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We discuss the β-deformation of AdS5 × S5 which incorporates the SLð2;RÞ symmetry of the type IIB
theory. The axion-dilaton is identified with a two-torus from an 11-dimensional viewpoint. We consider the
null geodesic with equal component angular momenta to take the Penrose limit of the deformed AdS5 × S5.
We study the bosonic part of the string sigma model and the spectrum of the string in the pp-wave
background.
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I. INTRODUCTION

The marginal deformation of N ¼ 4 super Yang-Mills
theory introduces phases in the superpotential, preserving a
Uð1Þ ×Uð1Þ non-R-symmetry. The deformation reduces
the supersymmetry N ¼ 4 to N ¼ 1. The phases in the
superpotential can be complexified1 [1]. In the gravity
side, the Uð1Þ ×Uð1Þ symmetry maps to a two-torus. An
SLð2;RÞ transformation acting on a type IIB supergravity
solution compactified on the two-torus produces the
gravity dual of the γ-deformation. The gravity dual of
the β-deformation is an SLð3;RÞ transformation, which
consists of the SLð2;RÞ transformation and an S-duality
transformation SLð2;RÞs2 [2].
The charges of the chiral superfields under Uð1Þ ×Uð1Þ

in the gauge theory correspond to the angular momenta
along the two-torus. In the marginally deformed
AdS5 × S5, the SOð6Þ isometry is broken to Uð1Þ×
Uð1Þ ×Uð1Þ. The angle coordinates ðϕ1;ϕ2;ϕ3Þ of
the S5 are linear combinations of the coordinates
of the Uð1Þ ×Uð1Þ ×Uð1Þ. The Bogomol'nyi-Prasad-
Sommerfield geodesics are chosen with angular momenta

ðJϕ1
;Jϕ2

;Jϕ3
Þ∼ðJ;0;0Þ;ð0;J;0Þ;ð0;0;JÞ;ðJ;J;JÞ: ð1:1Þ

For undeformed AdS5 × S5, the geodesics can be trans-
formed to one another by SOð6Þ, which is the isometry of
the S5. Therefore the Penrose limits for the geodesics
produce one ppwave. For deformed AdS5 × S5, which has
a Uð1Þ ×Uð1Þ ×Uð1Þ symmetry, the geodesics are not
isometrically equivalent. The first three geodesics and the
fourth geodesic are two distinct geodesics. The Penrose
limit for the first three cases is studied in [2,3]. The Penrose
limit for the fourth case is studied in [4] where it is also
shown that the spectrum of the string in this pp-wave
limit is independent of the parameter γ. The pp-wave limits
of marginally deformed geometries which include the

σ-deformation are discussed in [5]. Giant gravitons on
the deformed pp waves are investigated in [5,6].
The SLð3;RÞ transformation for the β-deformation

can be generalized by incorporating the SLð2;RÞ sym-
metry of type IIB theory, which is also the symmetry of the
toroidal compactification [7]. In [8], torus deformation is
considered for the generalization. In this work, we apply
the generalized β-deformation to AdS5 × S5 and take the
Penrose limit of the deformed AdS5 × S5 along the ðJ; J; JÞ
geodesic. We study the spectrum of the string in the
deformed pp-wave background.
In Sec. II, we review the generalization of the

β-deformation and present the deformed AdS5 × S5

geometry. In Sec. III, we study the pp-wave limit of the
β-deformed AdS5 × S5 with the axion-dilaton, which is
identified with the torus modulus of the rectangular torus
before the torus deformation. We present the bosonic part
of the string sigma model and compute the spectrum.
In Sec. IV, we summarize our results.

II. GENERALIZATION OF THE
β-DEFORMED GEOMETRY

The β-deformation [2] acting on a type IIB supergravity
solution which has a two-torus symmetry is derived from
an SLð3;RÞ transformation acting on an 11-dimensional
supergravity solution which has a three-torus symmetry.
The coordinates of the three-torus are ðφ1;φ2;φ3Þ. The
type IIB supergravity solution is obtained by a dimensional
reduction along φ3 and a T-duality transformation along φ1.
The SLð3;RÞ matrix for the β-deformation is

ΛT
LM ¼

0
B@

1 0 0

γ 1 σ

0 0 1

1
CA: ð2:1Þ

The type IIB supergravity solution can be generalized by an
SLð3;RÞ transformation

L ¼

0
B@

L11 0 L13

0 1 0

L31 0 L33

1
CA; L11L33 − L13L31 ¼ 1: ð2:2Þ
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1We use γ for the real parameter and β for the complex

parameter.
2We use σ for the S-duality transformation.
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This corresponds to the SLð2;RÞ symmetry of the type IIB
theory, which is also the symmetry of the toroidal
compactification [7]. The axion-dilaton τ ¼ τ1 þ iτ2
transforms as

τ0 ¼ L11τ þ L31

L13τ þ L33

: ð2:3Þ

The SLð3;RÞ transformation LΛT
LM, therefore, produces

the β-deformed geometry incorporating the SLð2;RÞ sym-
metry of the type IIB supergravity. By applying Lunin
and Maldacena’s solution generating technique with the
SLð3;RÞmatrix LΛT

LM to the type IIB supergravity solution
in the form given by (A.7) in [2], the generalized
β-deformation is obtained in [8] as3

ds02 ¼ F0
�

1ffiffiffiffi
Δ

p ðDφ1 − CDφ2Þ2 þ
ffiffiffiffi
Δ

p
ðDφ2Þ2

�
þ e2Φ

0=3

F01=3 gμνdxμdxν;

F0 ¼ FG
ffiffiffiffi
H

p
; eΦ

0 ¼
ffiffiffiffi
G

p
Hτ−12 ; χ0 ¼ H−1ðhþ γστ22F

2Þ;
B0
2 ¼ GF2ðγf − σhÞDφ1 ∧ Dφ2 þ

σ

2
~dμνdxμ ∧ dxν;

C0
2 ¼ GF2ðγh − σgÞDφ1 ∧ Dφ2 þ

γ

2
~dμνdxμ ∧ dxν;

F0
5 ¼ ~F5 þ ⋆ ~F5; ð2:4Þ

where

G−1 ¼ 1þ ðγ2f − 2γσhþ σ2gÞF2;

H ¼ f þ τ22σ
2F2; ð2:5Þ

f ¼ ðL33 þ L13τ1Þ2 þ L13
2τ22;

g ¼ ðL31 þ L11τ1Þ2 þ L11
2τ22;

h ¼ ðL33 þ L13τ1ÞðL31 þ L11τ1Þ þ L11L13τ
2
2; ð2:6Þ

~F5 in (2.4) has no indices along the torus ðφ1;φ2Þ. The star is taken with the new metric.
We consider AdS5 × S5 defined by

ds2 ¼ R2

�
−dt2cosh2ρþ dρ2 þ sinh2ρdΩ2

3 þ
X3
i¼1

dμ2i þ
X3
i¼1

μ2i dϕ
2
i

�
;

e−Φ0 ¼ τ2; χ0 ¼ τ1; B2 ¼ 0; C2 ¼ 0;

C4 ¼ 4R4τ2ðω4 þ ω1 ∧ dϕ1 ∧ dϕ2 ∧ dϕ3Þ;
F5 ¼ 4R4τ2ðωAdS5 þ ωS5Þ;

ωAdS5 ¼ dω4; ωS5 ¼ dω1 ∧ dϕ1 ∧ dϕ2 ∧ dϕ3;

dω1 ¼ cos αsin3α cos θ sin θdα ∧ dθ; ð2:7Þ
with

μ1 ¼ cos α; μ2 ¼ sin α cos θ; μ3 ¼ sin α sin θ: ð2:8Þ
R is the radius of AdS5 and the radius of S5. We apply the transformation (2.4) to (2.7). The angle coordinates ðϕ1;ϕ2;ϕ3Þ
are related to the coordinates ðφ1;φ2Þ of the two-torus and the Uð1Þ R-symmetry direction ψ as

ϕ1 ¼ ψ − φ2; ϕ2 ¼ ψ þ φ1 þ φ2; ϕ3 ¼ ψ − φ1: ð2:9Þ

The deformed AdS5 × S5 geometry with parameters γ̂ ¼ γR2 and σ̂ ¼ σR2 is

3We follow the formulas and the conventions of [2]. It is assumed that only the metric, the complex field χ0 þ ie−Φ0 ¼ τ ¼ τ1 þ iτ2
and ~dμν are excited and the other fields are zero.
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ds02 ¼ R2H1=2

�
−dt2cosh2ρþ dρ2 þ sinh2ρdΩ2

3

þ
X3
i¼1

ðdμ2i þGμ2i dϕ
2
i Þ þ Gðγ̂2f − 2γ̂ σ̂ hþ σ̂2gÞμ21μ22μ23

�X3
i¼1

dϕi

�2�
;

eΦ
0 ¼

ffiffiffiffi
G

p
Hτ−12 ;

χ0 ¼ H−1ðhþ τ22γ̂ σ̂ g0Þ;

B0
2 ¼ R2Gðγ̂f − σ̂hÞω2 − 4R2τ2σ̂ω1 ∧

X3
i¼1

dϕi;

C0
2 ¼ R2Gðγ̂h − σ̂gÞω2 − 4R2τ2γ̂ω1 ∧

X3
i¼1

dϕi;

C0
4 ¼ 4R4τ2ω4 þ 4R4τ2G½1 − ðγ̂ σ̂ h − σ̂2gÞg0�ω1 ∧ dϕ1 ∧ dϕ2 ∧ dϕ3;

F0
5 ¼ 4R4τ2ðωAdS5 þ GωS5Þ; ð2:10Þ

where

G−1¼ 1þðγ̂2f−2γ̂ σ̂hþ σ̂2gÞg0;
H¼ fþ τ22σ̂

2g0;

g0¼ μ21μ
2
2þμ22μ

2
3þμ23μ

2
1;

ω2¼ μ21μ
2
2dϕ1 ∧ dϕ2þμ22μ

2
3dϕ2 ∧ dϕ3þμ23μ

2
1dϕ3 ∧ dϕ1:

ð2:11Þ

f, g and h are the same as (2.6).
The transformation (2.2) can be related to torus defor-

mation from an 11-dimensional viewpoint. The torus
parameters considered in [8] are

L11 ¼ 1; L13 ¼
r3
R1

cos ξ; L31 ¼ 0; L33 ¼ 1;

ð2:12Þ

where Riði ¼ 1; 3Þ are the radii of the torus before the
deformation and r3 ¼ R3

sin ξ is the radius of the third direction
after the deformation. ξ is the intersection angle between
the direction along the first coordinate and the direction
along the third coordinate of the slanted torus deformed
by (2.2) with the components (2.12). We consider a simpler
case in which the axion-dilaton is identified with the
torus modulus of the rectangular torus before the
deformation [8] as

τ ¼ τ1 þ iτ2 ¼ i
R1

R3

¼ il: ð2:13Þ

The axion-dilaton (2.13) transforms under (2.3) with the
components (2.12) as

τ0 ¼ R1

r3
eiξ ¼ lðsin ξ cos ξþ isin2ξÞ: ð2:14Þ

This is the torus moduli of the deformed torus. By
substituting (2.13) into (2.10) we find the β-deformed
AdS5 × S5 on the slanted torus

ds2 ¼ R2 ~H1=2

�
−dt2cosh2ρþ dρ2 þ sinh2ρdΩ2

3

þ
X3
i¼1

ðdμ2i þ ~Gμ2i dϕ
2
i Þ þ 9 ~GPμ21μ

2
2μ

2
3dψ

2

�
;

eΦ
0 ¼

ffiffiffiffi
~G

p
~Hl−1;

χ0 ¼ ~H−1ðl cot ξþ γ̂ σ̂ l2g0Þ;
B0
2 ¼ R2 ~GQω2 − 12R2σ̂lω1 ∧ dψ ;

C0
2 ¼ R2 ~GT ω2 − 12R2γ̂lω1 ∧ dψ ;

C0
4 ¼ 4R4lω4 þ 4R4l ~Gð1 − Ug0Þω1 ∧ dϕ1 ∧ dϕ2 ∧ dϕ3;

F0
5 ¼ 4R4lðωAdS5 þ ~GωS5Þ; ð2:15Þ

where

~G−1 ¼ 1þ Pg0;

~H ¼ csc2ξþ σ̂2l2g0;

P ¼ γ̂2csc2ξ − 2γ̂ σ̂ l cot ξþ σ̂2l2;

Q ¼ γ̂csc2ξ − σ̂l cot ξ;

T ¼ γ̂l cot ξ − σ̂l2;

U ¼ γ̂ σ̂ l cot ξ − σ̂2l2: ð2:16Þ

This geometry contains four parameters. The parameters γ̂
and σ̂ arise from the marginal deformation. The parameters
l and ξ arise from the axion-dilaton.
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III. ðJ;J;JÞ GEODESIC

We investigate the Penrose limit of the geometry (2.15)
along the geodesic with equal component angular
momenta. This corresponds to ðμ21; μ22; μ23Þ ¼ ð1=3; 1=3;
1=3Þ in (2.8). In the vicinity of the geodesic with α0 ¼
arccosð1= ffiffiffi

3
p Þ and θ0 ¼ π=4, we set

α ¼ α0 −
1

Ξ1=4R
x2;

θ ¼ θ0 þ
ffiffiffi
3

2

r
1

Ξ1=4R
x1;

ρ ¼ 1

Ξ1=4R
r;

φ1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
3þ P
2

r
1

Ξ1=4R

�
x3 −

1ffiffiffi
3

p x4
�
;

φ2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð3þ PÞ

3

r
1

Ξ1=4R
x4;

t ¼ xþ þ 1

ðΞ1=4RÞ2 x
−;

ψ ¼ −xþ þ 1

ðΞ1=4RÞ2 x
−;

Ξ ¼ csc2ξþ 1

3
σ̂2l2; ð3:1Þ

and take the R → ∞ limit of the geometry keeping γ̂ and
σ̂ fixed. We also shift the coordinate x− as x− → x−þffiffi

3
p

2
ffiffiffiffiffiffiffi
3þP

p ðx1x3 þ x2x4Þ to transform the resulting metric to a

homogeneous pp wave [9–11].
The bosonic part of the string sigma model is

S ¼ −
1

4πα0

Z
dτdσ½ ffiffiffi

η
p

ηabgμν∂aXμ∂bXν

þ ϵabBμν∂aXμ∂bXν�; ð3:2Þ

where α0 ¼ 1=2π, 0 ≤ σ ≤ π and the world sheet metric ηab

is fixed as
ffiffiffi
η

p
ηab ¼ diagonalð−1; 1Þ with η ¼ j det ηabj.

We impose the light cone gauge condition xþ ¼ τ.
The Lagrangian density of the action (3.2) becomes

L ¼ −2x−τ −
1

2

�X8
i¼1

½−ðxiτÞ2 þ ðxiσÞ2� þ
X8
i¼5

ðxiÞ2

þ 4P
3þ P

½ðx1Þ2 þ ðx2Þ2�
�

þ
ffiffiffi
3

pffiffiffiffiffiffiffiffiffiffiffiffi
3þ P

p ½−x3x1τ − x4x2τ þ x1x3τ þ x2x4τ �

þ 2Qffiffiffiffiffiffiffiffiffiffiffiffi
3þ P

p Ξ−1=2½x2x3σ − x1x4σ�

− 12σ̂lΞ−1=2
�
ζx2x1σ −

� ffiffiffi
3

p

9
− ζ

�
x1x2σ

�
; ð3:3Þ

where xiτ ¼ ∂xi=∂τ, xiσ ¼ ∂xi=∂σ. ζ is a gauge parameter,
which arises from ω1 in (2.8). The ζ terms cancel out in the
equations of motion. We need to solve the equations of
motion for xi (i ¼ 1;…; 4) which belong to the deformed
S5. The equations of motion are

∂2xi

∂τ2 −
∂2xi

∂σ2 þ fij
∂xj
∂τ þ hij

∂xj
∂σ þ kixi ¼ 0; ð3:4Þ

with nonzero coefficients

f13 ¼ −f31 ¼ f24 ¼ −f42 ¼ −
2

ffiffiffi
3

pffiffiffiffiffiffiffiffiffiffiffiffi
3þ P

p ;

h12 ¼ −h21 ¼ −
4ffiffiffi
3

p σ̂lΞ−1=2;

h14 ¼ −h41 ¼ −h23 ¼ h32 ¼ 2QΞ−1=2ffiffiffiffiffiffiffiffiffiffiffiffi
3þ P

p ;

k1 ¼ k2 ¼ 4P
3þ P

: ð3:5Þ

We solve the differential equations by the mode expansion
xiðτ; σÞ ¼ P∞

n¼−∞ xinðτÞe2inσ , xin ¼ ðxi−nÞ� with a harmonic
oscillator frequency ansatz xinðτÞ ∼ uiðωnÞeiωnτ [4]. From
the condition for the existence of nontrivial solutions, we
obtain the equation

ω8 þ c6ω6 þ c4ω4 þ c2ω2 þ c0 ¼ 0; ð3:6Þ

with coefficients

c6 ¼ −8 − 16n2;

c4 ¼ 16þ 32

3

�
6 −

σ̂2l2

Ξ

�
n2 þ 96n4;

c2 ¼ −
128

3

σ̂2l2

Ξ
n2 − 128

�
1 −

2

3

σ̂2l2

Ξ

�
n4 − 256n6;

c0 ¼
256

9

σ̂4l4

Ξ2
n4 −

512

3

σ̂2l2

Ξ
n6 þ 256n8: ð3:7Þ

The solutions are

ω ¼ 1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4n2 � 4nσ̂lffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

3csc2ξþ σ̂2l2
p

s
: ð3:8Þ

The spectrum does not depend on the deformation param-
eter γ̂ while the spectrum depends on the deformation
parameter σ̂. When σ̂ ≠ 0, the axion-dilaton parameters l
and ξ contribute to the spectrum. When σ̂ ¼ 0, we recover
the result of [4].

IV. DISCUSSION

We have applied the β-deformation, which incorpo-
rates the SLð2;RÞ symmetry of the type IIB theory, to
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AdS5 × S5. The SLð2;RÞ parameters can be related to
torus parameters from an 11-dimensional viewpoint. The
β-deformation becomes simpler when the axion-dilaton
is identified with the torus modulus of the rectangular
torus before the torus deformation. We have chosen the
geodesic with equal component angular momenta to take
the Penrose limit of the β-deformed AdS5 × S5, which

contains four parameters arising from the marginal
deformation and the axion-dilaton. We have presented
the string sigma model and obtained the spectrum of the
string in the deformed pp-wave limit. The spectrum does
not depend on γ̂ while the spectrum depends on σ̂. The
axion-dilaton parameters contribute to the spectrum
when σ̂ ≠ 0.
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