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Examination of a simple example of gravitational wave memory
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We examine a simple example of gravitational wave memory due to the decay of a point particle into two
point particles. In the case where one of the decay products is null, there are two types of memory: a null
memory due to the null particle and an ordinary memory due to the recoiling timelike particle. In the case
where both decay products are timelike, there is only ordinary memory. However, this ordinary memory
can mimic the null memory in the limit where one of the decay products has a large velocity.
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I. INTRODUCTION

Gravitational wave memory, a permanent change in the
detector after the gravitational wave has passed, has been
known since the work of Zel’dovich and Polnarev [1]. In
the weak field slow-motion approximation there is a simple
relation between the gravitational wave memory and the net
change in the second time derivative of the quadrupole
moment of the source. However, the simple picture of
memory based on the weak field slow-motion case was
changed by the work of Christodoulou [2] who found an
additional memory effect related to the energy carried away
in gravitational radiation. The work of [2] (based on the
stability result of Christodoulou and Klainerman [3]) used
the full nonlinear Einstein equation, and presented the
additional memory effect as due to the nonlinear treatment,
calling the previously known memory effect “linear” and
the new memory “nonlinear.”” However, in cases where
electromagnetic waves [4—6] or neutrinos [7-9] are present,
they also contribute to the nonlinear memory effect with the
energy of their radiation playing exactly the same role as
that of the energy of gravitational waves. Because of this, it
has recently been argued [10] that instead of linear and
nonlinear one should think of these two types of memory as
“ordinary” and “null” where the null memory is due to
stress energy that gets out to null infinity.

The weak field slow-motion approximation allows the
construction of many simple examples of sources whose
gravitational wave memory can be calculated explicitly.
However, it is more difficult to find a simple, explicit
example of the null memory. Recently such an example was
provided in [11] which calculates the memory due to the
gravitational waves created by the decay of a particle of

“tolish@uchicago.edu
Ibieri @umich.edu
*garfinkl @oakland.edu
Srmwa@uchicago.edu

1550-7998/2014,/90(4)/044060(9)

044060-1

PACS numbers: 04.30.-w, 04.30.Db, 04.20.Ha

mass M that emits a null particle of energy E. The decay
process gives rise to an impulsive gravitational wave whose
Weyl tensor can be calculated explicitly. The memory is
then calculated by integrating the geodesic deviation
equation to find the permanent displacement of the gravi-
tational wave detector. In [11] it is assumed that £ < M
and the memory is calculated to first order in E/M. The
results are shown to agree with the formulas for the null
memory given in [2,10]. This agreement is both reassuring
and puzzling. The puzzling part comes from the fact that
there are two types of memory treated in [10]: ordinary
memory and null memory. So why does the calculation of
[11] agree with just the null part of the memory? One
possible explanation is that the calculation of [11] is first
order in E/M and the ordinary memory occurs only at
higher order. To see whether this explanation is correct,
we will in Sec. II extend the calculation of [11] by
finding the memory due to the decay process without
making any assumption of smallness of E/M. We will then
compare to the memory formula of [10] to see how much of
the memory is ordinary and how much of the memory
is null.

In Sec. III we will generalize the calculation of [11]
in a different way. Once again the particle of mass M will
decay by emitting a particle of energy E; however in this
case the emitted particle will travel at a speed f < 1 rather
than at the speed of light. We will calculate the memory
both by finding the impulsive gravitational wave using the
method of [11] and by using the memory formula of [10].
Here the memory will only be ordinary memory, since the
emitted particle is traveling at a speed slower than light.
Nonetheless, in the limit as f — 1 we would expect to
recover the results of the previous section. That is, we
would expect the ordinary memory of the emitted particle
to somehow “imitate” the null memory of the null particle
with that imitation becoming better as the speed of the
emitted particle approaches the speed of light. By
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performing the calculation we will see to what extent and in
what sense this expectation is correct.
Our conclusions are given in Sec. I'V.

II. MEMORY OF A NULL PARTICLE

In calculations of gravitational wave memory, the ends of
the detector are assumed to travel on geodesics, and the
memory is essentially the second integral of the geodesic
deviation equation. In perturbation theory, the metric is
written as g,, = a5, + h,, Where 5, is a flat metric and
h,;, 1s small. The geodesic deviation equation governing the
separation D“ of two nearby geodesics is

d*D,
dr?

= _Rtathb’ (1)

where the Riemann tensor R,;,.; is given in terms of the
metric perturbation by

(8hachad + auadhbc - ahadhac - auachhd)'
(2)

Since the detector is assumed to be far from the source, one
only needs the Riemann tensor, and therefore the metric
perturbation, to order 1/r.

We now specialize to the particular case treated in [11]:
the decay, at time ¢t = 0, of a particle of mass M at rest
into a null particle of energy FE that travels in the z direction
and a recoiling particle of mass M’ that travels in the —z
direction. Due to the axisymmetry of the problem, it
follows that to order 1/r we have

Rahcd =

N =

Ry, = W(eaeb - ¢a¢b)’ (3)

for some scalar W. Here 8 and ¢“ are unit vectors in the 8
and ¢ directions. From Eq. (3) it follows that we only need
to calculate one component of R,,,;, to find all components.
In particular, it follows from the standard expressions for
spherical coordinates that

W _ Rtxty (4)
(1 + cos?8) cos psingp”

The reason for choosing R,,,, is that for the metric of [11],
this component is particularly simple to calculate. Since
hyy. hyy, and hy, all vanish, it follows from Eq. (2) that

1

Risy = =5 0:0yhy. (5)

txty —

so the only component of the metric that we need
is h,,. However to leading order in 1/r it follows from
Eqgs. (44)-(46) of [11] that
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2M'y(1 + v?) 4E
(14 vcos0)

h:k

23 -
r

1
- —2M .
* r®<u> + 1—-cos@

(6)

Here £ is a constant, © is the step function, u = ¢ — r is the
retarded time, and v and y are respectively the speed and
gamma factor of the recoiling particle. Note however that
M’ and v are not independent quantities. Rather they are
determined by M and E as follows: The conservation of
four-momentum for the decay is

My =M~—E, (7)
M'yv =E. (8)

Using Eqgs. (7) and (8) in Eq. (6), some straightforward but
tedious algebra yields

k2 E(1 + cos®9)
b =+ O 00 = (B (1 =03 0))
©)
Then using Eq. (9) in Eq. (5) we obtain
e E(1 + cos?0)
Rixiy = =-0/w) (1 —cos)(1 — (E/M)(1 —cos b))
X $in’6) cos ¢ sin ¢. (10)

Here ¢ is the Dirac delta function. Now using Eq. (10) in
Eq. (4) we obtain

-1, E(1 +cos®)
T E M —cos )

W= (11)

Finally, using Eq. (11) in Eq. (1) and integrating twice with
respect to time, we find that the net change in separation
AD, is given by

E 1+ cosé

ADa = T T E/M)(1 = cos )

(9aeb - ¢a¢b)Db‘ (12)

We now compare the result of Eq. (12) to the memory
formula of [10]. In particular, we would like to know how
much of the memory is ordinary memory and how much
is null memory. In [10] the memory is expressed in terms
of a tensor myp on the unit two-sphere. (Here capital letter
indices are used for tensors on the unit two-sphere, and
all such indices are raised and lowered with the unit two-
sphere metric). Given an initial separation d in the B
direction, the change in separation in the A direction is
given by

Ad = —Zmh,. (13)
r
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To make comparisons with the notation and results of [11]
note that in the case of axisymmetry the memory tensor
takes the form

Mg = C(e)(gAaB - ¢A¢B)a (14)

for some function C(6). Here 04 and ¢, are unit vectors on
the unit two-sphere in the 8 and ¢ directions. It then follows
that the net change in separation can be expressed as

ADa = _@(eagb - ¢a¢h)Dh' (15)

The memory tensor is determined as the solution of the
following system:

DoD"® = AP — 87F, (16)
DBmAB = DAQ (17)

Here D, is the derivative operator on the unit two-sphere
and F is the energy per unit solid angle radiated to null
infinity. The quantity AP is defined as follows: define
P(u,0, ) to be the limit to null infinity of *C,,,, where
Cpeq is the Weyl tensor. Then P(£o0) is defined to be
lim,_, P and AP(0, ¢) is defined to be P(c0) — P(—o0).
Due to the axisymmetry of the problem, there must be
functions A(@) and B(0) such that

AP —8zF = A(09), (18)

o = B(0). (19)

The consistency of Egs. (16) and (17) requires that A(6)
have vanishing £ = 0 and £ = 1 part.

Using the ansatz of Egs. (14), (18), and (19)) we find that
Egs. (16) and (17) become

d dB

70 <sin 6(1’9) = sin0A, (20)
d dB

@(sinZQC) = sinze%. (21)

The memory can be divided into ordinary memory and null
memory as follows: & = ®; + &, which satisfy

DADA©1 - AP - (AP)[I], (22)
DADA(I)Z - —87Z'(F - F[]]), (23)

where the subscript [1] denotes the # =0 and £ = 1 part.
Then myp = map + mysp Which satisfies

DBmlAB =Dy®,, (24)
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DBWLZAB = DAQZ' (25)

Here m 45, the memory due to AP, is the ordinary memory,
while m,,p, the memory due to F, is the null memory.
In each case, ordinary memory or null memory, Egs. (20)
and (21) hold, with A(¢) = AP — (AP) in the case of
ordinary memory and A(¢) = —8z(F — Fyyj) in the case
of null memory.

We now work out the null memory for the case of the
decay of a particle of mass M emitting a null particle of
energy E. Since the particle is emitted in the z direction, it
follows that F = E6 where ¢ is the delta function which
vanishes everywhere except € = 0 and whose integral over
the unit two-sphere is 1. We then find

—87(F — Fpy)) = 2E(—4n5 + (1 + 3cosh)).  (26)

Thus to find the null memory, we must solve Egs. (20) and
(21) with A given by the right-hand side of Eq. (26). Note
that since 6 vanishes for 8 > 0, what we need to do is to
solve Egs. (20) and (21) for @ > 0 with A =2F(1+3cos#).
Given a solution for € > 0 we can then verify that Eqs. (16)
and (17) are satisfied in a distributional sense. We will solve
the equations in this section and then give the demonstra-
tion that the solution is a distributional solution in
Appendix A. For 8 > 0 Eq. (20) becomes

d (.  dB . .
=0 <s1n9%> = E(2sin6 4 6sin@cos0), (27)

from which we find

dB
sine% = E(—2cos 0 + 3sin’0 + ¢), (28)

for some constant cy. Since the left-hand side of this

equation vanishes at 6 = z, we must have ¢, = —2, and
therefore
dB
sinHE = E(1 —2cos @ — 3cos?0). (29)

Now from Eq. (21) we obtain

d
= (sin?0C) = Esin@(1 —2cos @ — 3cos?d),  (30)

for which the solution is
sin0C = E(— cos 6 — sin?@ + cos’0 + ¢,), (31)

for some constant c;. Since the left-hand side vanishes at
0 = r it follows that ¢; = 0 and thus

C =—E(1 +cos0). (32)
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Then using Eq. (15) it follows that the displacement due to
the null part of the memory is

AD, — g (14 c0s0)(0,0, — dudp)D’. (33

Comparing to Eq. (12) we find that to first order in E/M the
memory is entirely null memory, as asserted in [11].

We now calculate the ordinary memory. For this we must
calculate AP. Note that before the particle decays, the
metric perturbation is just that of a Schwarzschild metric of
mass M. Therefore P(—o0) is just the P of Schwarzschild.
After the decay, and after the null particle has hit null
infinity, the metric perturbation is again, that of a
Schwarzschild metric, but now with mass M’ and boosted
with velocity v in the —z direction. We thus need to
calculate the P of both boosted and unboosted
Schwarzschild. In Appendix B, we will derive the follow-
ing result: for a particle of energy £ moving with velocity
V%, where |V| < 1, the quantity P is given by

2\2
po U=V (34)
(1 —Vcos®)?

Before the decay, we have a particle of mass M and zero
velocity, so it follows that P(—o0) = —2M. After the decay,
it follows from Egs. (7) and (8) that the recoiling particle
has energy M —E and velocity V=—-E/(M—E). It
therefore follows from Eq. (34) that

—2m(1 -3
P) = 221 —cost) (39)
and therefore that
1 —2E)2
AP = ZM{I T _%((1 —Mc)ose))3]' (36)

Then computing and subtracting the £ = 0 and # = 1 part
of Eq. (36) we find that

AP — (AP)M

| - 26

(
(1-£(1-cosh))’

E
:2M{1— —M(l—l—3cos€)}

(37)

We are now in a position to explain the agreement of the
calculation of [11] with the null memory. Since that
calculation is first order in E/M and agrees with the null
memory, it follows that to first order in E/M the ordinary
memory must vanish. However, the ordinary memory is
due to the recoiling particle, and we would certainly expect
that AP of the recoiling particle contains terms that are first
order in E/M. Indeed, it follows from Eq. (36) that to first
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order in E/M we have AP =2E(1+ 3cosf). Thus,
though to first order AP does not vanish, it consists purely
of £ =0 and 7 =1 parts. Since those parts do not
contribute to the memory, it follows that to first order in
E/M the ordinary memory for this process vanishes.
Now to find the ordinary memory, we must solve
Egs. (20) and (21) with A given by the right-hand side
of Eq. (37). Define the quantities s and X by s = E/M and

X=1-s(1 —cos@). (38)

Then Eq. (20) becomes

B
di’g <sinefl—e) — Msin0[8(1 — s) — 6X — 2(1 — 252X 7).
(39)
Integrating this equation we find
dB M
sinf@— = ——[8(1 — $)X = 3X% + (1 — 25)2X 2 + ¢},
do s
(40)

where ¢ is a constant. This constant must be chosen so that
the right-hand side of Eq. (40) vanishes at € = 0, which
corresponds to X = 1. It then follows that

co=-8(1=s)+3—(1-25) (41)

Equation (21) then becomes

d, . , M sinf@
%(sm 0C) = — g
x [8(1 = 5)X —3X> + (1 —25)?X 2 + ¢).

(42)

Integrating this equation we find

M

sin?0C = = [4(1 —5)X> = X> = (1 =25)°X7" + coX + ¢y,
N

(43)

where ¢ is a constant. The right-hand side of Eq. (43) must
vanish at @ = 0, which yields

cp=—4(1=s)+14+(1-25)=c. (44)
Using Eqs. (41) and (44) in Eq. (43), some straightforward
algebra yields

§in0C — _]S‘—Zx—l(x X —[1-2)2  (45)

Then using Eq. (38) in Eq. (45) we obtain
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c_ E? sin%@
 \WM ) 1—(E/M)(1 -cos@)’

(46)

Then using Eq. (15) it follows that the displacement due to
the ordinary part of the memory is

E? sin’6)
ADa = <1V1r> 1— (E/M)(l —COSG) (eaeb _¢a¢b)Db'

(47)

Adding the null memory displacement of Eq. (33) to the
ordinary memory displacement of Eq. (47) yields the total
displacement, which agrees with the result of Eq. (12).

III. MEMORY OF A TIMELIKE PARTICLE

We now consider the memory due to the decay of a
particle of mass M where both particles produced in the
decay are timelike. The particle moving in the z direction
will have energy E and velocity pZ where 0 < < 1. The
recoil particle will have energy E and velocity BE where
—1<p<0. Note that E and f are not independent
quantities: the conservation of energy and momentum in
the decay requires

M=E+E, (48)
0=EB+EPp, (49)
which yields
E=M-E, (50)
- —pE
P=+i—p (51)

First we calculate the memory using the method of [11].
As in Sec. II, the axisymmetry of the problem means that
the electric part of the Weyl tensor is of the form in Eq. (3)
with W given by Eq. (4) and R, given by Eq. (5). Thus,
we only need to calculate the perturbed metric component
h,. Note that the situation is very similar to that of [11],
with the same metric before the decay, and after the decay
the null particle and recoiling particle replaced by two
timelike particles. It then follows from Egs. (44) and (45) in
[11] that in our case to leading order in 1/r we have

k 1

2E(1 + B
h,t:;+;®(u) —2M + (L+5)

1- /}cosé’ .
(52)

2E(1+ p%)
1 —pfcos@

Then applying Eqgs. (48) and (49) to Eq. (52) we obtain
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iy 2
hy =K1 Loy 2EPL=PI1 +c0s0) 5
ror (1 =pcosO)(1 —pcosO)
Then using Eq. (53) in Eq. (5) we obtain
R _;15/(1/0 Eﬂ(ﬂ_ﬁ)(l +00529)
Ty (1= pcosO)(1 —fcosb)
X sin’@ cos ¢ sin ¢. (54)
Now using Eq. (54) in Eq. (4) we obtain
— — Aain2
W 715/(@ EB(p — p)sin“0 (55)

r (1 —pcosO)(1—pcosh)

Finally, using Eq. (55) in Eq. (1), integrating twice with
respect to time, and using Eq. (51) to eliminate f we find
that the net change in separation AD,, is given by

_ Ef*sin%0
AD, = r(1 = pcos@)(1 —(E/M)(1 - pcos8))
X (eaeb - ¢a¢b)Db' (56)

In order to get some insight into the relation between
ordinary memory and null memory, we calculate the
memory of the timelike decay again, but this time using
the method of [10]. It follows from Eq. (34) that for this
decay process we have

2E(1-p) _ 2E(1- )

AP:z]W_(l—ﬁCOSH)3 (]—ﬁcos@)‘%'

(57)

Because in this case the entire memory is ordinary memory,
it follows that the # = 0 and Z = 1 part of AP vanish, so
there is no need to perform a subtraction of this part. To
find the memory, we need to solve Egs. (20) and (21) with
A given by the right-hand side of Eq. (57). Integrating
Eq. (20) we obtain

. dB E(1 — p?)?
SIHQE——2MCOSQ+W
T H2\2

B(l —,BCOSH)2

The constant of integration ¢ is fixed by demanding that
the right-hand side vanish at @ = 0 which, using Eqgs. (48)
and (49) yields

co = —1<§+%>. (59)

Equation (21) then becomes
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d
— (sin?0C) = sin @ | —2M cos 6 +

E(1-p)
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E(1-§)

do

from which we obtain

e 2y E(L=§?  E(Q-p)
sin“fC = Mcos-60 ﬂ2(1 = fcosd) 22(1 —Bcos@)

—cocos@ +cy. (61)

The constant of integration ¢, is fixed by demanding that
the right-hand side vanish at & = 0 which, using Eqgs. (48),
(49), and (59) yields

E E
CIZE_F?_

Finally, applying Eqgs. (48), (49), (59), and (62) to Eq. (61)
some straightforward algebra yields

2M. (62)

—Ep?sin’0

€= U Boos0)(1 = (E/M)(1 = feos )"

(63)

Then using Eq. (15) it follows that the displacement is
given by Eq. (56)

We now consider the null limit of the timelike decay, that
is we consider at fixed E the limit as # — 1. First note that
in the limit as f — 1 Eq. (56) goes to Eq. (12). That is, as
the timelike particle approaches the speed of light the
memory produced by the timelike decay approaches the
memory produced by the null decay. Though this is
certainly what we would expect, we now consider how
to reconcile this limit with our picture of the two types of
gravitational wave memory. The null decay has both
ordinary memory sourced by AP and null memory sourced
by F. The timelike decay has only ordinary memory. Thus,
since the memory of the timelike decay approaches that of
the null decay in the limit as  — 1, it follows that some
piece of AP must mimic the —8zF of the null particle.
In particular, define APg to be the middle term on the
right-hand side of Eq. (57). That is

2E(1 - )

APp=——""—"—.
£ (1 = pcos0)?

(64)

In physical terms, one can think of AP as the contribution
of the particle of energy E to the source of the memory.
It follows from Eq. (64) that for § #0 we have
limg_,; APz =0 and that for all # < 1 we have [ APpdQ =
—8nE where the integral is over the unit two-sphere and d€2
is the usual volume element. It then follows that in a
distributional sense we have limy_, APy = —87E§. Thus,
in the limit as the timelike particle becomes null the AP of
the timelike particle becomes the —8zF of the null particle.

B(1 — Bcos0)?

B(1 — fcos)> ol (60)

|
IV. CONCLUSIONS

Our calculations of the memory due to particle decay
provide a simple and explicit example of two types of
gravitational wave memory. The null memory is associated
with the angular distribution of energy radiated to null
infinity. The ordinary memory is associated with the
change in the quantity P which has to do with the
asymptotic state of the matter that does not get to null
infinity. However, as emphasized in [11], one should not
think of the memory as being “caused” by the radiation of
energy to null infinity (or by the change in P). Rather, it is
the decay process itself which creates gravitational waves
that give rise to the memory. That same decay process also
results in energy radiated to null infinity and a change in the
quantity P. Nonetheless, the memory is associated with
energy radiated to null infinity and change in P in the sense
that knowledge of these quantities alone is sufficient to
calculate the memory.

Ordinary and null memory are distinct just as timelike
particles differ from null particles. Nonetheless, just as a
timelike particle with high velocity mimics a null particle,
so the ordinary memory can mimic the null memory. This
comes about because for high velocity the C,,,, component
of the curvature is strongly peaked in the forward direction
and thus mimics the energy flux of a null particle.

Our use of the point particle idealization limits our
results to linearized gravity, since point particles do not
make sense in the full nonlinear theory of general relativity
[12]. Nonetheless, we expect that our conclusions on the
nature of gravitational wave memory continue to hold in
the full theory.
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APPENDIX A: DISTRIBUTIONAL
MEMORY SOLUTION

We now verify that the solution found in Sec. II for the
memory of a null particle is a distributional solution. For &,
to be a distributional solution of Eq. (23) means that for any
smooth function g on the two-sphere we have

/ dQIB,D,DAg + 82(F — Fi)gl =0, (Al)
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where the integral is over the two-sphere with dQ the usual two-sphere volume element. Thus, we must evaluate the
left-hand side of Eq. (A1) with @, equal to the B specified in Eq. (29) and F — F|) given in Eq. (26), and g an arbitrary
smooth function. If the result is zero, then the solution is a distributional solution. We have

/ dQ[BD,D"g+ 2E(4rn5 — (1 + 3 cos0))g] = 87Eg|s_y + lim dQ[BD,D"g—2E(1 + 3 cos)g]

0>¢

= 8nEg|y_o + 1im0 dQD,(BD*g — gD*B)
€

0>¢

+1lim [ dQg[D,D*B —2E(1 + 3 cos6)]

=0 Jo=¢

. . dg dB
= 87Eglg_o + 1218 |:(—2ﬂ' sin 6) <B% - @>] )

1 d
I Qgl— 2 1
tlhim ngeae(‘“%&) E +3COSQ)}
4B
= (27glg_p) [4E + ‘191_{1(1) sin 9%]

1 d
sin 6 d6

= (27g|g_o)[4E + %irréE(l —2cos 6 — 3cos?0)] = 0. (A2)

=0 Jose

+ lim dQg { — (E(1 —2cos @ — 3cos?0)) — 2E(1 +3cost9)]

Therefore the B specified by Eq. (29) is a distributional solution of Eq. (23) with the F — F; given in Eq. (26).

For Eq. (25) to be satisfied in a distributional sense means that for any smooth vector field V4 on the two-sphere
we have

/dQ[mzABDBVA - @2DAVA] =0. (A3)

Thus we must evaluate the left-hand side of Eq. (A3) with m,,p given by the expression in Eq. (14) with C given in Eq. (32)
and with ®, equal to the B specified in Eq. (29) and with V4 an arbitrary smooth vector field. If the result is zero, then
Eq. (25) is satisfied in a distributional sense. We have

/ dQ[C(0,05 — paps)DEVA —BD, VA =lim | dQ[C(0,05 — pagps)DPVA — BD,VA]

=0 Jo=¢

= lim dQDB[C(HAQB - ¢A¢B)VA - BVB]

=0 Jgse
‘Hin(l) dQ[-VADP (C(0405 — paps)) + VDB
€=U Jo>e
dB dC

= 11m27r singV?(B - C) + 11_>m0 - aQv? [d@ a7 2cot QC]

Ve dB dc
= ll_l;% . dgm [Slne% - Sine% - 2COS9C:|
Vf)
=1lim [ dQ——[E(1 —2cos® — 3cos?0) — Esin*0
=0 Jpoe  siné

+2Ecos (1 + cos8)] = 0. (A4)

Therefore the B and C given respectively by Egs. (29) and (32) provide a distributional solution of Eq. (25).
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APPENDIX B: CALCULATION OF P FOR
BOOSTED SCHWARZSCHILD PERTURBATION

Associated with the usual spherical coordinates (7, r, 8, ¢)
there is the usual orthonormal tetrad (74,79, 0%, ¢*).
Introduce the null tetrad (£¢, n?, m*, m“) given by

fo— %(t“ ), (B1)
e — %(ta ), (B2)
ma = \%(9& +ig?), (B3)
e = (e — igpo). (B4)

V2

The Schwarzschild metric of mass M has (to first order in
perturbation of the flat metric #,;,) the Weyl tensor [13]

M
Cabcd = _F (nucnbd — Nadllpe + ]21’ﬂ[anh] f[cnd]
(B5)

+ 12m[an'1b]m[cﬁ1d]).
Now consider a mass M moving with velocity VZ. Then the
mass is at rest in the coordinate system (7, x’,y’, z') where

¢ =y(t-Vz), (B6)

Z=y(z=Vi), (B7)
where y = (1 — V2)71/2 and the x and y coordinates are
unchanged. The Weyl tensor then takes the form

M
Cabea = A (Nactba = Nadlpe + 126" (0 " (o0’ g

+ 12m'[aﬁ1’b]m’[cﬁ1’d]). (B8)
We would like to express the Weyl tensor of the moving
mass in terms of the coordinates and null tetrad of the
stationary observer. Since we are interested in quantities at
null infinity, we will work only to leading order in 1/r.
From Egs. (B6) and (B7) it follows that

PHYSICAL REVIEW D 90, 044060 (2014)

r' =ry(1 —Vcos9), (B9)
, u
= B10
! y(1 —Vcos®) (B10)
From Eq. (B10) we obtain

4 :;f (B11)

“ y(1=VcosO)

Then from Egs. (B6) and (B11) we find

V2sin%0
=y |l——————¢ 1 —Vcosd
n', y[l—VcosH ot ( cos O)n,

— Vsin@(m, + ma)} . (B12)

Finally using the fact that ¢ and rsin @ are unchanged by
the Lorentz transformation, we obtain

Vsinf
= -7, B13
Ma=Ma =T Y cos0” (B13)

(The complex conjugate of this equation gives the trans-
formation for m,.) We then find that the quantity P is
given by

P = rSCtrtr

=3P eniC ey
3
:-M(§> (=1 +3(¢%n',)2(n¢",)?)  (Bl4)

—2M
7> (1 —Vcos0)

However, My is the energy &£ of the particle, and
= = (1 =V?)2. We therefore obtain

_ S28(1-v2)?

s (B16)
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