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Nonminimally coupled free scalar fields may be unstable in the spacetime of compact objects. Such
instability can be triggered by classical seeds or, more simply, by quantum fluctuations giving rise to the
so-called “vacuum awakening effect.” Here, we investigate how the parameter space that characterizes the
instability is affected when the object gains some rotation. For this purpose, we focus on the stability

analysis of nonminimally coupled scalar fields in the spacetime of slowly spinning matter shells.
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I. INTRODUCTION

In Refs. [1,2] it was found that quantum fluctuations of
certain nonminimally coupled free scalar fields defined in
the spacetime of some relativistic stars can undergo an
exponential amplification in time (see also Ref. [3] for a
comprehensive discussion). This “vacuum awakening
effect” can be seen as the quantum counterpart of the
classical linear instability experienced by these nonmini-
mally coupled fields in such spacetimes [4], or, more
generally, of the classical instability observed in certain
scalar-tensor theories [5,6].

A particularly interesting implication of this instability
(neglecting restabilization mechanisms [7]) is the possibil-
ity of ruling out certain classes of nonminimally coupled
scalar fields by, e.g., determining the mass-to-radius ratio of
relativistic stars with known equations of state. For this
purpose, it is interesting to allow for natural deviations of
the symmetry assumptions imposed on the stellar models
considered in Ref. [2], such as spherical symmetry and
staticity, and investigate whether the conclusions would
change significantly. This was partially done in Ref. [8],
where a class of static spheroidal shells was taken as the
source of the gravitational field, and it was shown how the
space of parameters that trigger the instability changes
when increasingly higher deviations from spherical sym-
metry are considered. The aim of the present paper is to
complement that analysis by studying the effects of
rotation, which is an ubiquitous and often important
property of astrophysical compact objects such as neutron
stars, whose spin frequency can be as high as 700 Hz [9].

We begin, in Sec. II, by discussing some aspects of the
quantization of nonminimally coupled free scalar fields
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containing unstable modes in a background which is flat in
the asymptotic past and stationary and axially symmetric in
the future. In Sec. III we present a simple general argument
that shows that the parameter space which characterizes the
instability is not modified at first order in the compact
object’s angular momentum. Then, we investigate second-
order deviations from staticity in a particular model, taking
as the source of the gravitational field a class of slowly
spinning shells. The general properties of the shell space-
time are presented in Sec. I'V. Considering spinning thin
shells allows us to push the analytical treatment further and
arrive at clear conclusions about the role played by rotation
on the instability. This is pursued in Sec. V. Section VI
is devoted to a discussion of the results and to our final
remarks. We assume metric signature (—+ +4) and
natural units in which ¢=G=h=1 unless stated
otherwise.

II. AWAKING THE VACUUM OF
NONMINIMALLY COUPLED SCALAR FIELDS IN
THE SPACETIME OF ROTATING OBJECTS

Let us consider a spacetime which is nearly flat in the
asymptotic past and stationary and axially symmetric in
the asymptotic future corresponding to the formation of a
rotating compact object from originally low density matter.
In particular, let us assume that in the future the spacetime
is well described by the line element [10]

ds* = goodt® + 2go3dtdg + g33dep® + g1y (dx')?
+ g (dx?)?, (1)
where g,, = g,,(x',x?) is assumed to be smooth at the
origin and continuous in the entire domain, while (9,)*

and (J,,)* are (commuting) timelike and spacelike Killing
fields, respectively. Moreover, the whole spacetime is
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assumed to be asymptotically flat and to bear no event or
Cauchy horizons.

In this fixed background, let us consider the massless
Klein-Gordon equation,

(=V*V, +ER)p = 0, (2)

describing the dynamics of a nonminimally coupled real
scalar field ¢, where £ € R and R is the scalar curvature.

Now, let us restrict attention to the spacetime portion
described by the metric (1) and consider the following
solution of Eq. (2) compatible with the spacetime sym-
metries and regular at the symmetry axis:

¢!l)ﬂ’l (t7 xl ’ xz’ (p) = e_iu)tJrim(pF(Un'l ('xl ’ xz) ’ (3)

where w € C, m€ Z, F,, = F,,,(x',x?) satisfies the

differential equation

L0 (v=sem)
V/—90x Ox
" <a)2 + ngoo/g33 +2wmgos/ 933 _
—dgoo + 9(2)3/933

ﬁyW=a<®

with p, g € {1,2} and g = det(g,, ). Since the metric (1) is
assumed to be asymptotically flat, the behavior of
F,n(x', x?) at spatial infinity is given by

ilor

Z Z Na)lmAP;n (COS 9) ’ (5)
A== I=|m| r

r—o0

F(um(rvg) -

where N ;,,; = const, P}"(y) are associate Legendre poly-
nomials, and we have chosen coordinates {x', x*} to reduce
asymptotically to the spherical ones {r, 8}. The constants
N, are determined by the regularity condition at the
symmetry axis up to an overall factor.

For J(w) # 0, only solutions F,, with

23(@) > 0 (6)

will be physically acceptable so that modes (3) are well
behaved at spatial infinity. This constrains the acceptable
values of w to those (if any) for which either NV ,,;,,,, = 0 (in
the case J(w) < 0) or N,,,— = 0 (in the case I(w) > 0):

oo 0 eiﬂwr
Fu)m(r’ 0) - Z N(nlmﬂP’[n (COS 9) s (7)
r

I=m|

where A3(w) > 0. It should be noted that Eq. (4) allows us
to write the equality (up to an arbitrary multiplicative
constant)
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Fop (X, %) = Fopp(x', 27). (8)

Here, we are interested in the case where unstable modes
of the form (3) exist. Classically, the existence of such
unstable modes implies that generic linear perturbation out
of the ¢p = 0 equilibrium configuration grows unboundedly
in time. This unbounded amplification of classical linear
perturbations indicates the breakdown of the test-field
approximation, in which the field evolves in a fixed
background, and implies that the nonlinear interaction
between the field and gravity must be taken into account.

In Refs. [1,2] it was shown that even in the absence of
classical perturbations quantum mechanics provides a
natural mechanism through which the instability settles
in by means of the amplification of quantum vacuum
fluctuations and, consequently, of the field’s vacuum
energy density. Indeed, in Ref. [4] we argue that if the
initial mean field amplitude is much larger than V7 a
classical description of the instability is suitable but if it is
of the order of /7 then a quantum treatment should be
employed. In what remains of this section, we discuss some
aspects of the field quantization in the presence of unstable
modes. (See, e.g., Refs. [11-13] for the quantization
procedure in some stationary spacetimes for which the
field is stable and Ref. [14] for a rigorous discussion on
the quantization of unstable fields in globally static
spacetimes.)

In the canonical quantization procedure (see, e.g.,
Refs. [15,16]) the field and the associated momentum
density are promoted to operators satisfying usual commu-
tation relations. The field operator can be expanded in a
set of mode functions,

&:/wwmmw+ﬂﬁﬁ (9)

where du(c) is a measure on the set of quantum numbers o.

The modes ub” and ul’) = (uéﬂ)* are positive- and
negative-norm solutions of Eq. (2), respectively, satisfying

(s, g = +8(0, ') and  (ul

e =0
(10)

where the Klein-Gordon inner product (, ) g is defined by
(U, 0)gg = i/ dEZn*[uV,v — vV, u’, (11)
Z,

with X, denoting a Cauchy surface with proper volume
element dX and future-pointing unit normal vector field
n*. The operator-valued coefficients in Eq. (9) satisfy
a5,a),] = 8(c,0’) and zero for the remaining commuta-
tors. The vacuum |0) associated with this representation is
then defined by requiring a,|0) = 0 for all o.
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Let us assume the quantum state to be the vacuum |0;,)
defined with respect to a basis {uéi)} of modes which
behave as plane waves in the asymptotic past (where the
spacetime is flat),

ke R3,
(12)

P (16 R]) 2 expl iRl — )

with (z, X) being usual Cartesian coordinates. Thus, |0;,) is
the no-particle state according to static past observers.
Let us now construct another set of orthonormal
modes defined by their behavior in the asymptotic future.
We choose X, to be a t=const hypersurface with
normal vector field n* = (1/N)(1,0,0,Q), where N =
(=900 + 93/ 933)"/* and Q = —go3/g33. For this purpose,
we first point out a useful property for solutions of Eq. (4)
with proper boundary conditions. From Eq. (4), we have

OF :)m F* OF o'm
Y]

=¥ _g(a)' —-o")(0" + o' -2mQ)F;,,F,

N2 wom® wm-*

% {9”"\/—_9<FM
(13)

Integrating Eq. (13) by recalling Egs. (5)—(8), a nontrivial
weighted orthonormality relation for F,, can be obtained:

/ dx]dxz% (a) +o - 2mQ)F(ume’m = 2w0 4y »
(14)

for w,w’ € C—R and

/dxldx2 —‘N_zg (0+ @' =2mQ)F;, F oy = 206(w — @)
(15)

for w,w’ € R.

Now, we can construct a set of orthonormal solutions of
Eq. (2) by determining their behavior at the asymptotic
future. This set can in principle comprise both time-
oscillatory (stationary) and tachyonic (nonstationary)
modes. Positive-norm oscillatory modes read

—iwt+ime
(+) future € 1 2
wm )1/2me(x ,X )’

(4rw (16)

with @ > 0, while positive-norm tachyonic modes read

f
whh) future sec(a — p)!/?

X [(Sﬂ.w)—1/2€—iwt+im(peiame (xl , xZ)

+ (Sﬂa)*)‘l/ze‘i“’*’*i”"/’eiﬁFZ),,l(xl,xz)], (17)
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with J(w) > 0 (see Eq. (7); the principal square root is
assumed). We note that by setting « = —f8 = z/6, Eq. (17)
matches the form presented in Refs. [1,2] for the static case
where w is purely imaginary. It can be verified that the set
{vﬁfn)w,(‘,j;?} characterized by the asymptotic forms (16)
and (17) is orthonormalized in agreement with Eq. (10).

The existence of tachyonic modes (17) implies that at
least some of the in-modes (12) will go through a phase
of exponential growth and, consequently, for a field in the
in-vacuum state |0;,), the expectation value of &2 will be
exponentially amplified in time,

hx

0. ~2 0. fu’tll/re
< 1n|¢ | 1n> 47‘[|(Z)|

623(@)t|F@m|2[1 + 0(e™)], (18)

(although (0,,||0;,) = 0). Here, x ~ 1 encodes informa-
tion about the transition to the unstable phase, € is some
positive constant, @ is the @ with largest value of J(w)
(achieved for a certain value of m = m), and we have
restored the 7. This amplification of vacuum fluctuations
leads to an exponential enhancement of the expectation
value of the field’s stress-energy-momentum tensor, as was
discussed in Ref. [1]. The system then evolves according to
Einstein’s semiclassical equations, at least while fluctua-
tions of the field’s stress-energy-momentum tensor are
relatively “small” [17].

In this paper, we will focus on searching for solutions in
the form (3) with J(w) > 0, which are regular at the origin
and vanish at spatial infinity [see Eq. (7), where 1 = +].
Normalized tachyonic modes can be constructed from these
solutions by adjusting the normalization as in Eq. (14). Our
main purpose will be to understand how the range of field
couplings & for which unstable modes appear changes due
to rotation.

IT1. FIRST-ORDER DEVIATIONS
FROM STATICITY

Here, we argue that in order to extract nontrivial results
concerning the instability analysis, we must go beyond
first-order deviations from staticity. First, let us assume that
the metric components in Eq. (1) are analytic functions of
J/M? so that a perturbative treatment for small J/M? is
meaningful, where M and J are mass and angular momen-
tum of the compact object (computed, e.g., by Komar
formulas).

Physically, it is clear that the field instability cannot
depend on the rotation direction. Mathematically, this can
be seen as follows. First, we note that rotation reversal,
J — —J,is equivalent to time reversal, t — —¢. This implies
that gg3 is an odd function of J, while the remaining
metric components, as well as R, are even. Then, for every

regular solution Ff,}f,,{ M) of Eq. (4) there will exist a

corresponding one
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—JM,... JM,...
Fg—m' ) S Fggm ),

where (&,J,M, ...) was added to explicitly label all field
and spacetime parameters on which F,,, depends. Since
modes with all values of m enter in the field expansion, we
conclude that whenever we have instability for a configu-
ration (&,J, M, ...) the same will be true for (&, —J, M, ...).
In particular,

S M, ...) =& (=M, ...),

where &y = &)(J, M, ...) is the value of & which marks the
appearance of (any) tachyonic modes as a function of the
spacetime parameters. As a result, in order to see effects
due to rotation in &, we must carry out our expansion at
least up to second order in J/M?.

Much less intuitive is the fact that

go;m.?&(m)(‘lv M, ) = éo;m.S(w)(_J’ M, )7

where o, 5(w) = Soum3(w)(J> M, ...) is the value of £ which
marks the appearance of a tachyonic mode with quantum
numbers m and I(w) (we have omitted N(w), since it is
irrelevant for the instability). The fact that &y, 5() 18 an

even function of J/M? can be traced back to the fact that if

F ((f,,{ Me-) is a regular solution of Eq. (4), the same is true

for F (_i;fn’M““), since

ngs}hj,M,.._)* « FEIM-)

(E~I.M,...)
- —m —@ .

“m

From the discussion above, we conclude that corrections
due to rotation to &y and &, 5() are of even order on the

parameter J/M? (which will be manifest in the results of
Sec. V). Thus, in what follows, we will explore second-
order corrections in a particular spacetime, which we now
describe.

IV. ROTATING THIN SHELLS
The Kerr metric, given in Boyer-Lindquist coordinates

by

2M 4aMrsin0
ds* = —{1- 2 2r 2 dr* — 2a r281n2
r* + a-cos-0 r* + a-cos<0

dr?
Ny [
2 —=2Mr+ a? + )

2Mra*sin®0\ .
P o) S0 (9

dtdy
+ (r* + a’cos®0) <
+ <r2 +a® +

besides being the only vacuum solution of Einstein’s
equations describing stationary black holes, can in principle
also approximate the gravitational field outside an axially
symmetric rotating source with mass M and angular
momentum J = aM. In particular, in Ref. [18] a spinning

PHYSICAL REVIEW D 90, 044053 (2014)

shell was considered as a source of the Kerr metric and the
matching of internal and external solutions was worked out
explicitly up to third order in the rotation parameter. In this
section, we will describe in some detail the particular case
of a flat interior matched with an external Kerr field up to
second order in a/M, which will suffice as a prototype
model of a rotating system.

Therefore, let us consider a stationary and axially
symmetric thin shell of matter surrounded by vacuum.
The spacetime region internal to the shell is taken to be flat,
with line element

ds? = —di* + dp* + p*(d®? + sin*0dP?), (20)

while the external-to-the-shell portion of the spacetime will
be described by the Kerr metric, Eq. (19), expanded up to
second order in a/M:

2M 2 daM
ds? = - [1 == <1 - a—zcosze)] it — = sin20didg
r r
2.2 dr
2 200520 — awr
—|—<r +atcos r2—2Mr) r* =2Mr
2M
+ {rz + a? <1 + = sinzeﬂ sin’0d¢?
r

+ (r* + a*cos*0)d6”. (21)

This approximation is valid as long as the corresponding
error is small, i.e., ghe™ — g’ << gk, which is satisfied
if

a*<M? and r>2M. (22)
The label “—” (“+”) is used above and in what follows to
indicate the restriction of certain quantities to the inner
(outer) spacetime region with respect to the shell’s world
tube, which we denote by S.

Equations (20) and (21) will represent portions of a
single spacetime (with a singular three-dimensional time-
like boundary S between them) provided that the internal
and external metrics induced on &, denoted by /g,
coincide. Indeed, in Ref. [18], this was shown to be
possible if S is determined by

2E2
rls =rs(0) =R [1 - %00329}, (23)

where R =const >0 is the shell equatorial radial
coordinate and

F=/T-2M/R. (24)

Note that since Eq. (21) is only reliable in the regime given
by conditions (22), it is necessary that at least R > 2M. It is
convenient to cover S with coordinates {“ = (¢,0, ¢),
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a =0,2,3, since the shell lies at r = rg(0) [see Eq. (23)].
Then, the continuity condition above allows us to relate
the internal coordinates on S with ¢ as

tls = At pls = ps(0),
Bls = Os(0). Ols =g -Q, (25)
where
2a>M?
AEF<1+W>7 (26)
0 =R1+ (1+2 _5000)]. @7)
ps\t) = SR? R cos ,
05(0) =0+ (1421 inocoso (28)
sW0)=0+753 ) sindcosd.
~  2aM
Q= e (29)

The shell can be shown to be slightly oblate according to
zero-angular-momentum observers, since on a t = const
section of S,

L i 3612
equatorial
— =14 -—=2>1, 30

4R? ( )

Lmeridional
where Leguaorial aNd Lineridional @re the equatorial (6 = /2)
and meridional (¢ = const) shell proper lengths, respec-
tively. Note also that in this approximation the shell rotates
rigidly with angular velocity [18]
Quuent = dgp/dt = Q(1 4 2F)(1 — F)~! (1 + 3F)~!

as measured by static observers at infinity, where Q was
defined in Eq. (29).

Once the spacetime is determined, the stress-energy-
momentum tensor of the corresponding matter layer is also
fixed (see, e.g., Ref. [19]),

T = SPelets(£), (31)

where ¢ is the proper distance along geodesics which
intercept S orthogonally (such that £ <0, £ =0, and
¢ >0 inside, on, and outside S, respectively), e, =
Ox*/0C* are the components of the coordinate vectors

0/0¢* = (0,,0y.0,,) defined on S, and

Sab — _i

T

(AK® — h?* AK) (32)
is the surface stress-energy-momentum tensor of the shell.
Here, K,, is the extrinsic curvature, K = K,,h%, and
AA®<...  denotes the discontinuity of some quantity
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A%be..  across S. A direct calculation, following
Ref. [18] leads to

2F 2 & M 2M
875 = = — = — == <2 2F + _>

R R R} FR R
3a? 3MF M M 5
R (2': TR TR FR2)C°S o
(33)
8752 F LM M 1 N a’ 1 +2M M
rTRTFRETR 2R\ F ' R RF
3a? MF )
—i-ﬁ(l—F—F)cos 0, (34)
F M 1 a 1 5 M
875y ~ Rt PR R R3<2F+2F 2 R
N MF N 2M? M 9 9F 2Mm
R ' FR?> 2RF R3 2 FR
SMF 2M*\
ﬁ FR2>C s=0 (35)
aM 1 3Ma
877,'S03 = —W (2 +F) s 877.'S03 :Wsmzﬁ. (36)
A result that will be particularly useful later is
2F M 2 a’ M M
AK = —+— 2F -2
R FRE R R ( TR 2RF3>
3 2 3MF 5
R3 <2 2F — R >cos a. (37)

It can be verified from the stress-energy-momentum
tensor written above that the shell gravitational mass and
angular momentum are indeed equal to M and aM,
respectively. Other physical properties can be more readily
investigated through the eigenvalues of S,,. For this
purpose, let us define vectors &% that form an orthonormal
basis on S, in the sense that

habégéz = Nap»
where 77,4 = diag(—1, 1, 1). The surface density and pres-

sures are then eigenvalues with respect to these vectors
and can be computed to be

Sp385°
6 =S,edeh =-S5, + . (38)
oo (85%) @ — (5,%)©
Po = Sape525 = 5%, (39)
P, = S.petet = 833 + 50’8 (40)
v e (85%)© = (8¢°)
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FIG. 1. The shaded region indicates the values of M /R which
are excluded by the weak, strong or dominant energy conditions,
in terms of the rotation parameter a/M. The weak, strong, and
dominant energy conditions are not satisfied in region 1, in the
union of regions 1 and 2, and in the union of regions 1 and 3,
respectively. When a = 0, we get the static limit, in which case
the dominant energy condition is violated for M/R > 0.48. The
region below the dashed line corresponds to values of M/R
where the error in approximating Eq. (19) by Eq. (21) is less
than 10%.

where we have introduced the superscript “(0)” in some
terms to indicate that only the contributions of zeroth order
in a/M need to be considered to keep the approximation
consistent up to second order.

The classical energy conditions can be explicitly stated
in terms of these eigenvalues (see, e.g., Ref. [19]). The
white region in Fig. 1 shows the values of M /R for which
the weak, strong, and dominant energy conditions are
satisfied as a function of a/M. The region below the
dashed line indicates the values of M /R which comply with
the condition

(gherm — gidP™ ™) /gkem < 0.1. (41)

In the subsequent analysis, we will only consider shells
with M/R below this dashed line.

V. SECOND-ORDER DEVIATIONS FROM
STATICITY IN A SHELL MODEL

In this section, we aim at investigating the influence of
rotation on the parameter space that characterizes unstable
configurations. We take as a model of a rotating system the
slowly spinning shells described in Sec. IV and look for
unstable solutions of Eq. (2) in this spacetime.

Let ¢~ and ¢ denote solutions of V,V¥¢* = 0 in the
inner and outer spacetime portions with respect to the
shell’s world tube S, respectively. They combine to form a
solution of Eq. (2) in the entire spacetime provided that
they are continuous at S,
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¢~ (7.0.0,2)|s =" (t.7,0.9)s. (42)

and their derivative along the direction orthogonal to the
shell is discontinuous by a definite amount:

Aldp/dt)|s = —26AK|s, (43)
which follows from Eq. (2) if we notice from Eq. (31) that
R = —8xT = —2AKS(?),

where AK is given in Eq. (37). Equations (42) and (43),
together with appropriate boundary conditions on ¢%,
determine uniquely the joined solution.

In the interior of &, solutions of the form (3) can be
written as

¢a_)’m’(7’ p.0, Q)) = Z Na_)’lm’e_imlf)(w’l(p)Ylm' (G)’ Q))’

I=|m’|

(44)

where ' € C,m’ € Z,Y,,,(©, ®) are spherical harmonics,
N are arbitrary (compl.ex) constants and y,;(p) satisfy
the spherical Bessel equation,

Yo Yo
2 'l 2 W'l
T r e

+ 0729 =11+ Dy = 0. (45)
with the additional condition of regularity at the origin,
so that, for @ #0, y.,(p) x j(@'p). A summation is
included in Eq. (44), since the spacetime is not spherically
symmetric and, as we will show below, the matching in
Eq. (42) will mix different values of /.

In the region external to S, we analogously write

Pon(t.7.0.0) = > NS, e @m0y (7)S (08 ),

I=m|

(40)

with @ € C and m € Z. Here, S,,,,(cos0) are spheroidal
harmonics [20] satisfying

1 i il’l 9 dS(ulm
sin0d0 \"™" a0

m2
-+ (Alm + 612602(:0820 - m) Swlm = O, (47)
where
202 + 21 = 2m? — 1)a?w?
Ay, = I 1) BEF2A=2W = D" |

(21=1)(21 +3)
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The expansion of S, (v) in powers of the dimensionless
parameter aw has the following leading terms:

(I+m—1)(1+ m)
2020+ 1)(20 - 1)?
(l-m+1)(l-m+2)

20204+ 1)(214+3)> 12

= PI'(y) + 0’|~

Swlm(y) PﬁZ(y)

The radial functions y,,;,,(7) obey the differential equation
(up to second order)

dzl//a)lm 2 (12 M dl//mlm
(e 25) 2 (1) (1)

5 a> 2Md> 4daMom m2a®
e 1+?+ s 8 r
A f 11+ Da?
- ( ;2 + ( r4) >:|l//a)lm =0, (48)

where f = f(r)=1—-2M/r. Since we are looking for
normalizable solutions with J(w) > 0, y,,,(r) must go
asymptotically as [see Eq. (7)]

ior

Wom(r) o = (49)
The continuity condition, Eq. (42), implies
m' = m, (50)
w,:w—mézl(w_ZMma_ZwazMz)’ (51)
A F R3 R*F?
and

ZN::[mSmlm (COS a)l/jmlm [73(9)]

1>|m|

=N N Prlcos Os(0)rulps(@)]. (52)

1>|m|

where we recall that F = /f(R) [see Eq. (24)] and that
rs(0), ps(0), and O5(0) are defined in Egs. (23), (27), and
(28), respectively. Equation (50) comes from the spacetime
axial symmetry, while Eq. (51) relates the energies ascribed
to a certain mode by an inertial observer inside the shell
with proper time z and by a static observer at spatial
infinity: w and o’ differ not only due to redshift but also due
to the coupling between rotation and the mode’s angular
momentum.

Equation (52) can be used to express the coefficients
N/, interms of N, . For this purpose, it will be useful to
Taylor expand y,[ps(0)] and w,,,[rs(0)] around p = R
and r = R, respectively [see Egs. (27) and (23)],

Py (y)} + O(a*w*).
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a’ 2M dy (p)
/ =v (R | 2 o'l
Yo 1lPs(0)] = xwi( )+2R< +B —3cos 9)441'/1 K
(53)
2 d ()
l//wlm[rS(e)] = Wa)lm(R) - %cmoszew s (54)
" IR

and to fix y,;(R) =1 and w,;,(R) = 1, which can be
done with no loss of generality. The arbitrariness in the
normalization of ¢, and ¢, will be completely encoded

in N, and N, which can be adjusted in order to
w lm wlm

comply with Eq. (14). Then, by writing

N, —N”+—N“ (55)

o'lm 'lm o'lm

and similarly for N, . we note that for a = 0, Eq. (52)

wlm>

implies Nwl(m) = Nw(ln)l Therefore, up to O(a?/M?), we can
write
2
Nzlm = wlm +Wgw'1m, [ > |m| (56)

Inserting Eq. (56) and Egs. (53)—(54) in Eq. (52), multi-
plying the latter by P}'(cos#) and integrating over 6, we
obtain, after some algebra,

9o'lm = Nﬂ,([n),al + Nu)((l)+2)m )

+ Ny asH( = m] =2).  (57)

where H(x) is the Heaviside step function,

M* (M P+1-3m? d)(g)%(p)
o =—|=-

""R\R (2I+3)2i-1)) dp |
M2F2 (212 +20—1- 2m2> dy'® (r)

wlm
R \ 20+3)(2i—1) dr

M Pl=3m (| oM
T2R2\(20+3)(21 1) R )

az—ﬁ((l+m+l)(l+m+2)>

R

(21 + 3)(21 + 5)
0
MIREE! N 2M N »’R N dew&)m)m(r)
2R R/ 41+6 dr R
3dx110)(0)

J

2 dp

and
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M ((I-m—1)(l—m)\[l-2 2M
““F( (21—1)(21—3) )[ZR (HF)
»*R (,,, on(] 3 dxf,f?)u_2>(p)

_ ;:2
-2 ar |g 2 dp

i

PHYSICAL REVIEW D 90, 044053 (2014)

It is worthwhile to note in Eq. (57) the coupling between
multipolar indices / and / & 2 that appears in O(a?/M?) due
to the absence of spherical symmetry [see Eq. (30)]. More
generic deviations from spherical symmetry, such as those
considered in Ref. [8], can give rise to a more involved mixing.

The discontinuity condition on the derivatives, Eq. (43),
can be more explicitly written as

dl//wlm( ) do dSwlm (COS 6)
N’ S 0 —_—
b%l wlm |:df dr e wlm (COS ) +—= df do l//u)lm(rS)
_ [dp| dzuilp) d®| dPy (cos ©)
- Nw’lm |: P;n(COS ®5) +— Zw’l(pé‘)
lzzm atls dp |, ¢\ dO 0
= —2EAKY "N, Xui(ps) P} (cos Og), (58)
1>|m|
I
where the 6 dependence has been omitted in several terms {51 some / — I > |m|. In this case, N 1 ;é 0 is fixed
and o'lym
by the Klein-Gordon normalization while N ,lni =0 for
dr @F (oM @ dp L# lo:
—| =F- 14+— 20 — =1,
dr S 2R2 < + R >COS + R2|: dr S N—(O) B ( ) 5 (62)
do 2a°F de® a> o'lm u) /lom Iy
—| =——53 sinfcosH, —| =-——755sinfcosd N )
dt|s R ac|s R Condition (61) can be written as

are components of the unit vector field normal to S.
We can manipulate Eq. (58) in order to obtain a more
enlightening expression. For this purpose, we make
use of Eqs. (56)-(57), as well as Taylor expansions of
d)(w’l(p)/dp|/):p5 and dlem(r)/dr|r:r5 around P = R and
r =R [analogous to Egs. (53) and (54)]. Then, by
multiplying Eq. (58) by P}'(cosf) and integrating over
6, we can cast the resulting equation in the following form:

l
ﬂO o lm M2 [ﬁ o lm + ‘B2 l+2)

+ﬁ’3Nw/<z_z>mH(l—|m|— 2)]=0,  Iz]m|, (59

where ﬁé, Jj €{0,1,2,3}, are coefficients which depend in
principle on all mode and spacetime parameters except on a
(and which we avoid writing explicitly because of space

restrictions). Then, in zeroth order in the rotation parameter,
Eq. (59) reduces to

-0
which gives rise to a nontrivial solution for ¢_, =~ [see
Eq. (44)] if
By =0 (61)

0
_ Fdw((ullm

R d}"

0
£0) — 4F | 2M 407 A,
R FR? R dp

J

(63)

which expresses the value of £ that the field must have in
order that unstable modes with quantum numbers «’
(=w/F), Iy and m do exist in the spacetime of a static
spherical shell with mass-to-radius ratio M/R. In second
order in a/M, Eq. (59) yields

-2 -0 —(0
ﬂ(l)Nm’(lni + ﬁllNa)’(erL + ﬂéNm’((laﬂ)m

—(0
BN (L= M =2) =0, 1> |m|. (64)

For |m| <1 # Iy, Eq. (64) can be solved for N -2

o'lm?

) _ 0 (B g
Na)’lm = _Na)’lom (ﬁlo 5110 2t 5 lo+2 5llo+2> (65)
0 0

which together with Eq. (62) determine N, in Eq. (55)
(with N ,(10) fixed by normalization). Now, by using

Egs. (62) and (65) in Eq. (59), we obtain

o 4 25’10 =0, (66)
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which can be explicitly written as

S(AF L 2M _4\[[ | @ 4RFARF 1 AME M @ 20421y — |~ 2m 12RF — 12RF? - 9P
R FR2 R 2R’ 2RF' + MF? —2RF® ' 2R’ (2l,+3)(2lp—1) 2RF’+ M —2RF

0
" a_2 M a l(% + 1y —3m? d)(((l,rio 3 a_2 1 2_M l% + 1y —3m? _ _Fd’/’wlom dy o1,
R\R (2l+3)(2ly—1)) dp |g 2R? R/ (2lh+3)2l,-1) dr | dp |R

(0)

CE[ o 2B+2lg—1-2m> [ 2M\ 1 ]dui).|  @F2B 420 -1 - 2m> dy,

R [a‘R T 2(2ly +3)(2ly - 1) ( F) +ﬁ} dr |x R Q2l+3)2,h-1) dr |g

+a_2<g_ B+ 1y - 3m? >d2x£330 _d B+ly=3m? [f_g ( 2_M)d)(((f’)lo ] (67)
R\R (2l +3)2lh—1)) dp* |s 2R*(2l,—-1)2l,+3)|R R R/ dp |a)

If we write @ = wg+ iw;, then, for each set  where Q;(x) is the Legendre function of the second kind.

{o;.lop.m.M/R.a/M} of parameters, Eq. (67) is a com-  The functions )(fj)l (p) and y/(()i)n(r) satisfy inhomogeneous
plex equation, the imaginary part of which can be solved differential t'O for which the h t
for wp, and the real part of which then returns a value for &. tierentia’ equations, for which the lomogencous part may

Then, for each fixed /o > |ml, & is the field coupling that be solved in terms of simple special functions. Therefore,

g ” standard methods (see, e.g., Ref. [23]) can be used in order
marks the appearance of unstable terms (“partial modes™) to derive the full . 68) and (69). In particul
in the sum in Eq. (44) with quantum numbers @’ and m, and o derive the full expressions (68) an ). In particular, we

with N7, ~given by Eq. (55) with Egs. (62) and (65) obtain

[the corresponding term in the exterior of S is determined o

from Eq. (46) together with Eqs. (56) and (57)]. The above Ay o1 d)(((u,>l 4a2 M2 m?>

procedure to calculate & relies on the knowledge of dpo . = a’po . TR G+ 20) (71)

Woum(r), which we compute numerically by integrating
Eq. (48) subject to the boundary condition (49) and
normalization condition ,,,(R) =1 [see discussion
below Eq. (54)]. In Fig. 2 this method is employed to
obtain the values of £ and M /R which trigger the instability
for a/M =0.2, [y=m=0 and 0 < w; <0.4. We note
from Fig. 2 that the external boundaries of the unstable
regions (black curves) are numerically consistent with
w; = wp = 0, which is compatible with the general result
[21] that instability sets in through zero-frequency modes
[22]. Therefore, let us now specialize to @ = 0, in which
case we can obtain analytically the second-order approxi-
mation for the implicit functions in Eq. (67). Thus, we write
up to second order

M/R

a? I
Ho(0) = Kot (0) + 14 0. (68) .
B 00 1 1 | IR RS | 1 1
where w, = —mQ/F is the @’ frequency when @ = 0 and :
— 0 ‘i 2) FIG. 2. Diagram showing the regions in the parameter space
Wom (1) = Woin(r) + M? Vo (r)- (69) (&, M /R) for which the instability is triggered when a/M = 0.2.
The black curves are characterized by w; ~ 0 and provide the
The static limit is straightforward: boundary of the unstable regions. Internal gray curves are char-
acterized by values of w; which increase in steps of 0.04 up to
0 ,01 0 0 (r/M ~1) w; = 0.4. Here, we have set [, = m = 0. The black strip excludes
Z( ,>l (p) ==, l//fn,)n(r) = 17, (70) values of M /R for which Eq. (41) does not hold and the vertical
o R Q/(R/M-1) dashed line indicates the conformal-coupling value & = 1/6.
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and
dy, dy'?) 2 dP,(r/M — 1)
Olm| Yoim T a \r
dr R dr R MZQZ(R/M— 1) dr R
_ PR/M = 1) dQ(r/M ~ 1) )
0,(R/M-1) dr Rl
where

Md2Q,(1R/M — 1)

Cl = / d)CQl()CR/M - 1) |:ﬁ d[2

=x

mZ

+sz/T2le(XR/M— 1)} (73)

Therefore, by plugging Eqgs. (70), (71), and (72) into
Eq. (67), we obtain an analytical expression [except for the
simple integral of Eq. (73)] which can be directly solved for
&, giving the boundaries of the regions in the parameter
space where the instability sets in. Figure 3 represents these
limiting curves for a/M = 0.2 and different values of [
and m. Clearly, the unstable regions for partial modes with
lo = m = 0 encompass those for higher multipoles.

In Fig. 4, the boundaries (o = 0, [, = 0) of the unstable
regions are plotted for different values of a/M. Fig. 5
highlights a range of M/R which is not clearly seen in
Fig. 4. There, we plot the difference & — £ as a function of

O ———————————
.
\ i
\
\
i
| i 1
i
x i
= i
I
'/ ]
/
,/ 1
s v == 1,=0,m=0
0.1 -_ _/'/ | __'10:1,777,:0 7
L ! — =1, m=+1
0.0-1..I...I...I...IE...I...I...I...‘

-8 -6 -4 -2 0 2 4 6 8

FIG. 3 (color online). Curves characterizing the onset of
instability for partial modes with [p =0 and [p =1 (m=0
and m = £1). The rotation is fixed to a/M = 0.2. Curves for the
same [y and opposite values of m are degenerate. The plot is
restricted to the range of M /R in which the criterion (41) is valid.
The vertical dashed line indicates the conformal-coupling value

E=1/6.
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o —

M/R

a/M=0 7
---a/M=0.1| ]
——-a/M=0.2
---=-a/M=0.3

&

FIG. 4 (color online). Diagram showing the boundaries (o = 0,
Iy = 0) of the regions in the parameter space (£, M/R) in which
the instability is triggered for a/M = 0.1, 0.2, and 0.3. The static
a =0 case is plotted for comparison. The vertical dashed line
indicates the conformal-coupling value ¢ = 1/6. Configurations
allowing for tachyonic modes are those to the left of the curves on
the left-hand side and to the right of those on the right-hand side.
The curves are restricted to the range of M/R in which the
criterion (41) is valid.

M/R, where £©) and ¢ are given in Eqgs. (63) and Eq. (67),
respectively. From Figs. 4 and 5, we conclude that rotation
shifts these boundaries to the right, so that the unstable
region for negative values of £ gets enlarged and the one for

0.020———————F——————————————————
;
;
./' ]
0015} P
,/. |
-~ 7
=) .
g, p ]
0.010F : 4
ulp - - -a/M=0.1 K /]
—-=-a/M=0.2 - /
----a/M=0.3 S s
0.005F e i -
P ‘/‘ <4
- /»/
0.000 emiameTsy iy s T L e m T
0.0 0.1 02 03

FIG. 5 (color online). Difference & — & between the values of
& describing the borders of the unstable regions for a rotating shell
and for a static configuration with the same mass-to-radius ratio,
as a function of M /R. Here, [y = m = 0and a/M = 0.1,0.2, and
0.3. We see from the plot that for these values of a/M,
(6 —&)/& < (a/M)*, which suggests that for 0 < M/R <0.3,
a higher-order analysis would be necessary to extract reliable
conclusions.
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0.3 T T T T T T T T T T —
/
,;
;
./'
0.2 4 E
/
%
B —m=0 2
vAJTJ" - - -m==1 R
..... —4 e

0.4 m= NG

0.0 0.1 0.2 0.3
M/R

FIG. 6 (color online). Difference & — & between the values of
¢ describing the borders of the unstable regions for a rotating
shell and for a static configuration with the same mass-to-radius
ratio, as a function of M/R. Here, a/M =0.3, [, =3 and
m=0,=+1,£2, and 3.

positive values of & is diminished. The absolute effect,
however, turns out to be relatively small (as expected, since
this is a second-order correction).

Finally, Fig. 6 shows the value of £ — £(©) as a function of
M/R for a/M =03, =3, and m =0,+£1,+2,+3.
Unlike the [, = O case, it turns out that for higher multi-
poles & — £ is not everywhere positive. Here and in Fig. 3
it is clear that a reversal in the direction of rotation
(achieved either by a — —a or by m — —m) has no effect
in the parameter space of the instability, which is a direct
consequence of the general result of Sec. III. There is
nonetheless a coupling between the object rotation and the
field angular momentum in higher orders [manifested, e.g.,
by the term a’>m? in Eq. (48)], which breaks the degeneracy
in m that is characteristic of the static limit.

Before concluding, it is worthwhile to make a brief
comment on the relation between our results concerning the
linear instability of nonminimally coupled fields in the
spacetime of rotating bodies and the nonlinear effect known
as spontaneous scalarization, which was established in the
context of scalar-tensor theories in Ref. [24] (see also
Refs. [25-27]). In Ref. [7], it was argued that the bounda-
ries of the regions in parameter space which characterize
the type of linear instability considered here also delimit the
regions where spontaneous scalarization can occur.
Although the argument was made in a context of spherical
symmetry, the same reasoning seems to apply to our
stationary spacetime. Indeed our conclusions are in agree-
ment with a recent result [28], which numerically showed
that scalarized rapidly rotating neutron stars exist for a
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larger range of (negative) couplings than in the static case
(see Figs. 4 and 5).

VI. CONCLUSIONS

Nonminimally coupled free scalar fields are unstable in
the spacetime of compact objects for a wide range of field
couplings and compact object parameters. Such an insta-
bility will be unavoidably triggered by vacuum fluctuations
(see Sec. II). This “awakening” of the quantum vacuum
was previously treated in the context of spacetimes which
were static in the asymptotic past and future associated with
the formation of a nonrotating compact object from initially
diluted matter. Here, we have investigated how the insta-
bility is influenced when the compact object acquires some
rotation. In order to also allow a quantum mechanical
treatment of the instability, we have discussed the canonical
quantization of the scalar field in a spacetime which is
nearly flat in the asymptotic past and stationary and
axisymmetric in the future. As a prototype model for
our compact spinning object, we have considered the
spacetime of a spinning thin shell. As explained in
Sec. III, in order to obtain nontrivial results concerning
the role of rotation on the instability parameter space we
had to go beyond first order in the object angular momen-
tum (see also Sec. V). The simple thin shell model is
justified, thus, since it allowed us to push the analytical
treatment further. Our main result is expressed in Eq. (67)
and depicted in Figs. 2—6. In particular, we observe that the
regions in parameter space which characterize the insta-
bility of a partial mode with a certain value of [, are
invariant under m — —m but are nondegenerate in m as can
be seen in Figs. 3 and 6 (in contrast to the static case).
Figure 3 also shows that the instability first sets in by partial
modes with [, = 0. Our analysis suggests that the overall
effect of (slow) rotation is to enlarge the instability
parameter space for negative values of £ and to diminish
the one for positive values of & (see Figs. 4 and 5), in
agreement with recent results in the context of scalar-tensor
theories [28].
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