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The local momentum space expansion for the real vector field is considered. Using Riemann normal
coordinates we obtain an expansion of the Feynman Green function up to and including terms that are
quadratic in the curvature. The results are valid for a nonminimal operator such as that arising from a
general Feynman-type gauge fixing condition. The result is used to derive the first three terms in the
asymptotic expansion for the coincidence limit of the heat kernel without taking the trace, thus obtaining
the untraced heat kernel coefficients. The spacetime dimension is kept general before specializing to four
dimensions for comparison with previously known results. As a further application we reexamine the
anomalous trace of the stress-energy-momentum tensor for the Maxwell field and comment on the gauge
dependence.
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I. INTRODUCTION

Since the introduction of the local momentum space
method into quantum field theory in curved spacetime by
Bunch and Parker [1], the technique has been used in a
variety of different applications. The original application
was to consider the renormalization of interacting quantum
fields [2–6] and to study the renormalization group behav-
ior of gauge theories in curved spacetime [7,8]. It has also
been used in part to calculate the dependence of the one-
loop effective action on the scalar curvature and demon-
strate curvature induced asymptotic freedom [9,10]. It has
been used to study the Wigner function in curved spacetime
[11], and to obtain an expansion of the effective action at
zero [12] and finite temperature [13,14]. The application
to Kaluza-Klein theory was given in [15–17]. More
recently, it has been used to investigate quantum gravita-
tional effects on gauge coupling constants [18,19], and
directly related to the present paper, it was one of the
methods used to calculate heat kernel coefficients for
nonminimal operators [20].
The purpose of the present paper is to extend the local

momentum space technique for the Green function to the
case of real vector fields with a general gauge parameter.
These results can be used to check the possible gauge
dependence in calculations and can in some cases be used
to justify the standard choice of the Feynman gauge. We
will also generalize some of the results of [20] to the case
of the untraced heat kernel coefficients for the real vector
field for a nonminimal operator. Most previous attention
has focused mainly on the case of traced heat kernel
coefficients. (See, for example, [21–26].) An exception
is [27] for electromagnetism in four spacetime dimensions,
and [28] where general, but extremely lengthy, expressions

are given for the untraced coefficients. The results that
we quote below agree with those of [20] when the trace
is taken, and are valid for any spacetime dimension. The
four-dimensional special case reproduces the results of [27]
and [21].
As a particular application of our results we will

reexamine the anomalous trace of the stress-energy-
momentum tensor Tμν for the quantized Maxwell field
and comment on the □R controversy. The regularization
and renormalization of Tμν for the Maxwell field has a
long and controversial history which is briefly reviewed in
[29]. Of particular relevance to the present paper are
[27,30–33].Wewill commentmore on this in Secs. VandVI.
The outline of our paper is as follows. Section II sets out

a review of the general formalism that we use to obtain
the local momentum space expansion of a general Green
function. Expressions are obtained for the first few terms,
including all those necessary to compute the first three
untraced heat kernel coefficients. In Sec. III we specialize
to the real vector field and evaluate the first three heat
kernel coefficients. A number of limiting cases of physical
interest are presented, and a comparison is made with some
previously known results as a check on the calculations. In
Sec. IV we consider the local momentum space expansion
for the Maxwell field. Section V applies our results to the
evaluation of the trace anomaly for electromagnetism, and
comments are made on the interpretation in Sec. VI where
our results are discussed briefly. The calculations are quite
lengthy, and some of the more cumbersome results are
given in the appendixes.

II. GENERAL FORMALISM

Consider a generic Bose field φiðxÞ. Here i represents
any type of index. In the case we will look at, the index will
be a vector field index, but the formalism does not require*http://www.staff.ncl.ac.uk/d.j.toms; d.j.toms@newcastle.ac.uk
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this and we can be more general at this stage. Suppose that
we use Δi

j to represent the relevant differential operator for
the field φi. We choose a Riemannian spacetime metric,
take the spacetime dimension to be N, and adopt the
curvature conventions of [34]. For the case of the real
vector field that is the focus of this paper, we have

Δμ
ν ¼ −δμν□þ q∇μ∇ν þQμ

ν: ð2:1Þ

Here q is some real parameter that comes from the gauge
fixing in the quantum theory, andQμ

ν is some function of x
with the indicated transformation properties under general
coordinate transformations. In the special case of Maxwell
theory, Qμν ¼ Rμν, which leads to considerable simplifi-
cations. We will keep Qμν general at this stage.
The heat kernel Ki

jðx; x0; τÞ for the differential operator
Δi

j is a solution to

Δi
jKj

kðx; x0; τÞ ¼ −
∂
∂τK

i
kðx; x0; τÞ; ð2:2Þ

with the boundary condition

Ki
jðx; x0; τ ¼ 0Þ ¼ δijδðx; x0Þ: ð2:3Þ

Here δðx; x0Þ is the biscalar Dirac delta distribution. The
importance of the heat kernel is that under fairly general
assumptions, it admits an asymptotic expansion as τ → 0 of
the form

Ki
jðx; x; τÞ ∼ ð4πτÞ−N=2

X∞
k¼0

τkðEkÞijðxÞ: ð2:4Þ

The coefficients ðEkÞijðxÞ are the heat kernel coefficients
that are local expressions determined solely by the form
of the operator Δi

j. (Note that we do not consider any
contributions from a possible boundary here.)
The method that we will use here makes use of the Green

function for the operator Δi
j rather than the heat kernel

directly. Because the Green function is useful in calcu-
lations that are of interest in quantum field theory, these
results for the Green function will be useful later in Secs. IV
and V. There is a simple relationship between the two.
Normally the Green function is defined as the solution to

Δi
jGj

kðx; x0Þ ¼ δijδðx; x0Þ: ð2:5Þ

This Green function is the analytic continuation of the
normal Feynman Green function (or propagator) to imagi-
nary time. We will consider it further in Secs. IV and V. It
proves convenient to define an auxiliary Green function
Gðx; x0; sÞ as the solution to

ðΔi
k − sδikÞGk

jðx; x0; sÞ ¼ δijδðx; x0Þ: ð2:6Þ

The usual Green function Gi
jðx; x0Þ in (2.5) is clearly

related to the auxiliary Green function Gi
jðx; x0; sÞ by

Gi
jðx; x0Þ ¼ Gi

jðx; x0; s ¼ 0Þ: ð2:7Þ

The relation between the auxiliary Green function and the
heat kernel is

Gi
jðx; x0; sÞ ¼

Z
∞

0

dτesτKi
jðx; x0; τÞ; ð2:8Þ

which can be recognized as a one-sided Laplace transform
[35]. The inverse of this, giving the heat kernel in terms of
the auxiliary Green function, can be obtained as

Ki
jðx; x0; τÞ ¼

Z
cþi∞

c−i∞

ds
2πi

e−sτGi
jðx; x0; sÞ: ð2:9Þ

Here c is chosen to be a real constant that is smaller than the
lowest eigenvalue of the differential operator Δi

j, and the
contour is closed in the right-hand side of the complex s
plane. It is easily verified, using (2.5), that the heat kernel
obeys (2.2). The boundary condition (2.3) follows by using
the expansion of the Green function in terms of eigen-
functions of the operator Δi

j.
We will be interested in the case where

ðΔÞij ¼ ðAαβÞij∂α∂β þ ðBαÞij∂α þ ðCÞij; ð2:10Þ

for some coefficients ðAαβÞij; ðBαÞij and ðCÞij. For the
operator for the real vector field in (2.1), this form follows
simply by writing out the covariant derivatives in terms of
ordinary ones. The results are (remembering that i and j are
vector indices in this example)

ðAμνÞλτ ¼ −gμνδλτ þ
1

2
qðgλμδντ þ gλνδμτ Þ; ð2:11Þ

ðBμÞλτ ¼ −2gμνΓλ
ντ þ gαβΓμ

αβδ
λ
τ þ qgμλΓν

ντ; ð2:12Þ

ðCÞλτ ¼ Qλ
τ þ gαβΓγ

αβΓλ
γτ − gαβΓλ

βγΓ
γ
ατ

− gαβΓλ
ατ;β þ qgλσΓν

ντ;σ: ð2:13Þ

When there is no ambiguity we will omit the component
indices i and j and deal with the coefficients in (2.10)
as matrices. Without loss of generality we can assume
Aβα ¼ Aαβ. The method that we will adopt makes use of
the local momentum space approach of Bunch and
Parker [1] to calculate the auxiliary Green function in
(2.6). We introduce normal coordinates at the point x0
with xμ ¼ x0μ þ yμ. The coefficients in (2.10) can all be
expanded about xμ ¼ x0μ, or equivalently yμ ¼ 0. This
gives
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ðAαβÞij ¼ ðAαβ
0 Þij þ

X∞
n¼2

ðAαβ
μ1���μnÞijyμ1 � � � yμn ; ð2:14Þ

ðBαÞij ¼
X∞
n¼1

ðBα
μ1���μnÞijyμ1 � � � yμn ; ð2:15Þ

ðCÞij ¼ ðC0Þij þ
X∞
n¼1

ðCμ1���μnÞijyμ1 � � � yμn : ð2:16Þ

These are not the most general possibilities for these
expansions, but they are sufficient to deal with the vector
field case of the present paper. The absence of a linear term
in yα in (2.14) can be understood as a consequence of the
fact that in examples of interest to quantum field theory Aαβ

depends only on the spacetime metric whose expansion in
Riemann normal coordinates has the first nontrivial term
quadratic in yα. [See the result in (2.11) for the vector field
and the expansion for gμν in (3.8).] The absence of a zeroth
order term in (2.15) arises because Bα involves the
connection whose Riemann normal coordinate expansion
begins at order yα. [See the expression for the vector field
in (2.12) and the expansion for Γλ

μν in (3.9).]
The Green function that obeys (2.6) is Fourier expanded

as usual,

Gi
jðx; x0; sÞ ¼

Z
dNp
ð2πÞN eip·yGi

jðp; sÞ; ð2:17Þ

except that the Fourier transform Gi
jðp; sÞ can depend on

the origin of the normal coordinates x0, but we will not
indicate this dependence explicitly. The advantage of
introducing the Fourier transform, as in flat spacetime, is
that it turns the differential equation for the Green function
into an algebraic equation for its Fourier expansion.
Because of the similarity with the normal Fourier transform
in flat spacetime quantum field theory, this is called the
local momentum space expansion [1].
The aim now is to use (2.10), making use of the

expansions (2.14)–(2.16) in (2.6), and to use the local
momentum space expansion (2.17) for the auxiliary Green
function. The factors of yμ1 � � � yμn that occur in these
expansions can be dealt with by using

yμ1 � � � yμneip·y ¼ ð−iÞn ∂n

∂pμ1 � � � ∂pμn

eip·y; ð2:18Þ

followed by partial integrations with respect to p to remove
derivatives from the exponential factor. The following
result is obtained (indices i and j are suppressed):

I ¼ −Aμν
0 pμpνGðp; sÞ − sGðp; sÞ þ Aμν

αβ
∂2

∂pα∂pβ
½pμpνGðp; sÞ� þ iAμν

αβγ
∂3

∂pα∂pβ∂pγ
½pμpνGðp; sÞ�

− Aμν
αβγδ

∂4

∂pα∂pβ∂pγ∂pδ
½pμpνGðp; sÞ� − Bμ

α
∂

∂pα
½pμGðp; sÞ� − iBμ

αβ
∂2

∂pα∂pβ
½pμGðp; sÞ�

þ Bμ
αβγ

∂3

∂pα∂pβ∂pγ
½pμGðp; sÞ� þ C0Gðp; sÞ þ iCα

∂
∂pα

Gðp; sÞ − Cαβ
∂2

∂pα∂pβ
Gðp; sÞ þ � � � : ð2:19Þ

The next step is to assume an expansion forGðp; sÞ, that is,

Gðp;sÞ¼G0ðp;sÞþG2ðp;sÞþG3ðp;sÞþG4ðp;sÞþ���:
ð2:20Þ

We will define G0ðp; sÞ by
I ¼ ð−Aμν

0 pμpν − sIÞG0ðp; sÞ: ð2:21Þ
This choice, although arbitrary, has a significant advantage
over other choices that could be made, as we will discuss
later. The expansion (2.20) can be viewed as an asymptotic
expansion in inverse powers of p beginning with G0

at order p−2. From (2.19) it is clear that if the expansion
G ¼ G0 þ � � � is used, simple power counting shows that
we have terms of order 1, p−2, p−3, p−4 and so on. We can
interpret a general term Gn in (2.20) as the term in the
asymptotic expansion of Gðp; sÞ that behaves like p−2−n

for large p.

The terms of order p−2 in (2.19) read

0 ¼ ð−Aμν
0 pμpν − sIÞG2ðp; sÞ

þ Aμν
αβ

∂2

∂pα∂pβ
½pμpνG0ðp; sÞ�

− Bμ
α

∂
∂pα

½pμG0ðp; sÞ� þ C0G0ðp; sÞ: ð2:22Þ

The terms of order p−3 read

0 ¼ ð−Aμν
0 pμpν − sIÞG3ðp; sÞ

þ iAμν
αβγ

∂3

∂pα∂pβ∂pγ
½pμpνG0ðp; sÞ�

− iBμ
αβ

∂2

∂pα∂pβ
½pμG0ðp; sÞ� þ iCα

∂
∂pα

G0ðp; sÞ:
ð2:23Þ
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The terms of order p−4 read

0 ¼ ð−Aμν
0 pμpν − sIÞG4ðp; sÞ þ Aμν

αβ
∂2

∂pα∂pβ
½pμpνG2ðp; sÞ� − Aμν

αβγδ
∂4

∂pα∂pβ∂pγ∂pδ
½pμpνG0ðp; sÞ�

− Bμ
α

∂
∂pα

½pμG2ðp; sÞ� þ Bμ
αβγ

∂3

∂pα∂pβ∂pγ
½pμG0ðp; sÞ� þ C0G2ðp; sÞ − Cαβ

∂2

∂pα∂pβ
G0ðp; sÞ: ð2:24Þ

The equations that we have found for the different orders
can be solved recursively. We first solve forG0 using (2.21)
for a given Aμν

0 . This then determines G2 from (2.22) and
G3 from (2.23). G4 is found from (2.24) and the knowledge
of G0 and G2. It is clear how higher order terms could be
obtained, although with increasing algebraic complexity.
Because of (2.22) we can immediately write down

G2ðp; sÞ ¼ G21ðp; sÞ þ G22ðp; sÞ þG23ðp; sÞ; ð2:25Þ
where

G21ðp; sÞ ¼ −G0ðp; sÞAμν
αβ

∂2

∂pα∂pβ
½pμpνG0ðp; sÞ�;

ð2:26Þ

G22ðp; sÞ ¼ G0ðp; sÞBμ
α

∂
∂pα

½pμG0ðp; sÞ�; ð2:27Þ

G23ðp; sÞ ¼ −G0ðp; sÞC0G0ðp; sÞ: ð2:28Þ

Obviously, it is not strictly necessary to split the terms inG2

up as we have done, but it does prove helpful to do so in
order to demonstrate the source of various terms in the heat
kernel coefficients, as well as to isolate any sources of
calculational error.
Similarly, from (2.23) we have

G3ðp; sÞ ¼ G31ðp; sÞ þ G32ðp; sÞ þG33ðp; sÞ; ð2:29Þ

where

G31ðp; sÞ ¼ −iG0ðp; sÞAμν
αβγ

∂3

∂pα∂pβ∂pγ
½pμpνG0ðp; sÞ�;

ð2:30Þ

G32ðp; sÞ ¼ iG0ðp; sÞBμ
αβ

∂2

∂pα∂pβ
½pμG0ðp; sÞ�; ð2:31Þ

G33ðp; sÞ ¼ −iG0ðp; sÞCα
∂

∂pα
G0ðp; sÞ: ð2:32Þ

Finally, from (2.24) we have

G4ðp; sÞ ¼
X6
n¼1

G4nðp; sÞ; ð2:33Þ

where

G41ðp; sÞ ¼ −G0ðp; sÞAμν
αβ

∂2

∂pα∂pβ
½pμpνG2ðp; sÞ�;

ð2:34Þ

G42ðp;sÞ¼G0ðp;sÞAμν
αβγδ

∂4

∂pα∂pβ∂pγ∂pδ
½pμpνG0ðp;sÞ�;

ð2:35Þ

G43ðp; sÞ ¼ G0ðp; sÞBμ
α

∂
∂pα

½pμG2ðp; sÞ�; ð2:36Þ

G44ðp; sÞ ¼ −G0ðp; sÞBμ
αβγ

∂3

∂pα∂pβ∂pγ
½pμG0ðp; sÞ�;

ð2:37Þ

G45ðp; sÞ ¼ −G0ðp; sÞC0G2ðp; sÞ; ð2:38Þ

G46ðp; sÞ ¼ G0ðp; sÞCαβ
∂2

∂pα∂pβ
G0ðp; sÞ: ð2:39Þ

We will consider a direct link between the expansions
we have been considering and the heat kernel coefficients
defined in (2.4) in the following section.

III. HEAT KERNEL COEFFICIENTS

If we take xμ → x0μ in (2.9) and then substitute the local
momentum expansion (2.17), we have

Kðx0; x0; τÞ ¼
Z

dNp
ð2πÞN

Z
cþi∞

c−i∞

ds
2πi

e−sτGðp; sÞ: ð3:1Þ

It is now possible to see that if we use the expansion (2.20),
then

Ek ¼ ð4πτÞN=2τ−k
Z

dNp
ð2πÞN

Z
cþi∞

c−i∞

ds
2πi

e−sτG2kðp; sÞ:

ð3:2Þ
The proof of this assertion makes use of a rescaling of
s → τ−1s followed by pμ → τ−1=2pμ. The crucial feature
that makes (3.2) true is that G0 as defined in (2.21) obeys
the scaling relation
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G0ðτ−1=2p; s=τÞ ¼ τG0ðp; sÞ: ð3:3Þ
When calculating the heat kernel coefficients it is

advantageous to adopt a local orthonormal frame by
introducing the N-bein eaμðxÞ. This is defined so that

gμνðxÞ ¼ δabeaμðxÞeaνðxÞ: ð3:4Þ
The inverse N-bein eaμðxÞ satisfies

eaμðxÞebμðxÞ ¼ δba; ð3:5Þ

so that

δab ¼ gμνðxÞeaμðxÞebνðxÞ: ð3:6Þ

Spacetime indices are raised and lowered with the space-
time metric gμν and its inverse as usual; orthonormal frame

indices, which we use the indices a; b; c;… for, are raised
and lowered with the Kronecker delta. Any tensor can
be referred back to the orthonormal frame by converting
its spacetime indices to orthonormal frame indices with
suitable N-beins. The advantage of using the N-bein
formalism is that it avoids the use of the bivector of
geodetic parallel displacement that plays a role in DeWitt’s
[36] calculation of the heat kernel coefficients. We will
comment more on this point later.

A. Riemann normal coordinate expansions

In order to obtain the expansion of the Green function in
Riemann normal coordinates, we will need the expansions
for the metric tensor, Christoffel symbol, andN-bein. These
are, using xμ ¼ x0μ þ yμ with x0μ viewed as the origin of the
Riemann normal coordinate system,

gμνðyÞ ¼ δμν −
1

3
yαyβRμανβjx0 −

1

6
yαyβyγRμανβ;γjx0 þ yαyβyγyδ

�
−

1

20
Rμανβ;γδ þ

2

45
RμαβλRνγδ

λ

�����
x0
þ � � � ; ð3:7Þ

gμνðyÞ ¼ δμν þ 1

3
yαyβRμ

α
ν
βjx0 þ

1

6
yαyβyγRμ

α
ν
β;γjx0 þ yαyβyγyδ

�
1

20
Rμ

α
ν
β;γδ þ

1

15
Rμ

αβγRν
γδ
λ

�����
x0
þ � � � : ð3:8Þ

Γλ
μνðyÞ ¼ −

1

3
yαðRλ

μνα þ Rλ
νμαÞjx0 −

1

12
yαyβð2Rλ

μνα;β þ 2Rλ
νμα;β þ Rλ

ανβ;μ þ Rλ
αμβ;ν − Rμανβ

;λÞjx0

þ yαyβyγ
�
−

1

20
Rλ

μνγ;αβ −
1

20
Rλ

νμγ;αβ −
1

40
Rλ

βνγ;μα −
1

40
Rλ

βμγ;να −
1

40
Rλ

βνγ;αμ −
1

40
Rλ

βμγ;αν þ
1

40
Rμβνγ

;λ
α

þ 1

40
Rμβνγ

;
α
λ þ 1

45
Rλ

αμσRνβγ
σ þ 1

45
Rλ

ανσRμβγ
σ −

4

45
Rλ

αβσRνγμ
σ −

4

45
Rλ

αβσRμγν
σ −

1

45
Rλ

σμβRναγ
σ

−
1

45
Rλ

σνβRμαγ
σ þ 2

45
Rλ

μβσRναγ
σ þ 2

45
Rλ

νβσRμαγ
σ

�����
x0
þ � � � ; ð3:9Þ

eaμðyÞ ¼ eaνðx0Þ
�
δνμ −

1

6
Rν

αμβyαyβ −
1

12
Rν

αμβ;γyαyβyγ þ
�
−

1

40
Rν

αμβ;γδ þ
1

120
Rν

αβσRμγδ
σ

�
yαyβyγyδ þ � � �

�
; ð3:10Þ

eaμðyÞ ¼ eaνðx0Þ
�
δμν þ 1

6
Rνα

μ
βyαyβ þ

1

12
Rνα

μ
β;γyαyβyγ þ

�
1

40
Rνα

μ
β;γδ þ

7

360
RναβσRμ

γδ
σ

�
yαyβyγyδ þ � � �

�
: ð3:11Þ

The N-bein eaμðxÞ is defined in terms of eaμðx0Þ by parallel
transport along the geodesic that connects the origin x0μ to
xμ. This is how the expansions in (3.10) and (3.11) were
calculated [using (3.9)]. It also explains the relationship
between the N-bein formalism and the bivector of geodesic
parallel displacement. The orthonormal frame components
of a vector field AμðxÞ are given by

Aa ¼ eaμðxÞAμðxÞ: ð3:12Þ

This must be the same as we find at the point x0 if the
N-bein, or equivalently the tangent space basis vectors,

are defined through parallel transport. This gives the
relation

Aa ¼ eaμðx0ÞAμðx0Þ: ð3:13Þ

Combining (3.12) and (3.13) shows that

AμðxÞ ¼ eaμðxÞAa ¼ eaμðxÞeaνðx0ÞAνðx0Þ: ð3:14Þ

The expression eaμðxÞeaνðx0Þ can be interpreted as the
bivector of geodesic parallel displacement. There is an
obvious inverse relation to (3.14). There is no need to use
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the bivector of geodesic parallel displacement explicitly
if the N-bein formalism is adopted. We will return to this
in Sec. IV.
We can write the Green function as

Gμνðx; x0Þ ¼ eaμðxÞebνðx0ÞGabðx; x0Þ: ð3:15Þ

The indices i and j in the general expression for the
operator in Sec. II can now be interpreted as orthonormal
frame indices a and b. Because the orthonormal frame
indices are raised and lowered with the Kronecker delta,
there is no real need to distinguish between upper and
lower indices. By transforming the operator in (2.1) or the
defining equation for the Green function (2.6), the expres-
sions for the coefficients A; B;C in the general expression
(2.10) become (with all expressions evaluated at the general
point x)

ðAμνÞab ¼ −gμνδab þ
q
2
ðeaμebν þ eaνebμÞ; ð3:16Þ

ðBμÞab ¼ gαβΓμ
αβδab − 2eaλgαμebλ;α − qeaσebλΓ

μ
λσ ð3:17Þ

þ qeaμebλ;λ þ qeaλebμ;λ; ð3:18Þ

ðCÞab ¼ Qab − eaμgαβebμ;αβ þ qeaμebλ;λμ: ð3:19Þ

Here we have used

Gab;αβ ¼ Gab;αβ − Γσ
αβGab;σ; ð3:20Þ

and defined

Qab ¼ eaμebνQμν: ð3:21Þ

Note that we have been careful to symmetrize the second
term of (3.16) in μ and ν. Also, if we assume that Qνμ ¼
Qμν is symmetric, then Qab ¼ Qba will also be symmetric.
The semicolon on the N-bein denotes the spacetime
covariant derivative rather than the full covariant derivative
which must vanish. So, for example,

eaμ;ν ¼ eaμ;ν − Γλ
μνebλ: ð3:22Þ

The full covariant derivative of eaμ involves the spin
connection ðωμÞab. The full covariant derivative of eaμ is
given by

∇νeaμ ¼ 0 ¼ eaμ;ν − Γλ
μνeaλ þ ðωνÞabebμ: ð3:23Þ

Making use of (3.21) gives

eaμ;ν ¼ −ðωνÞabebμ: ð3:24Þ

This last result can be used to eliminate the spacetime
covariant derivatives in (3.18) and (3.19) in terms of the
spin connection and its derivatives, which allows some
simplifications in obtaining the Riemann normal coordinate
expansions of B and C, although the results in (3.18) and
(3.19) can be used equally well. The expansion of ðωμÞab in
Riemann normal coordinates can be shown to be

ðωμÞabðyÞ ¼ eaλðx0Þebσðx0Þ
�
−
1

2
Rμαλσyα −

1

3
Rμαλσ;βyαyβ

−
1

8

�
Rμαλσ;βγ −

1

3
Rτ

αμβRτγλσ

�
yαyβyγ þ � � �

�
:

ð3:25Þ

All curvature terms appearing on the right-hand side of
(3.25) are evaluated at the origin x0 of the Riemann normal
coordinate system.
This gives sufficient results to evaluate the expansion of

A;B;C in Riemann normal coordinates and to read off the
coefficients needed in the expansion of the Green function
as described in Sec. II. The necessary results are summa-
rized in Appendix A.

B. Auxiliary Green function expansions

From (2.21), if we use (A1) it can be seen that (with eaμ

evaluated at x0)

ðG0Þab ¼ δabSþ qeaμebνpμpνST; ð3:26Þ

where we have defined

S ¼ ðp2 − sÞ−1; ð3:27Þ

T ¼ ½ð1 − qÞp2 − s�−1: ð3:28Þ

We now use this result in (2.25)–(2.28) along with the
relevant expressions for A;B; C taken from (A1), (A5) and
(A8). The result turns out to be given by

eaαðx0Þebβðx0ÞðG2Þab ¼ −QαβS2 − qQα
μS2Tpβpμ − qQμ

βS2Tpαpμ − q2QμνS2T2pαpβpμpν

þ 1

3
RfS2δαβ þ qST½Sþ ð1 − qÞT�pαpβg þ

q
6
RαβST þ qRα

μS2Tpβpμ þ qRβμS2Tpαpμ

þ 1

3
Rμνf−2S2δαβ − q½2S2 þ ð2 − 5qÞST þ 2ð1 − qÞ2T2�TpαpβgSpμpν

−
q
3
Rα

μ
β
ν½Sþ ð1 − qÞT�STpμpν: ð3:29Þ
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As usual, all terms on the right-hand side are evaluated at
the origin of RNC, x0. It is advantageous to do the tedious
calculations here and in what follows with Cadabra [37,38].
The much lengthier expressions for G3 and G4 are given in
Appendix B.

C. Laplace transforms and momentum space results

The aim now is to use the results for the terms in the
expansion of the Green function found in (3.26), (3.29) and
(B2) to find the first three heat kernel coefficients. The
result for G3 is not needed here, although it will be needed
in Secs. IV and V. From our results it is clear that we first
need to evaluate the inverse Laplace transform of powers of
S in (3.27) and T in (3.28). We will define

Lnm ¼
Z

cþi∞

c−i∞

ds
2πi

e−τsSnTm; ð3:30Þ

¼
Z

cþi∞

c−i∞

ds
2πi

e−τsSnðp2ÞSmðk2Þ; ð3:31Þ

where we will take

Sðp2Þ ¼ ½p2 − s�−1 ð3:32Þ
and define

k2 ¼ ð1 − qÞp2: ð3:33Þ
It is now possible to set up a recursion relation that allows
us to calculate Lnm in terms of L11:

Lnm ¼ ð−1Þnþm

ðn − 1Þ!ðm − 1Þ!
� ∂
∂p2

�
n−1

� ∂
∂k2

�
m−1

L11:

ð3:34Þ

For L11 we find

L11 ¼
e−τp

2 − e−τk
2

k2 − p2
: ð3:35Þ

This is sufficient for determining the necessary inverse
Laplace transforms when n;m ≠ 0. If m ¼ 0 we have

Ln0 ¼ In ¼
τn

ðn − 1Þ! e
−τp2

: ð3:36Þ

In a similar way, when n ¼ 0 we have

L0m ¼ τm

ðm − 1Þ! e
−τk2 ¼ τm

ðm − 1Þ! e
−ð1−qÞτp2

: ð3:37Þ

We have therefore reduced the evaluation of Lnm into a
simple recursive procedure.
From the results found for Lnm it should be clear

that when the momentum integration is considered, we

encounter more complicated expressions than found in the
nonminimal case when q ¼ 0, and a single exponential
factor is obtained. We now encounter expressions like

Jμ1���μ2nðk; n; τÞ ¼
Z

dNp
ð2πÞN

pμ1 � � �pμ2n

ðp2Þk e−τp
2

: ð3:38Þ

(Terms with an odd number of momenta will integrate to
zero.) It is now necessary to consider convergence of this
expression. The exponential factor ensures convergence as
p → ∞. As p → 0 the integrand behaves like p2n−2k and
there is a factor of pN−1 from the volume element. The
integral in (3.38) is only convergent at the lower limit if
2k < 2nþ N. In cases where 2k ≥ 2nþ N the integral in
(3.38) will diverge. However, the overall expression for the
heat kernel coefficient cannot diverge. This means that
there will be integrals that separately diverge but that when
combined are convergent. The situation is completely
analogous to

Fða; bÞ ¼
Z

∞

0

dτ
τ
ðe−τa − e−τbÞ; ð3:39Þ

where a and b are both assumed to be positive (or to have
positive real parts if they are complex). The integral on the
right-hand side exists since the integrand vanishes expo-
nentially fast as τ → ∞ and is integrable around τ ¼ 0
because of the difference of the two exponentials. If we
split up the integral in (3.39) into two separate integrals,
then each integral will diverge at the lower limit; yet the
combined expression in (3.39) is convergent and is easily
seen to be given by

Fða; bÞ ¼ ln b − ln a:

We will discuss this in more detail below.
By symmetry we must have

Jμ1���μ2n ¼ Jðk; n; τÞδμ1���μ2n ; ð3:40Þ

for some coefficients Jðk; n; τÞ. Here δμ1���μ2n is expressed as
the sum of products of n Kronecker deltas with all possible
pairings of indices. For example,

δμ1μ2μ3μ4 ¼ δμ1μ2δμ3μ4 þ δμ1μ3δμ2μ4 þ δμ1μ4δμ2μ3 :

We also have the recursive result that

δμ1���μ2n ¼δμ1μ2δμ3���μ2n þδμ1μ3δμ2μ4���μ2n þ���þδμ1μ2nδμ2���μ2n−1 ;

¼
X2n
k¼2

δμ1μkδμ2���μ̂k���μ2n ;

where the μ̂k means that the index corresponding to k is
omitted from the sum. There are ð2n − 1Þ terms in the sum.
For later use we record that

LOCAL MOMENTUM SPACE AND THE VECTOR FIELD PHYSICAL REVIEW D 90, 044072 (2014)

044072-7



δμ1μ2δμ1���μ2n ¼ ðN þ 2n − 2Þδμ3���μ2n : ð3:41Þ
By contracting both sides of (3.40) with δμ1μ2 and making
use of (3.41) it can be seen that

Jðk − 1; n − 1; τÞ ¼ ðN þ 2n − 2ÞJðk; n; τÞ: ð3:42Þ
This gives us a reduction formula that we can use to reduce
Jðk; n; τÞ to Jð0; n0; τÞ for some n0 < n provided that the
original expression is convergent. Noting that

Jð0; n0; τÞ ¼ 1

ð4πτÞN=2ð2τÞn0 ð3:43Þ

completes the recursive definition for Jðk; n; τÞ.
If the original expression (3.40) is not convergent then

we can only reduce Jðk; n; τÞ to Jðk0; 0; τÞ for some
1 ≤ k0 < k, which is a divergent integral. However, as
already mentioned, there must be another expression of a
similar structure such that the combined expression is
convergent, analogous to the simple result in (3.39). The
calculation of E2 involves Jð1; 0; τÞ − Jð1; 0; ð1 − qÞτÞ. It
is possible to show that, assuming N ≠ 2,

Jð1; 0; τÞ − Jð1; 0; ð1 − qÞτÞ

¼
Z

dNp
ð2πÞN

1

ðp2Þ ½e
−τp2 − e−ð1−qÞτp2 �;

¼ 2τ

ðN − 2Þ ð4πτÞ
−N=2½1 − ð1 − qÞ1−N=2�: ð3:44Þ

In the special case of N ¼ 2 it is possible to evaluate the
integral in the first equality directly and to show that the
result agrees with what is obtained by taking the limit of

(3.44) as N → 2. The fact that Jð1; 0; τÞ and Jð1; 0; ð1 −
qÞτÞ only occur in the combination Jð1; 0; τÞ−
Jð1; 0; ð1 − qÞτÞ, which is given by the finite expression
(3.44), is a useful check on any calculation.
The calculation of E2 also involves Jð2; 0; τÞ and

Jð2; 0; ð1 − qÞτÞ. This time, the finite result does not
simply involve the difference. Instead, we find that

Jð2; 0; τÞ − Jð2; 0; ð1 − qÞτÞ þ τqJð1; 0; τÞ ¼ F2ðτ; qÞ;
ð3:45Þ

where

F2ðτ; qÞ ¼
2τ2

ðN − 2Þ ð4πτÞ
−N=2

×

�
qþ 2

ðN − 4Þ ½1 − ð1 − qÞ2−N=2�
�
; ð3:46Þ

assumingN ≠ 2; 4. In the special cases ofN ¼ 2; 4, a direct
evaluation of the integrals occurring on the left-hand side of
(3.45) agrees with taking the limit of (3.46). (Both limits
are of course finite as expected.)

D. E0 μν expression

Because the expression for G0 in (3.26) does not involve
the curvature explicitly, we expect that the result for the first
heat kernel coefficient E0 μν should agree with that found in
flat spacetime. The relevant expression is the k ¼ 0 case
of (3.2).
From (3.2) with k ¼ 0, and using the expression (3.26)

for G0 ab, we have

E0 abðx0Þ ¼ ð4πτÞN=2

Z
dNp
ð2πÞN

Z
cþi∞

c−i∞

ds
2πi

e−sτ½δabSþ qeaμðx0Þebνðx0ÞpμpνST�

¼ ð4πτÞN=2

Z
dNp
ð2πÞN ½δabL10 þ qeaμðx0Þebνðx0ÞpμpνL11�: ð3:47Þ

The definition of Lnm in (3.30) has been used here. Next we
use (3.34) and (3.35) to find

E0 abðx0Þ ¼ ð4πτÞN=2

Z
dNp
ð2πÞN

�
δabe−p

2τ

þ eaμðx0Þebνðx0Þ
pμpν

p2
½e−ð1−qÞτp2 − e−p

2τ�
�
:

ð3:48Þ

The momentum integration is performed using (3.38) and
(3.40) to find

E0 abðx0Þ ¼ ð4πτÞN=2δab½Jð0; 0; τÞ
þ Jð1; 1; ð1 − qÞτÞ − Jð1; 1; τÞ�: ð3:49Þ

The Kronecker delta that arises in the integration has been
used to reduce the N-bein terms to δab. Now we use the
recursion relation in (3.42) with (3.43) to find

E0 abðx0Þ ¼ δab

�
1þ 1

N
½ð1 − qÞ−N=2 − 1�

�
: ð3:50Þ

This is in complete agreement with a simple flat spacetime
calculation as expected.
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E. E1 μν expression

With k ¼ 1 in (3.2) we have

E1 abðx0Þ ¼ τ−1ð4πτÞN=2

Z
dNp
ð2πÞN

Z
cþi∞

c−i∞

ds
2πi

e−sτG2 ab;

ð3:51Þ

where G2ab is given by (3.29). This is still sufficiently
simple to do by hand. The steps are identical to those that
we have just described for E0 above. We will leave out the
intermediate steps and simply give the end result after
changing from the local orthonormal basis back to the
coordinate basis, which is

E1
μ
ν¼T11Qμ

νþT12RμνþT13QδμνþT14Rδμν; ð3:52Þ

where we have defined

Q ¼ Qλ
λ; ð3:53Þ

analogously to the definition of R ¼ Rλ
λ. The coefficients

in this expression are given for a general spacetime of
dimension N by

T11 ¼
½4N − qðN − 2ÞðN2 − 2Þ�

NðN2 − 4Þq

þ ð1 − qÞ−N=2 ð2Nq − 4N þ 4qÞ
NðN2 − 4Þq ; ð3:54Þ

T12¼
½−12N−qð5N2−8N−12Þ�

3NðN2−4Þq

þð1−qÞ−N=2 ½NðNþ2Þq2− ðNþ2ÞðNþ6Þqþ12N�
3NðN2−4Þq ;

ð3:55Þ

T13 ¼ −
½4þ qðN − 2Þ�
NðN2 − 4Þq þ ð1 − qÞ−N=2 ½4 − qðN þ 2Þ�

NðN2 − 4Þq ;

ð3:56Þ

T14 ¼
½24þ qðN3 − N2 − 12Þ�

6NðN2 − 4Þq

− ð1 − qÞ−N=2 ½24þ ðN þ 2ÞðNq − N − 6Þq�
6NðN2 − 4Þq :

ð3:57Þ

The results for N ¼ 2 must be found by taking the limit
of these expressions as N → 2. The results in this special
case are

T11 ¼ −
ð2 − qÞ
4ð1 − qÞ þ

logð1 − qÞ
2q

; ð3:58Þ

T12 ¼
ð3q − 2Þ
4ð1 − qÞ þ

ðq − 3Þ logð1 − qÞ
6q

; ð3:59Þ

T13 ¼
ðq − 2Þ
8ð1 − qÞ −

logð1 − qÞ
4q

; ð3:60Þ

T14 ¼
ð10 − 7qÞ
24ð1 − qÞ þ

ð3 − qÞ logð1 − qÞ
12q

: ð3:61Þ

For the physically interesting case of N ¼ 4 we find

T11 ¼
½−7q2 þ 18q − 12�

12ð1 − qÞ2 ; ð3:62Þ

¼ −
γ2

12
−
γ

2
− 1; ð3:63Þ

T12 ¼
ð4 − 3qÞq
12ð1 − qÞ2 ; ð3:64Þ

¼ 1

12
γðγ þ 4Þ; ð3:65Þ

T13 ¼ −
q2

24ð1 − qÞ2 ; ð3:66Þ

¼ −
γ2

24
; ð3:67Þ

T14 ¼
ð3q2 − 6qþ 4Þ
24ð1 − qÞ2 ; ð3:68Þ

¼ γ2

24
þ γ

12
þ 1

6
: ð3:69Þ

In the second equality for each term we have written the
result in terms of the variable

γ ¼ q=ð1 − qÞ; ð3:70Þ
which was used in [21].
Finally, we give the first terms in the expansion about

q ¼ 0:

T11 ¼ −1 −
q
2
þ � � � ; ð3:71Þ

T12 ¼
q
3
þ � � � ; ð3:72Þ

T13 ¼ −
q2

24
þ � � � ; ð3:73Þ

T14 ¼
1

6
þ q
12

þ � � � : ð3:74Þ
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In the q ¼ 0 limit we recover the result for the nonminimal vector field. The result for the untraced E1 coefficient agrees
with that given by [28] as noted in [20].

F. E2 μν expression

With k ¼ 2 in (3.2) we have

E2 abðx0Þ ¼ τ−2ð4πτÞN=2

Z
dNp
ð2πÞN

Z
cþi∞

c−i∞

ds
2πi

e−sτG4 ab; ð3:75Þ

where G4ab is given by (B2). This is clearly a rather lengthy expression to deal with by hand. However, the basic method is
exactly the same as that which we have described for the lower heat kernel coefficients. Cadabra [37,38] can be used
efficiently to deal with the necessary algebraic complexity. The result turns out to be

E2 μν ¼ T21RRμν þ T22RμλRλ
ν þ T23RμανβRαβ þ T24RμαβγRν

αβγ þ T25R2gμν þ T26RαβRαβgμν

þ T27RαβγδRαβγδgμν þ T28∇μ∇νRþ T29□Rμν þ T210□Rgμν þ T211QαβQαβgμν þ T212QμλQλ
ν

þ T213Q2gμν þ T214QRμν þ T215QRgμν þ T216RμανβQαβ þ T217QαβRαβgμν þ T218ðRμλQλ
ν þ RνλQλ

μÞ þ T219RQμν

þ T220QQμν þ T221ð∇μ∇λQλ
ν þ∇ν∇λQλ

μÞ þ T222ð□Qgμν þ 2∇μ∇νQþ 2gμν∇α∇βQαβÞ þ T223□Qμν: ð3:76Þ

Q is as defined in (3.53). The coefficients appearing in
(3.76) are somewhat lengthy and are given for general
spacetime dimensions in Appendix C.
The N ¼ 4 results are also a special case, and they

coincide with taking the N → 4 limit of (C2)–(C24),

T21 ¼
ð12 − 34qþ 36q2 − 13q3Þ

96ð1 − qÞ2q

þ ð2q2 − 12qþ 9Þ logð1 − qÞ
72q2

; ð3:77Þ

T22 ¼
ð15q4 − 38q3 þ 50q2 − 48qþ 24Þ

144ð1 − qÞ2q2

−
ð4q3 − 30q2 þ 15q − 30Þ logð1 − qÞ

180q3
; ð3:78Þ

T23 ¼
ð3qþ 2Þðq2 þ 6q − 6Þ

72ð1 − qÞq2

þ ðq3 þ 15q2 − 15q − 15Þ logð1 − qÞ
90q3

; ð3:79Þ

T24 ¼ −
1

12
þ 1

90
logð1 − qÞ; ð3:80Þ

T25 ¼
ð37q3 − 116q2 þ 118q − 36Þ

1152ð1 − qÞ2q

−
ð2q2 − 12qþ 9Þ logð1 − qÞ

288q2
; ð3:81Þ

T26 ¼
ð180 − 526qþ 452q2 − 91q3Þ

2880ð1 − qÞ2q

þ ð2q2 − 60qþ 45Þ logð1 − qÞ
720q2

; ð3:82Þ

T27 ¼
1

180
−

1

360
logð1 − qÞ; ð3:83Þ

T28 ¼
ð12þ 30q − 20q2 − 19q3Þ

144ð1 − qÞq2

þ ð5þ 15q − 2q3Þ logð1 − qÞ
60q3

; ð3:84Þ

T29 ¼
ð36 − 78qþ 36q2 þ 13q3Þ

144ð1 − qÞq2

þ ðq3 þ 5q2 − 25qþ 15Þ logð1 − qÞ
60q3

; ð3:85Þ

T210 ¼ −
ð59q3 − 64q2 − 90qþ 60Þ

720ð1 − qÞq2

−
ðq3 − 5q2 − 5qþ 5Þ logð1 − qÞ

60q3
; ð3:86Þ

T211 ¼
ð3q3 þ 4q2 − 18qþ 12Þ

192ð1 − qÞ2q þ logð1 − qÞ
16q2

; ð3:87Þ

T212 ¼
11q3 − 40q2 þ 42q − 12

48ð1 − qÞ2q −
logð1 − qÞ

4q2
; ð3:88Þ

T213 ¼ −
ðq3 þ 4q2 − 18qþ 12Þ

384ð1 − qÞ2q −
logð1 − qÞ

32q2
; ð3:89Þ
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T214 ¼
ðq3 − 16q2 þ 26q − 12Þ

96ð1 − qÞ2q þ ð2q − 3Þ logð1 − qÞ
24q2

;

ð3:90Þ

T215 ¼
ð2 − qÞð3q2 − 10qþ 6Þ

192ð1 − qÞ2q þ ð3 − 2qÞ logð1 − qÞ
48q2

;

ð3:91Þ

T216 ¼
ð3qþ 2Þð6 − 6q − q2Þ

72ð1 − qÞq2 þ ð1þ q − q2Þ logð1 − qÞ
6q3

;

ð3:92Þ

T217 ¼
ð6 − 13qþ 6q2Þ

24qð1 − qÞ þ ð3 − 5qþ q2Þ logð1 − qÞ
12q2

;

ð3:93Þ

T218 ¼
ð12q4 þ 7q3 − 52q2 þ 42q − 12Þ

144ð1 − qÞ2q2

−
ð1 − qÞ2 logð1 − qÞ

12q3
; ð3:94Þ

T219 ¼ −
ð12 − 10q − 8q2 þ 7q3Þ

96ð1 − qÞ2q þ ð2q − 3Þ logð1 − qÞ
24q2

;

ð3:95Þ

T220 ¼
ð12 − 18qþ 4q2 þ 3q3Þ

96ð1 − qÞ2q þ logð1 − qÞ
8q2

; ð3:96Þ

T221 ¼ −
ð6þ 3q− 7q2 − 3q3Þ

36ð1− qÞq2 −
ð2þ 2q− q2Þ logð1− qÞ

12q3
;

ð3:97Þ

T222 ¼
ðq − 2Þð7q2 þ 6q − 6Þ

288ð1 − qÞq2 þ ð1 − q − q2Þ logð1 − qÞ
24q3

;

ð3:98Þ

T223 ¼ −
ð36 − 78qþ 60q2 − 11q3Þ

144ð1 − qÞq2

−
ð3 − 5qþ q2Þ logð1 − qÞ

12q3
: ð3:99Þ

For evaluating the divergent part of the one-loop effec-
tive action, only the trace of the heat kernel coefficient is
involved. It is straightforward to see from (3.76) that there
are 10 independent terms that can be given as

trðE2Þ ¼ t21R2 þ t22RμνRμν þ t23RμνλσRμνλσ þ t24□R

þ t25RQþ t26RμνQμν þ t27Q2 þ t28QμνQμν

þ t29□Qþ t210Qμν
;μν: ð3:100Þ

The coefficients t21;…; t210 are given in terms of the
coefficients T21;…; T223 defined in (3.76) and given
explicitly in (C2)–(C24). They are

t21 ¼ T21 þ NT25

¼ ðN4 − N3 − 16N2 þ 16N − 72Þqþ 144

72NðN2 − 4Þq

þ ð1 − qÞ−N=2

72NðN2 − 4Þq ½NðN − 2ÞðN þ 2Þq3

− 2NðN þ 2ÞðN þ 4Þq2
þ ðN þ 2ÞðN2 þ 10N þ 36Þq − 144�; ð3:101Þ

t22 ¼ T22 þ T23 þ NT26

¼ ð−N4 þ N3 − 116N2 þ 296N þ 360Þq − 360N
180NðN2 − 4Þq

þ ð1 − qÞ−N=2

180NðN2 − 4Þq ½−ðN − 2ÞNðN þ 2Þq3

þ 2NðN þ 2ÞðN þ 28Þq2
− ðN þ 2ÞðN2 þ 58N þ 180Þqþ 360N�; ð3:102Þ

t23 ¼ T24 þ NT27

¼ 1

180
½ð1 − qÞ2−N=2 þ N − 16�; ð3:103Þ

t24 ¼ T28 þ T29 þ NT210

¼ 120ðN2 − 3N þ 6Þqþ ðN5 − 5N4 þ 15N3 − 70N2 þ 104N − 240Þq2 þ 240ðN − 2Þ
30ðN − 4ÞNðN2 − 4Þq2

þ ð1 − qÞ1−N=2

30ðN − 4ÞNðN2 − 4Þq2 ½−NðN þ 1ÞðN2 − 4Þq3 þ NðN þ 1ÞðN þ 2ÞðN þ 8Þq2 − 120ðN þ 2Þq − 240ðN − 2Þ�;

ð3:104Þ
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t25 ¼ T214 þ T219 þ NT215

¼ ð−N3qþ N2qþ 12q − 24Þ
6NðN2 − 4Þq þ ð1 − qÞ−N=2

6NðN2 − 4Þq ½N
2q2 − N2qþ 2Nq2 − 8Nq − 12qþ 24�; ð3:105Þ

t26 ¼ T216 þ 2T218 þ NT217

¼ ½ð5N2 − 8N − 12Þqþ 12N�
3NðN2 − 4Þq þ ð1 − qÞ−N=2

3NðN2 − 4Þq ½−NðN þ 2Þq2 þ ðN þ 2ÞðN þ 6Þq − 12N�; ð3:106Þ

t27 ¼ T220 þ NT213

¼ ð5N2q − 8Nqþ 12N − 12qÞ
3NðN2 − 4Þq þ ð1 − qÞ−N=2

3NðN2 − 4Þq ½−N
2q2 þ N2q − 2Nq2 þ 8Nq − 12N þ 12q�; ð3:107Þ

t28 ¼ T212 þ NT211

¼ ½−2Nqþ 4N − 4q�ð1 − qÞ−N
2

2NðN2 − 4Þq þ ðN3q − 2N2q − 2Nq − 4N þ 4qÞ
2NðN2 − 4Þq ; ð3:108Þ

t29 ¼ T223 þ ðN þ 2ÞT222

¼ −
½ðN4 − 5N3 þ 2N2 þ 32N − 96Þq2 þ 192q − 96�

6ðN − 4ÞNðN2 − 4Þq2

−
ð1 − qÞ1−N=2

6ðN − 4ÞNðN2 − 4Þq2 ½NðN2 þ 6N þ 8Þq2 − 48ðN þ 2Þqþ 96�; ð3:109Þ

t210 ¼ 2T221 þ 2NT222

¼ −
½5N3q2 − 24N2ðq − 1Þqþ 4Nðq2 − 18qþ 12Þ þ 48ðq − 1Þq�

3ðN − 4ÞNðN2 − 4Þq2

−
ð1 − qÞ1−N

2

3ðN − 4ÞNðN2 − 4Þq2 ½N
3q2 − 4Nðq2 − 6qþ 12Þ þ 48q�: ð3:110Þ

These results were given in [20] with slightly different
notation.
As a check on our results we can take the q → 0 limit of

these coefficients, which should give the result for the trace
of the minimal vector field. (See, for example, [39].) It can
be shown that

t21 ¼
N
72

þ 1

144
ðN þ 8Þqþ � � � ; ð3:111Þ

t22 ¼ −
N
180

þ
�
17

180
−

N
360

�
qþ � � � ; ð3:112Þ

t23 ¼
N − 15

180
þ 1

360
ðN − 4Þqþ � � � ; ð3:113Þ

t24 ¼
N
30

þ 1

60
ðN þ 1Þqþ � � � ; ð3:114Þ

t25 ¼ −
1

6
−

q
12

þ � � � ; ð3:115Þ

t26 ¼ −
q
3
þ
�
−
N
24

−
1

4

�
q2 þ � � � ; ð3:116Þ

t27 ¼
q2

48
þ 1

192
ðN þ 4Þq3 þ � � � ; ð3:117Þ

t28 ¼
1

2
þ q

4
þ � � � ; ð3:118Þ

t29 ¼ −
1

6
−

q
12

þ � � � ; ð3:119Þ

t210 ¼
q
6
þ q2

12
þ � � � ; ð3:120Þ

where we keep the first two terms in the expansion of
(3.101)–(3.110) about q ¼ 0. The q ¼ 0 results agree with
that for the minimal operator, as they should.
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In the physically interesting case ofN ¼ 4we find, using
the definition (3.70) for comparison with [21],

t21 ¼
1

144
ð3γ2 þ 12γ þ 8Þ; ð3:121Þ

t22 ¼
1

360
ð15γ2 þ 30γ − 8Þ ;ð3:122Þ

t23 ¼ −
11

180
; ð3:123Þ

t24 ¼
95γ2 þ 288γ þ 60

360γ
−
ð6γ2 þ 9γ þ 2Þ log ðγ þ 1Þ

12γ2
;

ð3:124Þ

t25 ¼
1

24
ð−γ2 − 2γ − 4Þ; ð3:125Þ

t26 ¼ −
1

12
γðγ þ 4Þ; ð3:126Þ

t27 ¼
γ2

48
; ð3:127Þ

t28 ¼
1

24
ðγ2 þ 6γ þ 12Þ; ð3:128Þ

t29 ¼
−7γ2 − 9γ þ 6

36γ
þ ðγ2 − 1Þ log ðγ þ 1Þ

6γ2
; ð3:129Þ

t210 ¼ −
5γ2 þ 42γ þ 24

36γ
þ ð5γ2 þ 9γ þ 4Þ log ðγ þ 1Þ

6γ2
:

ð3:130Þ

The results for the coefficients that do not involve total
derivatives agree with [21]. The terms with total derivatives
were not needed by [21], and the result here agrees with the
evaluation of [20]. Only those terms that involve total
derivatives involve the logarithm; thus, the logarithm does
not enter into the divergent part of the effective action.

IV. FEYNMAN GREEN FUNCTION EXPANSIONS

In quantum field theory the Feynman Green function,
rather than the auxiliary Green function of Sec. III B, is the
relevant Green’s function for developing perturbation
theory. This is obtained as in (2.7) by taking s ¼ 0 in
the auxiliary Green function. This relates T to S with a
factor of 1=ð1 − qÞ according to our definitions in (3.27)
and (3.28). The expressions for the components of the
Green function expansions given in Sec. III B simplify
considerably. In addition, we need to be careful if we want
to evaluate Gμν from Gab because of the presence of the
N-bein factors in (3.15). It is necessary to use the expansion
(3.10) of the N-bein factor of eaμðxÞ about the origin of the
RNC system at x0 to obtain the correct terms in the Green
function expansion. In addition, we will specialize to the
case of Maxwell electromagnetism by taking

Qμν ¼ Rμν: ð4:1Þ

This too leads to a simplification of terms from the more
general results that we have been considering.
We will define γ as in (3.70) and in [21]. The result

for G2 is

G2 μν ¼ R

�
1

3
δμν þ

2

3
γSpμpν

�
S2

− Rαβ

�
2

3
δμν þ 2γSpμpν

�
S3pαpβ

−
4

3
RμνS2 þ

4

3
Rμ

α
ν
βS3pαpβ: ð4:2Þ

For G3 we have

G3 μν ¼ −iR;α½δμν þ 3γSpμpν�S3pα

þ 2i
3
γR;νS3pμ þ iRαβ;λ½2δμν þ 8γSpμpν�S4pαpβpλ

þ 4iRμν
;αS3pα − 2iγRαβ

;νS4pμpαpβ

−
4i
3
Rμ

α
;νS

3pα − 4iRμ
α
ν
β;λS4pαpβpλ: ð4:3Þ

The expression for G4 is still lengthy,

G4μν ¼□R

�
2

5
δμν þ

6γ

5
Spμpν

�
S3 þR2

�
1

9
δμν þ

γ

3
Spμpν

�
S3 − RRαβ

�
2

3
δμν þ

8γ

3
Spμpν

�
S4pαpβ −

8

9
RRμνS3

þ RαβRαβ

�
2

45
δμν þ

2γ

15
Spμpν

�
S3 − RαβRα

λ

�
8

5
δμν þ

32γ

5
Spμpν

�
S4pβpλ þ RαβRλσ

�
4

3
δμν þ

20γ

3
Spμpν

�
S5pαpβpλpσ

þ 8

3
RαβRμνS4pαpβ þ

4γ

3
RαβRναS4pβpμ þ

32

15
Rμ

αRναS3 þ RαλβσRαβ

�
4

5
δμν þ

16γ

5
Spμpν

�
S4pλpσ

þ 4

3
RRmu;

α
ν
βS4pαpβ −

28

45
Rμ

α
ν
βRαβS3 þ

2ð17γ2 þ 69γ þ 57Þ
45ðγ þ 1Þ Rμαν

λRαβS4pβpλ −
22

5
Rμ

βαλRναS4pβpλ
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−
18γ

5
Rμ

λασRα
βS5pβpλpνpσ −

2ð8γ2 − 54γ − 57Þ
45ðγ þ 1Þ Rμ

λ
ναR

αβS4pβpλ −
16

3
Rμ

λ
ν
σRαβS5pαpβpλpσ

þ 2γð2γ þ 3Þ
9ðγ þ 1Þ Rμνα

λRαβS4pβpλ þ
4γ

3
Rν

αβλRαβS4pλpμ −
2

5
RμαRν

βαλS4pβpλ þ
26γ

15
Rν

λασRα
βS5pβpλpμpσ

þ RαβλσRαβλσ

�
1

15
δμν þ

γ

5
Spμpν

�
S3 − RαβλσRαβλ

τ

�
8

15
δμν þ

32γ

15
Spμpν

�
S4pσpτ

þ RαβλσRα
τ
λ
δ

�
16

15
δμν þ

16γ

3
Spμpν

�
S5pβpδpσpτ −

2

5
ðγ þ 6ÞRαβλσRμανλS4pβpσ −

2

5
Rμ

αβλRναβλS3

þ 4ð8γ2 þ 31γ þ 18Þ
45ðγ þ 1Þ Rμ

αβλRναβ
σS4pλpσ −

ð14γ2 − 74γ − 108Þ
45ð1þ γÞ Rμ

αβλRνβα
σS4pλpσ

−
ð5γ2 þ 25γ þ 18Þ

9ð1þ γÞ Rμ
αβλRν

σ
βλS4pαpσ þ

16

5
Rμ

αβλRν
σ
β
τS5pαpλpσpτ þ

ð6− γÞ
5

□Rμ
α
ν
βS4pαpβ

−
48

5
Rμ

λ
ν
σ;αβS5pαpβpλpσ − R;αβ

�
12

5
δμν þ

48γ

5
Spμpν

�
S4pαpβ þ

1

5
R;μνS3 þ 3γR;α

νS4pαpμ

−□Rαβ

�
4

5
δμν þ

16γ

5
Spμpν

�
S4pαpβ −

8

5
□RμνS3 þ Rλσ;αβ

�
24

5
δμν þ 24γSpμpν

�
S5pαpβpλpσ

þ ðγ þ 50Þ
5

Rμν
;αβS4pαpβ þ

9γ

5
ðRβλ

;μ
α − Rβλ;α

μÞS5pαpβpλpν −
2

5
Rν

β
;μ
αS4pαpβ −

31γ

5
Rβλ

;ν
αS5pαpβpλpμ

−
22

5
Rμ

β
;ν
αS4pαpβ −

γ

5
Rν

β;α
μS4pαpβ þ

3γ

5
Rαβ

;νμS4pαpβ −
γ

5
Rμ

β;α
νS

4pαpβ −
2γ

5
Rαβ

;μνS4pαpβ

−
9γ

5
Rβλ;α

νS5pαpβpλpμ: ð4:4Þ

As a check on either of the expressions forG4 μν, we can calculate the E2 μν coefficient for N ¼ 6 from the pole that arises in
dimensional regularization [40]. This comes from taking the normal coordinate momentum space expansions, letting y → 0
and replacing

pαpβpγpμpνpλS6 →
1

480
δαβγμνλ;

pαpβpγpλS5 →
1

48
δαβγλ;

pαpβS4 →
1

6
δαβ;

S3 → 1:

Here δαβγμνλ and δαβγλ are totally symmetrized sums of ordinary Kronecker deltas taken over all distinct index pairs as
defined above. The result for E2 μν is one-half of the result of this calculation. It takes the form

E2 μν ¼
�
1þ γ

2

�
δμν

�
1

72
R2 −

1

180
RαβRαβ þ 1

180
RαβγλRαβγλ þ 1

30
□R

�

−
�
1

6
þ γ

36

�
RRμν þ

�
1

2
þ γ

45

�
Rμ

αRνα −
γ

90
RμανβRαβ

−
�
1

12
þ γ

90

�
Rμ

αβλRναβλ þ
γ

30
R;μν −

�
1

6
þ γ

60

�
□Rμν:

The coefficients here can be shown to agree with those found in Sec. III F when we let N ¼ 6. In the case q → 0, which
implies that γ → 0, we recover the result for the minimal vector field in agreement with the general results given by [39], for
example.
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V. TRACE ANOMALY FOR
MAXWELL FIELD

As an application of the results found above we
will discuss the trace anomaly for the Maxwell field at
one-loop order. The classical action for the electromagnetic
field is

SM ¼ −
1

4

Z
dNxg1=2FμνFμν; ð5:1Þ

with Fμν the usual field strength. To this we must add the
gauge fixing condition, which we take to be

SGF ¼ −
1

2ξ

Z
dNxg1=2ð∇μAμÞ2; ð5:2Þ

and the associated ghost action

SGH ¼ ξ−1=2
Z

dNxg1=2η̄ð−□Þη: ð5:3Þ

With these choices the one-loop effective action, if
computed using the normal assumptions [4], reads

Γð1Þ ¼ 1

2
ln detΔμ

ν − ln detð−ξ−1=2□Þ; ð5:4Þ

where Δμ
ν takes the form of (2.1) with

q ¼ 1 − 1=ξ; ð5:5Þ

Qμ
ν ¼ Rμ

ν: ð5:6Þ

The special form for Qμ
ν given here allows great simpli-

fication, the root cause being that the Green functions
for the electromagnetic and ghost fields are related by a
Ward identity [21,31,41]. The divergent part of Γð1Þ proves
to be important in the evaluation of the renormalized
stress-energy-momentum tensor. Using the heat kernel
expansion and dimensional regularization, with the space-
time dimension N ¼ 4þ ϵ, it follows that the pole part of
Γð1Þ is given by

PPðΓð1ÞÞ ¼ 1

8π2ϵ

Z
d4xg1=2

�
−

5

72
R2 þ 11

45
RμνRμν

−
13

360
RμνλσRμνλσ þ

�
1

24
ln ξ −

1

20

�
□R

�
: ð5:7Þ

Here we have used (3.100) with (3.101)–(3.110) for the
vector operator and the well-known heat kernel coefficient
for scalars given by DeWitt [36] (or the more general

expressions given by Gilkey [39]). The vector coefficients
have been simplified using (5.5) and (5.6). [Note that
γ ¼ q=ð1 − qÞ ¼ ξ − 1 here.] This result agrees with that
given by [27] and [21]. Only the coefficient of□R depends
on the gauge fixing condition, and it can be ignored
because it only contributes a total derivative to the
integrand in (5.7); there is no contribution from the □R
term in (5.7) to the trace anomaly, as will be discussed
below. (This must be the case if the anomaly is universal
because we could choose to work with a Riemannian
manifold without a boundary for which we can safely
ignore integrals of total derivatives. Contributions from the
□R term to boundary contributions in the trace anomaly are
a separate issue that we do not consider here.)
In order to remove the pole terms in the one-loop

effective action (5.7) it is necessary to include quadratic
curvature counterterms in the usual Einstein-Hilbert gravi-
tational action. We will take

SG ¼ −
Z

dNxg1=2½λþ κRþ α1RμνλσRμνλσ

þ α2RμνRμν þ α3R2�: ð5:8Þ

Here all of the coupling constants are regarded as bare
quantities that can be expanded in terms of renormalized
ones plus counterterms. We will concentrate on dimen-
sional regularization here, so all counterterms are expanded
as a series of poles as N → 4. If we wish to discuss
spacetimes of dimension higher than 4, then higher order
curvature invariants must be added to (5.8). For the
Maxwell theory there will be no renormalization of λ
and κ. We adopt the viewpoint that the expectation value of
the stress-energy-momentum tensor should be defined by
the semiclassical Einstein equations. These read

Gμν þ Λgμν ¼ 8πGhTμνi; ð5:9Þ

where

κ ¼ 1

16πG
; ð5:10Þ

λ ¼ −
Λ

8πG
: ð5:11Þ

Because of the necessity for the quadratic terms in SG
defined in (5.8), there is a contribution to Tμν not only from
the matter field part of the action, but also from the
quadratic curvature terms in (5.8). It follows that

hTμνi ¼ hTMax
μνi þ 2g−1=2

δSquad
δgμν

; ð5:12Þ
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where

TMax
μν ¼ −2g−1=2

δSMax

δgμν
; ð5:13Þ

with SMax the Maxwell part of the action made up of the
sum of (5.1)–(5.3), and the second term in (5.12) is the
contribution from the quadratic curvature terms in (5.8).
Because of the Ward identity [21,31,41] it can be shown
[31] that the parts of the expectation value of the stress
tensor coming from the gauge fixing condition (5.2) and
the ghost fields (5.3) cancel exactly. This leaves only the
contribution from the Maxwell field (5.1), which
gives the standard result familiar from classical general
relativity of

TMax
μν ¼ Fμ

λFνλ −
1

4
gμνFλσFλσ: ð5:14Þ

If we concentrate on just the trace, it is clear that formally,
without any consideration of regularization, in four
dimensions the trace of (5.14) vanishes. However, this is
a bit too glib because it is not clear that after regularization
we have hTMax μ

μi ¼ 0. The reason is that with N ¼ 4þ ϵ
we have

hTMax μ
μi ¼ −

ϵ

4
hFμνFμνi: ð5:15Þ

In order to end up with zero for this result, it is necessary,
but not obvious, that hFμνFμνi not have a pole as ϵ → 0. We
will use the local momentum space expansion in the next
subsection to show that hFμνFμνi is finite and hence that
hTMax μ

μi ¼ 0 as ϵ → 0.

A. Proof that hTMax μ
μi ¼ 0 as ϵ → 0

Writing hFμνFμνi in terms of the gauge field results in

hFμνFμνi ¼ 2ðgμλgνσ − gμσgνλÞTμνλσ; ð5:16Þ

where we have defined

Tμνλσ ¼ h∇μAν∇λAσi: ð5:17Þ

In order to evaluate this expression we define the right-hand
side using the coincidence limit of a point separated
expression, familiar from point splitting regularization.
Specifically, we define

Tμνλσðx0Þ ¼
1

2
½h∇μAνðxÞ∇0

λAσðx0Þi þ h∇λAσðxÞ∇0
μAνðx0Þi�

ð5:18Þ

¼ 1

2
½∇μ∇0

λGνσðx; x0Þ þ∇λ∇0
μGσνðx; x0Þ�: ð5:19Þ

The symmetrization here ensures that the relation
Tμνλσ ¼ Tλσμν evident from (5.17) holds after regulariza-
tion. The square brackets in this subsection are used to
denote that the coincidence limit x → x0 is taken, in
conformity with standard point splitting regularization
notation [42,43]. We choose to relate all expressions to
the origin of normal coordinates x0 to facilitate calculations.
Because the Christoffel connection vanishes at x0 we have

½∇μ∇0
λGνσðx; x0Þ� ¼ ½∂μ∂ 0

λGνσðx; x0Þ�: ð5:20Þ

Because of the presence of the factor of ϵ in (5.15) we
only need to evaluate the pole part of Tμνλσ and we can do
this by using the local momentum space expansion of the
Green function found in Sec. IV. It is easy to see from
(5.20) that the pole part required for N → 4 is given by

PP½∇μ∇0
λGνσðx;x0Þ� ¼

Z
dNp
ð2πÞN fpμpλG4νσ þ ipμ∇0

λG3νσg:

ð5:21Þ

Here G3 is given by (4.3) and G4 is given by (4.4). It is
worth remarking that this result can also be obtained by an
application of Synge’s theorem [42–45]. The calculation of
(5.21), although straightforward enough, is somewhat
lengthy. The pole part makes use of the standard results
from dimensional regularization,

S2 → −
1

8π2ϵ

pμpνS3 → −
1

32π2ϵ
δμν

pμpνpλpσS4 → −
1

192π2ϵ
δμνλσ

pμpνpλpσpαpβS5 → −
1

1536π2ϵ
δμνλσαβ

pμpνpλpσpαpβpγpδS6 → −
1

15360π2ϵ
δμνλσαβγδ:

The result for the pole part of Tμνλσ turns out to be
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PPðTμναβÞ ¼−
1

8π2ϵ

�ðξþ 1Þ
288

R2δαβδμνþ
ðξ− 1Þ
288

R2ðδαμδβνþ δανδβμÞ−
ðξþ 5Þ
72

RRαβδμν −
ðξþ 1Þ
72

RRμνδαβ

þð1− ξÞ
72

RðRαμδβνþRανδβμþRβμδανþRβνδαμÞþ
ðξþ 5Þ
36

RαβRμνþ
ð2ξþ 43Þ

180
RαλRβλδμν

þðξ−1Þ
36

ðRαμRβνþRανRβμÞþ
ðξþ 1Þ
90

RμλRν
λδαβ þ

ðξ− 1Þ
90

ðRαλRμ
λδβνþRαλRν

λδβμþRβλRμ
λδανþRβλRν

λδαμÞ

−
ðξþ 1Þ
720

RλσRλσδαβδμνþ
ð1− ξÞ
720

RλσRλσðδαμδβνþ δανδβμÞ

þ 19ðξ− 1Þ
1440

ðRαλβμRν
λþRαλβνRμ

λþRαμβλRν
λþRανβλRμ

λÞ

þ ð1− ξÞ
180

RλσðRαλβσδμνþRαλμσδβνþRαλνσδβμþRβλμσδανþRβλνσδαμÞþ
1

36
RðRαμβνþRανβμÞ

−
ðξþ 1Þ
180

RμλνσRλσδαβ þ
ð7ξþ 113Þ

1440
ðRαμνλRβ

λþRανμλRβ
λþRβμνλRα

λþRβνμλRα
λÞ

þ ð1− ξÞ
180

ðRαλβσRμλνσ þRαλβσRμ
σ
ν
λÞ− ðξ− 1Þðξþ 10Þ

540ξ
ðRαλμσRβ

σ
ν
λþRαλνσRβ

σ
μ
λÞ

þ ð22ξ2þ 33ξ− 10Þ
540ξ

ðRαλμσRβ
λ
ν
σ þRαλνσRβ

λ
μ
σÞ− ð2ξþ 13Þ

360
RαλσθRβ

λσθδμν

−
ðξ− 1Þð5ξþ 2Þ

216ξ
ðRαμλσRβν

λσ þRανλσRβμ
λσÞ

þ ð1− ξÞ
180

ðRαλσθRμ
λσθδβνþRαλσθRν

λσθδβμþRβλσθRμ
λσθδανþRβλσθRν

λσθδαμÞþ
ðξþ 1Þ
720

RλσθϕRλσθϕδαβδμν

þðξ−1Þ
720

RλσθϕRλσθϕðδαμδβνþ δανδβμÞ−
ðξþ 1Þ
180

RμλσθRν
λσθδαβ þ

ðξþ 1Þ
120

□Rδαβδμν

þðξ−1Þ
120

□Rðδαμδβνþ δανδβμÞþ
ðξ− 1Þ
60

ðR;αβδμνþR;ανδβμþR;βμδανÞþ
ð1− ξÞ
40

ðR;αμδβνþR;βνδαμÞ

þ ðξþ 1Þ
60

R;μνδαβ þ
ð1− ξÞ
120

ðRμν;βαþRμν;αβÞþ
ð1− ξÞ
480

ðRβν;μαþRβμ;ναþRαν;μβ þRαμ;νβÞ

þ ð1− ξÞ
120

ð□Rαμδβνþ□Rανδβμþ□Rβμδανþ□Rβνδαμþ□RμνδαβÞ−
ðξþ 9Þ
120

ð□RαβδμνþRαβ;νμþRαβ;μνÞ

þ ð21ξþ 19Þ
480

ðRβν;αμþRαμ;βνÞ−
ð19ξþ 21Þ

480
ðRαν;βμþRβμ;ανÞþ

ð1− ξÞ
120

ð□Rαμβνþ□RανβμÞ
�
: ð5:22Þ

Using this result we can now evaluate the pole part of
hFμνFμνi using (5.16) to be

PPðhFμνFμνiÞ ¼ 2ðgμλgνσ − gμσgνλÞPPðTμνλσÞ
¼ 0: ð5:23Þ

This last equality follows after a bit of calculation. This
means that hFμνFμνi is finite as ϵ → 0, and hence from
(5.15) hTMax μ

μi ¼ 0 as claimed. It is worth remarking that
had the term G3 in (5.21) been neglected, a nonzero pole
term involving □R would have resulted.

B. Trace anomaly

Having just established that hTMax μ
μi ¼ 0, it follows

from (5.12) that

hTμ
μi ¼ 2g−1=2gμν

δSquad
δgμν

: ð5:24Þ

Suppose that we write

Squad ¼ α1I1 þ α2I2 þ α3I3; ð5:25Þ

where

I1 ¼
Z

dNxg1=2RμνλσRμνλσ; ð5:26Þ

I2 ¼
Z

dNxg1=2RμνRμν; ð5:27Þ

I3 ¼
Z

dNxg1=2R2: ð5:28Þ
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Here α1, α2, α3 are coupling constants that contain a finite
part and the pole term necessary for renormalization as
discussed at the start of Sec. V. Under an infinitesimal
conformal transformation described by the factor δωðxÞ, we
have

δgμνðxÞ ¼ 2δωðxÞgμνðxÞ: ð5:29Þ

The infinitesimal change in the inverse metric is

δgμνðxÞ ¼ −2δωðxÞgμνðxÞ: ð5:30Þ
The conformal transformation of g is

δgðxÞ ¼ 2NδωðxÞgðxÞ: ð5:31Þ
It is easy to establish the identity

2gμνðxÞ δSquad
δgμνðxÞ ¼ −

δSquad
δωðxÞ : ð5:32Þ

This means we can concentrate on the conformal behavior
of I1, I2, I3 in (5.26)–(5.28). The following result is
obtained:

g−1=2
δSquad
δωðxÞ ¼ ðN − 4Þ½α1RμνλσRμνλσ þ α2RμνRμν þ α3R2�

− ½4ðα1 − α3Þ þ Nðα2 þ 4α3Þ�□R: ð5:33Þ

If we look first at the classical theory, so that α1, α2 and
α3 are finite expressions that describe the coupling to the
quadratic curvature terms, then Squad is only conformally
invariant for N ¼ 4 if the coefficient of the □R term
vanishes. This requires the coupling constants to satisfy the
constraint (choosing N ¼ 4)

α1 þ α2 þ 3α3 ¼ 0: ð5:34Þ
In the quantum theory a natural requirement is to demand
that the renormalized coupling constants also satisfy this
constraint, although ultimately this is only something that
could be determined by observation. The associated coun-
terterms for a λϕ4 theory satisfy this to at least two-loop
order (see [40], for example), so this is a reasonable,
although not compulsory, requirement. It also means, from
the renormalization group, that the constraint will hold at
all energy scales.
There are now several things to notice with the result

(5.33). First of all, if we look at the terms in the first line
that involve the curvature squared terms, as we let N → 4,
only the pole parts of α1, α2 and α3 will contribute. This
part of the expression is directly related to the counterterms
in the effective action that were necessary to renormalize it.
If no counterterms are required (which is not the case in
general) these terms would make no contribution in the
N → 4 limit. For the coefficient of the □R term, if we

assume that (5.34) holds for the renormalized parameters,
then the coefficient of the□R term for N ¼ 4 is determined
solely by the α2 and α3 counterterms. An important point is
that even if we include a □R counterterm in the renorm-
alization of the effective action, it does not contribute to the
trace anomaly since its conformal change vanishes at
N ¼ 4. To put it another way, the □R term in the heat
kernel coefficient that determines the □R counterterm in
the effective action at one-loop order does not necessarily
correspond to the □R term in the trace anomaly.
The counterterms for α1, α2, α3 are easily found from

(5.7). A short calculation using these counterterms and
(5.33) shows that

hTμ
μi¼

1

2880π2
ð12□R−25R2þ88RμνRμν−13RμνλσRμνλσÞ:

ð5:35Þ

This is in complete agreement with Brown and Cassidy
[30], who established it in the Feynman gauge using
dimensional regularization and a heat kernel method,
and with Duff [46]. Our result has been established in a
way that shows independence of the gauge parameter and
agrees with the result established by Endo [27] and made
implicit in [21].

VI. DISCUSSION

In Sec. V we showed that the conformal anomaly for the
Maxwell field could be found using our expansions and
gave agreement with previously known results. Our dem-
onstration kept the gauge parameter general, and it was
shown that the result was independent of this parameter. We
also showed that the result was not given by the traced heat
kernel coefficient for the vector field as, in agreement with
[27], the term that involved □R did depend on the gauge
parameter. The origin of the trace anomaly were the
quadratic terms necessary to renormalize the effective
action, and these turned out to be gauge parameter
independent in four spacetime dimensions; our results
for the necessary counterterms agree with previously
known results [21,27]. Brown and Cassidy [30] give a
formal proof that the one-loop effective action is indepen-
dent of ξ; however, it is clear from Sec. V that this assumes
that total derivatives are discarded. The result that is found
for the trace anomaly does agree with the trace of the heat
kernel coefficients for the Feynman gauge (ξ ¼ 1). Thus, it
appears as if the formal identification of the trace anomaly
with the heat kernel coefficient relies on the use of minimal
operators. This requires further investigation, and we hope
to report on it elsewhere. It is also worth mentioning the
analysis of Nielsen and van Nieuwenhuizen [33] who use
heat kernel methods and a regularization of the proper time
representation to show that the ξ-dependent contribution
from the □R part of the vector field heat kernel coefficient
is canceled by the ghost fields in their method. The net
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result of their calculation agrees with the standard result
found using the Feynman gauge.
Part of the apparent disagreement between different

researchers resides in exactly how the expectation value
of the stress-energy-momentum tensor is identified from
formal expressions such as the effective action or other
unregularized expressions. The point of view adopted
above is that it should be identified as the source term
in the effective Einstein field equations, and this leads to a
clear-cut definition. The physical content of any other
approach should agree with our analysis, but the definition
of what one calls the expectation value of the stress-energy
tensor and how one identifies the geometric side of the
effective field equations may differ.
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APPENDIX A: EXPANSIONS FOR ðAμνÞab, ðBμÞab
AND ðCÞab

By taking x ¼ x0 in (3.16) it can be seen that

ðAμν
0 Þab ¼ −δμνδab þ

q
2
ðeaμebν þ eaνebμÞ: ðA1Þ

Here eaμ appearing in (A1) is understood to be evaluated at
the origin of the Riemann normal coordinate. We will omit

the spacetime argument x0 except when it is necessary to
distinguish it from x.
We now need to evaluate the next terms in the Riemann

normal coordinates expansions of (3.16). We use (3.8) and
(3.11) to find

ðAμν
αβÞab ¼ −

1

3
Rμ

α
ν
βδab −

q
12

Rν
αβλðeaμebλ þ eaλebμÞ

−
q
12

Rμ
αβλðeaνebλ þ eaλebνÞ: ðA2Þ

Again, eaμ appearing in (A1) is understood to be evaluated
at the origin of Riemann normal coordinates. We can
simplify the notation by replacing the repeated spacetime
indices with those for the orthonormal frame. Strictly
speaking, the result in (A2) should really be symmetrized
in α and β; however, as the result will always be contracted
with a symmetric expression, we will not explicitly write
out the symmetrized expression.
For the next two terms in the expansion of ðAμνÞab we

find

ðAμν
αβγÞab ¼ −

1

6
Rμ

α
ν
β;γδab −

q
24

Rμ
αβσ;γðeaνebσ þ eaσebνÞ

−
q
24

Rν
αβσ;γðeaμebσ þ eaσebμÞ; ðA3Þ

and

ðAμν
αβγδÞab ¼ −

1

20
Rμ

α
ν
β;γδδab −

1

15
Rμ

αβλRν
γδ
λδab −

q
80

Rν
αβλ;γδðeaμebλ þ eaλebμÞ

−
q
80

Rμ
αβλ;γδðeaνebλ þ eaλebνÞ −

7q
720

Rν
αβλRγ

λ
δσðeaμebσ þ eaσebμÞ

−
7q
720

Rμ
αβλRγ

λ
δσðeaνebσ þ eaσebνÞ þ

q
72

Rμ
αβλRν

γδσðeaλebσ þ eaσebλÞ; ðA4Þ

with a similar note about symmetrization in the indices α, β, γ, δ.
The first three terms in the Riemann normal coordinate expansion for ðBμÞab are (with a similar warning about

symmetrization)

ðBμ
αÞab ¼

2

3
Rμ

αδab þ Rμ
αλβeaλebβ þ

q
6
Rμ

λαβðeaβebλ − 2eaλebβÞ −
q
2
Rαλeaμebλ; ðA5Þ

ðBμ
αβÞab ¼

1

2
Rμβ;αδab −

1

12
Rαβ;μδab þ

2

3
Rμβνλ;αeaνebλ þ

q
6
Rμ

νβλ;αðeaλebν − eaνebλÞ

−
q
12

Rμ
αβλ;νðeaνebλ þ eaλebνÞ −

q
12

Rανβλ
;μeaνebλ −

q
3
Rβν;αeaμebν; ðA6Þ
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ðBμ
αβγÞab ¼

1

5
Rμ

α;βγδab −
3

40
Rαβ

;μ
γδab −

23

180
Rα

λRμ
βγλδab þ

4

45
Rμλ

ασRβλγ
σδab þ

1

40
Rβγ;α

μδab þ
1

4
Rμ

γλσ;αβeaλebσ

þ 1

4
Rμ

αβλRγ
λ
στea

σebτ −
q
20

Rμ
λγσ;αβeaλebσ þ

3q
40

Rμ
λγσ;αβeaσebλ −

q
40

Rμβγσ;λαðeaλebσqþ eaσebλÞ

−
q
40

Rμ
βγσ;αλðeaλebσ þ eaσebλÞ þ

q
24

RαλβσRγλστeaμebτ −
q
40

ðRβλγσ;μα þ Rβλγσ;αμÞeaλebσ

−
q
45

Rμ
αλσRβ

λ
γτðeaσebτ þ eaτebσÞ þ

q
180

Rμ
αβλRγσ

λ
τðeaσebτ þ 16eaτebσÞ −

q
30

Rμ
λασRβ

λ
γτðeaσebτ þ eaτebσÞ

þ q
360

Rμ
λασRβσγτð11eaτebλ − 4eaλebτÞ −

q
8
Rγλ;αβeaμebλ þ

q
12

RαλRμ
βγσeaσebλ: ðA7Þ

For ðCÞab we need to expand Qab as well as the geometric terms in (3.19). The results are

ðC0Þab ¼ Qab −
q
2
Rαβeaαebβ; ðA8Þ

ðCαÞab ¼ ∇αQab þ
1

3
Rαβ;λðeaλebβ − eaβebλÞ −

q
3
ðRαβ;λ þ Rλβ;αÞeaλebβ; ðA9Þ

ðCαβÞab ¼
1

2
∇α∇βQab þ

1

4
Rβν;μαðeaμebν − eaνebμÞ þ

1

6
Rα

μRβμνλeaνebλ þ
1

4
Rα

μν
λRβμνσeaλebσ

−
q
8
ðRβν;αμ þ Rβν;μα þ Rμν;αβÞeaμebν −

q
8
Rα

μν
λRβνμσeaλebσ þ

q
24

Rα
μν

λRβμνσeaλebσ −
q
24

Rα
μ
β
νRμλνσeaλebσ

−
q
12

Rμ
νRαμβλeaλebν −

q
24

Rαν
μλRβσμλeaνebσ: ðA10Þ

The last term should really be symmetrized in α and β as discussed above for the other coefficients.

APPENDIX B: EXPRESSION FOR THE AUXILIARY GREEN FUNCTION

For G3 we use (2.29)–(2.32), with the relevant expressions for the expansion coefficients given in (A3), (A6)and (A9),
to find

eaαðx0Þebβðx0ÞðG3Þab ¼ 2iQαβ
;μS3pμ − iqQαμ

;μS2Tpβ − iqQα
μ
;βS2Tpμ − iq2Qμν

;νS2T2pαpβpμ

þ 2iqQα
μ;ν½Sþ ð1 − qÞT�S2Tpβpμpν þ 2iqQμ

β
;νS3Tpαpμpν − iq2Qμν

;βS2T2pαpμpν

þ 2iq2Qμν;λ½Sþ ð1 − qÞT�S2T2pαpβpμpνpλ þ
iq
2
R;αS2Tpβ þ

iq
3
R;β½Sþ ð1 − qÞT�STpα

− iR;μ

�
S3δαβpμ þ

q
2
½2S2 þ ð2 − 3qÞST þ 2ð1 − qÞ2T2�STpαpβpμ

�

þ i
6
Rβ

μ
;α½4S2 þ qST þ qð1 − qÞT2�Spμ þ

i
6
Rα

μ
;β½−4S2 þ 7qST þ qð1 − qÞT2�Spμ

−
iq
3
Rμν

;β½2S2 þ ð2 − 5qÞST þ 2ð1 − qÞ2T2�STpαpμpν −
iq
2
Rαβ

;μ½Sþ ð1 − qÞT�STpμ

− 2iqRα
ν;μ½Sþ ð1 − qÞT�S2Tpβpμpν − 2iqRβ

ν;μS3Tpαpμpν þ 2iRμν;λfS4δαβpμpνpλ

þ q½S3 þ ð1 − 2qÞS2T þ ð1 − qÞð1 − 2qÞST2 þ ð1 − qÞ3T3�STpαpβpμpνpλg

þ 2iq
3

Rα
μ
β
ν;λ½S2 þ ð1 − qÞST þ ð1 − qÞ2T2�STpμpνpλ: ðB1Þ

The results for S and T are given in (3.27) and (3.28), respectively.
Lastly, we turn to the much lengthier expression for G4. We use (2.33)–(2.39) along with the result for G0 in (3.26) and

the relevant expressions for A, B, C given in Appendix A. The net result is
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eaμðx0Þebνðx0ÞðG4Þab ¼
1

9
R2fS3δμν þ q½S2 þ ð1− qÞST þ ð1− qÞ2T2�STpμpνg

−
2

3
RRαβfS4δμνpαpβ þ q½S3 þ ð1− 2qÞS2T þ ð1− qÞð1− 2qÞST2 þ ð1− qÞ3T3�STpαpβpμpνg

þ q
3
RRμ

α½2Sþ ð1− qÞT�S2Tpαpν þ
q
3
RRν

α½2Sþ ð1− qÞT�S2Tpαpμ þ
q
18

RRμν½Sþ ð1− qÞT�ST

þ 1

45
RαβRαβf2S3δμν þ q½2S2 þ ð2− 17qÞST þ 2ð1− qÞ2T2�STpμpνg

−
1

5
Rα

βRαλf8S4δμνpβpλ þ q½8S3 þ ð8− 23qÞS2T þ 2ð1− qÞð4− 9qÞST2

þ 8ð1− qÞ3T3�STpβpλpμpνg þ
1

3
RαβRλσf4S5δμνpαpβpλpσ þ q½4S4 þ 2ð2− 5qÞS3T

þ ð2− 3qÞð2− 5qÞS2T2 þ 2ð1− qÞ2ð2− 5qÞST3 þ 4ð1− qÞ4T4�STpαpβpλpσpμpνg
þ q
9
Rα

βRμ
α½7S2 þ ð7− 4qÞST − 2ð1− qÞ2T2�STpβpν

−
q
3
RαβRμ

λ½6S2 þ ð4− 7qÞST þ 2ð1− qÞ2T2�S2Tpλpαpβpν

−
q
3
RαβRν

λ½6S2 þ ð4− 7qÞST þ 2ð1− qÞ2T2�S2Tpλpαpβpμ

−
q
18

RαβRμν½2S2 þ ð2− 5qÞST þ 2ð1− qÞ2T2�STpαpβ

þ q
9
RαβRνα½13S2 þ 2ð2− 5qÞST þ 4ð1− qÞ2T2�STpβpμ

−
q
180

Rμ
αRνα½41Sþ 11ð1− qÞT�ST þ qRμ

αRν
βS3Tpαpβ

þ 2

15
RαλβσRαβf6S4δμνpλpσ þ q½6S3 þ ð6− 11qÞS2T þ ð1− qÞð6− 11qÞST2

þ 6ð1− qÞ3T3�STpλpμpνpσg−
q
9
Rμ

αβλRαβ½2S2 − ð7− 4qÞST þ 2ð1− qÞ2T2�STpλpν

−
2q
9
RRμ

α
ν
β½S2 þ ð1− qÞST þ ð1− qÞ2T2�STpαpβ þ

q
10

RμανβRαβ½6Sþ ð1− qÞT�ST

−
q
90

Rμ
α
ν
λRα

β½20S3 þ ð84þ 15qÞS2T þ 2ð2− 17qÞST2 þ 38ð1− qÞ2T3�Spβpλ

−
q
45

Rμ
βαλRναf37S2 þ 22ð1− qÞST þ 7ð1− qÞ2T2gSTpβpλ

þ 2q
15

Rμ
λασRα

βfS3 þ ð1− 11qÞS2T þ ð1− qÞð1− 11qÞST2 þ 10ð1− qÞ3T3gSTpνpβpλpσ

þ q
90

Rμ
λ
ναR

αβf10S3 − ð34− 15qÞS2T − 34ð1− qÞST2 − 16ð1− qÞ2T3gSpβpλ

þ 2q
3
Rμ

λ
ν
σRαβfS3 þ ð1− 2qÞS2T þ ð1− qÞð1− 2qÞST2 þ ð1− qÞ3T3gSTpαpβpλpσ

þ q
18

Rμνα
λRαβf4S3 þ 3qS2T þ 6qST2 − 4ð1− qÞ2T3gSpβpλ

þ 2q
9
Rναβ

λRαβf2S2 þ ð2− 5qÞST þ 2ð1− qÞ2T2gSTpλpμ

þ q
45

Rν
βαλRμαf8S2 − 22ð1− qÞST − 7ð1− qÞ2T2gSTpβpλ

þ q
15

Rν
λασRα

β½20S3 þ ð2þ 5qÞS2T þ ð1− qÞð2þ 5qÞST2 þ 2ð1− 3q2 þ q3ÞT3�STpβpλpσpμ

þ 1

15
RαβλσRαβλσfS3δμν þ q½S2 þ ð1− qÞST þ ð1− qÞ2T2�STpμpνg
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−
8

15
Rαβλ

σRαβλ
τfS4δμνpσpτ þ q½S3 þ ð1− qÞS2T þ ð1− qÞ2ST2 þ ð1− qÞ3T3�STpμpνpσpτg

þ 16

15
Rα

βλσRα
τ
λ
ρfS5δμνpβpρpσpτ þ q½S4 þ ð1− qÞS3T þ ð1− qÞ2S2T2 þ ð1− qÞ3ST3 þ ð1− qÞ4T4�STpμpνpβpρpσpτg

þ q
5
Rα

βλσRμ
α
νλ½S2 þ ð1− qÞST þ 2ð1− qÞ2T2�STpβpσ þ

q2

18
RαβλσRναβλ½Sþ ð1− qÞT�ST2pμpσ

þ q2

36
RαβλσRναλσ½Sþ ð1− qÞT�ST2pμpβ −

1

120
RμαβλRν

αβλf60S3 − 7q½Sþ ð1− qÞT�STg

þ 1

45
Rμαβ

λRν
αβσ½30ð1þ qÞS3 þ qð4þ 5qÞS2T þ qð1− qÞð4þ 5qÞST2 − 7qð1− qÞ2T3�Spλpσ

−
q
45

RμαβλRν
βασ½30S3 þ 5ð4þ qÞS2T þ 5ð1− qÞð4þ qÞST2 þ 18ð1− qÞ2T3�Spλpσ

−
q
90

Rμ
αβλRνβλ

σ½ð27þ 5qÞS2 þ ð1− qÞð27þ 5qÞST þ 16ð1− qÞ2T2�STpαpσ

þ q
90

Rμαβ
λRν

σαβ½ð3þ 10qÞS2 þ ð1− qÞð3þ 10qÞST − 16ð1− qÞ2T2�STpλpσ

−
q
180

Rμ
αβλRν

σ
βλ½60S3 þ ð84þ 5qÞS2T þ ð1− qÞð84þ 5qÞST2 þ 56ð1− qÞ2T3�Spαpσ

þ 14q
15

Rμ
αρλRν

σ
ρ
β½S3 þ ð1− qÞS2T þ ð1− qÞ2ST2 þ ð1− qÞð1þ q2ÞT3�STpαpβpλpσ

−
q
10

□Rμ
β
ν
λ½3S2 þ 3ð1− qÞST þ 2ð1− qÞ2T2�STpβpλ þ

6q
5
Rμ

λ
ν
σ;αβ½S3 þ ð1− qÞS2T þ ð1− qÞ2ST2 þ ð1− qÞ3T3�

× STpαpβpλpσ þ
2

5
□RfS3δμν þ q½S2 þ ð1− qÞST þ ð1− qÞ2T2�STpμpνg

−
1

5
R;αβf12S4δμνpαpβ þ q½12S3 þ ð12− 17qÞS2T þ ð1− qÞð12− 17qÞST2 þ 12ð1− qÞ3T3�STpαpβpμpνg

þ qR;μ
α½Sþ ð1− qÞT�S2Tpαpν þ qR;ν

α

�
S2 þ 1

2
ð2− 3qÞST þ ð1− qÞ2T2

�
STpμpα −

11q
20

R;μνS2T

−
1

5
□Rβλf4S4δμνpβpλ þ q½4S3 þ ð4− 9qÞS2T þ ð1− qÞð4− 9qÞST2 þ 4ð1− qÞ3T3�STpβpλpμpνg

þ 4

5
Rλσ;αβf6S5δμν þ q½6S4 þ ð6− 11qÞS3T þ ð1− qÞð6− 11qÞS2T2 þ ð1− qÞ2ð6− 11qÞST3

þ 6ð1− qÞ4T4�STpμpνgpαpβpλpσ þ q□Rμ
β½Sþ ð1− qÞT�STpβpν þ

3q
20

□Rμν½Sþ ð1− qÞT�ST þ q□Rν
βS3Tpβpμ

− 4qRμ
λ;αβ½S3 þ ð1− qÞS2T þ ð1− qÞ2ST2�STpαpβpλpν −

q
10

Rμν
;αβ½9S2 þ 9ð1− qÞST þ 10ð1− qÞ2T2�STpαpβ

− 4qRν
λ;αβS4Tpαpβpλpμ þ

3q
5
Rβλ

;μ
α½S3 þ ð1− qÞS2T þ ð1− qÞ2ST2�STpαpβpλpν

þ 2

5
Rν

β
;μ
α½5S3 þ qS2T þ qð1− qÞST2 þ qð1− qÞ2T3�Spαpβ −

q
10

Rβλ
;ν
α½20S3 þ ð14− 25qÞS2T þ ð1− qÞð14− 25qÞST2

þ 2ð1− qÞ2ð7− 6qÞT3�STpαpβpλpμ þ
1

5
Rμ

β
;ν
α½−10S3 þ 7qS2T þ 7qð1− qÞST2 þ 2qð1− qÞ2T3�Spαpβ

−
3q
5
Rβλα

;μðS2 þ ð1− qÞST þ ð1− qÞ2T2�S2Tpαpβpλpν −
q
10

Rν
α;β

μ½Sþ ð1− qÞT�S2Tpαpβ

þ 3q
10

Rαβ
;μν½Sþ ð1− qÞT�S2Tpαpβ −

q
10

Rβλ;α
ν½ð6− 15qÞS2 þ ð1− qÞð6− 15qÞST þ 2ð1− qÞ2ð3− 4qÞT2�ST2pαpβpλpμ

þ 9q
10

Rμ
α;β

ν½Sþ ð1− qÞT�S2Tpαpβ −
q
5
Rαβ

;μν½Sþ ð1− qÞT�S2Tpαpβ −
2q2

3
RQαβ½Sþ ð1− qÞT�S2T2pαpβpμpν

þ q2

3
RαβQαβS2T2pμpν − q2Rα

λQλβ½3Sþ ð1− qÞT�S2T2pαpβpμpν
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þ 2q2

3
RλσQαβ½3S2 þ ð4− 7qÞST þ 3ð1− qÞ2T2�S2T2pαpβpλpμpνpσ −

q2

3
RμλQλβS2T2pβpν − q2Rμ

λQαβS3T2pαpβpλpν

−
q2

6
RμνQαβS2T2pαpβ þ

q2

6
RνλQλβS2T2pβpμ − q2Rν

λQαβS3T2pαpβpλpμ −
q2

3
RλαβσQλβ½Sþ ð1− qÞT�S2T2pαpμpνpσ

þ q
3
Rμαβ

λQαβ½3S− qT�S2Tpλpν þ
q
6
Rμαν

λQαβ½ð6þ qÞS− 2qT�S2Tpβpλ þ
4q2

3
Rμ

λ
α
σQαβ½Sþ ð1− qÞT�S2T2pβpλpνpσ

−
q2

6
Rμ

λ
ναQ

αβS3Tpβpλ þ
2q2

3
Rμ

λ
ν
σQαβ½Sþ ð1− qÞT�S2T2pαpβpλpσ −

q2

6
Rμνα

λQαβ½Sþ 2T�S2Tpβpλ

þ q2

6
Rναβ

λQαβS2T2pλpμ −
2q2

3
Rν

λ
α
σQαβ½Sþ ð1− qÞT�S2T2pβpλpμpσ −

q
3
RQμ

α½2Sþ ð1− qÞT�S2Tpαpν

−Rα
βQμ

αS3Tpβpνq−
q
6
RναQμ

αS2T − qRν
βQμ

αS3Tpαpβ þ
q
3
RβλQμ

α½3S2 þ ð4− 7qÞST þ 2ð1− qÞ2T2�S2Tpαpβpλpν

−
q
3
Rν

β
α
λQμ

α½S− ð1− qÞT�S2Tpβpλ −
2

3
RQμνS3 þ 2RαβQμνS4pαpβ −

2q
3
RQν

α½2Sþ ð1− qÞT�S2Tpαpμ

− 2qRα
βQν

αS3Tpβpμ þ
q
3
RβλQν

α½3S2 þ ð4− 7qÞST þ 2ð1− qÞ2T2�S2Tpαpβpλpμ −
q
6
RμαQν

αS2T − qRμβQν
αS3Tpαpβ

þ q
3
RμβαλQν

α½2Sþ ð1− qÞT�S2Tpβpλ þ q2Qα
βQαλS3T2pβpλpμpν þ q3QαβQλσS3T3pαpβpλpμpνpσ

þ qQαβQμαS3Tpβpν þ q2Q6αβQμ
λS3T2pλpαpβpν þQμαQν

αS3 þ qQμ
αQν

βS3Tpαpβ þ qQαβQναS3Tpβpμ

þ q2QαβQν
λS3T2pλpαpβpμ − q2Qαβ;λ

β½Sþ ð1− qÞT�S2T2pαpλpμpν − q2Qαβ;λ
ν½Sþ ð1− qÞT�S2T2pαpβpλpμ

þ 4q2Qαβ;λσ½S2 þ ð1− qÞST þ ð1− qÞ2T2�S2T2pαpβpλpμpνpσ þ
q2

2
Qαβ

;νβS2T2pαpμ

− q2Qαβ
;ν
λ½Sþ ð1− qÞT�S2T2pαpβpλpμ þ 4qQα

ν
;βλS4Tpαpβpλpμ − qQμα

;βα½Sþ ð1− qÞT�S2Tpβpν

þ 4qQμ
α;βλ½S2 þ ð1− qÞST þ ð1− qÞ2T2�S2Tpαpβpλpν − qQμ

α;β
ν½Sþ ð1− qÞT�S2Tpαpβ þ

q
2
Qμ

α
;ναS

2T

− qQμ
α
;ν
β½Sþ ð1− qÞT�S2Tpαpβ þ 4Qμν

;αβS4pαpβ − q2□Qαβ½Sþ ð1− qÞT�S2T2pαpβpμpν − q□Qα
νS3Tpαpμ

− q□Qμ
α½Sþ ð1− qÞT�S2Tpαpν −□QμνS3 − q2Qαβ

;β
λ½Sþ ð1− qÞT�S2T2pαpλpμpν þ

q2

2
Qαβ

;βνS2T2pαpμ

− qQμα
;αβ½Sþ ð1− qÞT�S2Tpβpν þ

q
2
Qμ

α
;ανS

2T:ðB2Þ

APPENDIX C: RESULTS FOR THE COEFFICIENTS APPEARING IN (3.76)

The coefficients appearing in (3.76) are given for general spacetime dimensions by

T21 ¼ ½432N þ ð−12N3 þ 72N2 − 528N − 576Þq ðC1Þ

þ ð−5N4 þ 10N3 þ 20N2 þ 104N þ 288Þq2�=½18NðN2 − 16ÞðN2 − 4Þq2�
− ð1 − qÞ−N=2½432N − ð12N3 þ 144N2 þ 528N þ 576Þqþ ðN4 þ 28N3 þ 176N2 þ 392N þ 288Þq2
þ ð−2N4 − 20N3 − 64N2 − 64NÞq3 þ ðN4 þ 4N3 − 4N2 − 16NÞq4�=½18NðN2 − 16ÞðN2 − 4Þq2�; ðC2Þ

T22 ¼ ½2880N þ 360NðN − 8Þq − 60ðN þ 4ÞðN2 − 14N þ 16Þq2
þ ð−19N4 þ 194N3 þ 16N2 − 2576N þ 960Þq3�=½90NðN2 − 16ÞðN2 − 4Þq3�
þ 2ð1 − qÞ−N=2½−720N þ 90Nð3N þ 8Þq − 30ðN − 1ÞðN þ 4ÞðN þ 8Þq2
þ ðN þ 2ÞðN þ 4ÞðN2 þ 43N − 30Þq3 − NðN þ 2ÞðN þ 4Þð2N þ 11Þq4
þ ðN − 2ÞNðN þ 2ÞðN þ 4Þq5=½45NðN2 − 16ÞðN2 − 4Þq3�; ðC3Þ
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T23 ¼ ½−1440N − 720ðN − 2ÞNq − 60ð3N3 − 10N2 − 24N − 32Þq2
− ðN þ 2Þð29N3 − 152N2 − 112N þ 960Þq3�=½45NðN2 − 16ÞðN2 − 4Þq3�
þ ð1 − qÞ1−N=2½1440N − 240ðN þ 2ÞðN þ 4Þq2 − ðN − 32ÞNðN þ 2ÞðN þ 4Þq3
þ ðN2 − 4ÞNð4þ NÞq4�=½45NðN2 − 16ÞðN2 − 4Þq3�; ðC4Þ

T24 ¼ −
ð15N − 64Þ
180ðN − 4Þ −

ð1 − qÞ2−N=2

45ðN − 4Þ ; ðC5Þ

T25 ¼ ½−1728þ 48ðN2 − 3N þ 44Þqþ ðN5 − N4 − 12N3 − 8N2 þ 104N − 672Þq2�=½72NðN2 − 16ÞðN2 − 4Þq2�
þ ð1 − qÞ−N=2½1728 − 48ðN þ 4ÞðN þ 11Þqþ ðN þ 2ÞðN þ 4ÞðN2 þ 10N þ 84Þq2 − 2NðN þ 2ÞðN þ 4Þ2q3
þ ðN − 2ÞNðN þ 2ÞðN þ 4Þq4�=½72NðN2 − 16ÞðN2 − 4Þq2�; ðC6Þ

T26 ¼ ½2160N þ 240ð2N2 − 15N − 20Þq − ðN þ 2ÞðN4 − 3N3 − 48N2 þ 580N − 1680Þq2�=½180NðN2 − 16ÞðN2 − 4Þq2�
þ ð1 − qÞ−N=2½−2160N þ 600ðN þ 2ÞðN þ 4Þq − ðN þ 2ÞðN þ 4ÞðN2 þ 58N þ 420Þq2
þ 2NðN þ 2ÞðN þ 4ÞðN þ 28Þq3 − ðN − 2ÞNðN þ 2ÞðN þ 4Þq4�=½180NðN2 − 16ÞðN2 − 4Þq2�; ðC7Þ

T27 ¼
ðN − 5Þ

180ðN − 4Þ þ
ð1 − qÞ2−N

2

180ðN − 4Þ ; ðC8Þ

T28 ¼ ½160ðN − 2Þ þ 80ðN2 − 3N þ 8Þqþ 20ðN − 4ÞðN2 þ N þ 6Þq2
þ ðN − 2Þð3N3 − 2N2 − 36N − 80Þq3�=½5NðN2 − 16ÞðN2 − 4Þq3�
þ ð1 − qÞ−N=2½−480ðN − 2Þ þ 240ðN − 8Þqþ 60ðN þ 4ÞðN þ 6Þq2
þ ðN þ 2ÞðN þ 4ÞðN2 − 2N − 60Þq3 þ NðN2 − 4ÞðN þ 4Þðq5 − 2q4Þ�=½15NðN2 − 16ÞðN2 − 4Þq3�; ðC9Þ

T29 ¼ ½960ðN þ 2Þ þ 240ðN2 − 8N − 24Þq − 480ðN2 − 2N − 12Þq2
− ð9N4 þ 26N3 − 336N2 − 224N þ 1920Þq3�=½30NðN2 − 16ÞðN2 − 4Þq3�
þ ð1 − qÞ1−N=2½−960ðN þ 2Þ þ 240ðN þ 4Þ2q − 240ðN þ 2ÞðN þ 4Þq2
− ðN − 12ÞNðN þ 2ÞðN þ 4Þq3 þ NðN2 − 4ÞðN þ 4Þq4�=½30NðN2 − 16ÞðN2 − 4Þq3�; ðC10Þ

T210 ¼ ½−1920 − 480ðN − 8Þqþ 960ðN − 2Þq2 þ NðN4 − N3 − 14N2 þ 64N − 320Þq3�=½30NðN2 − 16ÞðN2 − 4Þq3�
þ ð1 − qÞ−N=2½1920 − 480ðN þ 8Þqþ 480ðN þ 4Þq2 þ NðN þ 2ÞðN þ 4ÞðN þ 8Þq3
− 2NðN þ 2ÞðN þ 3ÞðN þ 4Þq4 þ NðN2 − 4ÞðN þ 4Þq5�=½30NðN2 − 16ÞðN2 − 4Þq3�; ðC11Þ

T211 ¼ ½24N þ 8ðN − 4ÞðN þ 1Þqþ ðN − 4ÞðN2 − 4Þq2�=½2NðN2 − 16ÞðN2 − 4Þq2�
− ð1 − qÞ−N=2½12N − 2ðN þ 2ÞðN þ 4Þqþ ðN þ 2ÞðN þ 4Þq2�=½NðN2 − 16ÞðN2 − 4Þq2�; ðC12Þ

T212 ¼ ½−24N2 − 12ðN − 4ÞðN þ 2ÞNqþ ðN − 4ÞðN − 2ÞðN3 þ 3N2 − 4N − 8Þq2�=½2NðN2 − 16ÞðN2 − 4Þq2�
þ 4ð1 − qÞ−N=2½3N2 − 3ðN þ 4ÞNqþ ðN þ 2ÞðN þ 4Þq2�=½NðN2 − 16ÞðN2 − 4Þq2�; ðC13Þ

T213 ¼ −½48þ 12ðN − 4Þqþ ðN2 − 6N þ 8Þq2�=½2NðN2 − 16ÞðN2 − 4Þq2�
þ ð1 − qÞ−N=2½48 − 12ðN þ 4Þqþ ðN þ 2ÞðN þ 4Þq2�=½2NðN2 − 16ÞðN2 − 4Þq2�; ðC14Þ
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T214 ¼ −2½36N þ 2ð5N2 − 24N − 32Þqþ ðN − 5ÞðN − 4ÞðN þ 2Þq2�=½3NðN2 − 16ÞðN2 − 4Þq2�
þ ð1 − qÞ−N=2½72N − 16ðN þ 2ÞðN þ 4Þqþ ðN þ 2ÞðN þ 4ÞðN þ 10Þq2
− NðN þ 2ÞðN þ 4Þq3�=½3NðN2 − 16ÞðN2 − 4Þq2�; ðC15Þ

T215 ¼ ½288 − 4ðN2 − 12N þ 80Þqþ ð4 − NÞðN2 þ 20Þq2�=½6NðN2 − 16ÞðN2 − 4Þq2�
− ð1 − qÞ−N=2½288 − 4ðN þ 4ÞðN þ 20Þqþ ðN þ 2ÞðN þ 4ÞðN þ 10Þq2
− NðN þ 2ÞðN þ 4Þq3�=½6NðN2 − 16ÞðN2 − 4Þq2�; ðC16Þ

T216 ¼ 2½48N þ 24ðN − 2ÞNqþ ð6N3 − 20N2 − 48N − 64Þq2
þ ðN − 4ÞðN þ 2ÞðN2 − N − 8Þq3�=½3NðN2 − 16ÞðN2 − 4Þq3�
− 2ð1 − qÞ1−N=2½48N − 8ðN þ 2ÞðN þ 4Þq2 þ NðN þ 2ÞðN þ 4Þq3�=½3NðN2 − 16ÞðN2 − 4Þq3�; ðC17Þ

T217 ¼ −2½36N þ 2ð5N2 − 24N − 32Þqþ ðN − 5ÞðN − 4ÞðN þ 2Þq2�=½3NðN2 − 16ÞðN2 − 4Þq2�
þ ð1 − qÞ−N=2½72N − 16ðN þ 2ÞðN þ 4Þqþ ðN þ 2ÞðN þ 4ÞðN þ 10Þq2
− NðN þ 2ÞðN þ 4Þq3�=½3NðN2 − 16ÞðN2 − 4Þq2�; ðC18Þ

T218 ¼ ½−96N þ 24NðN þ 4Þqþ 4ð5N3 − 14N2 − 56N þ 32Þq2
þ ðN − 4Þð5N3 þ 4N2 − 44N − 16Þq3�=½6NðN2 − 16ÞðN2 − 4Þq3�
þ ð1 − qÞ−N=2½48N − 12Nð3N þ 4Þqþ 2ðN þ 4ÞðN2 þ 16N − 8Þq2ðN þ 2ÞðN þ 4Þð3N þ 4Þq3
þ NðN þ 2ÞðN þ 4Þq4�=½3NðN2 − 16ÞðN2 − 4Þq3�; ðC19Þ

T219 ¼ −½144N − 4ðN3 − 8N2 þ 32N þ 32Þqþ ðN − 4ÞðN þ 2ÞðN3 − 8N − 4Þq2�=½6NðN2 − 16ÞðN2 − 4Þq2�
þ ð1 − qÞ−N=2½72N − 2ðN þ 2ÞðN þ 4Þ2qþ ðN þ 2ÞðN þ 4Þð3N þ 2Þq2
− NðN þ 2ÞðN þ 4Þq3�=½3NðN2 − 16ÞðN2 − 4Þq2�; ðC20Þ

T220 ¼ ½24N þ 8ðN − 4ÞðN þ 1Þqþ ðN − 4ÞðN − 2ÞðN þ 2Þq2�=½NðN2 − 16ÞðN2 − 4Þq2�
− 2ð1 − qÞ−N=2½12N − 2ðN þ 2ÞðN þ 4Þqþ ðN þ 2ÞðN þ 4Þq2�=½NðN2 − 16ÞðN2 − 4Þq2�; ðC21Þ

T221 ¼ −½96N þ 48ðN − 2ÞNqþ 12ðN3 − 3N2 − 6N − 8Þq2
þ ðN − 4ÞðN þ 2Þð2N2 − N − 12Þq3�=½3NðN2 − 16ÞðN2 − 4Þq3�
þ ð1 − qÞ1−N=2½96N − 12ðN þ 2ÞðN þ 4Þq2 þ NðN þ 2ÞðN þ 4Þq3�=½3NðN2 − 16ÞðN2 − 4Þq3�; ðC22Þ

T222 ¼ ½192þ 48ðN − 8Þq − 96ðN − 2Þq2 − NðN2 þ 6N − 40Þq3�=½6NðN2 − 16ÞðN2 − 4Þq3�
− ð1 − qÞ1−N=2½192 − 48ðN þ 4Þqþ NðN þ 2ÞðN þ 4Þq3�=½6NðN2 − 16ÞðN2 − 4Þq3�; ðC23Þ

T223 ¼ ½−192ðN þ 2Þ − 48ðN2 − 8N − 24Þqþ 96ðN2 − 2N − 12Þq2
− ðN − 4ÞðN4 þ 2N3 − 18N2 − 4N þ 96Þq3�=½6NðN2 − 16ÞðN2 − 4Þq3�
− ð1 − qÞ1−N=2½−96ðN þ 2Þ þ 24ðN þ 4Þ2q − 24ðN þ 2ÞðN þ 4Þq2
þ NðN þ 2ÞðN þ 4Þq3�=½3NðN2 − 16ÞðN2 − 4Þq3�: ðC24Þ
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As before, the case N ¼ 2 must be evaluated separately, and it coincides with the limit as N → 2 of the above
expressions.

T21 ¼
ð2q3 − 20q2 þ 39q − 18Þ

72qð1 − qÞ þ ð1 − qÞð2q − 3Þ logð1 − qÞ
12q2

; ðC25Þ

T22 ¼ −
ð8q4 − 93q3 þ 85q2 − 150qþ 120Þ

360ð1 − qÞq2 þ ð2q3 − 2q2 þ 3q − 4Þ logð1 − qÞ
12q3

; ðC26Þ

T23 ¼ −
ðq3 þ 50q2 − 15q − 30Þ

90q2
þ ðq3 − 4q2 þ 2Þ logð1 − qÞ

6q3
; ðC27Þ

T24 ¼ −
1

12
−

q
90

; ðC28Þ

T25 ¼
ð36 − 56qþ 25q2 − 2q3Þ

288ð1 − qÞq þ ðq − 2Þð2q − 3Þ logð1 − qÞ
48q2

; ðC29Þ

T26 ¼
ð2q3 − 148q2 þ 251q − 90Þ

720ð1 − qÞq þ ð3 − qÞð2q − 1Þ logð1 − qÞ
24q2

; ðC30Þ

T27 ¼
ðqþ 2Þ
360

; ðC31Þ

T28 ¼
ð2q2 þ 15q − 30Þ

60q
−
ð1 − qÞ logð1 − qÞ

2q2
; ðC32Þ

T29 ¼ −
ð120 − 210qþ 85q2 þ 3q3Þ

180q2
þ ðq3 − 12q2 þ 18q − 8Þ logð1 − qÞ

12q3
; ðC33Þ

T210 ¼
ð3q3 − 19q2 − 60qþ 60Þ

180q2
þ ðq3 − 6qþ 4Þ logð1 − qÞ

12q3
; ðC34Þ

T211 ¼ −
ð6 − 9qþ 2q2Þ
48ð1 − qÞq −

ð1 − qÞ logð1 − qÞ
8q2

; ðC35Þ

T212 ¼
ð6 − 3q − q2Þ
24ð1 − qÞq þ ð1 − 2qÞ logð1 − qÞ

4q2
; ðC36Þ

T213 ¼
ðq2 − 12qþ 12Þ

96qð1 − qÞ þ ð2 − qÞ logð1 − qÞ
16q2

; ðC37Þ

T214 ¼
ð6q2 − 13qþ 6Þ

24qð1 − qÞ þ ðq2 − 5qþ 3Þ logð1 − qÞ
12q2

; ðC38Þ

T215 ¼ −
ð5q2 − 16qþ 12Þ

48ð1 − qÞq −
ðq − 3Þðq − 2Þ logð1 − qÞ

24q2
; ðC39Þ

T216 ¼ −
ð6þ 3q − 10q2Þ

18q2
−
ðq3 − 4q2 þ 2Þ logð1 − qÞ

6q3
; ðC40Þ

T217 ¼ −
ð6þ 3q − 10q2Þ

18q2
−
ð2 − 4q2 þ q3Þ logð1 − qÞ

6q3
; ðC41Þ
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T218 ¼
ð12 − 24qþ 31q2 þ 1225q3Þ

72ð1 − qÞq2 þ ð2 − 3qþ 4q2 þ 2q3Þ logð1 − qÞ
12q3

; ðC42Þ

T219 ¼
ð6 − 13qþ 6q2Þ

24qð1 − qÞ þ ð3 − 3qþ q2Þ logð1 − qÞ
12q2

; ðC43Þ

T220 ¼ −
ð6 − 9qþ 2q2Þ
24ð1 − qÞq −

ð1 − qÞ logð1 − qÞ
4q2

; ðC44Þ

T221 ¼
ð6þ 3q − 7q2Þ

18q2
þ ðq3 − 6q2 þ 4Þ logð1 − qÞ

12q3
; ðC45Þ

T222 ¼
ð5q2 þ 12q − 12Þ

72q2
−
ð4 − 6qþ q3Þ logð1 − qÞ

24q3
; ðC46Þ

T223 ¼
ð24 − 42qþ 11q2Þ

36q2
þ ð8 − 18qþ 12q2 − q3Þ logð1 − qÞ

12q3
: ðC47Þ
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