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The underlying mixing of scalar mesons is studied in 77/ — nzz decay within a generalized linear sigma
model of low-energy QCD, which contains two nonets of scalar mesons and two nonets of pseudoscalar
mesons (a quark-antiquark nonet and a four-quark nonet). The model has been previously employed in
various investigations of the underlying mixings among scalar mesons below and above 1 GeV (as well as
those of their pseudoscalar chiral partners) and has provided a coherent global picture for the physical
properties and quark substructure of these states. The potential of the model is defined in terms of two- and
four-quark chiral nonets and based on the number of underlying quark and antiquark lines in each term in
the potential, a criterion for limiting the number of terms at each order of calculation (and systematically
further improving the results thereafter). At the leading order, which corresponds to neglecting terms in the
potential with higher than eight quark and antiquark lines, the free parameters of the model have been
previously fixed in detailed global fits to scalar and pseudoscalar experimental mass spectra below and
above 1 GeV together with several low-energy parameters. In the present work, the same order of potential
with fixed parameters is used to further explore the underlying mixings among scalar mesons in the
n' — nrx decay. It is found that the linear sigma model with only a single lowest-lying nonet is not accurate
in predicting the decay width, but inclusion of the mixing of this nonet with the next-to-lowest-lying nonet,
together with the effect of the final-state interaction of pions, significantly improves this prediction and
agrees with the experiment up to about 1%. It is also shown that, while the prediction of the leading order of
the generalized model for the Dalitz parameters is not close to the experiment, the model is able to give a
reasonable prediction of the energy dependencies of the normalized decay amplitude squared and that
this is expected to improve with further refinement of the complicated underlying mixings. Overall, this
investigation provides further support for the global picture of scalar mesons: those below 1 GeV are
predominantly four-quark states and significantly mix with those above 1 GeV, which are closer to the

conventional p-wave quark-antiquark states.

DOI: 10.1103/PhysRevD.90.033009

I. INTRODUCTION

The scalar mesons continue to attract the attention of
many investigators for their important roles in low-energy
QCD [1]. Although not all their properties have been fully
uncovered, a great deal of progress has been made over the
past couple of decades [2—-70]. Now, there seems to be an
emerging agreement about their quark substructure.
Historically, the light scalar mesons (below 1 GeV) with
their low mass and inverted mass spectrum [where the
lightest isosinglet f,(500) is lighter than the isodoublet
K{(800) which is in turn lighter than the isovector a(980)
that is nearly degenerate in mass with the heavier isosinglet
f0(980)] found a natural template in an ideally mixed
fourquark MIT bag model [71]. An ideally mixed pure
four-quark picture, while giving a perfect description of the
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mass spectra of the scalars below 1 GeV, seems to need
some distortions to be able to describe some of the decay
channels of these states. On the other hand, for the scalars
above 1 GeV, while seeming to be close to the conventional
p-wave quark-antiquark states, some of their properties
deviate from such an idealized picture. In short, the scalars
below 1 GeV appear to be close to four-quark states with
some distortions, and those above 1 GeV appear to be close
to quark-antiquark states with some distortions. The natural
question would be whether such distortions on the quark
substructure of both of these sets of states is due to a mixing
among these states. The idea of mixing is intuitively
understandable since some of the scalars below and above
1 GeV are very broad [such as, for example, f(500) and
fo(1370), or K;(800)], and there is no reason that they
should not refrain from mixing with members having
the same quantum numbers in a nearby nonet (see
Refs. [72-78]). In Ref. [78], the idea of such mixings and
their effects on the properties of isovectors and isodoublets
was studied within a nonlinear chiral Lagrangian model and

© 2014 American Physical Society


http://dx.doi.org/10.1103/PhysRevD.90.033009
http://dx.doi.org/10.1103/PhysRevD.90.033009
http://dx.doi.org/10.1103/PhysRevD.90.033009
http://dx.doi.org/10.1103/PhysRevD.90.033009

FARIBORZ et al.

7(q))

n'(p) n(k) n'(p) J;

PHYSICAL REVIEW D 90, 033009 (2014)

7(q,) 7(q,)

7'(p) a,

> >

n(k)
7(q,)

FIG. 1.
contribution of isovectors (right).

was shown that allowing a four-quark scalar nonet below
1 GeV to slightly mix with a quark-antiquark scalar nonet
above 1 GeV provides a natural explanation for certain
aspects of the mass spectrum and decay properties of both
nonets of scalars. For example, it explains that, when a pure
four-quark nonet below 1 GeV mixes with a pure quark-
antiquark nonet above 1 GeV, due to level repulsion, the
scalar mesons below 1 GeV are pushed down in mass and
hence become lighter than expected. Also, it shows that
several unexpected mass and decay properties of the scalars
above 1 GeV stem from this underlying mixing: the fact that
the experimental mass of a((1450) is higher than that of
K{(1430) (which is unexpected if these two states were to
belong to the same pure quark-antiquark nonet) is due to a
“level crossing” that takes place in this mixing, which also
naturally explains several unexpected decay properties of the
states above 1 GeV [78]. In Ref. [79] (and references
therein), such mixing patterns were further studied in a
generalized linear sigma model. The advantages of linear vs
nonlinear model are (a) the scalar and pseudoscalar states
become chiral partners, form chiral nonets, and the under-
lying chiral symmetry and its breakdown establish connec-
tions and constraints on various parameters of the model; (b)
reliable experimental inputs on both scalar and pseudoscalar
mesons can be used in determining the model parameters;
and (c) the statuses of some of the pseudoscalar states that
are not quite established (such as 7(1405), which is stated to
be a good “non-gq” candidate [80], or dynamically gen-
erated in the f((980)n channel [81]) can be explored in this
approach as well. The main disadvantage of the linear model
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Feynman diagrams representing the decay 5’ — nzz: contact term (left), contribution of isosinglet scalars (middle), and

vs the nonlinear model is the fact that in scattering and decay
processes one has to carefully deal with the individual

contributions that are often large but tend to regulate each
other in a very delicate manner (“local cancelations”). This is
a disadvantage compared to, for example, chiral perturbation
theory [82], in which corrections are systematically con-
trolled at different orders. Nevertheless, for the present
objective of studying the global picture for the family
relations and mixings among various scalar states below
2 GeV, the generalized linear model in which all such states
are explicitly kept in the Lagrangian, instead of being
integrated out, seems to be an efficient framework.
Although the description of ' — nazx seems to be beyond
the immediate effectiveness of chiral perturbation theory
[83], this decay has been studied in some variations of this
framework [84].

The tree-level Feynman diagrams representing the
i — nar decay are shown in Fig. 1. These include
a four-point interaction diagram (contact diagram) together
with diagrams representing the contributions of isovector
and isosinglet scalar mesons. This is a suitable decay
channel for studying the role of scalar mesons and their
underlying mixing patterns. To probe the effect of such
underlying mixings, we use both a single-nonet SU(3)
linear sigma model as well as a generalized version that
contains two nonets of scalar mesons (a two-quark nonet
and a four-quark nonet). In either case, the computation of
the partial decay width and the energy dependencies of the
normalized decay amplitude are the points of contact with
the experiment. The individual amplitudes are
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TABLE L
invariant limit (last column).
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Experimental decay width of #/ — natz~ (first column), #' — nz°z° (second column), and #' — yzz in the isospin-

Experiment [ — natx™]

Experiment [ = na°z°]

Experiment (averaged®)

I' MeV) 0.086 + 0.004

0.0430 £ 0.0022 0.086 £ 0.003

"For the average value X+ 6% of measurements x; +dx;, we use X = > xw;/> wi;8x = (D wi)

Wi = 1/(6xi)27 and 6xiy = \/ éxsgyst + 5x3tat'

TABLE II.
isospin-invariant limit (third column).

~1/2 with the weight

Experimental Dalitz slope parameters for 5/ — ya*z~ (first column), ' = na°z° (second column), and 5’ — nzx in the

Experiment [ — nrtz~]

Experiment [/ — na°z°] Experiment (averaged)

Parameter VES [87] GAM4 [88] isospin invariant limit
a —0.127 £0.016 4 0.008 —0.066 £ 0.016 4+ 0.003 —0.094 £0.012
b —0.106 £ 0.028 + 0.014 —0.063 £ 0.028 4+ 0.004 —0.082 £ 0.021
d —0.082 £ 0.017 4+ 0.008 —0.067 £+ 0.020 + 0.003 —0.075 £0.014
where the subscripts i and j run over the number of M(X,Y)?

2 _ ’ _ 2 2
isosingle and isovector intermediate states, respectively; @, M= M(0,0)? =1l+aY+bY +cX+dX*+---, (6)

and w, are the pion energies; and the coupling constants are
defined as

1 Y
- 4 finzm
L= 57( )m’llﬂ : ﬂ"‘rﬁ 7T T+ yfﬂ?’?fi’/m

+ 7f,»r]71’fi77’7/ + yajimaj -7+ yajzm/aj : 7”7/ + e
(2)

Following the standard calculation, the partial decay
width is then obtained from

Ly pan = W/dwldwﬂM 2, (3)
with the total amplitude
M=My,+Y My +> M,. (4)
i J

Equations (1), (2), (3), and (4) serve as our “templates” for
various investigations in this work. The experimental data
for decay width [1] is given in Table L.

In addition to the partial decay width, the energy
dependence of the normalized decay amplitude squared
can be compared with the experiment. For this comparison,
it is common to use Dalitz variables

3
X_g(wl — ),
Yy — —2+m—Q'7/m”(w1 Fay)—1 +2+m7'7/m”(mﬂ, —m,).
(5)

where Q = m,, —m, —2m,. Then, the normalized decay
amplitude squared can be expanded in powers of X and Y.
In the generalized parametrization [1],

where a, b, ¢, and d are real-valued parameters and ¢ = 0
in the isospin-invariant limit. The experimental data [1] for
a, b, and d are given in Table II. See also Refs. [85,86].

In Sec. II, we present the predictions of single nonet
SU(3) linear sigma model for the i/ — nzx decay. We then
present a brief review of the double nonet generalized linear
sigma model in Sec. III, followed by its predictions for the
relevant two-body decays in Sec. IV and of the #' — yzan
decay in Sec. V. We give our approximation for the effect of
final-state interactions in Sec. VI and a summary and
discussion of the results in Sec. VII.

II. SINGLE NONET APPROACH

The role of scalar mesons in zz, 7K, and 75 scattering
channels was extensively studied in a single nonet SU(3)
linear sigma model in Ref. [89]. It was shown that when the
tree-level scattering amplitudes are unitarized with the
simple K-matrix unitarization method the model is able
to explain the experimental data on the I =J =0 zx
scattering amplitude up to around 1.2 GeV. The first pole
found in this unitarized amplitude clearly agrees with the
properties of the light and broad sigma meson (with m, =
0.457 GeV and I'; = 0.632 GeV), and the second pole
agrees with the properties of f((980) (with m, =
0.993 GeV and I'y; =0.051 MeV). Within the same
framework, a light and broad kappa meson (with m, =
0.798-0.818 GeV and I', = 0.257-0.614 GeV) was iden-
tified in the studies of I = 1/2, J =0, and zK scattering
amplitude. Similarly, a coherent picture was observed in the
studies of I =1, J =0, and zn scattering amplitude in
which a scalar resonance with the properties of a,(980) is
clearly detected (with m,, = 0.890-1.013 GeV and I', =
0.109-0.241 GeV). These investigations were carried out
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within a nonrenormalizable linear sigma model in which
the Lagrangian has the general structure

L= Vo(M) -

—%Tr(aﬂMaﬂMT) - Ve, (7)

where the chiral field M is constructed out of scalar nonet S
and pseudoscalar nonet ¢,

M=S+igp, (8)
and transforms linearly under chiral transofrmation
M — U MUY, (9)

and V, is an arbitrary function of the independent
SU(3), x SU(3)g x U(1)y invariants

I, = Tr(MM"), I, = Tr(MMTMM"),
I; = Tr[(MM")3], I, = 6(detM + detM™).  (10)
The symmetry breaker Vg¢p has the minimal form
VSB = —2Tr(AS), (11)

where A = diag (A;,A,, A3) are proportional to the three
“current”-type quark masses. The vacuum values satisfy

(SE) = a8, (12)
In the isospin-invariant limit,
Al :A2 ?éA_o,, a :a27':a3. (13)

Using “generating equations” that express the chiral sym-
metry of V, together with the minimum equation

ov
— =0,
(as:)
masses of pseudoscalars are completely determined based
on the underlying chiral symmetry together with the

(14)
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choice of symmetry breakers [both U(1), and SU(3), x
SU(3)g — SU(2) isospin]. The scalar masses, on the other
hand, are not all predicted; in the most general case, only the
mass of isodoublet kappa meson is predicted, whereas, if the
renormalizability is imposed, the isovector mass and one of
the isosinglet masses are determined. It was found in
Ref. [89] that it is necessary not to impose the renomaliz-
ability condition in order to be able to fit to the zz and 7K
scatttering amplitudes and to get a reasonable description of
the zn amplitude. In the nonrenormalizable case, the “bare”
scalar masses mpage(0), mpare(fo), and mgage(ao) (ie.,
the Lagrangian masses that are different than the physical
masses that are related to the poles of the appropriate
unitarized scattering amplitudes) and the scalar mixing
angle 0, are found from fits to various low-energy data in
Ref. [89]. Here, we use the same set of parameters to study
the ' — nax decay. In this case, the required coupling
constants in our template equations (1)—(4) are computed
from the generating equations that express the symmetry of
the Lagrangian (7) (a computational algorithm is presented
in Ref. [90]),

o'V
@ — v -
' azz;<5¢%8¢;a¢ga¢g>o<R¢)z(R¢)3,
P’V )
Yagmn = ;<W>O(R’¢>2’

_ Z >’V (R,
Yo = 2\ os2ogeogt/ 1

>’V .
yf,mr:\/’z<asu ¢26¢2> (Rs)iJrl’

- > (Gatar) R RO, (19

ab,c

Y

where the bare couplings and the rotation matrices (R,
and R,) are given in Appendix A. Here, f; =0 and
f2 = f0(980). We find

=0.61£0.01MeV Single nonet(bare result).
(16)
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TABLE III. The predicted Dalitz parameters in single nonet
linear sigma model of Ref. [89].

Parameter Single nonet model
a —0.114 £+ 0.001
b —0.001 £ 0.001
d —0.063 £ 0.001

Clearly, despite the success of the nonrenormalizable
single nonet SU(3) linear sigma model in describing the
low-energy scatterings discussed above, it estimates this
partial decay width about seven times larger than the
experimental value displayed in Table 1.

The energy dependence of the normalized decay
amplitude squared is compared with the experiment in
Fig. 2, and the Dalitz parameters that characterize the
energy expansion of this amplitude squared are given in
Table III. Comparing with the averaged experimental
values of Table II, we see that there is a qualitative order
of magnitude agreement, at best. This lack of accuracy of
the single nonet approach raises the natural question of
whether the underlying mixing among scalar mesons
(which are clearly important players in this decay) has
a noticeable effect on these estimates. One of the
important roles of the scalars is to balance the large
contribution due to the contact term (M,,) as can be seen
in Fig. 3. Moreover, the eta systems (both the two below
1 GeV as well as those above 1 GeV) can mix and have a
nontrivial effect on this decay estimate. The single nonet
approach does not take these mixing effects among the
scalars and among the pseudoscalars into account, which
can have important consequences for this partial decay
width. This motivates us to further study this decay within
the generalized linear sigma model (which contains two
scalar nonets and two pseudoscalar nonets) in this
investigation.

50 ay

—50F

FIG. 3. Individual contributions to the # — nzz decay
amplitude in the single nonet model. The large contribution of
contact term My, is balanced with the contributions of f,(980)
and a((980).
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III. BRIEF REVIEW OF THE GENERALIZED
LINEAR SIGMA MODEL

The model employs the 3 x 3 matrix chiral nonet
fields [79]:
M=S+ig¢, M =5 +i¢. (17)
The matrices M and M’ transform in the same way under
chiral SU(3) transformations but may be distinguished
by their different U(1), transformation properties. M
describes the bare quark-antiquark scalar and pseudoscalar
nonet fields, while M’ describes bare scalar and pseudo-
scalar fields containing two quarks and two antiquarks.
At the symmetry level in which we are working, it is
unnecessary to further specify the four-quark field con-
figuration. The four-quark field may, most generally, be
imagined as some linear combination of a diquark-
antidiquark and a “molecule" made of two quark-antiquark
“atoms.”
The general Lagrangian density that defines our model is

L= —%Tr(aﬂM(‘)ﬂMT) - %Tr(f)ﬂM’aﬂM’T)
= Vo(M.M") = Vp, (18)

where Vo(M,M’) stands for a function made from
SU(3),. x SU(3)g [but not necessarily U(1),] invariants
formed out of M and M’.

As previously discussed [79], the leading choice of terms
corresponding to eight or fewer underlying quark plus
antiquark lines at each effective vertex reads

Vo=—c,Tr(MM") + c§Tr(MMTMMT)
+dTr(M'M') + €4 (eqpe e MMM’ +-H.c.)

detM Tr(MM'")]?
In{ —— l—y)In——= . (19
+C3 |:}/1 n(detMT> +( yl) nTr(M/MT) ( )

All the terms except the last two (which mock up the axial
anomaly) have been chosen to also possess the U(1),
invariance. A possible term [Tr(MM")]? is neglected for
simplicity because it violates the Okubo-Zweig-lizuka rule.
The symmetry-breaking term that models the QCD mass
term takes the form given in Eq. (11). The model allows for
two-quark condensates, a, = (S%), as well as four-quark
condensates, f, = (§'%). Here, we assume isotopic spin
symmetry so A; = A, # Az and

b1 = P> # Ps. (20)

ap = # as,

We also need the “minimum” conditions,

() () (2)en
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There are 12 parameters describing the Lagrangian and
the vacuum: six coupling constants given in Eq. (19), the
two quark mass parameters (A; = A,, A3), and the four
vacuum parameters (a; = o, @3, i = 2, f3). Ten of these
parameters (c,, ¢j, dy, €5, a1, a3, By, B3, A;, and Ajz) are
determined using the four minimum equations together
with the following six experimental inputs for the masses,
pion decay constant, and the ratio of strange to nonstrange
quark masses:

may(980)] = 984.7 + 1.2 MeV,

mlag(1450)] = 1474 £ 19 MeV,
m[z(1300)] = 1300 & 100 MeV,
m, = 137 MeV,
F, =131 MeV,
f =20 — 30. (22)

1

Clearly, m[z(1300)] and A3/A; have large uncertainties,
which in turn dominate the uncertainty of predictions.

The remaining two parameters (c3 and y;) only affect
the isosinglet pseudoscalars (for which the properties also
depend on the 10 parameters discussed above). However,
there are several choices for the determination of these two
parameters depending on how the four isosinglet pseudo-
scalars predicted in this model are matched to many
experimental candidates below 2 GeV. The two lightest
predicted by the model (;; and 5,) are identified with
n(547) and #'(958) with masses

m®*P[n(547)] = 547.853 £ 0.024 MeV,

mP[y'(958)] = 957.78 + 0.06 MeV. (23)
For the two heavier ones (13 and 74), there are six ways that
they can be identified with the four experimental candidates

above 1 GeV: n(1295), 1(1405), n(1475), and 7(1760)
with masses

mP[n(1295)] = 1294 + 4 MeV,
m®*P[(1405)] = 1409.8 + 2.4 MeV,
mP[n(1475)] = 1476 + 4 MeV,
m®P[n(1760)] = 1756 + 9 MeV. (24)

This leads to six scenarios considered in detail in Ref. [79].
The two experimental inputs for the determination of the
two parameters c¢; and y; are taken to be TrM2 and
det M2, ie.,

Tr(M;) = Tr(Mz)exp

det(M2) = det(M3) (25)

exp”

PHYSICAL REVIEW D 90, 033009 (2014)

Moreover, for each of the six scenarios, y; is found from a
quadratic equation, and as a result, there are altogether 12
possibilities for the determination of y; and c3. Since only
trace and determinant of experimental masses are imposed
for each of these 12 possibilities, the resulting y; and c5 do
not necessarily recover the exact individual experimental
masses; therefore, the best overall agreement between the
predicted masses (for each of the 12 possibilities) was
examined in Ref. [79]. Quantitatively, the goodness of each
solution was measured by the smallness of the quantity

mtheo
Xsl = Z| exp k) (I/Ik)| ’ (26)

in which s corresponds to the scenario (i.e., s =1---6)
and [ corresponds to the solution number (i.e., [ = L II).
The quantity yg x 100 gives the overall percent discrep-
ancy between our theoretical prediction and experiment.
For the six scenarios and the two solutions for each
scenario, y was analyzed in Ref. [79]. Some of these
scenarios, such as those involving 7(1405), are clearly not
favored. This suggests that 57(1405) is of a more compli-
cated quark substructure that can be probed by the present
model, and this is consistent with the investigation of
Ref. [81] in which it is shown that this state may be
dynamically generated in the f((980)n interaction. For the
third scenario [corresponding to the identification of 773 and
14 with experimental candidates #(1295) and 7(1760)] and
solution I, the best agreement with the mass spectrum of
the eta system was obtained (i.e., y3; was the smallest).
For the present analysis, too, all six scenarios are examined,
and it is again found that the best overall result (both for
the partial decay width of ' — nzz as well as the energy
dependence of its squared decay amplitude) is obtained
for scenario “31” consistent with the analysis of Ref. [79].
In this work, we only present the result of the 31 scenario.
To reduce the model uncertainty for the analysis of
n' — nar decay, we have further refined the numerical
study of Ref. [79] for scenario 31 and have displayed the
result in Fig. 4, in which y3; is plotted over the parameter
space m[z(1300)]-A3/A; that are two of the model inputs
with the largest experimental uncertainties.

Consequently, all 12 parameters of the model (at the
present order of approximation) are evaluated by the
method discussed above using four minimum equations
and eight experimental inputs. The uncertainties of the
experimental inputs result in uncertainties on the 12
model parameters, which in turn result in uncertainties
on physical quantities that are computed in this model. In
the work of Ref. [79], all rotation matrices describing
the underlying mixing among two- and four-quark com-
ponents for each spin and isospin state are computed. For
scalars,
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FIG. 4 (color online). Contour plot of function y3; [defined
in Eq. (26)] over the m[z(1300)]-A;/Al plane for scenario
3I in which the four isosinglet pseudoscalar states predicted
by this model 7, n,, 13, and n, are identified with the four
experimental candidates 7(547), 1'(958), 7(1295), and 1(1760),
respectively. The minimum of y3; occurs at m[z(1300)] =
1.30 GeV and A3/A; =29.40, at which it has a value of
;{‘3‘}"‘ < 0.0015, and shows an overall uncertainty of less than
0.15% between the four isosinglet pseudoscalar masses
predicted by the model and the central values of the four
experimental masses. (Note that the total experimental uncer-
tainty > ;Am " /m™® ~0.0083, where m;" £ AmPP,i = 1...4,
denotes the four experimental masses.)

L?<(1941850(3)] =L [5%%] ’ L?fi(f&} o [SH |

fl fa
f2 £

=Ly , 27
f3 O | fo 27
f4 fa

where L;!, L', and L;! are the rotation matrices for I = 1,
I =1/2,and I = 0, respectively; f;, i = 1..4 are four of the
physical isosinglet scalars below 2 GeV [in this model, f
and f, are clearly identified with f,(500) and f,(980), and
the two heavier states resemble two of the heavier isosinglet
scalars above 1 GeV]; and

S+ 53
fo="= 2 x nit,
V2
fy= S% x S5,
S/l S/2
fe= % & nsis,
fa =53 « nnii. (28)
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For pseudoscalars,

7zt (137) _ R qﬁ
a0 =% 3]
[ K*(496) } —R‘l[d’?}
Kt (1460) | K g3 ]
m Na
M :REI My ’ (29)
13 Me
T4 Ma

where R;!, Rg!, and R;! are the rotation matrices for I = 1,
I =1/2, and I = 0 pseudoscalars, respectively; ;,i = 1.4
are four of the physical isosinglet pseudoscalars below
2 GeV; and

N
a \/§ )
My = ¢% x S5,
Ne = L% 9 & nsns
c El
V2
Na = ¢'5 « nniiii. (30)

In the present work, we use the results obtained in
Ref. [79] to compute the decay properties of #' — nzn
without introducing any new parameters and find a reason-
able agreement between the model prediction and experi-
ment. This provides a further test of the underlying two- and
four-quark mixing among scalar mesons below and above
1 GeV and the appropriateness of the generalized linear
sigma model developed in Ref. [79] and references therein.

IV. TWO-BODY DECAYS

Since the scalar-pseudoscalar-pseudoscalar coupling
constants are essential in analyzing the #' — nzz decay,
for orientation, we first calculate some of these couplings
that appear in the prediction of the model for the main two-
body decays of the scalar mesons below 1 GeV (for states
above 1 GeV, additional components such as mixing
with glueballs would have to be included and will be
presented in future works). The three decay widths that are
particularly relevant for our analysis are

2
I'fi—#n]=3 (—qyfi’;”>

Sﬂmf‘_

2

qYa;nn

Ta; =Y
la; — 7] 877.'71’15]_
2

" qy

033009-7



FARIBORZ et al.

I'(oc—>nr)

A3/4,

1.20 1.25 1.30 1.35 1.40

m[z(1300)] (GeV)
I'(ap(980)— )

: -0.09

0.07
<

P 0.05
~

0.03

0.01

120 125 130 135 1.40

m[7(1300)] (GeV)

FIG. 5 (color online).
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T (f(980)—>77)

As/4,
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m[7(1300)] (GeV)

1.20 1.25

(K i—nK)

-0.35
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m[7(1300)] (GeV)

1.25

120

Contour plots of the prediction of the model for the main two-body decay widths of light scalar mesons over the

m[z(1300)]-A3/A, plane: I'[f(500) — zz] (top left) is predicted to be very large, I'[f((980) — zz] (top right) and I'[a;(980) — 7]
(bottom left) are within the expected experimental ranges, and I'[K{;(800) — zK] (bottom right) near high m[z(1300)] mass is large and
in addition receives unitarity corrections due to the zK final-state interaction.

where q is the center-of-mass momentum of the final
state mesons [for a generic two-body decay A — BC

by g = /[m} = (mg +mc)*][m — (mg —mc)?]/ (2my)].
The coupling constants are related to the bare couplings,

Vfimn =

1 o
7_<afi ”+6”_>
X,
_ >’V
Vam = <8a‘8n’+5‘n>

3
o Z< J ;2) 8],[1>(Lu)Al(Rﬂ)Bl(RO)Il’

><Lo>,,-<R,,>A1<R,,>Bl,

A,B,1
83
VkKnr — <m>
83
A;C<8(S2) (¢} )Ba(¢%)c>(LK)AI(RK)BI(Rn)cp
(32)

where A, B, and C can take values of 1 and 2 (with 1
referring to nonet M and 2 referring to nonet M’) and
I is a placeholder for a, b, ¢, and d that, respectively,
represent the four bases in Eqgs. (28) and (30). L,
R, L, Ry, L. and Ry are the rotation matrices
defined in Sec. III. The bare coupling constants are all
given in Appendix B. The kappa coupling is defined

as —£—7f;<-“(K1: nk + He.) + -

We begin with the decay width of fO(SOO) to two pions,
which is the benchmark test of any low-energy QCD
model. At the present level of approximation, the main
uncertainties in fixing the free parameters of the model are
on experimental inputs for the ratio of strange to nonstrange
quark masses (A3/A;) and on the mass of z(1300)
resonance. Hence, the m[z(1300)]-A3/A; plane is numeri-
cally scanned, and the decay width is computed. The result
is displayed in Fig. 5 showing that for most parts of the
parameter space the lightest isosinglet state f,(500) (or o)
is broad with the decay width comparable to the latest PDG
result. The decay width averaged over the entire parameter
space is
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I'[fo(500) = zz] = 530 + 100 MeV,  (33)

where the uncertainty represents one standard deviation
around the average. This is consistent with the decay width
predicted in this model from the pole of the K-matrix
unitarized zz scattering amplitude. Therefore, the model
clearly detects a light and broad isosinglet scalar meson.

Similarly, the predictions of the model over the
m[z(1300)]-A3 /A, plane for I'[f(980) - zz|, I'[ay(980) —
7|, and T'[K{(800) — zK] are shown in Fig. 5 with the
averaged values:

I'[f0(980) - zz] =35+ 27 MeV,
[[ag(980) — zn| = 57 + 44 MeV,
T'[K;(800) — 7K] = 58 £ 90 MeV. (34)

The first three overlap with the expected experimental
ranges [1]. The averaged decay width of K(800) is not as
large as expected, even though we see in Fig. 5 that there is
a region in the parameter space (toward high values of
m[z(1300)]) where this decay width has the right order of
magnitude. However, in a separate work [91], it is shown
that the prediction of the model for the I = 1/2,J = 0, 7K
scattering amplitude describes the experimental data well
up to around 1 GeV. It is also shown that the poles of the
K-matrix unitarized scattering amplitude (the x pole) results

|

v

4 —
! IJZA;B<6”18’7!8(¢%)A8<¢%)B

PHYSICAL REVIEW D 90, 033009 (2014)

in a light and broad Kj(800) with a mass around
710-770 MeV and decay width around 610-700 MeV.
We interpret the reduction in mass and the increase in the
decay width to be the effect of the final-state interactions of
K that are estimated by the simple K-matrix method.

The main two-body decay channels of the light scalars
presented in this section are in a reasonable agreement with
the experiment. This gives an initial test of some of the
scalar-pseudoscalar-pseudoscalar coupling constants that
will be incorporated in the study of #' — zz decay in the
next section.

V. BARE PREDICTION OF THE GENERALIZED
LINEAR SIGMA MODEL FOR 7' — nzzr DECAY

In this section, we present the bare prediction of the model
(i.e., without unitarity corrections due to the final-state
interaction of pions) for the decay width and the energy
dependencies of the normalized decay amplitude squared. In
the next section, we include the effect of these unitarity
corrections. The Feynman diagrams of Fig. 1 include the
contact term interaction together with the contributions
of the four isosinglet scalars (fy,---,f4) as well as the
two isovector scalars (a; and a,). Some of the scalar-
pseudoscalar-pseudoscalar coupling constants were dis-
cussed in previous sections, and the remaining ones are

><RO>H<R0>,2<R,,>A1<R,,>Bl,

3V > < v >
= ) = SN (L) i(Ro) 1y (Ro) o
Y <5fi571377/ P af xOn,om, (Lo)ki(Ro) 11 (Ro)

o’V
rom =G = DB

A.B.I

where K, I, and J run over the bases a, b, ¢, and d defined
in Egs. (28) and (30) and A and B can take values of 1 and 2
(with 1 referring to nonet M and 2 to nonet M"), and the
rotation matrices are all defined in Egs. (27) and (29). All
bare coupling constants are calculated and presented in
Appendix B.

We first note that the known “current algebra” result for this
decay is recovered by decoupling the four-quark nonet M’
and imposing the large scalar mass limit (see Appendix C).
This illustrates how contributions of scalar mesons balance
the large contribution of the four-point interaction and results
in the known small current algebra result.

Itis important to examine the bare predictions first in order
to be able to then test different methods of unitarity
corrections that in turn shed light on the important issue
of final-state interactions. Using the physical coupling
constants defined above (together with those discussed in
the previous section), we compute the partial decay width by

O’V
1 (La)aj(Re)p1 (Ro) 2 (35)
Aa(¢2)38’71
[
Scenario 31
AJ I S N B AL R B S R B S B S L R R R R
0.0025F
« As/A =30
0.0020f | * AsA=29 v
A\
= = A3/A1=28 VT
> 00015k | ¥ AsAi=27 v"
g : 'v'
g v" .-'.
] v ot
L 0.0010F A yat"
— v L} .
vV"' l..... ......
v . [] I
0.0005F vy Ylamm®tT o Leec? exxxr?
EE::-';;;;;;‘ttl#‘tt““‘
EEEEEX
00000 PR 1 1 n 1 1 1 1

128 130 132 134 136 1.38

m[7(1300)] (GeV)

122 124 126

FIG. 6. Bare prediction (without unitarity corrections) of the
generalized linear sigma model for the partial decay width of
n — nnr.
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FIG. 7 (color online). Projections of |M|[*> = [M(x,y)[>/|M(0,0)[* onto the y — |M|*> and x — [M|? planes (bare prediction of the

generalized linear sigma model).

incorporating these couplings into our template equa-
tions (1)—(4). The bare predictions for scenario 31 (previously
defined in Fig. 4) are plotted in Fig. 6 for the range of
m[z(1300)] and several values of A;/A,. Although the
model prediction is of a comparable order of magnitude to
the experiment and gets closer to the experimental bounds for
low values of m[z(1300)], overall it is larger than that of the
experiment. The result is, however, closer to the experiment
compared to that predicted by the single nonet approach. To
find the best agreement, we search for the values of
m[z(1300)] and A3 /A, that minimize function yr defined as

xr(m[z(1300)]. A3/A;)
_ [P (m[x(1300)]. A3 /A,) — ]
- [exp :

(36)

We also use a y? fit for a double check. The best predicted
decay widths from the y and y? fits are found with
m[z(1300)] = 1.22 +0.01 and A3/A; = 30.00 £ 0.25:

I'(n' - nar) = 0.15£0.01 MeV
(37)

Generalized linear sigma model (bare result).

The bare prediction for the energy dependence of the
normalized decay amplitude squared is shown in Fig. 7 and
compared with the averaged experimental data of Table II.
The best fits to the Dalitz parameters result in the best
values of m(z(1300)] = 1.38 GeV and A;/A; = 28.75
(see Table IV), which are within the parameter space of

TABLE IV. Dalitz parameters obtained in fitting the bare
generalized linear sigma model to experiment in a y fit (best
point at m[z(1300)] = 1.38 & 0.02 and A3/A; = 28.757]23) and

a y*> fit (best point at m[z(1300)] =1.38 £0.01 and

A3/A; =27.25739).

Parameter x fit 77 fit
0.025 0.0

a —0.024-50% -0.0395900

b 0.0001705119 0.0080502

d —0.02970 001 —0.02070 006

the model [Eq. (22)], however, do not coincide with the best
values of these parameters found in the partial decay width
analysis in Eq. (37). This shows that, although inclusion of
mixing among scalar and among pseudoscalars clearly
improves the model predictions, it is necessary to account
for the effect of final-state interactions. A general character-
istic of the linear sigma model is the cancelation of a large
four-point contribution with those of scalar mesons, which
for the bare predictions is shown in Fig. 8.

VI. UNITARITY CORRECTIONS

In principle, there are corrections due to the final-state
interactions of zz and zn. These effects have been studied
within the present model in Ref. [92] in which the final-
state interactions of pions were studied in unitarization of
the zz scattering amplitude and recently in unitarization of
7K and 7y scattering amplitudes in Refs. [91,93]. In the 7z
analysis, it is found that the effect of the final-state
interactions on the properties of the sigma meson is large,
and this manifests itself in the substantial difference
between the bare sigma mass (Lagrangian mass) and the
physical sigma mass found from the pole of the K-matrix
unitarized / = J = 0, zz scattering amplitude (it is found
[92] that the physical mass of sigma is around 480 MeV,
and its decay width is 450-500 MeV). On the contrary, the
properties of a((980) probed in the 7 scattering analysis
[93] do not show a significant shift between the bare mass
of ay(980) (Lagrangian mass) and that probed in the
K-matrix unitarized zn scattering amplitude. Since we
are investigating the 5 — naz decay within the same
framework of Refs. [92,93], we take the effect of nx
final-state interactions to be the dominant one.

Our main motivation in this work is to learn about the
scalar meson mixing patterns; therefore, it is natural for us
to approximate the unitarity corrections in a language that
is explicitly expressed in terms of the shifts in the scalar
meson properties (from their bare Lagrangian values to
their physical values). For this purpose, the K matrix
provides a reasonable tool to both account for unitarity
corrections as well as to probe the underlying mixings.
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Scenario 31, m[7(1300)] = 1.22, A3/Al =30
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FIG. 8.
the large contributions of scalar mesons.

The K matrix has the advantage of not introducing any new
parameters into the analysis, hence allowing us to establish
a direct connection between the bare Lagrangian properties
of scalars and the physical properties of scalars probed in
fits to appropriate experimental data. We follow the prior
work presented in Ref. [92] in which a detailed analysis
of the I = J =0, zx scattering amplitude is given. The
K-matrix unitarized scattering amplitude is given by

T)®
1—iT)®’

where T{? is the bare scattering amplitude calculated from
the Lagrangian. It is shown in Ref. [92] that

75 (38)

Ti
0B _ s
TOB - T(1+Zm]2c _sv (39)
with '
1 4m? @ 2 4p?2
To=—-A\/1——"|=5yar +— 2 In(1 ~ 1,
“ 64rx s { 4 +p,2, ny"”” nt ms.
. 3 4m2
Ti=——\/1-——Ty3 . 40
ATy s Vfian (40)
where p, = /s —4m2/2, the scalar-pseudoscalar-

pseudoscalar couplings y ., are defined in Sec. I, and
4) . . . ! . . .

yxzz 1s the pion four-point coupling constant. It is shown in

Ref. [89] that the K-matrix unitarized amplitude (38) can be

Individual contributions to the bare decay amplitude of #’

— nzx. The large contribution of the contact term is balanced with

expressed as a constant background and a sum over simple
poles

0.7 Ty
TONTa"i_Z —S’ (41)
where T, is the constant (complex) background; the simple
poles z; = m7 — imI; with /i; and T; are interpreted as the
physical mass and decay width of the ith isosinglet scalar
meson, respectively; and T;; are the residues. Moreover, it
can be shown that

Zi

|T}| ~ T (42)
which resembles the corresponding numerators in the bare
amplitude (39) where

T2|S:m% = m,-F,-. (43)
Comparing Eqs. (39), (41), (42), and (43), we see that
unitarity corrections effectively shift the isosinglet scalar
masses and decay widths:

mi—)ﬁli

r, -1, (44)

In the decay ' — nzz the unitarity corrections for the
sigma meson are the most important ones. We account for
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FIG. 9. Prediction of the generalized linear sigma model for the partial decay width of ' — nzx. The final-state interactions of pions
are taken into account by shifting the mass and coupling constant of the sigma meson according to Eq. (45).

these corrections by shifting the bare mass and decay width
to two pions according to Eq. (44). The second shift in
Eq. (44) can also be expressed in terms of the shift in the
coupling constant, i.e.,

m, — m,

},07!7[ - }70'7[71'7 (45)
where m, and 7,,, are those found from the lowest pole
7y = m2 —im,I, of the scattering amplitude [92], and
since I', % '[o — nxl,

- 167m2l,

Yorr = -
3/ m2 —4m2

Recalculating the partial decay width of ' — nzz (pre-
sented in the previous section) with the new substitutions
(45), we find the results displayed in Fig. 9, showing that
the model predictions easily cross into the experimental
range. The same effect can be taken into account for the

(46)

Scenario 31, m[7(1300)] = 1.38, A3/Al =29.75

IM(x.y)|*/IM(0.0)*

X

FIG. 10 (color online).

f0(980), but that has a negligible effect on the results
presented. On the two-dimensional parameter space of the
model (m[z(1300)], A3/A;), the point that gives the best
agreement with the experimental value of the decay width
is (1.29 GeV, 29.75), obtained by minimizing y defined in
Eq. (36) (as well as by minimizing the conventional y?).
The decay width in this case is

['(yf — nar) = 0.0851)00; MeV

Generalized linear sigma model (unitarized result).  (47)
This result is within 1.2% of experimental data on the
decay width.

The energy dependencies of the normalized decay
amplitude squared are plotted in Fig. 10, and fits to the
Dalitz parameters are given in Table V. It is found that
the point (m[z(1300)], A3/A;) = (1.38 GeV,29.75) gives
the best agreement with the experiment. Although this
point and the best point for the decay width (presented
above) are both within the parameter space of the model,
they do not coincide, showing the need for further

Scenario 31, m[7(1300)] = 1.38, A3/A1 = 29.75

10FL 1 ]
Ity ]
0.6F 1

04f 3

IM(x,y)*/IM(0,0)?

02r 1

0.0
-1.0

-0.5 0.0 0.5 1.0
y

Projects of the normalized decay amplitude squared onto planes containing x and y parameters (shaded

regions) are compared with the experimental data (error bars). The final-state interactions of pions are taken into account by shifting the
mass and coupling constant of the sigma meson according to Eq. (45).
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TABLE V. Dalitz parameters in unitarized generalized linear
sigma model from fits (both y fit as well as y? fit) to the
experiment. The presented results are the closest agreement with
the experiment that occur at point (m[z(1300)],A3/A;) =
(1.38 £ 0.01 GeV,29.75 £ 0.25).

Parameter y fit i fit
-0.0791007 -0.079 £ 0.019
0.02473008 0.024 = 0.009
d —0.028 £ 0.001 —0.028 =+ 0.001

improvement of this complicated decay, and will be further
discussed in next section. The general feature of linear
sigma model in which scalar mesons “conspire” to balance
the large contribution of the contact term can be seen
in Fig. 11.

Similarly, we can estimate the final state interactions for
the single nonet model of Sec. II. We find that the decay
width improves

I'(y - nar) = 0.35 £ 0.01 MeV
Single nonet (unitarized result). (48)

However, the energy dependencies worsen in this case
(Fig. 12 and Table VI). This shows that the effects of
unitarity corrections alone are not sufficient and there

Scenario 31, m [7(1300)] = 1.29, A3/Al =29.75

—50F
-100F
S o150
=
—200F
—250F

—300F
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y

FIG. 11.

PHYSICAL REVIEW D 90, 033009 (2014)

TABLE VI. Predicted decay parameters in the unitarized single
nonet approach of Ref. [§9].

Parameter Single nonet model
a -2.17 £0.01
b 2.37+0.01
d 0.11 £0.01

seems to be the effect of mixing that should be taken into
account. In this case, the individual contributions are shown
in Fig. 13.

VII. CONCLUDING DISCUSSION

In this work, we examined the i/ — 5z decay as a probe
of scalar meson substructure and mixing patterns within a
generalized linear sigma model of low-energy QCD that is
formulated in terms of two scalar meson nonets and two
pseudoscalar meson nonets (a two- and a four-quark nonet
for each spin). We first showed that the single nonet model
of Ref. [89], despite its considerable success in describing
ar, nK, and zn low-energy scatterings, gives inaccurate
predictions for the partial decay width of ' — 5z as well
as the energy dependencies of its normalized decay
amplitude squared. Since this decay involves 7 and 7’ as

Scenario 31, m[7(1300)] = 1.29, A3/A1 = 29.75

Individual contributions to the decay amplitude. The final-state interactions of pions are taken into account by shifting the
mass and coupling constant of sigma meson according to Eq. (45).
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FIG. 12 (color online). Projections of |M|> = |M(x,y)|?/|M(0,0)|* onto the y — |M|*> and x — |M|? planes (unitarized single nonet
model). While the effect of final-state interactions improves the partial decay width predicted by the single nonet model, the energy
dependencies worsen. This shows that there is more into this decay than just the effect of final-state interactions.
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FIG. 13. Individual contributions to the #' — nzzx decay am-
plitude in the unitarized single nonet model. The large contri-
bution of contact term M, is balanced with the contributions of
scalars. Unitarity corrections are taken into account.

well as intermediate scalar mesons and these states are
known to have nontrivial mixings with states with the same
quantum numbers above 1 GeV, and since such mixings
have been previously [79] given important insights into the
physical properties of both scalar as well as pseudoscalar
mesons, in this work, we explored the effect of these mixings
on this decay. We investigated whether the inclusion of
mixing can have a tangible effect and whether such effects
improve the predictions of the single nonet linear sigma
model for this decay. We showed that inclusion of the
underlying mixings (even without unitarity corrections)
considerably improves the partial decay width prediction
as well as the energy dependencies of the normalized decay
amplitude squared. We then showed that inclusion of the
final-state interaction of pions further improves the predic-
tions and brings the partial decay width to within 1.2% of its
experimental value and considerably improves the predic-
tions for the Dalitz parameters. Our findings are summarized
in several tables in this final section. Table VII gives our
results for the partial decay width and Dalitz parameters in
the single nonet linear sigma model as well as its generalized
version, both with and without accounting for the final-state
interaction of pions.

We note that while the predictions of Dalitz parameters are
improved in the fourth column of Table VII they are still far
from their experimental values. However, we further note
that since the Dalitz variables X and Y are relatively small
over much of their domain, the difference in the normalized
decay amplitude itself is not that large for most of the
domain. To illustrate this, Fig. 14 zooms in on the X, Y
domain in four steps. Inside each “loop,” the closeness of the
model prediction for the energy dependence of the normal-
ized decay amplitude squared is measured with the quantity

LR (MP)PR(X, ) — (MP)(X, Y )|
AIM = NZ (MZ)exp(Xi’ Yi) ’ (49)

where the normalized decay matrix element is defined in
Eq. (6) and the averaged experimental data are in Table IIL.
The results are presented in Table VIII and clearly show an

PHYSICAL REVIEW D 90, 033009 (2014)

TABLE VII. Comparison with the experiment the predictions
by the single nonet linear sigma model (first two columns) and
those by the generalized linear sigma model (the last two
columns) for the decay width and the Dalitz parameters of
i’ — nrx decay. The goodness of the predictions is measured by
the smallness of the parameter y defined for a generic quantity ¢
as y, = |(¢®P — q™°)/q*®| (i.e., y, % 100 gives the percent
difference between the theory and experiment). The predictions
of the generalized linear sigma model depend on the choice of
points in its two-dimensional parameter space (m[z(1300)],
A3/A)): In the third column, the minima of yr and of yp,;, =
Xa+x»+xq occur at point (1.22 GeV, 30.00) and at point
(1.38 GeV, 28.75), respectively, whereas in the fourth column, the
minima of yr and of yp,;, occur at (1.29 GeV, 29.75) and at
(1.38 GeV, 29.75), respectively. Clearly, the shortcomings of the
single nonet linear sigma model of Ref. [89] can be seen in
the first two columns: The decay width is several times larger than
the experimental value, and the unitarity corrections do not
improve the situation and in fact worsen the Dalitz parameter
predictions. On the other hand, the generalized linear sigma
model significantly improves the predictions and gives the decay
width in the unitarized version to 1.2% of the experimental value
and also improves the Dalitz parameter predictions.

Single nonet Single nonet MM’ MM
(bare) (unitarized) (bare)  (unitarized)
xr 6.09 3.07 0.74 0.012
Xa 0.21 22.08 0.74 0.16
Zb 0.99 30.02 1.0 1.29
Xd 0.16 24 0.61 0.63
total 7.45 57.57 3.10 2.09

averaged agreement with experiment (for the two cases that
the best energy dependencies are obtained, i.e., the second
and the fourth rows of Table VIII, is around 6%), despite the
much less agreement on Dalitz coefficients displayed in
Table VIL

The dependencies of the results on the choice of points in
the two-dimensional parameter space m[z(1300)] and
As/A, are summarized in Tables IX and X. The fact that
the best points for the partial decay width and energy
dependencies of the normalized decay amplitude squared
do not occur at the same point can be interpreted as an

FIG. 14.
(loops).

The breakdown of XY domain into four subregions
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TABLE VIII. Displayed numbers in the second-to-last columns
are y 2 [defined in Eq. (49)] over the four loops of Fig. 14 [see
Eq. (6)]. The predictions of the generalized linear sigma model
depend on the choice of points in its two-dimensional parameter
space (m[z(1300)], A3/A;). The displayed values of m[z(1300)]
and A3/A; give the best result for partial decay width without/
with the final-state interactions (first/third rows) and the best
result for the energy dependencies of the normalized decay
amplitude squared without/with the final-state interactions
(second/fourth row).

PHYSICAL REVIEW D 90, 033009 (2014)

TABLE X. Dependency on the choices of m[z(1300)], A3/A,
of the unitarized model predictions (with the effect of the final-
state interaction of pions). In the first to last columns, respec-
tively, the values of these two parameters are 1.3 GeV, 29.40
(best model prediction for the eta masses); 1.29 GeV, 29.75 (best
prediction for the decay width); and 1.38 GeV, 29.75(best
prediction for the energy dependencies). In each column, the
targeted quantities are highlighted in bold, and their closeness to
experimental data is measured with their corresponding y.

m[z(1300)]

(GeV) As/A, Dotted-dashed Dashed Dotted Solid
1.22 30.00 0.14 0.27 041 0.54
1.38 28.75 0.01 0.03 0.04 0.07
1.29 29.75 1.0 2.2 4.7 7.6
1.38 29.75 0.005 0.02 0.04 0.06

estimate of our theoretical uncertainty. At the present order
of accuracy of this model, we have ignored effects such as
terms in the potential with higher than eight quark and
antiquark lines as well as the scalar and pseudoscalar
glueballs. Both of these are expected to have some effects
on the results. Since the U(1), anomaly plays an important
role in the eta sector, we have made an initial investigation
of the effect of the higher-order U(1), breaking term
(which is related to higher-order instanton contributions
at the quark level) and have observed that this term
improves the picture by bringing the two points in the
parameter space closer together. This is quite encouraging
and will be presented in detail in a separate work [94]. It is
also interesting to further apply the present model to study
the isospin-violating # — 37z decay [95,96] and to examine
the effect of various unitarization methods [97].

TABLE IX. Dependency on the choices of m[z(1300)], A3/A,;
of the bare model predictions (without the effect of unitarity
corrections due to the final-state interaction of pions). In the first
to last columns, respectively, the values of these two parameters
are 1.30 GeV, 29.40 (best model prediction for the eta masses);
1.22 GeV, 30.00 (best prediction for the decay width); and
1.38 GeV, 28.75 (best prediction for the energy dependencies). In
each column, the targeted quantities are highlighted in bold, and
their closeness to experimental data is measured with their
corresponding y.

()(min)mass ()(min)l’ ()fmin)E.D.
MM’ (unitarized) =0.14% =12% =207%
m[x(1300)] 1300 1290 1380
As/A, 29.40 29.75 29.75
my,, (MeV) 547 550 544
my,, (MeV) 959 956 936
my, (MeV) 1294 1285 1364
my, (MeV) 1756 1762 1715
I (MeV) 0.072 0.085 0.62
a 10.84 —-9.48 -0.079
b 24.72 26.2 0.024
d -0.29 0.22 —0.028
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APPENDIX A: COUPLING CONSTANTS IN THE
SINGLE-NONET MODEL

The rotation matrices are

0 1 N 0 1

r & VZoV2 ¢

n | =Ry0,) |3 | =% v “lo||#3]. (A1)
/ 3 b, b, 3

n ¢3 75 % (lp ¢3

with a,, = (cos@,, —ﬂsin&,,)/\/g, b,=(sind, —h@cosep)/
V/3, where 0 , 1s the pseudoscalar (octet-singlet) mixing

MM’ (bare) (){min)mass:O'14% (){min)l":74% (Zmin)E.DAZZ:"S%

m[z(1300)] 1300 1220 1380
As/A, 29.40 30.00 28.75
m, (MeV) 547 554 539
m,, MeV) 959 979 947
m,, (MeV) 1294 1229 1364
m,, (MeV) 1756 1788 1710
' (MeV) 0.42 0.15 0.97
a 0.24 0.88 —0.024
b ~0.026 0.07 0.0001
d —0.037 —0.07 —0.029

0
ay

o | =R,(0,)|S3

So

angle. Similarly,

S o sk

1
bl || (a2)
voa ]S

with a,=(cosd,—+/2sind,)/\/3, b,=(sind,++/2cosb,)/
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The coupling constants are
1
s = _ PR Y [—4F%(5V2a,b,(m2 — m2) — 84F V)
b/ b/
+ F2(4m3 prg(a0) + 2m3 agp (0)a? + 2V2(mf ppe (fo) — mhape(0)asb,
+ 2m3 s (fo) b} — 6apmi — TV 2a,b,m? + 7v2a,b,m2 — 6bim? + 84F V)

— 4F g F(2mgzrg(ao) + mpapg(0)as + mgage(fo)bs — 3apmy — Sﬁ“pbpm%

+5V2a,b,m2 - 3bym + 84F V)], (A3)
V2 V2

Yamy = F_ap(szARE(aO) - m%)’ Yamy = F_bp(mIZSARE(aO) - mi/),
1 1

Yorn = Fas(m%ARE(G) - mizz)’ y‘fol[ﬂ = Fbv (m%ARE(fO) - mlzt) (A4)

For 7' decay, we will also need

1
Tom =" 0Fg — FR2 "

=+ stFzr(_szARE(U)b%Flr + b%Fﬂm% + a?)Fﬂmi’ - \/_Q"apbp(ZFK - Fﬂ')(m% - m;%;’))

b, [~2m3 \xp (6)a2b F2 + V2m} g (0) @3 F (—2F x + F )

+ a,(V2m ppi(0)DIF o (<2F g + F,) — a,b,(4F% — 4F g F, + 3F2) (my — m2)
+V2a}(2Fk — Fo)Fo(2my — m2) + V2(2F g = F)F o (=b}(my — 2m2)
+18(2Fg — F,)V))], (AS)

1
M T g~ F Ry

+2a,F o (M g (f0)D3Fx — B3 F,mi — aFom2 +V2a,b,(2F g — Fy) (m} — m2))
+ by (V2m s (f0)DIF o(—2Fk + Fy) = a,b,(4F% — 4F g F + 3F2)(m3 — m2)
+ V283 (2F g = F)F(2m2 = m2) + V2(2F g = Fy) Fo(=b2(m2 — 2m2)

+18(2Fg — F,)V4))). (A6)

bp [zszARE(fO)angzr + \/EmZBARE(fO)agbsFﬂ(_zFK + F;z)

With five inputs of m, = 137 MeV, myg = 493.677+ Yorz = 3.53 GeV,
0.016 MeV, m, = 547.853 +0.024 MeV, m,; = 957.78+

_ . Yfonn = 957 GeV,

0.06 MeV, and F, = 131 MeV, we find the five Lagrangian

parameters: o = 0.065 GeV, a3 =0.13 GeV, A, = Yage = 471 GeV,
Q.OOO61 QeV3,A3 = Q.024 GeV?,and V, = —0.23 (in addi- Vawmy = 2.77 GeV,
tion, these inputsresultin @, = 6.64°and Fg/F, = 1.53).To-

gether with the bare scalar masses found from fit to pion-pion Yoy = —0.56 GeV,
I = J = 0 scattering amplitude [89], mparg(6) =0.847GeV, Yiom = 2.94 GeV,

mBARE(fo) =13 GCV, mBARE(aO)Zl.lGeV, and HS:

4 _
—6.1°, we find the numerical values of the coupling constants: 7 =78.69 GeV. (A7)
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APPENDIX B: THREE-AND FOUR-POINT BARE COUPLINGS

< > V2(2cia By + clatasfs + 2c3a3 8573 + 2csa1 8171 (1 + 71)) (BI)
8 (bz)la’?a ay (2a1ﬂ1 + a3f3)
< > 8\/§C3 =14y ) (fsr +afi(1+71)) (B2)
A(ST), 8 ¢2 201, oy (2o, 1 + azfp3)? ,
< > _ 8v2es(=1+ 7)) (afsri + aipi(1+711)) (B3)
a(s ¢z 10Ny a2,y + azf3)? ’

_ 803}’1 (o35 + 201 8171) B4
<a 18’7h> oy (20 py + asfs) (B4)
< > — 4ot _8es(=1 +y1)(asfs + 2a1f171) (85)

(S 2)201, a2,y + azfz)?
< > et 803 —1 +71)(sfs + 201 5171) (B6)
0 52)2 ¢2 10np o320, 8y + azfz)? ’
8v2¢cs(=1+7))y
<8 o(h) a'Ic> a2 f) + asfs) (B7)
8\/_03051 (—147)?

= , B8

<8(S2 o(h) 5’7C> (2018 + asf3)? (B8)
8vV2c3ai (=1 +7,)?

B9

<8 o(h) aﬂc> (2018, + a3f33)? (B9)

_ 8esa By + 4eSatazfpy + 8csaz(—1 + 7)1, B10
(a0 and> 2 arf) + ashs) (B10)

803a3 -1 + yl)z

=~ G Fap B11
<a 8’7d> (20181 + asf3)? (BLL)

8cyas(—1+71)?

= B12
<8 a'Id> Qa1 py + azps)*’ (B12)

< as3 > dascy. (B13)
P’V

= = —det, B14

(osmaoa,) = sy > o) = s =+ (B14)

<3fa877aaf7a> p 2a1ﬂ1 A 4\/_(8c4 al 3+ 12c8aas B2 ps + 6cialad i3 + clataip + dcsasfiy?

+ 24csa3 a3 fiBsyr1 (1 +71) + 8esaifi(1 +71)? + 4esaa3fif3ri (1 + 571)), (B15)

< >’V > _ 8¢5 (6aya3p1 371 + 3Py + 43 iy (1 +y1) + 2afasfip5(2 + 71 + 371))

B16
Of «On,om;, ajay (211 + asfs)? (B16)
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>’V _ 8v2e3f1 (=1 + 7)) Qe (1 +71) + asfs(—1 + 37))) (B17)
afaanaar]c (Zalﬂl + a3ﬂ3)3 '
83‘/ —4 a 53 2
Of On.0ny = a%(Zalﬂl n 03ﬂ3) [833 ﬁ + 1293“10‘3ﬂ p3 + 6630(1 ﬂlﬁ3 - 1203ala3ﬂ1ﬂ3( 1+ }’1)}’1
= 2c;805(—1 + 1171 + s (e§a3fi — 8c3 (=1 +17))], (B18)
< >’V > __16V2e351f5(=1 + 71) (@3 + 201 Bi71) (B19)
Of «OnyOny, o320,y + azfp3)? ’
83‘/ —4 a3 23 a2 2 2 (a2
o7 onon. = Garh, + arfps)? BeSaify + 12e5atasp1p5 + azf5(esa5h; + 2¢3(—1 +71))
+ 2018153 (3e4a3B5 + 2¢3(1 = 3y, + 213))], (B20)
< 83‘/ > 8\/_C3ﬁ1 -1 +7/1)(_a3ﬂ3(_2<|>7/1) +2alﬂlyl) (BZI)
Of «OnyOny (a1 + azp3)? ’
>’V _ 16\/—020510!3,3%( 1+7y)? (B22)
afaa'l on.) (2018 + asp3)? 7
o’V _ SC';(Z'; =211 + axfi3) (=1 +71)? (B23)
Of On.Ony (2a1B1 + a3p3)? ’
< . > e (B24)
Of «OnaOng (2181 + 0!3ﬂ3) ’
_ _32e3p15(—1 +71)(aafars + (1 +11)) (B25)
6 a’?aaﬂa a; (20, + 0‘353)3 ’
393 353 2 m
<0fb5'1a877b> alag 2a1ﬁ1 I a3ﬂ3) [8\/503 (‘13,3371 + 4‘11,5171(1 +71)+ 6a1a3ﬂ1ﬂ3y1(1 +71)
+ 2010551 3(1 + 217))]. (B26)
83‘/ —4 a3 a3 a2 2 a2
O sonaon) ~ Qanfs ¥ afo S OP T 12esmaifs + 2w Pifs(3esafs ~dea(=1 1))
+ ayfi(e5a3fs — 4es (=1 +r)r)]. (B27)
< >’V > _ _8\/503,51(—1 +71) Qo (1 471) + azps (=1 + 3yy)) (B28)
Of ,On,0ngy (a1 p1 + azp3)’ ’
PV 8 ) 33
TR = A0ap T ap) [ag (2¢3 + c§a3) B3 + 6,31 f3(clal + 2¢3y1) + 8ai B (chali + 2¢3y3)
+ datas 1B (3ciad 4+ 2¢371 (1 + 271))]. (B29)
< >V > _ 16V 2c501 (=1 + 71)(a3f% + 20383y, + 3aya3 1 371) (B30)
Of ,On,On, a3 (2o, 1 + azfp3)’ ’

< PV > 8csfs(—1 +v1)(asfs + 20151 (=1 +27y)) (B31)
Of yOnyOng (211 + azfp3)’ ’
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>:

32¢3aif3(—1 +71)?

< PV
f ,On.On.

2o, p1 + azfp3)?

8\/56‘301 (20181 — a3p3) (=1 +71)?

2018, + asfp3)?

_32czaa3, (=1 + 1)’
(2018, + a3f3)’

El

16\fC30€3ﬂ3( 1+ 7)) (sfsr +afpi(1+71))

o 20,y + azfp3)?

4(831310‘?,503(—1 +71)) + a3 f3(e§adps + 2¢5(1 = 3y1 + 2r}))

’
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(B32)

(B33)

(B34)

(B35)

(a1 1 + azp3)?

8\/50301( 1+y1)Qafi(1+71) + azps(=1+3yy))

: (B36)

(20181 + a33)°

8036’3(—1 +71) 2 (1 +71) + azfz(=1 + 3y,))

2181 + a3p3)?

)

(
(

(

El

>’V _ 16\/§C3051ﬁ3(—1 +71)(asfs + 2a,8171)
of On,on, a3 (2o, 1 + azfp3)’ ’

% 16030‘1( 1+71)(=a3f3(=2 +7y) +2a,8171)
Of On,on, a3 (2011 + azfp3)?

>’V 8\/_C3051( 1 +y1)(—a3fs(=2 +y1) + 2a15171)
Of :OnpOn, (a1 1 + azp3)’

>*v _ 32v2¢300 (=1 +11)?
afcai/l 8}76 (2alﬁl + (Z3ﬁ3) ’

P’V _ 32c3aiay(—1+71)?
f .On.on, 2a1p1 + azfp3)?

PV _ 16v2c30105(=1 +7,)?
Of cOnaOngy Qo py + aps)’

4
afda’?aaﬂa 0!1 (a1 1 + azp3)?
+ oy (e§a3f3 + 8cspi (=1 +71)))].

>’V > _ 8v2e3f1 (=1 +71) Qe By + asfs(—1 + 27,))
Of 4On,Omy, (2018, + a3p3)?

>V > _ 16c303(=1 +71) (201 + a3fsy)
Of 4On,0n, (a1 1 + azp3)? ’

o’V > _ 8v2c303(=1 +71) Qa1 By + aspyi)
Of 4On,0n, a2y + a3 p3)° ’
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’

: (B37)

(B38)

(B39)

(B40)

(B41)

(B42)

(B43)

(B44)

[(8e§alfp} + 12e§aiasfpifps + 6esaiazfpif3 + 8csazfifs(—=1 + yi)n

(B45)

(B46)

(B47)

(B438)
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< PV > 32¢sa1 81 (=1 +71) (a3 f3 + 2a,8171)
af 40npony, a3 (2o, 1 + az3)? ’

> 8v2cs3a; (=1 4 71) (35 + 2011 (=1 + 2¢,))
3fd8’1b87]c (20181 + a33)° ’

> 8csas(—1 +71)(asfs + 20181 (=1 +2yy))
d 211 + azfp3)? ’

(a7
(o7
< PV > 32630{10@(14-71)’
<
<

Af 4On.on, (2a1p1 + azp3)’

»*v > 16V 2c30,05(=1 +7,)?
Of 4On.0nq 2018 + asp3)?
> _ 16¢303(—1 +y1)
afdaﬂda’?d (2018, + a3p3)?
< > _ 4(6¢4apy + 3ciatasfs + 8csasfayi + 8csa By (1 +71))
3’7(18’7(1 aélt(zalﬂ] + a3ﬂ3) ’
< > < v > _ 321 +r)(@sfsr + api(L+11))
on 6’1a (), M, 0(1),0(3), o) 2018y + azf3)? ’
< > 8v2¢s7 (a3 + 201 171)
0,0, 0( ¢2 (b)), aja; (2018 + asf3)
< > < v > —8v2c5(— 1+71)Qaifiri +aaf3r +aasp i1 f3(2+711))
0,0, 0( 4’2 A(Ph), Oy ($7),0(h3) aya3(201 ) + a3 3)° ’
< > _ 16¢3(=1 +7,)y;
on 8qca(¢2 1), o} (a8 + asfs)’
< > < o'V > 16¢3(=1 +7,) (2,1 + a3f371)
on 5’1c3(¢2 $3)2 M, On-0($1),0(3), (20181 + a3p3)?
< > 8vV2c3a5(—1+ 1)y,
Oa0nq,0( ¢2 (b)), o Qo fy + asfs)
< > < > 8\/-‘730!3 —1+71)Qaipy + azfzry)
OMa0nq,0( ¢2 $3)s a0 q,0( 4’2 ) a2, 1 + a3 fp3)? ’
< > < > _ _16¢35(=1 +71)(asps + 20!1,5171)
OO, o( ¢2 (43), OO, 0( ¢2 (2011 + asf3)?
< > < > 8v2csa, (=1 +71)(—asfs (=2 + 1) + 2a,5171)
8’7ba’7ca(¢2 $3)2 a’?baﬂba(¢2 i a3 2,y + azfp3)? ’
< > < >:8C3 =1+ 7)) (=a3f3(=2 +11) + 2, 8171)
00N 0( 4’2 (1), OO, 0( 4’2 (1), (20181 + a3p3)’ ’
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(B49)

(B50)

(B51)

(B52)

(B53)

(B54)

(B55)

(B56)

(BS7)

(B58)

(B59)

(B60)

(B61)

(B62)

(B63)

(B64)

(B65)
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< % > _ < v > 3230t (-1+711)’
n:0n.0(¢1),0(4}), n.0n.0(h7),0(43), Qapy + aps)’

< oV > _ < v > _ 1672c3a105(=1 +71)?
0N, 0(¢1),0(3), M .On,0($1)20(3), Qo py +a3ps)? 7

< A% > :< % > 16¢303 (=1 +71)?
M a0n,0(h7),0(3), O aOna0(41),0(3), 20181 + asp3)?

APPENDIX C: RECOVERING CURRENT ALGEBRA

(B66)

(B67)

(B68)

In this appendix, we show how the known current algebra result for this decay is obtained from the present model. The

four-quark fields are decoupled in the limit d;,e§ — 0 and y; — 1, in which

m,2, = -2c, + 4c§fa%,
m7 = mg = =2¢; + 12¢4aj,
2 _ 2
my = —2c¢y + 12¢4a3,
Fﬂ = 20],
16¢ 8c
2 2 _ 3 2 3 >
my +m,, = —4c; — e +4cja; —— +4cjas.

1 a3

From the above equations, we can solve for the five model parameters:

Zm% + m? —3m2
a3 = Fﬂ -2 ! s
12(m7, —m3)

1
¢y = 7 (m}, =3mz),
R F;%(m%1 + 2mjzc2 - 3m,2[)(mj2£1 - m]%z +3(m} + mi, —2m2))
3 96(5ni2, +4m?, —OniZ)
2 2
a My —Ma
cd = >
2F2

(C1)

(€2)

We expect to recover the current algebra result when the scalars are decoupled as a result of becoming very heavy, i.e., in the

limit my; = m;, = m; — oco. In this limit,

. F
lim a3 = =",
=00 2
lim ¢, = —=,
myp—00 4
lim ¢3 = — F2(m2 + m2 — 2m>
i 3 96 7[( n + 7 7[)
2
m
lim ¢4 = .
my—co 2F;7

The physical vertices (in the limit of d;, e§ — 0, and y; — 1) become
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, 16¢5sin(260,)  8v/2c5cos(20,)
Y@ = 6¢4sin(26,) + a— T =,
1 1
Yfllm = 4020519
Ylem = 09
. 8v/2c3sin(20,)  8c;cos(26,)
Yo = 2\/§cff sin(26,,)a; + = £ o, L
1 I
8v/2c; cos(20,)a; — 4sin(20,)a; (2¢3 + clal)
Y = ) )
8v/2¢; cos(0 8¢5 sin(f
Yagm = 30{—3(17) +4V2¢8 cos(6,)a; — ZT(’)
i 193
8\/§c sin(@ . 8¢5 cos(f
Yagen = 3(1—3<p) + 4\/565{ sin(6,)a; + 30,270,([7)’ (C4)
1 1%3
which together with Eq. (C3) leads to
1
y@ = 3 [(m3; +m — 2m2)(—4v2 cos(20,) — 8sin(26,)) + 9(m7 — mz) sin(26,,)]
mj% —m2
Vian = F—’
1 : 3 .
Vi = 35 [(myy + my, = 2mz) (=2 cos(20,) — 2v/25in(20,)) + 7 (m7 — mz) sin(26,,)],
2 2 2 2)(—/2 : 3.2 2\
Vil = 35 [(m5; + m:, = 2mz)(—V2 cos(20,,) + sin(20,,)) — 3 (m% —mz)sin(20,)],
1 .
Yaun = 35 [(my + iy, — 2m2)(=2v2cos(6,) + 2sin(6,)) + 3v2(m? — m2) cos(6,)].
1 . .
Vawmt = 5 (1 + iy = 2m3) (<2 cos(0,) - 2V2sin(6,)) + 3V2(m? — m2) sin(0,)]. (C5)

T

Each individual decay amplitude inherits the scalar mass dependency via the physical vertices and propagators. The four-
point amplitude will have the scalar mass dependency

The isosinglet scalar contribution has the general structure

with

Thus,

Similarly for the a, contribution,

My, = & + & mj. (Co)
My, = 2Y} pn¥ f.y X (propagator), (C7)
\/Eyf,-m'rYf,nq’ = Po +,01m% + pZm;‘”’
1 1 1
propagator = ——— = — — % +0 <—6> . (C8)
Myt X mpo g my
lim M = p; — xp, + pom3. (C9)
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e [m% iyl - i yj . (C10)
with
Yagmn¥agey = 00 + 51’”,% + 52"1;‘«,
%z%—y—’fro(ié). (i)
my+y; my  my mp
Thus,

. _ 2
mlflglmMao =25, — Z:yiéz +28,m?. (C12)
Now, putting everything together, we expect

liE]OOMtotal = MC,A. s (Cl 3)

myg

which implies that the following two sum rules must be
upheld:

o+ p1 —xpy + 26, - Z)’ﬁz =Mca.
i

&+ py+26, =0. (C14)
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We find that the second sum rule is identically upheld, and
the first one gives

-1
Mca = 3F2 (sin(20,,) (my + m7, — Smz)

+2v2co0s(20,) (m3 + my —2mz)).  (C15)

Since in the decoupling limit ¢3 = 0 and m; — oo, we have

2mz — my + my, (C16)

which results in

m2
Mca = F_; sin(20p), (C17)

n

in agreement with Eq. (2.4) of Ref. [98].
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