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The gauge parameter dependence of the effective potential is determined by partial differential equations

involving also the Higgs boson field expectation value. Solving these equations by the method of

characteristics leads to elimination of the gauge parameter dependence of the effective potential. The

construction is carried out in the case of the standard model of electroweak unification for the renormalization

group improved effective potential up to the next-leading logarithmic order.
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I. INTRODUCTION

With the discovery of the Higgs boson [1,2] the
theoretical determination of its lower mass bound by means
of the renormalization group method improved effective
potential [3,4] has gained new prominence [5]. The stability
analysis of [3-5] takes place in a specific gauge (the
Landau gauge).

It was pointed out some time ago by Loinaz and Willey
[6] that the gauge dependence of the effective potential
could make the lower bound of the Higgs boson mass
gauge dependent. They used an Abelian truncation of the
standard model of electroweak unification, which in the
bosonic sector is identical to the Abelian Higgs model, to
make their point, working to one-loop and leading loga-
rithmic order. A recent study by Andreassen [7] gives a
very useful review of this difficulty. It is a problem of both
phenomenological and conceptual importance, considering
the fact that the observed Higgs mass is very close to
the stability limit of the standard model of electroweak
unification. It has been shown that the same problem
arises in the context of Higgs inflation [8]. Quite recently
the problem has been dealt with in connection with the
so-called instability scale [9].

It will be shown in this paper that the gauge dependence
of the effective potential can be removed by solving a set
of homogeneous first order partial differential equation
obeyed by the effective potential and involving the gauge
parameters and the Higgs boson field expectation value.
The validity of these equations was established many years
ago by the author [10] and independently by Fukuda and
Kugo [11] (see also [12-14]). Solving the differential
equations leads to a field redefinition that eliminates the
gauge dependence from the effective potential. The analysis
is carried out in the context of the SU(2) @ U(1) standard
model of electroweak unification for the renormalization
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group improved effective potential at the leading and next-
leading logarithmic order.

Suppressing in the effective potential V all variables
except the Higgs field expectation value ¢ and a gauge
parameter &, the partial differential equations found in [10]
and [11] have the form

(gt CO 0 )vea =0

with C(¢, &) a calculable function. Equation (1) can, as
pointed out in [10] and [14], be solved by the method of
characteristics. It is an obvious consequence of (1) that the
potential V is unchanged if the gauge parameter £ and the
field ¢ are subject to the following changes,

£ 4 AL <,zw¢+C<<zs,«:>%df 2)

with A& infinitesimal. Taking this argument one step further,
one can introduce a new field variable ®(¢, £, &) that is a
solution of the partial differential equation,

(g4 005 )opcq =0 @)
with the boundary condition,

D(p. 8. 80)le—e, = b (4)

with &, a specific value of the gauge parameter . Expressing
the effective potential in terms of the new field variable one
can now eliminate the dependence of the effective potential
on the gauge parameter ¢ altogether since ®(¢, &, &) is
invariant under (2) and thus is equal to the field variable at
& =¢&,, and (3) and (4) imply

V(g, &) = V(®(. & &) &o)- (5)
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What has been achieved by this construction is to show
that the effective potential at an arbitrary value & of the
gauge parameter is equal to the potential at a preferrred
value of the gauge parameter &, by introducing a mapping
through the solution of (3)—(4):

b = (. <. S0)- (6)

The inverse mapping is obviously obtained by interchang-
ing £ and &) in ®(¢,E, &). As mentioned above the
stability analysis giving the Higgs boson mass lower
bound [3-5] takes place in the Landau gauge, and the
construction described above makes it possible to extend
this analysis to arbitrary gauges; this is the problem raised
in [6-9]. Our approach to this problem should be con-
trasted to that of [15] and [16], who suggested using
instead a gauge-independent effective potential con-
structed either by a Hamiltonian method or by the
Vilkovisky-DeWitt formalism [17], working in an
Abelian model similar to the model used in [6] to leading
logarithmic order.

The Higgs boson mass defined by the propagator pole
is independent of the gauge parameters at all values of the
quartic coupling 4 entering the tree approximation poten-
tial term §A¢*, provided one takes into account that the
field value at the electroweak potential minimum is gauge
parameter dependent; this statement was proven in [10]
sec. IV and also verified in [12] (these proofs were carried
out for the Abelian Higgs model but are easily extended
to the standard model of electroweak unification).
However, use of the gauge-dependent effective potential
is necessary in order to determine the value of A that leads
to the lower bound on the Higgs mass such that the
electroweak vacuum is stable. Extension of the analysis
of this problem in [3-5] beyond the Landau gauge can be
carried out by (6) or its inverse, which relate the field
value at one set of values of the gauge parameters to the
field value at another set of values of the gauge param-
eters, such that the value of the effective potential is
unchanged.

In order to make (5) useful one has to provide a
solution of (3)—(4). Usually the effective potential is
found in the context of some approximation scheme,
where it is obtained order by order. It is rather straight-
forward to find approximate solutions of (3)—(4) in the
context of the loop expansion. In connection with the
lower bound of the Higgs boson mass one is, however,
dealing with the renormalization group improved effec-
tive potential, which involves a resummation of the
effective potential at infinite loop order. Explicit solutions
of (3)—(4) are, as mentioned above, obtained in this paper
in the leading and next-leading logarithmic order for
the standard model of electroweak unification, though
there seems no reason why it should not be extended to
arbitrary orders in this expansion. Only the bosonic part
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of the standard model of electroweak unification is
considered here since this is where complications involv-
ing gauge parameter dependence occurs; it is trivial to
include also the fermionic part.

The outline of this paper is the following: Sec. II
reviews ingredients necessary for the construction, where
in Sec. II. A material on the standard model of electroweak
unification is collected and in Sec. II. B the one-loop
effective potential is briefly reviewed, while Sec. II. C
deals with renormalization group improvement of the
effective potential. Here the leading and next-leading
approximations of the renormalization group solutions
are defined, and it is noticed that different solutions of the
renormalization group equation of the effective potential
may have different orderings in this approximation
scheme. In Sec. III the leading and next-leading loga-
rithmic approximations of the effective potential are
constructed, and (1) is verified and the relevant functions
C(¢, &) are determined. Finally in Sec. IV these functions
are used to solve (3)—(4) and to check (5), such that the
field redefinition alluded to in the title of the paper is
achieved. An Appendix lists the renormalization group
functions used.

II. PRELIMINARIES

A. SU(2) ® U(1) electroweak theory

With ¢ the expectation value of the Higgs boson field,
the effective potential of the SU(2) ® U(1) standard model
of electroweak unification is in the tree approximation:

0] Lo 1oy 2

Vo) = Sm2d? + 4%, w2 <0, 2>0. (7)

The theory contains the gauge fields Wi, WZ and B, and
in a renormalizable gauge the Goldstone boson fields y*
and y>. A possible and rather general gauge fixing term of
the Lagrangian is

1 u u

of = —E (aﬂW“‘ —%}(*) <8bW"” —%)(‘)
1 u 2 / 2
25(6 W3ﬂ_%)(3) 2§/< Bﬂ+gl7)(> , (8)

with &, &, u and ' gauge parameters and where ¢ and ¢
are the SU(2) and U(1) coupling constants. This
leads to the following ghost Lagrangian in the bilinear
approximation,

Lgp = —C7 <8 - 92:;4)) c <82 g Zd))

— B0 -0 +

L

3

? (gue® - Ju'e) (e - ),
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with ¢*,¢t, ¢, ¢c—,c%,¢%, ¢ and & Faddeev-Popov

ghost fields. The gauge parameters u and u’ should be
treated as independent variables in the context of the
renormalization group since the gauge fixing Lagrangian
is not renormalized [18] and the combinations guy®* and
guy® are thus renormalized by the same multiplicative
renormalization as W and W3, while ¢'uy? is renormal-
ized like B,. At general Values of u and o’ the vector and
Goldstone boson fields mix in the bilinear approximation
of the Lagrangian.

Consider first the charged vector fields. They are
Stiickelberg decomposed,
Wi = Wi +L8 w* (10)
tr,u \/? U )
where
9, Wy = 0. (11)

In momentum space with k a momentum variable this gives
the following Lagrangian bilinear in the charged vector and
Goldstone boson fields:

£=wen (1 =L w0

4
_(){Jr(_k),a)*(—k))(Z;Eg Z;jg)(j}: Eg)
12

L= ; ((Wa—ﬂ( k)aBtr,;l(_k>)<
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where
gZ 2
Cl]l(k):—k2+ﬂ +ﬂ¢2+4—§
kZ
azz(k):—g"‘MW, 6112(]():—% <¢+g> V —k2 (13)

with M3, = 2 and with the determinant

Det(a”(k) Cllz(k)>:l(kZ_ki’W)(kz—k%,W), (14)

ap (k) ax(k) ¢

where &,y are defined by

1
ki,w—2< +Ad? - —g u¢)

2 207+ 0 = g+ 69)). (15)

The neutral vector fields are also Stiickelberg
decomposed,
W?rﬂ \/%76#603’ B, =By, +\/La_28,,w’, (16)
where
9wy =0,Bl =0, (17)

leading to the quadratic Lagrangian in momentum space,

2 g 99'¢
—i2 42 -

2 3
i Wy (k)
—k2 + L8 ) \BL(k)

_9d¢
4
byi(k)  bip(k) b13(k) 2 (k)
— (P (=k), w0 (=k),wt(=k)) | bia(k) byp(k) bas(k) (k) , (18)
bi3(k)  ba(k)  bs3(k) wl(k)
|
with and
- Pt byi(k) bia(k)  bys(k)
buk) = -k +p +ig? +—§+ 4¢ (19) Det| bia(k)  ban(k) bas(k)
bi3(k) bay(k)  bs3(k)
) ==3(#+5 )V, bu=5 (#+5) VP —— R =R ()
(20) Here was introduced
Ry 2 kiz:% <ﬂ2+ﬂ¢2—%(92+9/2)uz¢>
bzz(k):—?JrT, b33(k)——?+ 1 1 1
” 3 (W2 +49%) (W +46 = (¢ + %) pluz + E24))
by (k) = —gg4 (21) (23)
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cf. (15), with the definitions,

2 ! 12 /2.0
—59212‘; z 749 “TI ()
g

5:
? 7+ >

B. One-loop effective potential

In one-loop order the effective potential corresponding to
the gauge fixing (8) can be seen from [4-9], using also (9),
(12), (14), (18) and (22). It has in D = 4 — ¢ dimensions the
following contribution from the Higgs field,
|
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1] i dPk k> — p? — 3A¢p? + ie
Vg =—= 5 log 5
2) (2n) k* + ie
92¢* (2 32?3
" T ean (" OgW+§>’ (25)

where in the last step the asymptotic part at large values of ¢
was kept. The contribution from the W* field with asso-
ciated Goldstone bosons and ghosts is by means of (12)
and (14),

D 2 2 . 2 2 : 2 2 . 2 G ugp .
. [ d°k k* — My, + ie (k* = k7 + ie)(k* — k2 + i€) k> + 532 + e
Ve = —l/W ((D —1)log e + log T ie)2 —2log e
3271' M?> 6 32x? e 2 Mm* 6472 &z (,1 £ )
(26)

where in the last step again only the asymptotic part at large values of ¢ was kept, with the gauge parameter u kept fixed.
Also we get from the A— and Z° -fields with associated Goldstone boson and ghosts by (18) and (22),

5 +ie 4 log (kK> = k%, + ie)(k?

Wi [ dPk K — M
Vil = L[ &% ((p 1)1
7= 77 / 2P \(P~ Dlee—=20

M (2], 5) i

 64n? M?* 6 641>

—kgtie) L kA (b 4 e
- — (o)
(K* + ie)? g K + ie

1 1&(d + g% 3>

| et
> og +

Mm* 2

A4 VA =& (F +d7)

(27)

2 e+ ) e

I F )

where again only the asymptotic part, with ¢ >> u, u, was kept, and with M% =

(P49
y—

The infinite parts of ?25), (26? and (27) are canceled by the standard one-loop counterterms, and collecting the asymptotic

part one gets, with /11 and y([ﬁl

1
Vien=1 (8, = 42y )* log -~

4

where

one-loop renormalization groop functions [see (A3)],

¢, % ALt (28)

_ 1 73, g 5 3 5 122 g +9° 5 2 3
Al_167r2 <Sg (log 4> 6> +16(g + ¢*)*( log 1 e +94%( log(34) 5
1

+2A<z—%§gz) <§log<lég%> —%) +/1</1—%§Z(92 +g’2)> <110g< &2(9* +97) A) >

/ j‘ \/ l 59

A4 —Eg7)

The important point concerning this expression is that it has
a nontrivial dependence on the gauge parameters £ and &'.
Its value at £ = ¢, and &' = &, with & and & specific
values of the gauge parameters, is denoted A4.

C. Renormalization group improved effective potential

The effective potential is a solution of the renormaliza-
tion group equation,

SN +97))log”

A+ /A4 -
_\/ﬁ

& +d%))
E(f + g’z))) 29

[ ( o Zﬁg[

where M denotes the renormalization scale and g; are
coupling constants and dimensionless gauge fixing param-
eters (we only consider the renormalization group asymp-
totically such that the dependence of the effective potential
on x> and the gauge parameters u, u’ can be disregarded).

7¢¢ 84)) (¢’M, gi) =0, (30)
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Ford, Jones, Stephenson and Einhorn [19] have found the
following solution of this equation,

Vg M.g) = V(). M(1).g(0). (1)
with
HO) = dn(t), () = exp (— / ’dﬂm(gi(ﬂ»),
M(t) = e'M, (32)
and

W p 0. (33)

In (31) one conveniently chooses ¢(7) = M(t), which by

(32) is the same as

- log%— /0 Cdry, (1), (34)

This choice of r makes terms involving logarithmic factors,

(1)
M(1)’
disappear on the right-hand side of (31).

Another solution of (30) was obtained by Coleman and
Weinberg [20]. From dimensional considerations it follows

that
Kl
(M 03V =47

which is combined with (30) and becomes by elimination

of ¢,

log

(35)

o - 0
M— 4+ B — —4y M,g) =0 36
( 6M+ﬂl agl y¢> V(¢7 791) ? ( )
with §; = ]f—” T = 11”}’/ and with solution
V(g.M.g;) =(1)*V(p. M(7).5:(7)). (37)

where 7(7) and g,(7) are defined by (32) and (33) with the
¥4 and f;, and with a new running variable 7. Here we take

. ¢
1 =log— 38
g (38)
and thus M (7) = ¢. This choice of 7 makes terms involving
logarithmic factors,
¢
1 =\
M
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disappear on the right-hand side of (37). The two solutions
(31) and (37) of (30) are equivalent.

The renormalization group equations (33) are solved in
the leading and next-leading logarithmic approximation,
where for 7 = (4, &%, ¢%),i =1,2,3,

z : 2my 2my 2msy _p—1
g2+ aml,mz,ngl 92 g\ tn ’

my+my+my=n>1

(1) 0z

(39)

where the coefficients a,,, ,,, ,»,, are determined by (33) and
the leading logarithmic approximation is indicated by a
superscript {°!. In next-leading logarithmic order one gets,
with the next-leading logarithmic approximation indicated
by a superscript {1}, instead of (39),

@M= >

my+my+my=n>1

2my 2m; 12

2,
B, mymr 0195 G5 . (40)

with new coefficients b,, ., -

For the gauge parameter £ one also has a renormalization
group equation with a solution &(¢) that also depends on &,
and £(¢) also has a leading and next-leading logarithmic
approximation given by a power series like (39) and (40)
(more details are given in the Appendix). In an expansion
involving leading and next-leading logarithms one also has
the running Higgs boson field expectation value,

$O (1) = pexp (— A dr/yif}(ﬂ)),

$ (1) = - / “ary i () (1), (41)

where 7, is the anomalous dimension of the scalar field,
and details on yjﬁ }( t) and y; }( t) can be found in the
Appendix.

Equation (34) reduces to

t= log% (42)

in the leading logarithmic approximation, and in the next-
leading logarithmic approximation one gets

r=log - 4 / Tary§ (e (43)
Inserting here (38) one gets (43) in the form
' / iyl (). de=di(1 —yOH(D). (44)
0

Combining (41) with (43) one finds in the next-leading
logarithmic order
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#0040 0= (1= [ argf )0 (106
0

logiz {0}, (0} ¢
X/o dr'y,’ (1 ))d) 0 <logﬁ>. (45)

This equation should be compared with the next-leading
logarithmic approximation of the quantity 7(7) obtained
from Coleman and Weinberg’s solution (37):

- (1- [[@er@ - eormm)
Xexp(— A arz/yg’}(z/)) (46)

The discrepancy between (45) and (46) is caused by the fact
that the two integration variables ¢ and 7 are related by the
transformation (44), which mixes different orders in the
expansion in leading and next-leading logarithms, and it is
removed by carrying out in (41) a change of integration
variable by (44).

Similarly one gets the quartic coupling constant A in the
leading and next-leading logarithmic order,

70 + 7 (@)

A0 (1) + 20 (1) - /df( B+ B (1)

IOM
~ [ ar o)+ 5 @)
lo%
- (e ) [ arrf o),
(47)

and

2O (7) + 2 (7) /d—, B @) + g @)

~ @B @), (48)

where (47) 1is converted into (48)

transformation (44).

through the

III. LEADING AND NEXT-LEADING
LOGARITHMIC APPROXIMATION
OF THE EFFECTIVE POTENTIAL

The renormalization group improved potential is in the
leading logarithmic approximation by (7),

1
i} ~ ZMO} (z)¢{0}(;)4|t:10g%’ (49)
where {9 () and ¢{% (¢) only include leading logarithms.
Equation (49) follows immediately from both the renorm-
alization group equation solutions (31) and (37). Since the
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anomalous dimension, in contrast to the running coupling
constant, is gauge parameter dependent, one gets from (49)

0 dry (1)
GV = [fare T v
{0}
9 Ory (1)
SRR e - SR

These relations are consistent with the partial differential
equations (1) in the context of the leading logarithms,

B B ) B
9 v —_cr Oy o0y~ i 9 o)
£V ==CO VO, gy 2y,
(51)
with
0 = g /gMd,{O} .
0 = e / gﬁdt’yg)}(t’) (52)

valid since the differentiation of the logarithms in (49)
convert leading logarithmic terms into next-leading loga-
rithmic terms that are neglected in this approximation.

Including next-leading logarithms one gets from (7) and
(28) combined with (31) and using (43) the asymptotic
effective potential

VIO 4 A1) = G 200 (1) 0 () + % 20 (1)) ()
A0 ()0 (P 1)
MO0 )

t=10g%—j;]0g% dt’}/;o)(t’)'
(53)

Here the coupling constants as well as the field are taken
only to the leading logarithmic approximation in the last
term, but in the first three terms both leading and next-
leading logarithms are included. This is because the
expression Al as seen from (29) has two extra powers
of g or ¢ or one extra power of 1 in front and hence the
leading logarithmic approximation of this term matches the
next-leading logarithmic approximation of the renormali-
zation group improved tree potential.

Carrying out an expansion of the first term on the right-
hand side of (53), one obtains in this approximation

= G””WW}U)“ + 29 (1) (111 (1)
‘M‘”(r)—4z{°}<r>y;°}<z>>¢{0}<t> / dryi (@)

1
+ 1 A0} (1) 10} (t)“) |t=log%' (54)
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Using the solution (37) of the renormalization group
equation one obtains a different result:

V0= (G409 (04 20 0009 1)

—3 [ a6l @ =20 wr ) )00 oy

0

1
OO [ (53)

From (54) one gets, using (41),

oyl (1)
/ 5 / 5 |t log’/’v{l}

o {1}
+< /dtf 7,,58; )
ari (1)

T A0
4
+4¢ 0¢ Adt}/(ﬁ (7)

Cor @) (B
‘A‘”f RE <M”m_4m(”>

0 MOy,

8&3 /1{0}(1) r=logy;

0
— vyl = _
é&fv

Equations (50) and (56) are combined with

d
2 yioy
¢8¢V

24V{°}+<’1 iU

{o} 0
A5 " (I)>|’ gtV

(57)

correct to the next-leading logarithmic approximation.
Thus (50) implies in this approximation

{0}
A
0
= _cfo} —_y{0}
C 5¢V
{0} {0}
I (B0 o)
- {0}

] s (g =0 Yt

(58)

and adding (56) and (58), using again (57), one obtains

0 d
9y 4y = _ctor L ptoy oy
gag(v +vihy=_c a¢(v + vith
B
_clr 2 yioy
A (59)

correct to the next-leading logarithmic approximation, with
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{1} {o}
00y (1) 9y (1)
C{l} _ </ dr ¢ i / dr {0} {

0 AL (1)
T4 8_§ /1{()}(1‘) t=logZ

(60)

A similar construction leads to

) o
C/{l} — _¢ <§/ aé/( )A’ dt/y})()}(t/)

, 0 AA{O}()

where it should be kept in mind that y{ }( t) does not depend

on & since the anomalous dimension is independent of & at
two-loop order and at one-loop order it only depends on &
in the renormalization group invariant combination &'¢'2

{0}( f).

which only contributes to y

Using (55) as the next-leading logarithmic approxima-
tion of the effective potential one gets instead of (59)

0 B
9 yl0r Lyt = _ctor 2 ylor 4 pin
585(V +vih=_c ad)(v + vith

0
—_(Ct1} {11~ {0}
(cth +AC )a¢v ., (62)
where
d ([t 15 (0) - B (1)
{1} = pe— A0y 2P N =P (D)
=3O =2 0 (©)

with similar equations involving the gauge parameter &

IV. FIELD REDEFINITION

All ingredients are now available to solve (3)—(4) in the
context of the renormalization group improved effective
potential in the leading and next-leading logarithmic
approximation.

The leading logarithmic approximation of the effective
potential is given by (49). Here a solution of (3)—(4) is

00 = pexp(~ [ a1 -1 (o

with

q){O}

0
9ol 0
o¢ ¢

) od{0}

¢ 25

(65)
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where C{} is given in (52), and with a similar equation for
¢, and where y,, denotes the value of the anomalous
dimension y,, at the specific values &, and &, of the gauge
parameters. Here it was used that differentiation of the
exponential of (42) with respect to ¢ only gives a non-
vanishing contribution in the next-leading logarithmic
approximation.
The new running variable is

logM
r—log——log——/ ¢) =i ()
(66)

according to (42), using also (64). The second term of (66)
is of next-leading logarithmic order, and thus

T=1 (67)

at leading logarithmic order. Using the anomalous dimen-
sion y, o corresponding to the gauge parameters &, and &,
one next gets the new running field variable ®{%(r)
from (41),

20() = a0 exp( - ["arl®)) = 0. (68

with 7 = log £ £ and with ¢} (¢) given in (41). Eliminating
¢ and introducing instead ®{%} in (49) one thus gets, correct
to the leading logarithmic approximation,

1
Z/{{O}( ) ()% gt __,1{0}( )q,{o}(,)ﬂt:log%, (69)

and this establishes the invariance of the effective potential
under a change of the gauge parameters at leading
logarithmic order in agreement with (5).

At next-leading logarithmic order the solution of (3)—(4)

is instead of (64) for the renormalization group solu-
tion (31),

t
B0+ 000 =20 (14 (470 - ) [ arr )
0

t
- [far o) - )
1 A0 (1) — A2
+_ (t) 0 <t> |: s, (70)
4 /1{0}(1‘) t=logy;
since
0 0 0
— (pl0} {1 = {0} = (10} {1 — i1y Z_ 10}
gag(cb +o)=-C 8¢(¢> +ol)-C 845(1) )
(71)

by (52) and (60), with a similar equation for &, and with
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(72)

by (64) and (70), correct at next-leading logarithmic order.
It is next verified that the effective potential in the next-
leading logarithmic approximation (54) is obtained also
from the new field (70). First it is shown that the new

running variable still obeys (67). From (64) and (70) it
follows that

Pl0} L pil}
logéﬂog(ﬁ + <(7{°} ({/;0} (1) / df’%{/)O}

M
- [ e+ )
~750(1)=740(1)

10480 (1) = A28 (1) -
4 A0 (1) gt (73)

correct in the next-leading logarithmic approximation, and
thus the new running variable 7 replacing ¢ is by (43),

{0}+1{ }

o0 4 ol / (0}
r=logo— 2" _ dr'y s
g ; o(1)
logq’{o} Vm( 1} 0
~o- [ )
ogt;

+Qd%> v [ am )
—Aﬁmﬁ%> A1)

1 A2 (1) = A28 ()
e "

with the quantity ¢ given by (43), and the other terms on the
right-hand side are only nonvanishing at next-next-leading
logarithmic order, and so (67) holds true also at next-
leading logarithmic order.

The running field variable is thus instead of (68), keeping
in mind that the anomalous dimension y,, should be
used,

(@{0} + @{1})(t) = (q){ﬂ} + @{1})

xexp(—/o ar(r 3 )+yjﬁ§(l’)))
(75)

where  is given by (43), with
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{1} _ 0y {0} R}
exp( /dt( §(t) + 1)) ()))IIlogz_ffg%d[,y;o}(l,) exp< Ad% (1 )) <1—|—y ()A dryy (1)

- [ a0 ) s (76)

1820 (1) = A" (1)
4 20} (p)

Inserting (64), (70) and (76) into (75) one then finds

(<I>{°} + <I>{1})(t) — ¢{0}(t) <1 + ) + ¢{1}(z), (77)

with ¢ again given by (43), and using (77), (53) can be tested for invariance under a change of the gauge parameters,
1 1 1 1
7 O+ 20 (@) 4 B (1) 42 A2 (@10 (1) = 2 (11 + AN () (@) + ¢ (1)* + 5 A0 () (1)1, (78)

which completes the proof that the renormalization group improved effective potential is gauge parameter independent in the
next-leading logarithmic approximation in the context of the renormalization group solution (31), again in agreement with (5).

Using (55) as the next-leading approximation of the effective potential the solution of (3)—(4) contains at next-leading
logarithmic order in addition to (70), as seen from (63),

, {0} o}
A@{]}:_@{0}< / dfy;f}(ﬂ)(lw () - yiﬁ}(r)))
0

4 A%
{0} {0}
’ 15 (1) =5 (1)
{0} A {0} {0}
- [ oo (G- O = 0)) g (79
with
0 0 0
5_(@{0} 4+ oflh ¢ Aq>{l}) ~ _C{O}_(@{O} + ol Aq>{1}) - (C{l} 4 Ac{l})_@{ﬂ}, (80)
9 o ¢
using again (72) and again with a similar equation for &'.
The running variable is in this case by (38),
o0 4 ol 4 A
7=1 1
7=log I , (81)
which in the next-leading logarithmic approximation reduces to (66), and thus
1
/1{0}@) = (MO}([) _’BEU}([)A dr (7,;)0}< £) - 7%( )))ltlog%' (82)

For ®1}(7) and A®{!}(7) it is sufficient to take 7 = log% at next-leading logarithmic order. One thus finds by (41), (66),
(68), (70) and (79) the running field variable in this case,

(@10 + 2+ A000)() = (210 + 2 + a0t exp( - ["ar ) + )
0

‘ {0} () _ A 210}
= (o014 [ a2 - iR + e S

t {0}y _ 40}
_‘l‘.A dr (},;)0}( )_yg)(};( ))W>>|t=logﬁ’ (83)

and therefore, using again (68),
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1 1
JAO @O @) 4 221 ()@l (1)

+,1{0}(t)<1>{0}(t)3(q){1} 4 Aq;{l})(t)

t 1
A dr' (B (¢) = 440 1)y ()7 ()21 (1)* + 7 825" (1210 (1)

1
4
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= LA @A (1) 4 220 (190 (0 + A0 ()0 (179 (1)

4

valid in next-leading logarithmic order, with t = log% and
7 given by (81). Eq. (84) verifies (5) for this case also. This
proves according to (55) that the effective potential is
unchanged under gauge parameter changes for the renorm-
alization group solution (37) in the next-leading logarith-
mic order as well.

V. CONCLUSION AND COMMENTS

It has been demonstrated above that Eq. (1) allows a
redefinition of the field variable of the effective potential
in the SU(2) ® U(1) model of electroweak unification in
the leading and next-leading logarithmic approximation for
both of the renormalization group equation solutions (31)
and (37). As a result of the redefinition, the arbitrary gauge
parameters (&, &) are eliminated in terms of fixed gauge
parameters (&, &,) of some preferred gauge such as the
Landau gauge. The redefinition is achieved by solving
(3)—(4) to the required accuracy, and the solutions are (64) in
the leading logarithmic approximation and (70) and (79)
in the next-leading logarithmic approximation. Remarkably,
the construction in the leading logarithmic approximation
only involves the anomalous dimension of the Higgs boson
field, while in the next-leading logarithmic approximation
the quantity A4 defined in (29) plays a crucial role.

As mentioned in the Introduction, (64), (70) and (79)
define mappings of the field variable ¢, and the inverse
mappings are obtained by interchanging (&, &) and (&), &)
in (64), (70) and (79); this is also easily shown directly and
represents a consistency check on the solutions of (3)
and (4) represented by (64), (70) and (79). This observation
makes it possible to obtain the field variable in an arbitrary
gauge from the field variable in the Landau gauge as used
in [3-5] such that the effective potential is invariant: one
substitutes instead of the field variable ¢ the solutions (64),
(70) and (79) determined above, with the replacements
(£.&) - (0,0) and (&. &) — (&,&), since one is now
dealing with the inverse mapping of the field variable. The
gauge parameter depencence of the instability scale studied
numerically in [9] can be found analytically this way.

The conditions (34) and (38) were imposed on the
renormalization group running variables in order to obtain
well-defined approximation schemes. They may not be the

_1/'dt/(ﬂ/{10}(ﬂ) _ 4,1{0}(,)3,({1)0}0/))7/;0}([,)¢{0}(t)4 +1A/1{0}(t)¢{0}(t)4’ (84)
‘ 4

|

optimal choices of running variables from the point of
view of numerical accuracy. Also it was pointed out that
the two solutions (31) and (37), though equivalent, have
different expansions in this approximation scheme, and
thus one may give more precise estimates than the other
one. Similarly, different gauge choices may lead to different
degrees of accuracy, though they are formally equivalent.

ACKNOWLEDGMENTS

I wish to thank Dr. A. Fettouhi and Dr. K. Boye for
taking part in the early stages of the investigation pres-
ented here. Also I am grateful to Professor Peter van
Nieuwenhuizen at the C.N. Yang Institute of Theoretical
Physics, State University of New York at Stony Brook,
where this work was initiated some years ago, for his
hospitality. Finally I would like to express my gratitude to
Professor J.-M. Frére, Professor P. M. Lavrov and Professor
O. M. Del Cima for drawing my attention to their work and
to the referee for his questions and comments.

APPENDIX: RENORMALIZATION GROUP
FUNCTIONS

g; represents the couplings of the theory (including the
dimensionless gauge fixing parameters &, £’) that obey the
renormalization group equations (33). Solving these equa-
tions with the one-loop f functions leads to the leading
logarithmic approximation of the running coupling con-
stants, and including also two-loop f functions one obtains
the next-leading logarithmic approximation. The f functions
for coupling constants are gauge parameter independent,
and up to two-loop order they can be seen from [4,5,7].

Anomalous dimensions are, in contrast to coupling
constant f functions, dependent on the dimensionless
gauge fixing parameters. The anomalous dimension of
the W field in the electroweak theory is at one-loop order,
keeping only bosonic contributions,

mo_ 1 (25
w 167r2<6 ‘5>92’

and the function f: for the gauge parameter ¢ is in general
given by

(A1)
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Pe = —28rw. (A2)
Solving (33) for the gauge parameter ¢ with the f function
(A2) one gets, using the one-loop value of S, the running
gauge parameter in the leading logarithmic approximation.
The quantity &'¢’? is renormalization group invariant. The
anomalous dimension of the scalar field is at one-loop
order, disregarding fermions,

1 == a (07 + ) - 362 - e7). (A3)

Inserting here the leading logarithmic approximations of
the coupling constants and gauge fixing parameters one
obtains the leading logarithmic approximation of the

anomalous dimension, the function y{ }( t) used in the text.

The anomalous dimension of the W field is at two-loop
order, keeping only terms involving the coupling constant g
(gauge parameter dependence only occurs in these terms),

PHYSICAL REVIEW D 90, 036008 (2014)
o (L \*[(_231 2

where the value in pure SU(2) Yang-Mills theory is found
from [21] and the scalar field contribution from [22]. f3; is
determined by (A2) also at two-loop order, and solving (33)
in this case one obtains the running gauge parameter in the
next-leading logarithmic approximation. The two-loop
anomalous dimension of the scalar ﬁeld 7[2 is also found
from [22]. The part proportional to ¢* is, neglectmg again
the fermion contribution,

o (L[5, ,
7o <167r2) ( 3 T 5
2

4 ¢] has no dependence on &' Inserting ¢* and & in leading
logarithmic order into (A5) and in next-leading logarithmic
order into (A3), the sum is the function y (/)l (1) (the result is
only complete in the gauge parameter dependent part).

(A4)
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