
Propagation of superluminal PeV IceCube neutrinos: A high energy spectral
cutoff or new constraints on Lorentz invariance violation

Floyd W. Stecker*

Astrophysics Science Division, NASA Goddard Space Flight Center, Greenbelt, Maryland 20771, USA

Sean T. Scully
Department of Physics, James Madison University, Harrisonburg, Virginia 22807, USA

(Received 28 April 2014; published 22 August 2014)

The IceCube observation of cosmic neutrinos with Eν > 60 TeV, most of which are likely of
extragalactic origin, allows one to severely constrain Lorentz invariance violation (LIV) in the neutrino
sector, allowing for the possible existence of superluminal neutrinos. The subsequent neutrino energy loss
by vacuum eþe− pair emission (VPE) is strongly dependent on the strength of LIV. In this paper we explore
the physics and cosmology of superluminal neutrino propagation. We consider a conservative scenario for
the redshift distribution of neutrino sources. Then by propagating a generic neutrino spectrum, using Monte
Carlo techniques to take account of energy losses from both VPE and redshifting, we obtain the best present
constraints on LIV parameters involving neutrinos. We find that δνe ¼ δν − δe ≤ 5.2 × 10−21. Taking
δe ≤ 5 × 10−21, we then obtain an upper limit on the superluminal velocity fraction for neutrinos alone
of 1.0 × 10−20. Interestingly, by taking δνe ¼ 5.2 × 10−21, we obtain a cutoff in the predicted neutrino
spectrum above 2 PeV that is consistent with the lack of observed neutrinos at those energies, and
particularly at the Glashow resonance energy of 6.3 PeV. Thus, such a cutoff could be the result of neutrinos
being slightly superluminal, with δν being ð0.5 to 1.0Þ × 10−20.
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I. INTRODUCTION

The possible existence of superluminal neutrinos as a
consequence of Lorentz invariance violation (LIV) was
brought to the attention of the physics community by their
apparent observation [1]. Shortly thereafter, Cohen and
Glashow [2] presented a powerful theoretical argument
against the results in Ref. [1]. Their argument was based
on the implication that these neutrinos would rapidly lose
energy by the dominant energy loss channel of vacuum
electron-positron pair emission (VPE), i.e., ν → νeþe−.
Eventually, the results in Ref. [1] were retracted [3]. (See
also Ref. [4]).
The IceCube Collaboration has recently reported the

observation of 37 extraterrestrial neutrinos with energy
above ∼60 TeV, giving a cosmic neutrino signal 5.7σ
above the atmospheric background [5]. This is significant
evidence for a neutrino flux of cosmic origin, above that
produced by atmospheric cosmic-ray secondaries [6]. The
very existence of PeV neutrinos has been used to place
strong constraints on LIV in the neutrino sector [7,8].

II. COSMIC HIGH ENERGY NEUTRINOS

There are four indications that the cosmic neutrinos
observed by IceCube are extragalactic in origin [7]: (1) The
celestial distribution of the 37 reported cosmic events is

consistent with isotropy, with no significant enhancement
in the galactic plane [5], although it has been argued that a
subset of these events might be of galactic origin [9]. (2) A
possible cutoff in the energy spectrum of these neutrinos
may be indicative of photopion production followed by
pion decay [10] such as expected in AGN cores [11], GRBs
[12], or intergalactic interactions [13]. (AGN jets have also
been looked at, but there may be difficulties with the jet
models [14]. Neutrinos from starburst galaxies are dis-
cussed in Sec. VI.) (3) The diffuse galactic neutrino flux
[15] is expected to be well below that observed by Ice
Cube. (4) At least one of the ∼1 PeV neutrinos observed by
IceCube (dubbed “Ernie”) came from a direction off of the
galactic plane.
An upper limit for the difference between putative super-

luminal neutrino and electron velocities of δνe ≡ δν − δe ≤
∼5.6 × 10−19 was previously derived by one of us, confirm-
ing that the observedPeVneutrinos could have reachedEarth
from extragalactic sources. After obtaining an upper limit on
the superluminal electron velocity of δe ≡ ve − 1 ≤ ∼5×
10−21, an upper limit of δν ≡ vν − 1 ≤ ∼5.6 × 10−19 was
derived from one of the ∼PeV neutrino events [7]. (Here
c ¼ 1 and δν ¼ −c∘ ð4Þ in the standard model extension
effective field theory framework for describing the effects
of LIV and CPT violation [16]). This previous limit allows
for the possibility that minimally superluminal neutrinos can
propagate over large distances from extragalactic sources
such as active galactic nuclei (AGN) and γ-ray bursts (GRB),
while undergoing energy losses by VPE.*Floyd.W.Stecker@nasa.gov
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Given that neutrinos detected by IceCube are extraga-
lactic, cosmological effects should be taken into account in
deriving new LIV constraints. The reasons are straightfor-
ward. As opposed to the extinction of high energy extra-
galactic photons through electromagnetic interactions [17],
neutrinos survive from all redshifts because they only
interact weakly. We thus consider here a scenario where
the neutrino sources have a redshift distribution that follows
that of the star formation rate [18] (see Fig. 1), as appears to
be roughly the case for both active galactic nuclei and γ-ray
bursts. Since the Universe is transparent to neutrinos, most
of the cosmic PeV neutrinos will come from sources at
redshifts between ∼0.5 and ∼2 [11]. Therefore neither
energy losses by redshifting of neutrinos nor the cosmo-
logical ΛCDM redshift-distance relation can be neglected
in our calculations.

III. NEUTRINO ENERGY LOSSES

We again note the definitions δνe ¼ δν − δe; δν ¼ vν − 1,
and δe ¼ ve − 1. The v’s here are to be understood to be
the maximum attainable velocities of the neutrinos and
electrons, respectively. (The definition of δ used here is half
that used in Refs. [2] and [19] but is consistent with
that used in Ref. [20].) For δν ≥ δe ≥ 0 and defining
δνe ≡ δν − δe, the VPE process ν → νeþe− is kinematically
allowed provided that [19,20]

Eν ≥ me

ffiffiffiffiffiffiffiffiffiffiffiffi

2=δνe:
p

ð1Þ
The decay width for the VPE process, ν → νeþe−, is

given by [2]

Γ ¼ 1

14

G2
FE

5
νð2δνeÞ3

192π3
¼ 1.3 × 10−14E5

GeVδ
3
νe GeV: ð2Þ

The mean decay time is then just 1=Γ. To obtain the
numerical value of the mean decay time for VPE, we note
that in units where ℏ ¼ 1, 1 GeV ¼ 6.58 × 10−25 s−1. We

adopt the mean fractional energy loss due to a single pair
emission of ∼0.78 from [2].
We assume for this calculation a flat ΛCDM universe

with a Hubble constant ofH0 ¼ 67.8 km s−1 Mpc−1, taking
ΩΛ ¼ 0.7 and Ωm ¼ 0.3. Therefore, the energy loss owing
to redshifting for a ΛCDM universe is given by

−ð∂ logE=∂tÞredshift ¼ H0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Ωmð1þ zÞ3 þΩΛ

q

: ð3Þ

IV. CALCULATIONS OF SUPERLUMINAL
NEUTRINO PROPAGATION

In order to determine the effect of VPE on putative
superluminal neutrinos propagating from cosmological
distances we explore a simple example using
Monte Carlo techniques to take account of energy losses
by both VPE and redshifting. We consider a scenario
where the neutrino sources have a redshift distribution
that follows that of the star formation rate [18], as
appears to be roughly the case for active galactic nuclei
and γ-ray bursts. We assume a source spectrum propor-
tional to E−2 between 100 TeV and 100 PeV. We
generate 5 × 107 events using these two distributions.
Our final results are normalized to an energy flux of
E2
νðdNν=dEνÞ≃ 10−8 GeV cm−2 s−1 sr−1, as is consistent

with the IceCube data for both the southern and northern
hemisphere for energies between 60 TeV and 2 PeV,
particularly when atmospheric charm decay neutrinos
[15,21] are included in the background subtraction [5].
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FIG. 1 (color online). Binned number of neutrinos used in our
Monte Carlo runs sampled from the star formation rate distri-
bution of Ref. [18].
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FIG. 2. Mean propagation time before decay as a function of
neutrino energy for a threshold energy of 10 PeV.

TABLE I. Mean propagation time at the threshold energy for
the threshold energies considered.

Threshold energy (PeV) 1 2 4 10 20 40
Mean propagation
time (Gyr)

0.011 0.022 0.045 0.11 0.22 0.45
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In our Monte Carlo runs we consider threshold energies
between 1 and 40 PeV for the VPE process, corresponding
to values of δνe between 5.2 × 10−19 and 3.3 × 10−22. By
propagating our test neutrinos including energy losses from
both VPE and redshifting using a Monte Carlo code, we
then obtain final neutrino spectra and compare them with
the IceCube results.

V. THE ICECUBE RESULTS

The IceCube data [5] are plotted in Fig. 3. They are
consistent with a spectrum given by E2

νðdNν=dEνÞ≃
10−8 GeV cm−2 s−1 sr−1 up to an energy of ∼2 PeV, the
energy of the so-called “Big Bird” event. No neutrino
induced events have been seen above 2 PeV [22].
IceCube has not detected any neutrino induced events

from the Glashow resonance effect. In this effect, electrons
in the IceCube volume provide enhanced target cross
sections for electron antineutrinos through the W− reso-
nance channel, ν̄e þ e− → W− → shower, at the resonance
energy Eν̄e ¼ M2

W=2me ¼ 6.3 PeV [23]. This enhance-
ment leads to an increased IceCube effective area for
detecting the sum of the νe’s, i.e., νe’s plus ν̄e’s by a factor
of ∼10 [6]. It is usually expected that 1=3 of the potential
6.3 PeV neutrinos would be νe’s plus ν̄e’s unless new
physics is involved [24]. Thus, the enhancement in the
overall effective area expected is a factor of ∼3. Taking into
account the increased effective area between 2 and 6 PeV
and a decrease from an assumed neutrino energy spectrum
of E−2

ν , we would expect about three events at the Glashow
resonance provided that the number of ν̄e ’s is equal to the
number of νe ’s. Even without considering the Glashow
resonance effect, several neutrino events above 2 PeV

would be expected if the E−2
ν spectrum extended to higher

energies. Thus, the lack of neutrinos above 2 PeV energy
and at the 6.3 PeV resonance may be indications of a cutoff
in the neutrino spectrum. Hopefully, the acquisition of more
data will clarify this point. In the next section we consider
the physics implications of both the cutoff and no-cutoff
scenarios for the neutrino spectra.

VI. CONCLUSIONS AND DISCUSSION

The results of our calculations show that there is a high-
energy drop off in the propagated neutrino spectrum
resulting from the opening of the VPE channel above
threshold. Furthermore, the redshifting effect pushes the
cutoff in the energy spectrum below the nonredshifted rest-
frame threshold energy. As discussed before, we assume
that the neutrino production rate follows the star formation
rate in redshift space. This rate peaks at a redshift between
1 and 2. The neutrinos emitted during this past era of
enhanced stellar and galactic activity are then redshifted by
a factor of 2–3. The redshifting effect dominates the shape
of the resulting spectra regardless of threshold energy. This
is because the mean propagation time at the threshold
energy is very short compared with the total travel time
with the exception of rest-energy thresholds greater than
10 PeV as follows from equations (1)–(3) (see Table I).
Furthermore, the mean propagation time is also short for
all energies greater than the threshold, with the exception of
only those very near threshold, as illustrated in Fig. 2 for a
rest-energy threshold of 10 PeV. In the case of rest-energy
thresholds greater than 10 PeV, the particles very near
threshold will simply redshift below it without decay.
This has little impact on their final observed energies
at z ¼ 0.
Our calculated neutrino spectra follow our assumed E−2

power-law form below ∼0.2 of the redshifted VPE thresh-
old, have a small pileup effect up to the redshifted threshold
energy, and have a sharp high energy cutoff at higher
energies, as shown in Fig. 3. The pileup is caused by the
propagation of the higher energy neutrinos in energy space
down to energies within a factor of ∼5 below the threshold.
This is indicative of the fact that fractional energy loss from
the last allowed neutrino decay before the VPE process
ceases is 0.78 [2]. The pileup effect is similar to that of
energy propagation for ultrahigh energy protons near the
Greisen, Zatsepin, and Kuz'min photomeson production
threshold [25].
Our results yield the best constraints LIV in the neutrino

sector to date, viz., δνe ¼ δν − δe ≤ 5.2 × 10−21. This is
because our results for our rest-frame threshold energy
cases below 10 PeVas shown in Fig. 3 are inconsistent with
the IceCube data. Our result for a 10 PeV nonredshifted
threshold, corresponding to δνe ¼ 5.2 × 10−21, is just con-
sistent with the IceCube results, giving a cutoff effect above
2 PeV. We note that the present best upper limit on δe is
5 × 10−21 [7]. Thus for the conservative case of no-LIV
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FIG. 3 (color online). Calculated neutrino spectra with VPE
and redshifting compared with the IceCube data both includ-
ing a subtraction of atmospheric charm ν’s at the 90% C.L. (cyan)
and omitting such a subtraction (black) [5]. Curves from left
to right are spectra obtained with rest-frame threshold energies
of 1, 2, 4, 10, 20, and 40 PeV. The corresponding values of
δνe are given by Eq. (3).
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effect, e.g., if one assumes a cutoff in the intrinsic neutrino
spectrum of the sources or one assumes a steeper assumed
PeV neutrino spectrum proportional to E−2.3

ν [5,24], we
find the new constraint on superluminal neutrino velocity,
δν¼δνeþδe≤1.0×10−20. However, the steeper spectrum
scenario has been placed into question [26].
Interestingly, for an E−2

ν power-law neutrino spectrum,
we find the possibility that the apparent cutoff in the
observed spectrum above ∼2 PeV can conceivably be an
effect of Lorentz invariance violation (see Fig. 3). (Another
suggestion involving LIV effects of subluminal neutrinos
has recently been discussed [27].) A hard E−2

ν spectrum has
been proposed to be produced in starburst galaxies [28].
The IceCube flux is below the upper limit of 2 ×
10−8 GeV cm−2 s−1 sr−1 obtained by one of us for the
neutrino flux from starburst galaxies [29], allowing for this
possibility. The power-law source spectrumoption opens the
possibility that a high energy cutoff in such a hard E−2

ν

power-law neutrino spectrum could be caused by a small

violation of Lorentz invariance, with neutrinos being very
slightly superluminal, with δν being ð0.5 to 1.0Þ × 10−20,
taking 0 ≤ δe ≤ 0.5 × 10−20. As has been pointed out
previously for ultrahigh energy neutrinos [30], one test
for the cutoff scenario would be the nonobservation of the
“cosmogenic” neutrinos from photopion production inter-
actions of ultrahigh energy cosmic rays with the cosmic
background radiation [31], since all cosmological neutrinos
above∼2 PeVwould be affected by theVPEprocess. Such a
nonobservation would have implications for γ-ray con-
straints on ultrahigh energy cosmic ray origin and compo-
sitionmodels, perhaps implying the ultrahigh energy cosmic
rays are mainly heavy nuclei [32].

ACKNOWLEDGMENTS

We wish to thank Francis Halzen and Nathan Whitehorn
for helpful discussions and information regarding the
IceCube results.

[1] T. Adam et al. (OPERACollaboration), arXiv:1109.4897v1.
[2] A. G. Cohen and S. L. Glashow, Phys. Rev. Lett. 107,

181803 (2011).
[3] T. Adam et al. (OPERA Collaboration), J. High Energy

Phys. 10 (2012) 093.
[4] P. Adamson (MINOS Collaboration), Nucl. Phys. B Proc.

Suppl. 235–236, 296 (2013).
[5] M. G. Aartsen et al. (IceCube Collaboration),

arXiv:1405.5303.
[6] M. G. Aartsen et al. (IceCube Collaboration), Phys. Rev.

Lett. 111, 021103 (2013); Science 342, 1242856 (2013);
R. Laha, J. F. Beacom, B. Dasgupta, S. Horiuchi, and
K. Murase, Phys. Rev. D 88, 043009 (2013).

[7] F. W. Stecker, Astropart. Phys. 56, 16 (2014).
[8] E. Borriello, S. Chakraborty, A. Mirizzi, and P. D. Serpico,

Phys. Rev. D 87, 116009 (2013); D. Mazón, Phys. Rev. D
89, 056012 (2014); J. S. Díaz, V. A. Kostelecký, and M.
Mewes, Phys. Rev. D 89, 043005 (2014).

[9] S. Razzaque, Phys. Rev. D 88, 081302 (2013); M. Ahlers
and K. Murase, Phys. Rev. D 90, 023010 (2014).

[10] W. Winter, Phys. Rev. D 88, 083007 (2013); I. Cholis and
D. Hooper, J. Cosmol. Astropart. Phys. 06 (2013) 030;
M. D. Kistler, T. Stanev, and H. Yuksel, arXiv:1301.1703.

[11] F. W. Stecker, C. Done, M. H. Salamon, and P. Sommers,
Phys. Rev. Lett. 66, 2697 (1991); J. Alvarez-Muñiz and P.
Mészáros, Phys. Rev. D 70, 123001 (2004); F. W. Stecker,
Phys. Rev. D 88, 047301 (2013).

[12] R.-Y. Liu and X.-Y. Wang, Astrophys. J. 766, 73 (2013);
Razzaque, Phys. Rev. D 88, 103003 (2013); K. Murase and
K. Ioka, Phys. Rev. Lett. 111, 121102 (2013).

[13] O. E. Kalashev, A. Kusenko, and W. Essey, Phys. Rev. Lett.
111, 041103 (2013).

[14] K. Murase, M. Ahlers, and B. C. Lacki, Phys. Rev. D 88,
121301 (2013); K. Murase, Y. Inoue, and C. D. Dermer,
Phys. Rev. D 90, 023007 (2014).

[15] F. W. Stecker, Astrophys. J. 228, 919 (1979).
[16] D. Calladay and V. A. Kostelecký, Phys. Rev. D 58, 116002

(1998).
[17] F. W. Stecker, O. C. de Jager, and M. H. Salamon,

Astrophys. J. Lett. 390, L49 (1992).
[18] P. S. Behroozi, R. H. Wechsler, and C. Conroy, Astrophys. J.

770, 57 (2013).
[19] S. R. Coleman and S. L. Glashow, Phys. Rev. D 59, 116008

(1999).
[20] F. W. Stecker and S. L. Glashow, Astropart. Phys. 16, 97

(2001).
[21] R. Enberg, M. H. Reno, and I. Sarcevic, Phys. Rev. D 78,

043005 (2008).
[22] We have presented evidence that the cosmic IceCube

neutrino events are extragalactic. We note that the 2 PeV
“Big Bird” event comes from a direction near the galactic
plane. If this event is galactic, given that the 1 PeV “Ernie”
event is well off the galactic plane and definitely extra-
galactic, the appropriate curve in Fig. 3 would be the 4 PeV
threshold curve, corresponding to δνe ¼ 3.3 × 10−20 and
δν ≤ 3.8 × 10−20.

[23] S. L. Glashow, Phys. Rev. 118, 316 (1960).
[24] L. A. Anchordoqui, V. Barger, I. Cholis, H. Goldberg,

D. Hooper, A. Kusenko, J. G. Learned, D. Marfatia, S.
Pakvasa, T. C. Paul, and T. J. Weiler, J. High Energy
Astrophys. 1–2, 1 (2014).

[25] F. W. Stecker, Nature (London) 342, 401 (1989).
[26] C-Y. Chen, P. S. Bhupal Dev, and A. Soni, Phys. Rev. D 89,

033012 (2014).

FLOYD W. STECKER AND SEAN T. SCULLY PHYSICAL REVIEW D 90, 043012 (2014)

043012-4

http://arXiv.org/abs/1109.4897v1
http://dx.doi.org/10.1103/PhysRevLett.107.181803
http://dx.doi.org/10.1103/PhysRevLett.107.181803
http://dx.doi.org/10.1007/JHEP10(2012)093
http://dx.doi.org/10.1007/JHEP10(2012)093
http://arXiv.org/abs/1405.5303
http://dx.doi.org/10.1103/PhysRevLett.111.021103
http://dx.doi.org/10.1103/PhysRevLett.111.021103
http://dx.doi.org/10.1126/science.1242856
http://dx.doi.org/10.1103/PhysRevD.88.043009
http://dx.doi.org/10.1016/j.astropartphys.2014.02.007
http://dx.doi.org/10.1103/PhysRevD.87.116009
http://dx.doi.org/10.1103/PhysRevD.89.056012
http://dx.doi.org/10.1103/PhysRevD.89.056012
http://dx.doi.org/10.1103/PhysRevD.89.043005
http://dx.doi.org/10.1103/PhysRevD.88.081302
http://dx.doi.org/10.1103/PhysRevD.90.023010
http://dx.doi.org/10.1103/PhysRevD.88.083007
http://dx.doi.org/10.1088/1475-7516/2013/06/030
http://arXiv.org/abs/1301.1703
http://dx.doi.org/10.1103/PhysRevLett.66.2697
http://dx.doi.org/10.1103/PhysRevD.70.123001
http://dx.doi.org/10.1103/PhysRevD.88.047301
http://dx.doi.org/10.1088/0004-637X/766/2/73
http://dx.doi.org/10.1103/PhysRevD.88.103003
http://dx.doi.org/10.1103/PhysRevLett.111.121102
http://dx.doi.org/10.1103/PhysRevLett.111.041103
http://dx.doi.org/10.1103/PhysRevLett.111.041103
http://dx.doi.org/10.1103/PhysRevD.88.121301
http://dx.doi.org/10.1103/PhysRevD.88.121301
http://dx.doi.org/10.1103/PhysRevD.90.023007
http://dx.doi.org/10.1086/156919
http://dx.doi.org/10.1103/PhysRevD.58.116002
http://dx.doi.org/10.1103/PhysRevD.58.116002
http://dx.doi.org/10.1086/186369
http://dx.doi.org/10.1088/0004-637X/770/1/57
http://dx.doi.org/10.1088/0004-637X/770/1/57
http://dx.doi.org/10.1103/PhysRevD.59.116008
http://dx.doi.org/10.1103/PhysRevD.59.116008
http://dx.doi.org/10.1016/S0927-6505(01)00137-2
http://dx.doi.org/10.1016/S0927-6505(01)00137-2
http://dx.doi.org/10.1103/PhysRevD.78.043005
http://dx.doi.org/10.1103/PhysRevD.78.043005
http://dx.doi.org/10.1103/PhysRev.118.316
http://dx.doi.org/10.1016/j.jheap.2014.01.001
http://dx.doi.org/10.1016/j.jheap.2014.01.001
http://dx.doi.org/10.1038/342401a0
http://dx.doi.org/10.1103/PhysRevD.89.033012
http://dx.doi.org/10.1103/PhysRevD.89.033012


[27] L. A. Anchordoqui, V. Barger, H. Goldberg, J. G. Learned,
D. Marfatia, S. Pakvasa, T. C. Paul, and T. J. Weiler,
arXiv:1404.0622.

[28] A. Loeb and E. Waxman, J. Cosmol. Astropart. Phys. 05
(2006) 003.

[29] F. W. Stecker, Astropart. Phys. 26, 398 (2007).
[30] P. W. Gorham, A. Connolly, P. Allison, J. J. Beatty,

K. Belov, D. Z. Besson, W. R. Binns, P. Chen, J. M. Clem,
S. Hoover et al., Phys. Rev. D 86, 103006 (2012).

[31] V. S. Berezinsky and G. T. Zatsepin, Phys. Lett. 28B,
423 (1969); F. W. Stecker, Astrophys. Space Sci. 20, 47
(1973).

[32] D. Allard, M. Ave, N. Busca, M. A. Malkan, A. V. Olinto,
E. Parizot, F. W. Stecker, and T. Yamamoto, J. Cosmol.
Astropart. Phys. 09 (2006) 005; G. B. Gelmini, O. Kalashev,
and D. V. Semikoz, J. Cosmol. Astropart. Phys. 01 (2012)
044.

PROPAGATION OF SUPERLUMINAL PEV ICECUBE … PHYSICAL REVIEW D 90, 043012 (2014)

043012-5

http://arXiv.org/abs/1404.0622
http://dx.doi.org/10.1088/1475-7516/2006/05/003
http://dx.doi.org/10.1088/1475-7516/2006/05/003
http://dx.doi.org/10.1016/j.astropartphys.2006.08.002
http://dx.doi.org/10.1103/PhysRevD.86.103006
http://dx.doi.org/10.1016/0370-2693(69)90341-4
http://dx.doi.org/10.1016/0370-2693(69)90341-4
http://dx.doi.org/10.1007/BF00645585
http://dx.doi.org/10.1007/BF00645585
http://dx.doi.org/10.1088/1475-7516/2006/09/005
http://dx.doi.org/10.1088/1475-7516/2006/09/005
http://dx.doi.org/10.1088/1475-7516/2012/01/044
http://dx.doi.org/10.1088/1475-7516/2012/01/044

