid
to the MSGUT’s claim to fit neutrino masses [5] may well
operate here it must actually be verified in detail. Our results
here even suggest that when light sterile neutrinos are present
the achieved neutrino masses may be much larger; to our
knowledge, this possibility was not considered earlier in

MSGUTs. Since our objective in this paper is not the actual
fitting of the observed masses but only the introduction of
flavor-gaugedMSGUTs and the way in which they generate
MSSM couplings, we postpone the computation of type II
seesawmasses to a sequel. Wewill, however, give numerical
illustrations of the difficulty with type I.

III. SPONTANEOUS SYMMETRY
BREAKING IN YUMGUTS

To demonstrate the feasibility of our proposal for dynami-
cal fermion flavor mixing and mass hierarchy from a family
symmetric Lagrangian, we must show the GUT scale
spontaneous symmetry breaking leads to Yukawas like those
of the observed fermion hierarchy. Of course such a program
will be complete only after finding values of the—flavor-
bland—GUT parameter set compatiblewith all other require-
ments such as gauge coupling unification, proton stability,
and constraints on exotic processes such as quark and lepton-
flavor violation, cosmology, etc. Without family symmetry,
this was achieved, apart from a failure in matching neutrino
masses [5,10], in the MSGUT and, after prolonged inves-
tigations during 2006–2013, fully in the NMSGUT [6,7].We
are now attempting to build upon those successes by trying to
generate also flavor structure on the basis of the GUT SSB,
which is flavor blind. When carrying this out at the fully
realistic level, we will need to search the—flavor-blind and
thus much reduced—parameter set of the YUMGUT for sets
of parameters that yield fully realistic Yukawas. The
Yukawonification searches will have much larger mass
matrices than the (N)MSGUT case but are also simpler
due to the reduced parameter space.However, before embark-
ingupon thismammoth andexactingproject,wewish to show
that, even for generic values of parameters, the flavor structure
that emerges can have the main features (hierarchy, small
quark mixing, and large lepton mixing) actually observed.
Thus, here, we only indicate the operative structure and show
feasibility by finding GUT scale SSB solutions for generic
values of flavor-bland parameters that yield a fermion
hierarchy qualitatively similar to that required in actuality.
The search for realistic parameter sets is a long-term objective
that is motivated and justified by the in-principle feasibility
we demonstrate here for both Ng ¼ 2 and Ng ¼ 3.
Giving VEVs [4,10,11] to the SM singlets p; a;ω of the

ð210; ds½Ng�Þ-plet and the σ ∈ ð126; ds½Ng�Þ; σ̄ ∈ ð126;
ds½Ng�Þ, where ds½Ng� ¼ NgðNg þ 1Þ=2, the superpotential
relevant to GUT SSB has just the MSGUT form, with sums
over flavor group indices:
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W ¼ Tr½mðp2 þ 3a2 þ 6ω2Þ þ 2λða3 þ 3pω2 þ 6aω2Þ�

þ Tr

�
Mσ̄σ þ ηðpþ 3a − 6ωÞ ðσ̄σ þ σσ̄Þ

2

�
: ð5Þ

In the MSGUT case, the entire SSB problem reduces [4]
(i.e., for Ng ¼ 1 in the present notation) to a cubic equa-
tion for a single complex variable x ¼ −ω (with just one
free parameter ξ ¼ Mλ=mη). YUMGUTs proposed here
generalize that solution to the family symmetric case.
Visible sector F terms give

2mðp − aÞ − 2λa2 þ 2λω2 ¼ 0 ð6Þ
2mðpþ ωÞ þ λðpþ 2aþ 3ωÞω

þ λωðpþ 2aþ 3ωÞ ¼ 0 ð7Þ
Mσ þ ηðχσ þ σχÞ=2 ¼ 0 ð8Þ
Mσ̄ þ ηðχσ̄ þ σ̄χÞ=2 ¼ 0 ð9Þ

σ̄σ þ σσ̄ ¼ −
4

η
ðmpþ 3λω2Þ≡ F; ð10Þ

where χ ≡ ðpþ 3a − 6ωÞ. Homogenous equations (8,9)

can be put in the form Ξ · Σ̂ ¼ Ξ · ^̄Σ ¼ 0, where Σ̂; ^̄Σ are
NgðNg þ 1Þ=2 dimensional vectors; e.g., for Ng ¼ 2;
Σ̂ ¼ fσ11; σ22; σ12g, the matrix Ξ involves the combina-
tions χA ¼ χAA þ M

η :

Ξ ¼

0
B@

χ1 0 χ12

0 χ2 χ12

χ12 χ12 χ1 þ χ2

1
CA: ð11Þ

Nontrivial solutions of Eqs. (8) and (9) for σ; σ̄ exist
only if DetðΞÞ ¼ 0. Once Eqs. (6)–(10) are (numerically)
solved, there remain only the D-term conditions DB−L ¼ 0
(the only nontrivial condition from the vanishing of SO(10)
D terms) andDA ¼ 0 fromOðNgÞ. In the MSGUT,DB−L ¼
0 requires jσj ¼ jσ̄j, and since Arg½σ� − Arg½σ̄� can be
gauged away by Uð1ÞB−L, the D terms supplement F terms
to a nicety. We shall retain this convenience by only
considering solutions with σAB ¼ σ̄AB.
At this point, an obstacle arises.OðNgÞD terms vanish for

vanishing visible sector F terms only for trivial (flavor-
diagonal) solutions, since different flavor charge sectors
have no reason to cancel. So additional fields with VEVs
free to cancel the contribution D̄A

X of the GUT sector to
OðNgÞ D terms are needed. The extra F terms must be
sequestered from the GUT sector to preserve the MSGUT
SSB.We propose [13] Bajc–Melfo two field superpotentials
[14,15] [of structureW ¼ SðμBϕþ λBϕ

2Þ]. Their potentials
have local minima breaking supersymmetry (hFSi ≠ 0),
which leaves the VEV hSi undetermined (ϕ gets a VEV).
Radiative corrections that determine hSi then provide an
alternative realization [15] of the Witten [16] model for

high-scale symmetry breaking triggered by a low-scale
symmetry breaking. Determination of the flat direction
VEV byN ¼ 1 supergravity corrections instead of radiative
effects was also shown to be effective long ago [17,18].
In Ref. [13], we showed that coupling Bajc–Melfo fields

to supergravity resolves the flat direction and fixes the VEV
hSsi ∼Mp. If S;ϕ are also traceful symmetric multiplets
ðS;ϕÞAB of OðNgÞ, then the traceless symmetric multiplet
ðŜABÞ is also undetermined at tree level and free to cancel
D̄A

X. One gets a gravity-mediated scenario in which the
hidden sector breaking involves breaking of family sym-
metry and supersymmetry. The additional fields include
modulilike fields ðŜABÞ, which can be light enough to serve
as light darkmatterwithmass less than 50GeV. Suchmasses
are favored [19] by experiments such as DAMA/LIBRA but
were unobtainable in MSGUTs earlier. They are signals of
the hidden (sector) connection between supersymmetry and
family symmetry breaking. Polonyi and moduli problems
[20] may be evaded because of the rich Yukawa and gauge
dynamics in the hidden sector. We assume results of
Ref. [13], which were designed to ensure that the OðNgÞ
terms can be cancelled and the supersymmetry broken.

IV. SOLUTIONS WITH FLAVOR GENERATION

For Ng > 1, one must consider the cases that arise
separately. For Ng ¼ 2,

Det½Ξ� ¼ ðχ1 þ χ2Þðχ212 − χ1χ2Þ ¼ 0

⇒ χ1 ¼ −χ2 OR χ12 ¼ � ffiffiffiffiffiffiffiffiffi
χ1χ2

p
: ð12Þ

If 2 × 2 minors of Ξ also vanish, then additionally ðχ1 þ
χ2Þχ1 ¼ ðχ1 þ χ2Þχ2 ¼ χ212 and χ1χ2 ¼ 0. Then, χ1 ¼ χ2 ¼
χ12 ¼ 0 so that Ξ≡ 0. Thus, Rank½Ξ� < 2 implies
Rank½Ξ� ¼ 0 so that none of the six σ; σ̄ are determined.
In the Rank½Ξ� ¼ 0 case, one ultimately finds that the
GUT spectra in sectors that include (SOð10Þ=G123) coset
gauginos always include large color and electroweak
nonsinglet pseudo-Goldstone multiplets that would ruin
unification. Therefore, we focus on the nondegenerate
cases in which Det½Ξ� ¼ 0 but Rank½Ξ� ¼ 2 for Ng ¼ 2
and Rank½Ξ� ≤ 5 for Ng ¼ 3. To show that our scenario is
at least prima facie consistent, in Appendix A we give
solutions of Eqs. (6)–(10) with zero DB−L for Ng ¼ 2,
Ng ¼ 3 and the corresponding value of D̄X for a set of
YUMGUT flavor-bland parameters (similar to those shown
to be applicable in realistic fits in the NMSGUT [7]). We
also give the complete GUT mass spectrum (in units of
m=λ) so as to show that, although there are cases with
acceptable fermion hierarchies where there are light sterile
neutrinos and light MSSM singlets that can be interesting
dark matter candidates, these are not plagued by MSSM
nonsinglet pseudo-Goldstone chiral supermultiplets, which
would ruin the gauge coupling unification so central to
the whole NMSGUT project. In this section, we explain
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some of the choices we madewhile navigating the algebraic
complexity of finding solutions of the coupled highly
nonlinear equations (6)–(10). First, as always in
MSGUTs [4], it is convenient to work in units of m=λ:
fP; W; A; ~σ; ~̄σ; ~χg ¼ λ

m fp; ω; a; σ; σ̄; χg, ~χA ¼ ~χAA þ ξ,
which removes most of the parameter clutter in favor of
just two parameter ratios (ξ ¼ λM=ηm and λ=η):

2

�
m
λ

�
2

ðP − A − A2 þW2Þ ¼ 0 ð13Þ
�
m
λ

�
2

ðPþW þ ðPþ 2Aþ 3WÞW

þWðPþ 2Aþ 3WÞÞ ¼ 0 ð14Þ�
m
λ

�
2

ðξ ~σ þ ð~χ ~σþ ~σ ~χÞ=2Þ ¼ 0 ð15Þ
�
m
λ

�
2

ðξ ~̄σ þ ð~χ ~̄σþ ~̄σ ~χÞ=2Þ ¼ 0 ð16Þ

~̄σ ~σþ ~σ ~̄σ ¼ −
4λ

η
ðPþ 3W2Þ ¼ λ2F

m2
¼ ~F: ð17Þ

From now on, we will use these dimensionless equations
for SSB analysis.

A. Ng ¼ 2, Rank½Ξ� ¼ 2

As explained earlier, we will always take ~σ ¼ ~̄σ. Det½Ξ�
(the same form as earlier but now in terms of dimensionless
VEVs) has two factors ð~χ1 þ ~χ2Þ and ð~χ212 − ~χ1 ~χ2Þ, and one
out of these should vanish. From Ξ · Σ̂ ¼ 0, we can
calculate ~σ11 and ~σ22 in terms of ~σ12:

~σ11 ¼ −
~χ12
~χ1

~σ12; ~σ22 ¼ −
~χ12
~χ2

~σ12 ð18Þ

Det½ ~σ� ¼ ð~χ212 − ~χ1 ~χ2Þ
~χ1 ~χ2

~σ212: ð19Þ

Notice the existence of one common factor in Det½Ξ� and
Det½ ~σ�. For a type I seesaw to operate for all neutrino
masses, we need an invertible 126 VEV since the Majorana
mass matrix of the right-handed neutrinos is proportional to
hΣ̄i. Thus, we consider only the branch ð~χ1 þ ~χ2Þ ¼ 0 for
vanishing Det½Ξ�. Then, ~σ2 is diagonal. Equation (17) then
implies

~σ211 ¼
~F11 ~χ

2
12

2ð~χ212 þ ~χ21Þ
~F11 ¼ ~F22; ~F12 ¼ 0: ð20Þ

We begin by solving the three equations in Eq. (14), which
is linear in P and parameter free, for the three components
of P. Using these values ~χ1 ¼ −~χ2, i.e.,

ðP11þ 3A11þW11Þ− ðP22þ 3A22þW22Þþ 2ξ¼ 0; ð21Þ

is solved for A11 and then ~F12 ¼ 0 for A12 and finally ~F11 −
~F22 ¼ 0 for A22. Then, we solve the remaining equa-
tions (13), which are now expressed in terms of W and
ξ. We solve numerically for W for convenient ξ using a
minimization method.
With P; A;W; ~σ in hand (see Appendix A for numerical

values of these for sample sets of YUMGUT parameters),
we find the NgðNg þ 1Þ=2 values of MH for which
DetH ¼ 0. For each of these possible values, we can
diagonalize MSSM matter Yukawas (4) and the neutrino
mass matrices to determine the fermion hierarchy. Of
course, the light neutrino masses will depend not only
on the electroweak VEV and tan β in the effective MSSM
but also on the masses of the right-handed neutrinos that
depend on the grand unification scale [4,10,11]. Here, we
wish only to illustrate that fermion hierarchies qualitatively
similar to those observed in reality can arise for quite
generic values of the YUMGUT parameter.
The fermion hierarchies we obtain in the Ng ¼ 2 case for

f ∼ 10−1 and for f ∼ 10−4 are exhibited in Tables I and II in
Appendix B. We see that, while f ∼ h generates acceptable
quark and lepton mixing, the neutrino masses and mass
splitting squared tend to be much too small, as is clear from
Table I. On the other hand—as seen in Table II—when we
lower f, we can raise the type I seesaw neutrino masses to
an acceptable level, but we then lose acceptable Yukawa
couplings obtained for f ∼ h. To close the argument for
f ∼ h, one needs to look also at the operation of the type II
seesaw. However, note that in the MSGUT type II was
always subdominant to type I because the mass of
O−½1; 3;−2� is generically of the GUT scale whereas the
largest right-handed neutrino masses allowed by the type I
seesaw are of order 1013−14 GeV. Even though we now
have a triplet ofO−½1; 3;−2� fields, except at special points,
we may expect the same large masses to suppress the
type II seesawmasses far below type I masses. Still, detailed
study may reveal interesting special cases. Generically,
however, the above arguments lead us to expect that
introduction of the 120-plet, and a special scenario involving
the lowering effect of threshold corrections on down-type
quark masses of the first two generations [5,6] is necessary
for phenomenological viability.
Thus, the main point of this numerical exercise with a toy

model is that, without any attempt at optimizing these
parameters, we find “small” quark and “large” lepton
mixing angles and a hierarchy between generations by
factors of 10. Such values in the pivotal [21] 23 sector
inspire confidence that an optimizing search for flavor-
bland GUT parameters may do much better.
A further issue that we must consider is the possibility

that the mass spectrum of the 26 different MSSM multiplet
types that occur in YUMGUTs based upon the MSGUT
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contains unacceptable pseudo-Goldstone multiplets, which
would ruin coupling unification. In Table III, we exhibit the
spectrum in units of the superheavy massm=λ ∼ 1016 GeV.
It is seen that there is indeed a pseudo-Goldstone of
multiplet type G (see Refs. [10,11] for notation) with
MSSM quantum numbers [1,1,0]. However, since this is a
gauge singlet, it does not affect the evolution of the MSSM
gauge couplings or their unification. Such particles are
novel candidates for dark matter.

B. Ng ¼ 3 SSB

The symmetry breaking equations for the realistic case
Ng ¼ 3 are considerably more complex to solve, but the
patterns they yield are again of the right type, and moreover
they introduce a panoply of possibilities including cases
with light sterile neutrinos. To see how these arise, note that
once again ~σ and ~̄σ equations can be written as

Ξ · Σ̂ ¼ Ξ · ^̄Σ ¼ 0: ð22Þ
Now,

Ξ¼

0
BBBBBBBB@

~χ1 0 0 ~χ12 ~χ13 0

0 ~χ2 0 ~χ12 0 ~χ23

0 0 ~χ3 0 ~χ13 ~χ23

~χ12 ~χ12 0 ~χ1þ ~χ2 ~χ23 ~χ13

~χ13 0 ~χ13 ~χ23 ~χ1þ ~χ3 ~χ12

0 ~χ23 ~χ23 ~χ13 ~χ12 ~χ2þ ~χ3

1
CCCCCCCCA
; ð23Þ

and Σ̂ ¼ f ~σ11; ~σ22; ~σ33; ~σ12; ~σ13; ~σ23g;

Det½Ξ� ¼ ð~χ1 ~χ2 ~χ3 − ~χ1 ~χ
2
23 − ~χ212 ~χ3 þ 2~χ12 ~χ13 ~χ23 − ~χ213 ~χ2Þ

× ð~χ21 ~χ2 þ ~χ21 ~χ3 − ~χ1 ~χ
2
12 − ~χ1 ~χ

2
13 þ ~χ1 ~χ

2
2

þ 2~χ1 ~χ2 ~χ3 þ ~χ1 ~χ
2
3 − ~χ212 ~χ2 − 2~χ12 ~χ13 ~χ23

− ~χ213 ~χ3 þ ~χ22 ~χ3 − ~χ2 ~χ
2
23 þ ~χ2 ~χ

2
3 − ~χ223 ~χ3Þ: ð24Þ

For a nontrivial solution to exist, Det½Ξ� ¼ 0 is necessary.
We first discuss the nondegenerate case Rank½Ξ� ¼ 5.

1. Rank½Ξ� ¼ 5

By Kramer’s rule, we can determine five of the ~σ
variables in terms of one undetermined variable (say,
~σ23). From Eq. (22),

�Ξ5 v

vT ~χ2 þ ~χ3

��
σ̂

~σ23

�
¼ 0 ⇒ σ̂ ¼ −ðΞ−1

5 vÞ ~σ23: ð25Þ

Here, Ξ5 and v are the upper left 5 × 5 block and sixth
column (less the 66 element) of Ξ, respectively.
σ̂ ¼ ð ~σ11; ~σ22; ~σ33; ~σ12; ~σ13Þ. We can construct ~σ from
v̂ ¼ −ðΞ−1

5 vÞ:

~σ ¼

0
B@

v̂1 v̂4 v̂5
v̂4 v̂2 1

v̂5 1 v̂3

1
CA ~σ23: ð26Þ

Then,

Det½ ~σ� ¼ Det½Ξ�N5ð~χÞ
D5ð~χÞ

N5ð~χÞ ¼ ð~χ213 ~χ2 − 2~χ12 ~χ13 ~χ23 þ ~χ1 ~χ
2
23 þ ~χ212 ~χ3 − ~χ1 ~χ2 ~χ3Þð~χ12 ~χ213 þ ~χ13 ~χ2 ~χ23 − ~χ1 ~χ12 ~χ3

− ~χ12 ~χ2 ~χ3Þð−~χ212 ~χ13 þ ~χ1 ~χ13 ~χ2 þ ~χ13 ~χ2 ~χ3 − ~χ12 ~χ23 ~χ3Þ ~σ323
D5ð~χÞ ¼ ð−~χ1 ~χ

2
12 ~χ

2
13 þ ~χ21 ~χ

2
13 ~χ2 − ~χ212 ~χ

2
13 ~χ2 þ ~χ1 ~χ

2
13 ~χ

2
2 þ ~χ21 ~χ

2
12 ~χ3

− ~χ212 ~χ
2
13 ~χ3 − ~χ31 ~χ2 ~χ3 þ ~χ1 ~χ

2
12 ~χ2 ~χ3 þ ~χ1 ~χ

2
13 ~χ2 ~χ3 − ~χ21 ~χ

2
2 ~χ3 þ ~χ213 ~χ

2
2 ~χ3

− 2~χ12 ~χ13 ~χ2 ~χ23 ~χ3 þ ~χ1 ~χ2 ~χ
2
23 ~χ3 þ ~χ1 ~χ

2
12 ~χ

2
3 − ~χ21 ~χ2 ~χ

2
3 þ ~χ212 ~χ2 ~χ

2
3 − ~χ1 ~χ

2
2 ~χ

2
3Þ3: ð27Þ

Thus,

∵ Det½ ~σ� ∼Det½Ξ� ⇒ Det½ ~σ� ¼ 0 ¼ Det½Mνc �: ð28Þ

Since the Majorana mass matrix Mνc for right-handed
neutrinos is generated by the VEV ~̄σ, it follows that the
spectrum includes one or more light sterile neutrino super-
multiplet for which the fermionic parts will get Dirac
masses only. Thus, if there is one zero eigenvalue (when the
other factors in Det½ ~σ� are neither zero nor singular), one
will have two superheavy and one zero Majorana mass for

the right-handed neutrinos. The two superheavy ones
should be integrated out to give a 4 × 4 mass matrix for
the light neutrinos. Similarly, in the case of two zero
eigenvalues, one would integrate out just one right-handed
neutrino (see below). Of course the mixing structure is then
more complicated and must be studied case by case. These
are still very interesting cases phenomenologically, and it is
remarkable that, besides the standard three light Majorana
neutrinos scenario typical to the NMSGUT, YUMGUTs
also throw up scenarios with mixed Majorana–Dirac
masses.
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One proceeds to solve the Det½Ξ� ¼ 0 condition. The
prima facie simpler possibility is

~χ1 ¼
ð~χ213 ~χ2 − 2~χ12 ~χ13 ~χ23 þ ~χ212 ~χ3Þ

ð~χ2 ~χ3Þ − ~χ223
: ð29Þ

We know ~σ0s in terms of ~σ23 [Eq. (26)]. As in the Ng ¼ 2
case, we calculated ~σ23 from one of the equations of
Eq. (17) and P completely using Eq. (14). We then solved
remaining equations for A, P using a search program.
In the example solution given in Appendix A, the ~σ VEV

has two zero eigenvalues because the Det½Ξ� factor that
vanishes,

ð~χ1 ~χ2 ~χ3 − ~χ1 ~χ
2
23 − ~χ212 ~χ3 þ 2~χ12 ~χ13 ~χ23 − ~χ213 ~χ2Þ;

actually occurs twice in Det½ ~σ�. We need to integrate out
one heavy right-handed neutrino,

Wlep ¼ ν̄TAY
ν
ABνB þ 1

2
ν̄TAM

ν̄
ABν̄B; ð30Þ

where A; B ¼ 1; 2; 3 and a; b ¼ 1; 2:

ν̄3 ¼ −
Yν
3AνA
Mν̄

33

: ð31Þ

The effective superpotential is given by (in a diagonal
right-handed neutrino basis)

Weff ¼ ν̄TaYν
aBνB þ 1

2
ν̄TaMaaν̄a − νTA

�
1

2

Yν
3AY

ν
3B

Mν̄
33

�
νB: ð32Þ

Reading off the light neutrino mass matrix components,
we get

κAB ¼ −ðYνÞTA3M−1
33 ðYνÞ3B; ð33Þ

Mlight ¼
1

2

0
BBBBBBBB@

κ11 κ12 κ13 Yν
11 Yν

21

κ21 κ22 κ23 Yν
12 Yν

22

κ31 κ32 κ33 Yν
13 Yν

23

Yν
11 Yν

12 Yν
13 0 0

Yν
21 Yν

22 Yν
23 0 0

1
CCCCCCCCA
: ð34Þ

The doublet Higgs mass matrix becomes 24 dimensional
and can be written usingΩ3½V�, which can be determined as
Ω2 was in Eq. (3). One gets

Ω3½V�¼

0
BBBBBBBBBBBBBB@

V11 0 0 V12ffiffi
2

p V13ffiffi
2

p 0

0 V22 0 V12ffiffi
2

p 0 V23ffiffi
2

p

0 0 V33 0 V13ffiffi
2

p V23ffiffi
2

p

V12ffiffi
2

p V12ffiffi
2

p 0 V11þV22

2
V23

2
V13

2

V13ffiffi
2

p 0 V13ffiffi
2

p V23

2
V11þV33

2
V12

2

0 V23ffiffi
2

p V23ffiffi
2

p V13

2
V12

2
V22þV33

2

1
CCCCCCCCCCCCCCA

: ð35Þ

The formulas for the Yukawas are now simple extensions
of the Ng ¼ 2 case:

Yu ¼

0
BB@

ĥV̂1 þ f̂V̂7 ðĥV̂4 þ f̂V̂10Þ=
ffiffiffi
2

p ðĥV̂5 þ f̂V̂11Þ=
ffiffiffi
2

p

ðĥV̂4 þ f̂V̂10Þ=
ffiffiffi
2

p
ĥV̂2 þ f̂V̂8 ðĥV̂6 þ f̂V̂12Þ=

ffiffiffi
2

p

ðĥV̂5 þ f̂V̂11Þ=
ffiffiffi
2

p ðĥV̂6 þ f̂V̂12Þ=
ffiffiffi
2

p
ĥV̂3 þ f̂V̂9

1
CCA

Yd ¼

0
BB@

ĥŴ1 þ f̂Ŵ13 ðĥŴ4 þ f̂Ŵ16Þ=
ffiffiffi
2

p ðĥŴ5 þ f̂Ŵ17Þ=
ffiffiffi
2

p

ðĥŴ4 þ f̂Ŵ16Þ=
ffiffiffi
2

p
ĥŴ2 þ f̂Ŵ14 ðĥŴ6 þ f̂Ŵ18Þ=

ffiffiffi
2

p

ðĥŴ5 þ f̂Ŵ17Þ=
ffiffiffi
2

p ðĥŴ6 þ f̂Ŵ18Þ=
ffiffiffi
2

p
ĥŴ3 þ f̂Ŵ15

1
CCA: ð36Þ

The Yukawa couplings, mixing angles, and neutrino
masses for an example solution in this case are exhibited in
Table IV. It is interesting that, in this case, four of the
neutrino masses are in the desirable range of 101÷2 meV
even though Yu ≠ Yν; Yd ≠ Yl. Effectively, the two vanish-
ing Mνc eigenvalues combined with the mixing of ν and νc

via Yukawa couplings gives five light neutrinos of which at
least two have significant light sterile admixture. However,
such nonminimal scenarios are not yet firmly excluded by

the data. The mixing angles can be extracted much as in the
case without the neutrino, but the phenomenology is more
subtle. The admixture of light sterile neutrinos to obtain
neutrino masses in the observed (meV) range indicates a
possible route out—not eliminated in Refs. [5,22]—also for
the MSGUT by which the no go proved for neutrino masses
in the MSGUT might be evaded. In Tables V and VI, we
exhibit the GUT spectra including three singlet pseudo-
Goldstones.
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2. Rank½Ξ� ¼ 4

In this case, all the 5 × 5 minors of Ξ should also vanish
along with Det½Ξ�. One can determine 4 ~σ0s in terms of the
remaining two. Suppose we calculate ~σ11, ~σ22, ~σ33, and ~σ12
in terms of ( ~σ13, ~σ23). Then,

~σ ¼ A ~σ13 þ B ~σ23; ð37Þ

where the matrices A and B are functions of the ~χAB. Now,
Det½ ~σ� factorswill involve ~σ13, ~σ23 insteadof involvingpurely
~χ elements with the undetermined ~σ component factorizing
outside as in the case of Rank½Ξ� ¼ 5. Even if one assumes
~σ13 ¼ ~σ23 (although there is no reason to assume this),we find
that Det½ ~σ� still has no common factor with Det½Ξ�. So
Rank½Ξ� ¼ 4 could be aworkable scenariowith type I seesaw
neutrino masses and without light sterile neutrinos. Now, we
discuss the conditions for vanishing minors.
All the 5 × 5 minors have one common factor. Ideally,

one can solve the equations by putting the common factor
of the minors equal to zero, but the resulting system
becomes very complicated. For simplicity, we equate to
zero two factors from the dimension-5 minors the vanishing
of which implies the vanishing of all the dimension-5
minors. In all, we get three conditions, one from Det½Ξ� ¼
0 [Eq. (24)] and two from 5 × 5 minors.
Minors of order 5 are null if we require

~χ13 ~χ23 − ~χ12 ~χ3 ¼ 0 ~χ212 ~χ13 þ ~χ12 ~χ2 ~χ23 þ ~χ13 ~χ
2
23 ¼ 0:

ð38Þ

We solve the above equations for ~χ2 and ~χ3:

~χ1 ¼
~χ12 ~χ13
~χ23

; ~χ2 ¼
−~χ13ð~χ212 þ ~χ223Þ

~χ12 ~χ23
; ~χ3 ¼

~χ13 ~χ23
~χ12

:

ð39Þ

Now, we have four ~σ equations along with the above
three conditions. We used the third extra condition to fix the
ξ parameter to maintain the consistency of the system of
equations. Therefore, ξ is not a random parameter but is
fixed in terms of VEVs (P, A, W). The alternatives to this
will be examined elsewhere.
We calculate the eigenvalues of SM fermions and

neutrino Yukawas [Eq. (36)] along with quark and lepton
mixing angles for large and small values of f and a random
illustrative set of superpotential parameters. The results are
given as Tables VII and VIII.
As in the Ng ¼ 2 case, observe that if f affects the

charged fermion Yukawas significantly, avoiding Yu ¼ Yν;
Yd ¼ Yl, and generates appreciable mixing then the type I
seesaw neutrino masses are much too small. While if we
boost the type I seesaw masses by lowering f, Yν ≃ Yu;
Yl ≃ Yd, and Cabibbo Kobayashi Maskawa (CKM) angles
are negligible. The complete superheavy spectra are given
in Tables IX and X, and again we have (4) standard model
singlet pseudo-Goldstones.

C. Traceless symmetric multiplets of O(3)

As we saw earlier, the (reducible) six-dimensional
symmetric representation of O(3) with equal superpotential
couplings for traceless (5-plet) and singlet parts led, in
the nondegenerate case (Rank½Ξ� ¼ 5), to light sterile
neutrino(s). Another alternative is to utilize only traceless
representations in the (visible sector) GUT so that
P;A;W; ~σ; ~̄σ are all traceless symmetric matrices. This
reduces the dimension and rank of the homogeneous
system (Ξ:Σ̂ ¼ 0) and makes it possible to find nonsingular
~σð ~̄σÞ VEVs, thus avoiding light sterile neutrinos. We write
the traceless symmetric 3 × 3 representation as

ϕ̂AB ¼ ϕ11

ðλ3ÞABffiffiffi
2

p þ ϕ22

ðλ8ÞABffiffiffi
2

p þ ϕKLffiffiffi
2

p δKðAδ
L
BÞ:

Here, λ3 and λ8 are the usual diagonal 3 × 3 Gell-Mann
matrices. Matrix Ξ is given by

Ξ ¼

0
BBBBBBBB@

−~χ22 þ 2ξ −~χ11 − ~χ22 þ ξ ~χ12 0 −~χ23

−~χ11 − ~χ22 þ ξ −~χ11 þ 2ξ ~χ12 −~χ13 0

~χ12
2

~χ12
2

ð~χ11þ~χ22þ2ξÞ
2

~χ23
2

~χ13
2

0 − ~χ13
2

~χ23
2

−~χ22þ2ξ
2

~χ12
2

− ~χ23
2

0 ~χ13
2

~χ12
2

−~χ11þ2ξ
2

1
CCCCCCCCA
: ð40Þ

Σ̂ ¼ f ~σ11; ~σ22; ~σ12; ~σ13; ~σ23g. As discussed above, it is useful to define a matrix function (Ω½V�) to write the mass matrices in
compact notation, and it is specified by the symmetric invariant for the singlet product of three traceless symmetric irreps. In
the present scenario, it has the following form:
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Ω0
3½V� ¼

0
BBBBBBBBBB@

V11þV22

2
V11−V22

2
ffiffi
3

p 0 V13

2
− V23

2

V11−V22

2
ffiffi
3

p −V11−V22

2
V12ffiffi
3

p − V13

2
ffiffi
3

p − V23

2
ffiffi
3

p

0 V12ffiffi
3

p V11þV22

2
V23

2
V13

2

V13

2
− V13

2
ffiffi
3

p V23

2
− V22

2
V12

2

− V23

2
− V23

2
ffiffi
3

p V13

2
V12

2
− V11

2

1
CCCCCCCCCCA
: ð41Þ

Rows and columns of the Higgs mass matrix are labelled by fðH̄11−H̄22Þffiffi
2

p ;
ffiffi
3
2

q
ðH̄11 þ H̄22Þ;

ffiffiffi
2

p
H̄12;

ffiffiffi
2

p
H̄13;

ffiffiffi
2

p
H̄23g and

fðH11−H22Þffiffi
2

p ;
ffiffi
3
2

q
ðH11 þH22Þ;

ffiffiffi
2

p
H12;

ffiffiffi
2

p
H13;

ffiffiffi
2

p
H23g. Up- and down-quark Yukawas are given as

Yu ¼

0
BBBBBBB@

ĥ
�
V̂1ffiffi
2

p þ V̂2ffiffi
6

p
�
þ f̂
�
V̂6ffiffi
2

p þ V̂7ffiffi
6

p
�

ĥ V̂3ffiffi
2

p þ f̂ V̂8ffiffi
2

p ĥ V̂4ffiffi
2

p þ f̂ V̂9ffiffi
2

p

ĥ V̂3ffiffi
2

p þ f̂ V̂8ffiffi
2

p ĥ
�
− V̂1ffiffi

2
p þ V̂2ffiffi

6
p
�
þ f̂
�
− V̂6ffiffi

2
p þ V̂7ffiffi

6
p
�

ĥ V̂5ffiffi
2

p þ f̂ V̂10ffiffi
2

p

ĥ V̂4ffiffi
2

p þ f̂ V̂9ffiffi
2

p ĥ V̂5ffiffi
2

p þ f̂ V̂10ffiffi
2

p −2ĥ V̂2ffiffi
6

p − 2f̂ V̂7ffiffi
6

p

1
CCCCCCCA

Yd ¼

0
BBBBBBB@

ĥ

�
Ŵ1ffiffi
2

p þ Ŵ2ffiffi
6

p
�
þ f̂

�
Ŵ11ffiffi

2
p þ Ŵ12ffiffi

6
p
�

ĥ Ŵ3ffiffi
2

p þ f̂ Ŵ13ffiffi
2

p ĥ Ŵ4ffiffi
2

p þ f̂ Ŵ14ffiffi
2

p

ĥ Ŵ3ffiffi
2

p þ f̂ Ŵ13ffiffi
2

p ĥ

�
− Ŵ1ffiffi

2
p þ Ŵ2ffiffi

6
p
�
þ f̂

�
− Ŵ11ffiffi

2
p þ Ŵ12ffiffi

6
p
�

ĥ Ŵ5ffiffi
2

p þ f̂ Ŵ15ffiffi
2

p

ĥ Ŵ4ffiffi
2

p þ f̂ Ŵ14ffiffi
2

p ĥ Ŵ5ffiffi
2

p þ f̂ Ŵ15ffiffi
2

p −2ĥ Ŵ2ffiffi
6

p − 2f̂ Ŵ12ffiffi
6

p

1
CCCCCA
: ð42Þ

We have solved the least degenerate (Rank½Ξ� ¼ 4) case.
Yukawa eigenvalues and mixing angles are given in
Table XI.
The complete mass spectra are given in Tables XII and

XIII. There are three MSSM singlet pseudo-Goldstone
supermultiplets left behind as a relic of the GUT and flavor
symmetry breaking.
From Tables VII and XI, we conclude that it is possible

to fit the charged fermion and neutrino mixing data in
the case without the 120-plet without light sterile
neutrinos but that the neutrino masses are too small.
Raising the neutrino masses requires that an additional
multiplet is required to contribute to fit the charged
fermion masses and mixing; the obvious choice if dupli-
cation of the Higgs is to be avoided is the 120-plet as in
the case of the NMSGUT. If we allow light sterile
neutrinos (as we saw for Ng ¼ 3; Rank½Ξ� ¼ 5) then
we can even get adequate neutrino masses without
Yu ¼ Yν; Yd ¼ Yl and possibly viable phenomenology.
This needs to be studied.

V. DISCUSSION

In this paper, we have proposed a gauge Unification of
flavor in tandem with the realistic grand unification
achieved in the context of the NMSGUT [4–7,10]. The
flavor symmetry is broken along with SO(10) gauge
symmetry at the GUT scale by the same multiplets that
break GUT symmetry. However, a special (Bajc–Melfo)
hidden sector was introduced [15] to allow supersymmetry
preservation by the VEV of the flavor group D terms. The
central idea exploited for generating flavor structure in the
effective theory is the nonlinear percolation of flavor
breaking effects through the imposition of the phenom-
enological constraint that a single pair of light doublets
emerges in the effective MSSM from the multiple doublets
in the GUT. The consistent treatment of the implications of
this constraint had already paid [7] rich dividends such as a
solution of the perennial problem of fast dimension-5
operator proton decay in SUSY GUTs. This resolution
has driven home the message that careful attention to the
existence conditions for the light Higgs opens a portal into
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the entrails of complicated UV completions precisely
because light MSSM Higgs arise as mixtures of doublets
from multiple sources in the GUT Higgs set and are thus
connected to the entire UV completion by nongauge
interactions, in contrast to the rest of the fields of the
MSSM. In view of the understanding conferred, we call
such flavor “tasty flavor,” and these models Yukawon
ultraminimal GUTs. This mechanism, like that [7] for
suppressing d ¼ 5 B violation in the NMSGUT, depends
on enforcing consistency conditions between a single light
pair of MSSM doublets and the multiple doublets in the full
theory. A common apprehension is that pseudo-Goldstone
multiplets may arise due to the duplication of Higgs
multiplets under family symmetry. However, we have
checked the complete spectra in the GUT sector and only
present those solutions without pseudo-Goldstone multip-
lets that ruin unification (which do occur in certain
degenerate cases). The values of the fields and complete
associated spectra for the example solutions are given in
Appendix B. This shows that the appearance of pseudo-
Goldstones is not inevitable, except the SM singlet sector,
which does not effect unification and moreover furnishes
dark matter candidates or otherwise constrains the flavor
symmetry introduced.
Therefore, we expect that there should exist regions of

the (much reduced relative to MSGUTs) flavor bland
parameter space of YUMGUTs that generate actual
MSSM Yukawas. Determination of GUT parameter values
that generate the observed set of Yukawa couplings,
symmetry breaking, neutrino masses, B decay, and other
exotic phenomenon rates requires an elaborate investiga-
tion using a generalization of computer codes by which we
obtained completely realistic fits of all fermion data and
distinctive predictions for SUSY spectra in the context of
the NMSGUT [6]. This will be reported in sequels. In this
paper, we have shown how even random values of the
YUMGUT parameters can generate a fermion hierarchy at
least qualitatively similar to the one actually observed. An
important point that emerges is that an effective theory with
light sterile neutrinos can emerge naturally from the
spontaneous symmetry breaking so that even scenarios
with relatively large values of f may lead to a viable
phenomenology. This discovery underlines the need to
reinvestigate the MSGUT to explore the possibility that it
may still yield acceptable neutrino masses by giving
ultralight sterile neutrinos mixed through Yukawa cou-
plings with active neutrinos (which are therefore heavy
enough) even when the 126 coupling is large enough to
contribute significantly to the charged fermion masses and
thus type I masses are negligible. This possibility had been
overlooked earlier [5,22,23]. Of course, the other possibil-
ity is that an acceptable low-energy theory arises by
mimicking the NMSGUT fit; i.e., 10,120 couplings respon-
sible for charged fermion masses and small f; h126i give

right-handed neutrinos light enough to give acceptable type
I seesaw masses for three light left-handed neutrinos and no
sterile neutrinos.
A striking feature of the model is the ubiquity of MSSM

singlet pseudo-Goldstones from the GUT symmetry break-
ing, which occur in each one of the models studied. In some
sense, these are “moduli” multiplets familiar in other
contexts, such as string theory, that generate families.
They may serve as a welcome signal of, and constraint
on, these models. Soft SUSY breaking and radiative
corrections to their masses and the associated phenom-
enology and cosmological implications deserve detailed
investigation.
To summarize, R-parity preserving minimal SUSY SO

(10) theories offer a radical conceptual simplification that
melds the problems of the fermion flavor hierarchy and
GUT symmetry breaking in a novel way. Innovation arises
from a very topical emphasis on how the Higgs portal opens
into the UV completion of the MSSM. Our model for
family and GUT unification is based on the conviction that,
as once promised by string theory, it is the number of
couplings, not the number of fields, that should be mini-
mized. SO(10) Yukawonification is concrete, calculable—
at least for (N)MSGUTs where much of the tedious but
directly useable [see, e.g., Eq. (2)] preparatory work on
group theory [11] and mass spectra [6,10–12,24] is already
done—and falsifiable. Since OðNgÞ contains most of the
commonly fancied discrete groups, even discrete group
model builders may benefit from the structural hints
provided by SOð10Þ ×OðNgÞ models along with a wel-
come calculability as regards the “vacuum alignment,”
specified here by parameters that determine both the GUT
SSB and MSSM mass-mixing data.
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APPENDIX A: YUMGUT SUPERHEAVY VEVS

In this appendix, we give solutions of the spontaneous
symmetry breaking in the toy (Ng ¼ 2) and realistic
(Ng ¼ 3) cases.

1. Ng ¼ 2, Rank½Ξ� ¼ 2

The values of the VEVs of the YUMGUT Higgs fields
responsible for breaking SOð10Þ → MSSM in units of
m=λ ∼ 1016 GeV are
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W ¼
�

0.141 − 0.203i 0.3168þ 0.189i

0.3168þ 0.189i −0.2667þ 0.3075i

�
P ¼

�−0.236 − 0.2001i 0.1787 − 0.028i

0.1787 − 0.028i −0.2297þ 0.1202i

�

A ¼
� −0.23 − 0.3521i 0.3382þ 0.0777i

0.3382þ 0.0777i −0.4475þ 0.2227i

�
~σ ¼ ~̄σ ¼

�
0.0863 − 0.2366i 0.1973þ 0.1041i

0.1973þ 0.1041i −0.0863þ 0.2366i

�

D̄X ¼ 2

�
jpþj2 − jp−j2 þ 3ðjaþj2 − ja−j2Þ þ 6ðjwþj2 − jw−j2Þ þ

1

2
jσþj2 − jσ−j2 þ

1

2
jσ̄þj2 − jσ̄−j2

�

¼ −8.94: ðA1Þ

2. Ng ¼ 3

As discussed in Ref. [13], the traceless part of Bajc–Melfo field Sab is used to cancel OðNgÞ D terms. For fixing Ŝab,
without loss of generality, one can rotate the fields by an Oð3Þ transformation so that only one component of the D-term
vector is nonzero. VEVs below are written in the basis where only the third D-term component hD3i is non zero. This basis
is denoted by a prime on all VEVs.

a. Rank½Ξ� ¼ 5 (traceful symmetric representation)

~σ0 ¼ ~̄σ0 ¼

0
B@

−8.1532þ 14.4793i −11.7404 − 7.4196i 0.194 − 1.1043i

−11.7404 − 7.4196i 6.6912 − 9.4853i 0.9135þ 0.2088i

0.194 − 1.1043i 0.9135þ 0.2088i 0.0124þ 0.0746i

1
CA

A0 ¼

0
B@

−2.7937 − 0.4459i −0.0298 − 1.8182i 2.573 − 0.2572i

−0.0298 − 1.8182i −2.6651þ 0.5903i −0.4297 − 1.5744i

2.573 − 0.2572i −0.4297 − 1.5744i −0.8325 − 0.1193i

1
CA; ðA2Þ

P0 ¼

0
B@

2.6802 − 0.9855i 0.589 − 1.518i −13.9797þ 0.005i

0.589 − 1.518i 4.1178þ 0.5751i 1.9362 − 0.8664i

−13.9797þ 0.005i 1.9362 − 0.8664i 6.1195þ 0.1825i

1
CA

W0 ¼

0
B@

1.0342þ 0.1527i −0.4614þ 0.2617i 2.0891þ 0.4169i

−0.4614þ 0.2617i −1.4776 − 0.1941i −0.3529þ 2.8359i

2.0891þ 0.4169i −0.3529þ 2.8359i 1.3112þ 0.0711i

1
CA; ðA3Þ

D0a
X ¼ 3319.0δa3: ðA4Þ

b. Rank½Ξ� ¼ 4 (tracefull symmetric representation)

~σ0 ¼ ~̄σ0 ¼

0
B@

−0.0515 − 2.2441i 1.6389þ 0.9556i 0.8735þ 1.689i

1.6389þ 0.9556i 0.4307þ 0.2916i −1.8341 − 2.1534i

0.8735þ 1.689i −1.8341 − 2.1534i 0.926þ 1.8694i

1
CA

A0 ¼

0
B@

−1.1162þ 0.1493i −0.6261 − 0.4133i −0.1611þ 0.4422i

−0.6261 − 0.4133i 0.3311þ 0.7292i −0.3128 − 0.1764i

−0.1611þ 0.4422i −0.3128 − 0.1764i −0.7771 − 0.6807i

1
CA; ðA5Þ
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P0 ¼

0
B@

0.7956 − 0.2474i 0.0406 − 0.4419i 0.6712þ 0.2745i

0.0406 − 0.4419i 0.3486þ 1.7078i −0.0373 − 0.1994i

0.6712þ 0.2745i −0.0373 − 0.1994i −0.4144 − 0.7517i

1
CA

W0 ¼

0
B@

−0.0025 − 0.4259i 0.0644þ 0.4904i −0.3268 − 0.5708i

0.0644þ 0.4904i −0.3575 − 0.0647i 0.0554þ 0.2052i

−0.3268 − 0.5708i 0.0554þ 0.2052i 0.5644þ 0.6209i

1
CA; ðA6Þ

D0a
X ¼ 47.04δa3: ðA7Þ

3. Rank½Ξ� ¼ 4 (traceless symmetric representation)

~σ0 ¼ ~̄σ0 ¼

0
B@

1.5506 − 5.4394i 1.7398þ 4.1109i 0.0011 − 0.0811i

1.7398þ 4.1109i −1.6868þ 2.0758i 0.0202þ 0.042i

0.0011 − 0.0811i 0.0202þ 0.042i 0.1361þ 3.3636i

1
CA

A0 ¼

0
B@

−1.8304 − 0.7199i 1.5213 − 0.445i −0.0854þ 0.0056i

1.5213 − 0.445i 0.6854þ 0.7288i −0.0906 − 0.0529i

−0.0854þ 0.0056i −0.0906 − 0.0529i 1.145 − 0.009i

1
CA

P0 ¼

0
B@

−0.2976þ 0.0331i 0.3609 − 0.0673i −0.2904þ 0.0343i

0.3609 − 0.0673i 0.2394þ 0.4181i −0.5147 − 0.2562i

−0.2904þ 0.0343i −0.5147 − 0.2562i 0.0581 − 0.4512i

1
CA

W0 ¼

0
B@

1.0622þ 0.3626i −0.7826þ 0.3279i −0.0567þ 0.0102i

−0.7826þ 0.3279i −0.3667 − 0.2597i −0.1406 − 0.0597i

−0.0567þ 0.0102i −0.1406 − 0.0597i −0.6955 − 0.1029i

1
CA; ðA8Þ

D0a
X ¼ 275.15δa3: ðA9Þ

APPENDIX B: ILLUSTRATIVE TABLES OF YUKAWA STRUCTURE AND
SUPERHEAVY SPECTRA IN YUMGUTs

In this appendix, we give the Yukawa hierarchies and complete superheavy spectra for the three example solutions
discussed above, in units of the MSGUT scale parameter m=λ. This is done to remove any prejudice that unacceptable
pseudo-Goldstone multiplets must occur in family symmetric models. The naming convention and MSGUT multiplicities
can be found in Ref. [10].

TABLE I. Yukawa eigenvalues and mixing angles for Ng ¼ 2; f ¼ −0.13. ~Mνc ≡ λMνc=m. m=λ is taken to be 1016 GeV to estimate
Δm2

ν. λ ¼ −0.038þ :005i, η ¼ 0.4, γ ¼ 0.32, γ̄ ¼ −1.6, h ¼ :34, ξ ¼ 0.8719þ :5474i. Mνc is independent of MH value chosen.

S. No. MH Yu Yd θCKM (deg.) mν (meV)

1. 0.049þ 0.190i 0.1537, 0.0080 0.0537, 0.0043 5.15 0.0255, 0.2791
2. 0.599þ 0.791i 0.1293, 0.0118 0.0562, 0.0051 2.27 × 10−6 0.0013, 0.0144

3. 1.39þ 0.80i 0.0685, 0.0214 0.0359, 0.0052 7.41 0.0011, 0.0121

S. No. Yl Yν θPMNS (deg.) ~Mνc Δm2
νðeV2Þ

1. 0.0424, 0.0027 0.2515, 0.0233 14.5 0.6967, 0.0636 7.73 × 10−8

2. 0.0712, 0.0065 0.0576, 0.0053 2.32 × 10−5 0.6969, 0.0636 2.06 × 10−10

3. 0.0147, 0.0063 0.0911, 0.0028 33.7 0.6969, 0.0636 1.45 × 10−10
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TABLE II. Effect of reducing f: Yukawa eigenvalues and mixing angles forNg ¼ 2; f ¼ −0.00013, and other parameters are the same
as in Table I. Notice that the light neutrino masses are in an acceptable range, but Yu ¼ Yν; Yd ¼ Yl, and the quark mixing is negligible.

S. No. MH Yu Yd θCKM (deg.) mν (meV)

1. 0.049þ 0.190i 0.1761, 0.0131 0.0507, 0.0038 0.00486 10.05, 110.19
2. 0.599þ 0.791i 0.1108,0.0101 0.0569, 0.0052 2.47 × 10−9 4.86, 53.29

3. 1.39þ 0.80i 0.0721, 0.0140 0.0283, 0.00552 0.00767 4.39, 48.12

S. No. Yl Yν θPMNS (deg.) ~Mνc Δm2
νðeV2Þ

1. 0.0507, 0.0038 0.1762, 0.0131 8.7 0.000697, 0.0000636 0.01204
2. 0.0569, 0.0052 0.1108, 0.0101 2.79 × 10−6 0.000697, 0.0000636 0.00282

3. 0.0283, 0.0055 0.0721, 0.0140 26.8 0.000697, 0.0000636 0.00230

TABLE III. Mass Spectrum of superheavy fields in units ofm=λ ∼ 1016 GeV for Ng ¼ 2 for the solution described in Sec. IV. A. Only
the spectra of h½1; 2;�1�; t½3; 1;∓2=3� depend on the three possible values ofMH (see Table I for the values ofMH). The corresponding
sets are labelled as hðiÞ, tðiÞ, i ¼ 1; 2; 3.

Field ½SUð3Þ; SUð2Þ; Y� Masses Field ½SUð3Þ; SUð2Þ; Y� Masses

A½1; 1; 4� 4.093, 3.321, 0.137 B½6; 2; 5=3� 0.106, 0.099, 0.091
C½8; 2; 1� 1.727, 1.727, 1.224 C½8; 2; 1� 1.224, 0.614, 0.614
D½3; 2; 7=3� 1.919, 1.433, 1.191 D½3; 2; 7=3� 0.810, 0.205, 0.134
E½3; 2; 1=3� 1.475, 1.043, 0.716 E½3; 2; 1=3� 0.716, 0.677, 0.594,0.506
E½3; 2; 1=3� 0.404, 0.277, 0.087 E½3; 2; 1=3� 0.073, 0.050, 0.004
F½1; 1; 2� 1.794, 1.794, 1.681 F½1; 1; 2� 1.317, 0.289, 0.228, 0.018
G½1; 1; 0� 1.672, 1.665, 1.248 G½1; 1; 0� 1.248, 0.766, 0.766, 0.504
G½1; 1; 0� 0.469, 0.208, 0.201 G½1; 1; 0� 0.079, 0.068, 0.055
G½1; 1; 0� 0.011, 0.009, 0 hð1Þ½1; 2; 1� 3.799, 2.812, 1.398, 1.182, 0.983

hð1Þ½1; 2; 1� 0.74,0.588, 0.511, 0.159, 0.024, 0.013 hð2Þ½1; 2; 1� 3.947, 2.961, 1.623, 1.247, 1.009

hð2Þ½1; 2; 1� 0.726, 0.556, 0.51, 0.14, 0.044,0.005 hð3Þ½1; 2; 1� 4.161, 3.196, 2.049

hð3Þ½1; 2; 1� 1.289, 0.979, 0.710 hð3Þ½1; 2; 1� .540, .520, .152, .029, .010

I½3; 1; 10=3� 0.210, 0.192, 0.003 J½3; 1; 4=3� 1.889, 1.889, 0.946
J½3; 1; 4=3� 0.740, 0.453, 0.278 J½3; 1; 4=3� 0.119,0.086, 0.021, 0.006
K½3; 1;−8=3� 1.591, 1.237, 0.116 L½6; 1; 2= 3� 1.066, 0.916, 0.757
M½6; 1; 8=3� 1.340, 0.958, 0.493 N½6; 1;−4=3� 1.795, 1.178, 0.345
O½1; 3;−2� 1.127, 0.886, 0.084 P½3; 3;−2=3� 0.902, 0.754, 0.595
Q½8; 3; 0� 0.163, 0.126, 0.083 R½8; 1; 0� 0.170, 0.119, 0.107
R½8; 1; 0� 0.086, 0.066, 0.047 S½1; 3; 0� 0.090, 0.058, 0.011

tð1Þ½3; 1;−2=3� 3.264, 2.802, 1.824, 1.496, 1.175 tð1Þ½3; 1;−2=3� 1.019, 0.89, 0.824, 0.598, 0.495

tð1Þ½3; 1;−2=3� 0.343, 0.202, 0.055, 0.026, 0.007 tð2Þ½3; 1;−2=3� 3.418, 2.936, 1.873, 1.636, 1.2

tð2Þ½3; 1;−2=3� 1.053, 0.909, 0.824, 0.692, 0.532 tð2Þ½3; 1;−2=3� 0.454, 0.211, 0.077, 0.018, 0.001

tð3Þ½3; 1;−2=3� 3.650, 3.156, 2.097,1.747, 1.273 tð3Þ½3; 1;−2=3� 1.116,0.926,0.824, 0.779,0.541

tð3Þ½3; 1;−2=3� 0.466, 0.223,0.116, 0.023,0.002 U½3; 3; 4=3� 0.084, 0.070, 0.054

V½1; 2;−3� 0.227, 0.208, 0.003 W½6; 3; 2=3� 1.693, 1.324, 0.902
X½3; 2;−5=3� 1.666, 1.666, 0.149 X½3; 2;−5=3� .102, .072, .070, .066
Y½6; 2;−1=3� 0.167, 0.118, 0.058 Z½8; 1; 2� 0.100, 0.086, 0.070

SO(10) GRAND UNIFIED THEORIES WITH DYNAMICAL … PHYSICAL REVIEW D 90, 045008 (2014)

045008-13



TABLE IV. Yukawa eigenvalues and mixing angles for Ng ¼ 3 (Rank½Ξ� ¼ 5), f ¼ 0.9þ 0.7i. λ ¼ :48þ :3i, η ¼ :25, h ¼ 1.3,
γ ¼ :05, γ̄ ¼ −1.2, and ξ ¼ 3.645þ :363i. Mνc is independent of the MH value chosen. Notice the four neutrino masses in the
101÷2 meV range.

S. No. MH Yu Yd fθ13; θ12; θ23gQ (deg.)

1. 2.55þ 0.13i 0.007, 0.019, 0.368 0.007, 0.014, 0.306 0.56, 13.18, 1.58
2. 1.44 − 0.61i 0.027, 0.13, 0.409 0.009, 0.083, 0.242 3.42, 8.71, 3.87
3. 1.28þ 0.75i 0.063, 0.228, 0.424 0.019, 0.083, 0.186 6.65, 6.59, 1.11
4. 1.16þ 0.67i 0.062, 0.193, 0.439 0.02, 0.099, 0.188 2.6, 5.18, 1.96
5. 1.06 − 0.73i 0.009, 0.076, 0.458 0.008, 0.078, 0.321 1.51, 11.19, 4.61
6. 0.02 − 0.03i 0.022, 0.254, 0.604 0.009, 0.104, 0.289 1.04, 1.57, 6.03

S. No. Yl Yν mν (eV) Mνc

1. 0.007, 0.026, 0.421 0.014, 0.032, 0.533 0.16; 0.1597; 0.0104; 0.0104; 1.7 × 10−6 365.07,0,0

2. 0.023, 0.094, 0.314 0.018, 0.213, 0.566 0.2056; 0.2054; 0.05; 0.0499; 3.8 × 10−6 365.07,0,0

3. 0.031, 0.103, 0.212 0.015, 0.187, 0.624 0.3021; 0.302; 0.0781; 0.0781; 4.4 × 10−7 365.07,0,0

4. 0.029, 0.094, 0.259 0.018, 0.283, 0.42 0.1806; 0.1805; 0.1254; 0.1254; 7.8 × 10−7 365.07,0,0

5. 0.009, 0.073, 0.4 0.008, 0.214, 0.558 0.1946; 0.1945; 0.0533; 0.0532; 7.2 × 10−7 365.07,0,0

6. 0.007, 0.148, 0.338 0.01, 0.159, 0.608 0.2837; 0.2836; 0.0129; 0.0128; 6.4 × 10−6 365.07,0,0

TABLE V. Mass spectrum of superheavy fields in units of m=λ ∼ 1016 GeV in six-dimensional symmetric traceful (Rank½Ξ� ¼ 5)
scenario with Ng ¼ 3 for the solution described in Sec. IV B. 1.). Only the spectra of h½1; 2;�1�; t½3; 1;∓2=3� depend on the value of
MH chosen. See Table VI for the spectra of h½1; 2;�1�; t½3; 1;∓2=3�-type multiplets for each of the six values of MH .

Field ½SUð3Þ; SUð2Þ; Y� Masses Field ½SUð3Þ; SUð2Þ; Y� Masses

A½1; 1; 4� 9.93, 8.08, 7.34, 4.06, 2.53, 0.84 B½6; 2; 5=3� 6.46, 6.38, 5.8, 5.18, 4.83, 2.88
C½8; 2; 1� 4.62, 4.62, 4.36, 4.36, 4., 4. C½8; 2; 1� 2.2, 2.2, 1.88, 1.88, 0.35, 0.35
D½3; 2; 7=3� 7.55, 4.64, 4.25, 3.95, 2.71, 2. D½3; 2; 7=3� 1.92, 1.61, 1.39, 1.1, 1.08, 0.53
E½3; 2; 1=3� 28.48, 28.48, 20.62, 19.48, 18.45 E½3; 2; 1=3� 18.19,14.85, 13.38, 5.94, 4.47, 3.32
E½3; 2; 1=3� 2.87, 2.54, 2.28, 2.2, 1.54, 1.36, 1.28 E½3; 2; 1=3� 1.16,1.06, 0.97, 0.8, 0.4, 0.25, 0.24
F½1; 1; 2� 24.66, 24.66, 21.78, 20.8, 19.4, 18.4 F½1; 1; 2� 14.65, 13.88, 4.6, 3.65, 1.9, 1.7, 0.14
G½1; 1; 0� 45.55, 45.55, 39.11, 37.34, 36.03 G½1; 1; 0� 35.82,27.46, 26.75, 15.96, 14.2,14.0
G½1; 1; 0� 13.83,11.92, 11.41, 10.75, 8.62 G½1; 1; 0� 7.15,6.35, 6.03, 5.27, 4.47, 3.4, 2.15
G½1; 1; 0� 1.77, 0.76, 0.66, 0.11, 0.05, 0, 0, 0 I½3; 1; 10=3� 17.23, 13.25, 11.82, 4.61, 2.61, 1.17
J½3; 1; 4=3� 25.09, 25.09, 23.7, 23.02, 20.65, 19.5 J½3; 1; 4=3� 16.49, 15.45, 7.68, 7.07, 5.18,4.66
J½3; 1; 4=3� 4.51, 3.25, 3.07, 1.94, 0.86, 0.68, 0.23 K½3; 1;−8=3� 8.41, 5.21, 4.54, 1.46, 1.01, 0.44
L½6; 1; 2=3� 13.27, 9.28, 5.3, 4.92, 3.49, 0.91 M½6; 1; 8=3� 12.48, 8.46, 6.42, 4.37, 3.29, 0.71
N½6; 1;−4=3� 14.23, 10.71, 7.19, 7.07, 3.87, 0.22 O½1; 3;−2� 14.05, 9.35, 8.34, 5.48, 3.22, 1.05
P½3; 3;−2=3� 9.63, 7.14, 5.65, 2.8, 1.6, 1.27 Q½8; 3; 0� 15.14, 12.38, 8.53, 7.75, 2.31, 0.93
R½8; 1; 0� 27.29, 18.82, 13.31, 10.7, 9.3, 6.36 R½8; 1; 0� 6.12, 6.07, 5.45, 3.68, 2.58, 0.15
S½1; 3; 0� 29.76, 19.87, 14.44, 10.53, 7.96, 1.74 U½3; 3; 4=3� 24.78, 15.76, 13.17, 6.8, 5.83, 3.13
V½1; 2;−3� 18.19, 16.8, 15.59, 13.91, 4.48, 2.43 W½6; 3; 2=3� 6.72, 5.37, 4.41, 2.72, 1.44, 0.15
X½3; 2;−5=3� 16.48, 16.48, 11.8, 9.05, 8.37, 6.22 X½3; 2;−5=3� 3.69, 3.5, 2.79,1.91, 1.31, 0.77, 0.49
Y½6; 2;−1=3� 7.51, 7., 6.1, 3.69, 2.2, 1.52 Z½8; 1; 2� 27.05, 18.02, 10.94, 9.02, 8.06, 0.93
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TABLE VI. Mass spectrum of superheavy fields h½1; 2;�1�; t½3; 1;∓2=3�, which depend on the value of MH chosen in units of
m=λ ∼ 1016 GeV in the six-dimensional symmetric traceful (Rank½Ξ� ¼ 5) scenario with Ng ¼ 3 for each of the solutions described in
Sec. IV. B. 1.).

MH h½1; 2; 1� t½3; 1;−2=3�
2.55þ 0.13i 34.81, 32.15, 27.12, 21.08, 20.53 39., 36.27, 35.17, 27.86, 27.6, 24.06, 21.67

18.99,12.6, 12.06, 11.62, 10.96, 10.38 18.22, 13.95, 12.81,10.72, 8.94, 8.28, 7.46, 6.5
9.51, 7.29, 6.87, 3.57, 2.7,2.28, 2.06 5.07, 4.49, 4.09, 3.44, 3.08, 2.23,1.52, 1.36

0.74,0.59, 0.32,0.13, 0.05 0.78, 0.49, 0.43, 0.26, 0.21, 0.11, 0.04
1.44 − 0.61i 34.77, 32.11, 27.08, 21.06, 20.5, 18.95 38.97, 36.25, 35.14, 27.88, 27.49, 24.01, 21.68

12.5, 11.96, 11.55, 10.81, 10.28, 9.54 18.09, 13.86, 12.87, 10.71, 8.73, 8.17, 7.54
7.3, 6.87, 3.5, 2.59, 2.31, 1.97 6.53, 5.05, 4.49, 4.07, 3.45, 2.92, 2.24, 1.49
0.5, 0.38, 0.23, 0.11, 0.04 1.29, 0.61, 0.44, 0.37, 0.23, 0.18, 0.1, 0.05

1.28þ 0.75i 34.77, 32.1, 27.08, 21.05, 20.5, 18.95 38.97, 36.25, 35.13, 27.88, 27.48, 24., 21.69, 18.08
12.49, 11.95, 11.55, 10.81, 10.27, 9.54 13.86, 12.87, 10.7, 8.72, 8.16, 7.55, 6.53, 5.05

7.3, 6.86, 3.5, 2.59, 2.32, 1.96 4.49, 4.07, 3.45, 2.91, 2.24, 1.49, 1.29
0.49, 0.37, 0.22, 0.11, 0.01 0.58, 0.44, 0.35, 0.21, 0.17, 0.1, 0.06

1.16þ 0.67i 34.77, 32.1, 27.07, 21.05, 20.49, 18.94 38.96, 36.24, 35.13, 27.88, 27.47, 24., 21.69, 18.07
12.48, 11.94, 11.54, 10.79, 10.26, 9.55 13.85, 12.88, 10.7, 8.7, 8.15, 7.56, 6.54, 5.05

7.3, 6.86, 3.49, 2.58, 2.32, 1.95 4.49, 4.07, 3.46, 2.89, 2.24, 1.49, 1.28
0.45, 0.34, 0.21, 0.12, 0.01 0.55, 0.43, 0.33, 0.21, 0.16, 0.1, 0.06

1.06 − 0.73i 34.77, 32.1, 27.07, 21.05, 20.49, 18.94 38.96, 36.24, 35.13, 27.89, 27.46, 24., 21.69, 18.07
12.48, 11.94, 11.54, 10.79, 10.25, 9.55 13.85, 12.88, 10.7, 8.69, 8.15, 7.56, 6.54, 5.05

7.31, 6.86, 3.49, 2.58, 2.32, 1.95 4.49, 4.07, 3.45, 2.89, 2.24, 1.49, 1.28
0.46, 0.34, 0.22, 0.14, 0.03 0.54, 0.43, 0.34, 0.21, 0.16, 0.1, 0.06

0.02 − 0.03i 34.75, 32.08, 27.05, 21.04, 20.47, 18.92 38.95, 36.24, 35.12, 27.91, 27.4, 23.97, 21.69, 18.
12.44, 11.9, 11.51, 10.74, 10.19, 9.57 13.82, 12.92, 10.68, 8.58, 8.1, 7.6, 6.56, 5.05

7.33, 6.86, 3.48, 2.57, 2.33, 1.9 4.5, 4.06, 3.46, 2.84, 2.24, 1.48, 1.25
0.36, 0.28, 0.23, 0.21, 0.09 0.43, 0.31, 0.22, 0.19, 0.13, 0.11, 0.06

TABLE VII. Yukawa eigenvalues and mixing angles for Ng ¼ 3(Rank½Ξ� ¼ 4), f ¼ −0.11þ :02i. ~Mνc ≡ λMνc=m.m=λ is taken to be
1016 GeV to estimate Δm2

ν . λ ¼ 0.48 − :05i, η ¼ −:18, h ¼ :26, γ ¼ 0.12, γ̄ ¼ −1.44, and ξ ¼ 1.7278 − 0.1734i.

S. No. MH Yu Yd fθ13; θ12; θ23gQ (deg.) mν=10−4 (meV)

1. −4.323þ 1.47i .0007, .0021, .0215 .001, .0019, .0219 9.0, 15.9, 15.6 0.039, 0.187, 40.543
2. :465þ 3.382i .0018, .0148, .0182 .0020, .0197, .0222 11.3, 1.5, 4.9 0.079, 0.807, 4.09
3. :76 − 2.193i .0029, .0113, .0137 .0054, .0233, .0385 1.5,6.2,7.4 0.12, 0.32, 6.946
4. −0.002þ 0.968i .0105, .040, .077 .0035, .0174, .0408 5.2,3.7,2.8 1.33, 4.503, 23.439
5. −:508 − :209i .0077, .053, .1126 .0019, .0159, .0381 1.1,12.1,1.4 0.926, 17.046, 34.448
6. −:092 − :032i .0041, .0467, .0558 .0035, .0413, .0522 8.7, 5.5, 2.6 1.03, 4.96, 9.806

S. No. Yl Yν fθ13; θ12; θ23gL (deg.) ~Mνc Δm2
ν=10−13ðeV2Þ

1. .0013, .0041, .0517 .0023, .0064, .0468 3.6, 20.3, 23.3 5.9, 5.3, 1.5 .0033, 164.372
2. .0034, .0148, .0205 .0032, .0126, .0162 27.5, 14.5, 47.0 5.9, 5.3, 1.5 0.0645, 1.6074
3. .0053, .0121, .0458 .0033, .0102, .020 13.6, 11.1, 41.1 5.9, 5.3, 1.5 0.0088, 4.8143
4. .0048, .0174, .0473 .0092, .0181, .0915 23.9, 14.5, 17.7 5.9, 5.3, 1.5 1.851,52.9128
5. .0042, .0224, .0382 .0061, .0584, .0835 23.7, 26.1, 49.4 5.9, 5.3, 1.5 28.9722,89.6078
6. .0043, .0497, .0621 .0049, .0355, .0518 14.1, 37.6, 46.3 5.9, 5.3, 1.5 2.3544,7.1562
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TABLE VIII. (Truncated) Yukawa eigenvalues and mixing angles for Ng ¼ 3 and the same parameter values as in Table VII but with
much smaller f ¼ −0.00011þ :00002i. ~Mνc ≡ λMνc=m. m=λ is taken to be 1016 GeV to estimate Δm2

ν .

S. No. MH Yu Yd fθ13; θ12; θ23gQ (deg.) mν (meV)

1. −4.323þ 1.47i 0.001, 0.003, 0.026 0.001, 0.003, 0.027 0.002, 0.008, 0.015 0.0006, 0.0047, 1.2427
2. :465þ 3.382i 0.002, 0.013, 0.015 0.002, 0.015, 0.017 0.014, 0.002, 0.003 0.0056, 0.0284, 0.3286
3. :76 − 2.193i 0.003, 0.01, 0.014 0.005, 0.019, 0.028 0.002, 0.008, 0.013 0.0096, 0.0256, 0.3686
4. −0.002þ 0.968i 0.007, 0.033, 0.079 0.004, 0.017, 0.042 0.005, 0.004, 0.002 0.0652, 0.8982, 3.3757
5. −:508 − :209i 0.006, 0.047, 0.105 0.002, 0.017, 0.038 0.001, 0.013, 0.002 0.0701, 2.2717, 3.2128
6. −:092 − :032i 0.003, 0.044, 0.054 0.003, 0.043, 0.053 0.009, 0.006, 0.004 0.025, 0.7852, 1.4609

S. No. Yl Yν fθ13; θ12; θ23gL (deg.) ~Mνc Δm2
ν=10−5 ðeV2Þ

1. 0.001, 0.003, 0.027 0.001, 0.003, 0.026 0.27, 9.82, 2.13 0.006, 0.005, 0.001 2.16 × 10−6; 0.15
2. 0.002, 0.015, 0.017 0.002, 0.013, 0.015 2.41, 22.56, 37.83 0.006, 0.005, 0.001 7.74 × 10−5; 0.011
3. 0.005, 0.019, 0.028 0.003, 0.01, 0.014 2.97, 28.08, 18.45 0.006, 0.005, 0.001 5.64 × 10−5; 0.013
4. 0.004, 0.017, 0.042 0.007, 0.033, 0.079 5.81, 7.17, 25.52 0.006, 0.005, 0.001 0.080, 1.06
5. 0.002, 0.017, 0.038 0.006, 0.047, 0.105 2.7, 6.33, 54.28 0.006, 0.005, 0.001 0.516, 0.516
6. 0.003, 0.043, 0.053 0.003, 0.044, 0.054 3.38, 7.5, 58.18 0.006, 0.005, 0.001 0.062, 0.152

TABLE IX. Mass spectrum of superheavy fields in units of m=λ ∼ 1016 GeV in the six-dimensional symmetric traceful scenario
(Rank½Ξ� ¼ 4) for Ng ¼ 3 for the solution described in Sec. IV. B. 2.). Only the spectra of h½1; 2;�1�; t½3; 1;∓2=3� depend on the value
of MH chosen. See Table X for these spectra.

Field ½SUð3Þ; SUð2Þ; Y� Masses Field ½SUð3Þ;SUð2Þ; Y� Masses

A½1; 1; 4� 1.53, 1.46, 1.28, 1.26, 0.38, 0.07 B½6; 2; 5=3� 2.89, 2.44, 2.41, 1.9, 1.22, 1.
C½8; 2; 1� 1.2, 1.2, 0.91, 0.91, 0.89, 0.89 C½8; 2; 1� 0.63, 0.63, 0.6, 0.6, 0.59, 0.59
D½3; 2; 7=3� 1.27, 0.9, 0.86, 0.72, 0.67, 0.63 D½3; 2; 7=3� 0.61, 0.51, 0.41, 0.35, 0.19, 0.13
E½3; 2; 1=3� 6.26, 6.26, 4.38, 3.93, 3.54, 2.99 E½3; 2; 1=3� 2.94, 2.51, 1.44, 1.12, 1.09, 1.02
E½3; 2; 1=3� 0.97, 0.92, 0.77, 0.73, 0.7, 0.68, 0.6 E½3; 2; 1=3� 0.42, 0.32, 0.24, 0.22, 0.19, 0.12
F½1; 1; 2� 6.01, 6.01, 5.12, 3.97, 3.44, 3.18,2.95 F½1; 1; 2� 2.77, 1.42, 1.04, 0.46, 0.19, 0.12
G½1; 1; 0� 10.19, 10.19, 8.23, 7.9, 6.58, 6.27 G½1; 1; 0� 5.52, 5., 3.99, 3.75, 2.88, 2.79
G½1; 1; 0� 2.53, 2.22, 2.15, 2.03, 1.79, 1.71 G½1; 1; 0� 1.67, 1.33, 0.97, 0.95,0.88, 0.79
G½1; 1; 0� 0.62, 0.42, 0.06, 0, 0, 0, 0 I½3; 1; 10=3� 2.89, 2.74, 2.42, 2.37, 1.46, 0.3
J½3; 1; 4=3� 6.4, 6.4, 4.68, 3.93, 3.45, 3.09 J½3; 1; 4=3� 2.97, 2.64, 1.68, 1.27, 1.19, 1.14
J½3; 1; 4=3� 0.96, 0.9, 0.54, 0.37, 0.16, 0.11, 0.03 K½3; 1;−8=3� 1.01, 0.77, 0.76, 0.63, 0.56, 0.47
L½6; 1; 2=3� 1.53, 1.08, 1.04, 0.63, 0.61, 0.6 M½6; 1; 8=3� 1.58, 1.33, 1.27, 1.05, 0.78, 0.39
N½6; 1;−4=3� 1.63, 1.31, 0.98, 0.93, 0.7, 0.49 O½1; 3;−2� 1.36, 1.22, 0.81, 0.7, 0.49, 0.22
P½3; 3;−2=3� 0.8, 0.7, 0.62, 0.36, 0.19, 0.18 Q½8; 3; 0� 2.89, 2.69, 2.09, 1.59, 1.26, 1.24
R½8; 1; 0� 3.54, 2.89, 2.66, 2.52, 2.43, 1.9 R½8; 1; 0� 1.78, 1.53, 1.32, 0.89, 0.88, 0.77
S½1; 3; 0� 2.92, 1.89, 1.51, 0.89, 0.84, 0.51 U½3; 3; 4=3� 1.52, 1.48, 1.17, 0.96, 0.28, 0.26
V½1; 2;−3� 3.77, 2.59, 1.96, 0.96, 0.86, 0.77 W½6; 3; 2=3� 1.27, 1.1, 1., 0.83, 0.73, 0.7
X½3; 2;−5=3� 2.89, 2.33, 2.33, 2.08, 1.8, 1.75 X½3; 2;−5=3� 1.37, 1.06, 0.96, 0.92,0.88, 0.87, 0.34
Y½6; 2;−1=3� 2.51, 1.74, 1.68, 0.97, 0.91, 0.89 Z½8; 1; 2� 3.39, 2.18, 2.12, 1.16, 0.98, 0.96
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TABLE X. Mass spectrum of superheavy fields h½1; 2;�1�; t½3; 1;∓2=3�, which depend on the value of MH chosen in units of
m=λ ∼ 1016 GeV in the six-dimensional symmetric traceful (Rank½Ξ� ¼ 4) scenario with Ng ¼ 3 for each of the solutions described in
Sec. IV. B. 2.).

MH h½1; 2; 1� t½3; 1;−2=3�
−4.323þ 1.47i 10.09, 9.86, 8.22, 7.93, 7.31, 6.46 9.96, 9.82, 7.84, 7.49, 7.12, 6.57, 5.94

5.85, 3.74, 3.49, 3.26, 2.39, 2.04 3.43, 3.29, 3.05, 2.22, 1.84, 1.72, 1.49, 1.32, 1.16
1.76, 1.41, 0.89, 0.75, 0.63, 0.61 1.05, 1., 0.99, 0.79, 0.74, 0.65, 0.63, 0.61

0.48, 0.33, 0.27, 0.1, 0.03 0.52, 0.4, 0.32, 0.28, 0.2, 0.12
.465þ 3.382i 9.71, 9.48, 7.76, 7.42, 6.71, 6.27, 5.16 9.63, 9.39, 7.35, 7.03, 6.59, 6.28, 5.11

3.58, 3.17, 2.64, 2.4, 1.96, 1.72 3.18, 2.91, 2.7, 2.1, 1.83,1.68, 1.46, 1.36
1.55, 0.92, 0.66, 0.63, 0.61 1.21, 1.11, 1.04, 1.02, 0.8, 0.74, 0.66, 0.63
0.52, 0.32, 0.26, 0.13, 0.03 0.61, 0.49, 0.37, 0.25, 0.22, 0.17, 0.13

.76 − 2.193i 9.52, 9.22, 7.52, 7.1, 6.35, 5.94 9.46, 9.09, 7.14, 6.74, 6.23, 5.87, 4.46, 3.01
4.61, 3.29, 2.87, 2.52, 2.09, 1.92 2.51, 2.14, 2.09, 1.91, 1.72, 1.43, 1.28, 1.2
1.76, 1.17, 0.97, 0.72, 0.66, 0.62 1.12, 1.07, 1.03, 0.79, 0.77, 0.63, 0.61

0.52, 0.31, 0.22, 0.17, 0.04 0.59, 0.47, 0.35, 0.27, 0.18, 0.14, 0.1
−0.002þ 0.968i 9.4, 9.01, 7.38, 6.9, 6.16, 5.7 9.34, 8.87, 7.04, 6.54, 5.98, 5.61, 3.84, 2.83

4.19, 3.18, 2.61, 2.36, 2.11, 1.38 2.25, 1.99, 1.83, 1.69, 1.64, 1.38, 1.32, 1.29
1.15, 1.07, 1.01, 0.73, 0.66, 0.63 1.17, 1.06, 0.95, 0.82, 0.79, 0.63, 0.61

0.36, 0.2, 0.13, 0.06, 0.02 0.57, 0.38, 0.2, 0.13, 0.1, 0.08, 0.03
−.508 − .209i 9.39, 8.99, 7.37, 6.86, 6.15, 5.64 9.33, 8.84, 7.03, 6.5, 5.96, 5.54, 3.76, 2.84

4.12, 3.16, 2.45, 2.41, 2.13, 1.35 2.1, 1.99, 1.79, 1.7, 1.62, 1.46, 1.35, 1.27
1.24, 0.95, 0.82, 0.71, 0.67, 0.63 1.14, 0.98, 0.91, 0.82, 0.81, 0.63, 0.59

0.39, 0.17, 0.11, 0.05, 0.02 0.55, 0.28, 0.14, 0.12, 0.08, 0.06, 0.03
−.092 − .032i 9.37, 8.98, 7.35, 6.84, 6.13, 5.61 9.32, 8.82, 7.03, 6.48, 5.95, 5.52, 3.71, 2.83

4.1, 3.17, 2.45, 2.37, 2.17, 1.32 2.07, 1.99, 1.82, 1.7, 1.62, 1.45, 1.33
1.2, 0.88, 0.85, 0.72, 0.68, 0.63 1.27, 1.14, 1., 0.89, 0.83, 0.81, 0.63, 0.59
0.37, 0.12, 0.08, 0.05, 0.02 0.55, 0.31, 0.1, 0.07, 0.06, 0.04, 0.02

TABLE XI. Yukawa eigenvalues and mixing angles for Ng ¼ 3(Rank½Ξ� ¼ 4), f ¼ 0.23þ :04i. ~Mνc ≡ λMνc=m. m=λ is taken to be
1016 GeV to estimate Δm2

ν. λ ¼ 0.18 − :03i, η ¼ .034, γ ¼ −0.53, γ̄ ¼ −2.60, h ¼ :14, and ξ ¼ 7.677þ 0.15772i.Mνc is independent
of the MH value chosen.

S. No. MH Yu Yd fθ13; θ12; θ23gQ (deg.) mν (meV)

1. 135.29þ 11.98i .054, .068, .1718 .0001, .0012, .0019 8.23, 34.35, 32.04 ð1.29; 1.62; 4.1Þ × 10−2

2. 25.4þ 1.72i 0.0, .0588, .0938 0.0, .0021, .0034 ð:1; 1.7; 1.2Þ × 10−6 6.5 × 10−11; :012; :028
3. 24.6þ 1.16i 0.0, .0614, .1325 0.0, .0016, .0036 8.12 × 10−8; 0; 0 2.0 × 10−10; :017; :045
4. 18.41þ 1.4i .001, .0555, .125 .0035, .011, .0264 3.48, 6.01, 8.67 1.5 × 10−6; :010; :011
5. 18.32þ 1.23i 0.0, .0584, .1322 0.0, .0112, .0255 4.86 × 10−9; 0; 0 1.1 × 10−10; :012; :013

S. No. Yl Yν fθ13; θ12; θ23gL (deg.) ~Mνc Δm2
νðeV2Þ

1. .0029, .0066, .013 .174, .2183, .551 5.92, 32.15, 9.6 22.39, 8.89, 7.05 ð:096; 1.42Þ × 10−9

2. 0.0, .0177, .0283 0.0, .2272, .3629 ð:11; 8.5Þ × 10−7; 28.7 22.39, 8.89, 7.05 ð1.49; 6.18Þ × 10−10

3. 0.0, .0068, .0147 0.0, .236, .5094 ð:03; 1.2Þ × 10−6; 19.4 22.39, 8.89, 7.05 ð2.75; 17.9Þ × 10−10

4. .0098, .0136, .038 .0028, .122, .275 14.33, 20.53, 35.13 22.39, 8.89, 7.05 ð1.08; :23Þ × 10−10

5. 0.0, .015, .034 0.0, .1284, .291 5.7 × 10−9; 0; 42.03 22.39, 8.89, 7.05 ð1.33; :29Þ × 10−10
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TABLE XII. Mass spectrum of superheavy fields in units of m=λ ∼ 1016 GeV in the five-dimensional symmetric traceless case
(Ng ¼ 3, Rank½Ξ� ¼ 4), for the solution described in Sec. IV. C. Only the spectra of h½1; 2;�1�; t½3; 1;∓2=3� depend on the value ofMH
chosen. See Table XIII for these spectra.

Field ½SUð3Þ; SUð2Þ; Y� Masses Field ½SUð3Þ; SUð2Þ; Y� Masses

A½1; 1; 4� 0.602, 0.596, 0.515, 0.461, 0.446 B½6; 2; 5=3� 1.099, 0.861, 0.826, 0.248, 0.244
C½8; 2; 1� 0.563, 0.563, 0.552, 0.552, 0.532 C½8; 2; 1� 0.532, 0.483, 0.483, 0.482, 0.482
D½3; 2; 7=3� 0.584, 0.571, 0.563, 0.561, 0.531 D½3; 2; 7=3� 0.513, 0.493, 0.482, 0.465, 0.461
E½3; 2; 1=3� 8.843, 8.843, 1.48, 1.47, 0.92 E½3; 2; 1=3� 0.858, 0.847, 0.658, 0.658, 0.482
E½3; 2; 1=3� 0.467,0.462, 0.452, 0.426, 0.423 E½3; 2; 1=3� 0.388, 0.351, 0.33, 0.31, 0.061, 0.022
F½1; 1; 2� 8.262, 8.262, 1.603, 1.591, 0.997 F½1; 1; 2� 0.901, 0.882, 0.49, 0.462, 0.165, 0.075
G½1; 1; 0� 15.3, 15.3, 2.62, 2.601, 1.866 G½1; 1; 0� 1.317, 1.315, 1.111, 1.11, 0.979
G½1; 1; 0� 0.92, 0.772, 0.744, 0.642, 0.626 G½1; 1; 0� 0.498, 0.384,0.327, 0.327, 0.245
G½1; 1; 0� 0.136, 0.065, 0.031, 0, 0, 0 I½3; 1; 10=3� 0.974, 0.898, 0.462, 0.149, 0.06
J½3; 1; 4=3� 9.188, 9.188, 1.438, 1.428, 0.908 J½3; 1; 4=3� 0.83, 0.821, 0.573, 0.525, 0.494, 0.469
J½3; 1; 4=3� 0.432, 0.21, 0.19, 0.07, 0.025 K½3; 1;−8=3� 0.565, 0.555, 0.53, 0.483, 0.48
L½6; 1; 2=3� 0.596, 0.574, 0.542, 0.452, 0.45 M½6; 1; 8=3� 0.692, 0.635, 0.582, 0.359, 0.356
N½6; 1;−4=3� 0.549, 0.548, 0.516, 0.503, 0.496 O½1; 3;−2� 0.772, 0.771, 0.419, 0.396, 0.282
P½3; 3;−2=3� 0.596, 0.593, 0.504, 0.471, 0.45 Q½8; 3; 0� 0.967, 0.846, 0.595, 0.14, 0.112
R½8; 1; 0� 1.18, 0.959, 0.856, 0.441, 0.406 R½8; 1; 0� 0.394, 0.319, 0.31, 0.274, 0.272
S½1; 3; 0� 1.279, 1.269, 0.537, 0.098, 0.024 U½3; 3; 4=3� 0.776, 0.762, 0.3, 0.138, 0.051
V½1; 2;−3� 1.065, 1.05, 0.422, 0.167, 0.076 W½6; 3; 2=3� 0.63, 0.602, 0.549, 0.421, 0.416
X½3; 2;−5=3� 2.084, 2.084, 0.857, 0.791,0.772 X½3; 2;−5=3� 0.699,0.577, 0.238, 0.16, 0.07, 0.053
Y½6; 2;−1=3� 0.587, 0.533, 0.426, 0.167, 0.158 Z½8; 1; 2� 0.768, 0.669, 0.501, 0.063, 0.045

TABLE XIII. Mass spectrum of superheavy fields h½1; 2;�1�; t½3; 1;∓2=3�, which depend on the value of MH chosen in units of
m=λ ∼ 1016 GeV in the five-dimensional symmetric traceless (Rank½Ξ� ¼ 4) scenario with Ng ¼ 3 for each of the solutions described in
Sec. IV. C).

MH h½1; 2; 1� t½3; 1;−2=3�
135.29þ 11.98i 136.697, 136.68, 136.528, 135.959 136.517, 136.501, 136.392, 135.942, 135.923, 2.293

135.936,2.939,2.925, 1.921,0.78, 0.77 2.282, 1.407,0.697, 0.687, 0.652, 0.609, 0.593
0.655, 0.62,0.557,0.55, 0.505, 0.481 0.573, 0.559, 0.527, 0.522, 0.52, 0.483

0.466, 0.266,0.217 0.477, 0.391, 0.387, 0.169, 0.139, 0.072
25.4þ 1.72i 29.744, 29.664, 28.968, 26.179, 26.063 28.908, 28.83, 28.323, 26.094, 25.996, 2.715

3.287, 3.252, 1.821, 1.52, 2.688, 1.506, 1.195, 0.86, 0.809, 0.679
0.992, 0.927, 0.658, 0.605, 0.579 0.633, 0.599, 0.572, 0.556, 0.534, 0.526, 0.398
0.517, 0.284, 0.115, 0.103, 0.008 0.392, 0.258, 0.177, 0.161, 0.026, 0.007

24.6þ 1.16i 29.034, 28.952, 28.237, 25.37, 25.25 28.176, 28.096, 27.575, 25.282, 25.181, 2.732
3.299, 3.263, 1.828, 1.55 2.703, 1.533, 1.202, 0.868, 0.816, 0.682

1.003, 0.937, 0.659, 0.606, 0.585 0.635, 0.599, 0.572, 0.556, 0.534, 0.526, 0.398
0.518, 0.285, 0.104, 0.092, 0.008 0.392, 0.259, 0.17, 0.153, 0.031, 0.012

18.41þ 1.4i 24.01, 23.909, 23.03, 19.435, 19.281 22.965, 22.865, 22.217, 19.321, 19.19, 2.89
3.413, 3.353, 2.055, 1.669 2.841, 1.831, 1.228, 0.942, 0.885, 0.734, 0.644

1.115, 1.043, 0.697, 0.633, 0.602 0.604, 0.577, 0.562, 0.537, 0.528, 0.398
0.528, 0.291, 0.076, 0.061, 0.004 0.392, 0.276, 0.109, 0.095, 0.069, 0.061

18.32þ 1.23i 23.926, 23.825, 22.943, 19.332, 19.177 22.878, 22.777, 22.127, 19.218, 19.086
3.416, 3.355, 2.062, 1.669 2.893, 2.844, 1.838, 1.228, 0.943, 0.887, 0.735

1.118, 1.046, 0.699, 0.633, 0.602 0.645, 0.604, 0.577, 0.562, 0.537, 0.528, 0.398
0.528, 0.291, 0.078, 0.062, 0.004 0.392, 0.276, 0.108, 0.095, 0.069, 0.061
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