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Dimension-five photon (y) scalar (¢) interaction terms usually appear in the bosonic sector of unified
theories of electromagnetism and gravity. In these theories the three propagation eigenstates are different
from the three field eigenstates. The dispersion relation in an external magnetic field shows that, for a non-
zero energy (), out of the three propagating eigenstates one has superluminal phase velocity v,. During
propagation, another eigenstate undergoes amplification or attenuation, showing signs of an unstable
system. The remaining one maintains causality. In this paper, using techniques from optics as well as
gravity, we identify the energy (w) interval outside which v, < ¢ for the field eigenstates |y, ) and |¢), and
stability of the system is restored. The behavior of group velocity v, is also explored in the same context.
We conclude by pointing out its possible astrophysical implications.

DOI: 10.1103/PhysRevD.90.026002

Scalar ¢(x) photon y interaction through the dimension-
five operator originates in many theories beyond the
standard model of particle physics, usually in the unified
theories of electromagnetism and gravity [1]. The scalars
involved can be moduli fields of string theory, Kaluza-
Klein particles from extra dimension, scalar components of
the gravitational multiplet in extended supergravity models
etc., to name a few [2-9].

Usually these models predict optical activity where the
vacuum is turned into a birefringent and dichroic one [10].
As a polarized light beam passes through such a medium,
its plane of polarization gets rotated. This particular
aspect has been explored and exploited extensively in
the literature to explain and predict many interesting
physical phenomena [11].

In this paper we point out other interesting aspects of
such interactions encountered in the low energy sector of
the theory, in a magnetized background of field strength B.
The theory under consideration has a tree-level interaction
term gy, ¢ F,, F*, where g, is a dimensionful coupling
constant between ¢ and the electromagnetic (EM) field.
This term is Lorentz invariant (LI) and remains invariant
under charge conjugation (C), parity transformation (P)
and time reversal (T) symmetry transformations.
Renormalizability of the theory is compromised because
of the presence of dimensionful coupling constant g,,.
However, in the presence of an external background
magnetic field, all the good [both continuous and discrete
(i.e., LT and CPT)] symmetries of the theory get compro-
mised. Since theories violating CPT are known to violate
Lorentz invariance [12] hence causality; therefore, the
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explicit violation of both in a nontrivial background intro-
duces modifications to the dispersion relations affecting
phase velocity (v,) and group velocity (v,). The same also
introduces presence of unstable modes in a certain energy
(w) domain. Some of these issues are explored below.

The theory under consideration has three propagation
eigenstates, a scalar |¢) and two transversely polarized
photons [y ). One of the eigenstates, |y||), has polarization
vector parallel and the other one, |y ), has the same
orthogonal to the background magnetic field B.

We point out in this paper the two interesting possibil-
ities that may emerge from the solutions of the two
eigenstates, |¢) and |yy), (i) their phase velocity may
become superluminal, (ii) their respective amplitudes
may undergo attenuation or amplification, provided their
energies lie in a certain interval. Within this energy interval
the amplitudes of |y;) and [¢p) may get amplified or
damped, thus they are nonpropagating modes.

Naively, though this phenomena seems to get amelio-
rated, only at energy @ = oo, but through a careful analysis
we show that there exists a finite energy interval outside
which the individual field states |y;) and |¢) are cured of
this malady. In other words outside that interval, the
solutions of the same are well behaved as far as their
stability and the magnitudes of the phase velocities (i.e., v,,
for |¢) and |y), both) are concerned.

The same however cannot be endorsed for the group
velocity v, for these two states. The same (i.e., v,) for [¢)
and |y)) reach the luminal limit at @ = co only.

We note in passing that the phase velocities of |¢) £ [y)
do exhibit velocity selection rules as had been discussed
in [13].

The other eigenstate, |y ), is free from any pathological
problems. It poses a stable solution as well as causal group
and phase velocities, i.e., vy, =1, =, Vx, t, and w.
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In this article we analyze the issues involved, from three
different angles: (a) using differential geometric arguments
involving the properties of a metric [g/(‘:ff)(a)) in our
context] related to the stability of a manifold, as used in
the context of relativity, (b) analyzing the dispersion
relations (DR), and (c) by explicit evaluation of the phase
velocities (v,,) from the solutions of the eigenstates, [y )
and |¢), using principles of optics [14].

A critical analysis of the DR actually conforms with the
findings, obtained from the stability analysis of the effective
metric, ¢ ehc)( ). The interesting part however is v, turns out
to be complex exactly in the same energy domain, as is
predicted from the stability analysis of gf ( ) as well as the
dispersion relations. This indicates the system to be in an
unstable state in the relevant energy domain. A detailed
further analysis reveals that, outside this energy range,
some of the Lorentz invariance violating (LIV) pieces in
the expression of v, cancel out giving a LI and causal result.
We conclude by pointing out the possible implications of this
result in astrophysical or cosmological contexts.

Equations of motion.—The action for coupled scalar
photon system, in four-dimensional flat space, is given by

1
S :/ |: 0 ¢a ¢ g¢yy¢ ;u/ _ZF/JLFMD . (1)

The equations of motion can be obtained from Eq. (1) by
employing the usual variational principles. However, in
what follows, we would rewrite Eq. (1) by decomposing
the EM field tensor F,, into two parts, a slowly varying
background mean fleld F 4> and an infinitesimal fluctuation
S (e, Fy, = F v + fw), and then derive the equations of
motion from the modlﬁed action. Without loss of general-
ity, we would consider a local inertial frame, where the only
nonzero component of F* is F'?> = 3. Assuming the
magnitude of the scalar field to be of the order of the
fluctuating EM field f,,, one can linearize the resulting
equations. The resulting equations of motion for the EM
and the scalar fields turn out to be

Ouf™ = =G4y, OupF™, (2)

1 _
aﬂaﬂqﬁ = _quﬁnyﬂyfﬂb' (3)

Equation (2) describes the evolution of the 2 degrees of
freedom associated with the gauge fields and Eq. (3)
describes the same for the scalar field. Since Eq. (2)
provides four equations for 2 degrees of freedom of the
gauge fields, one has to get rid of the extra relations by
fixing a gauge and using the constraint equation.
However, there is another way, i.e., by working in terms
of the field strength tensors and making use of the Bianchi
identity. In this paper we will follow the second method.
We will start with the Bianchi identity d,f,; + 0,f,, +

9,f,w =0 and multiply the same by F v after this we
operate 0" on the resulting expression, to arrive at
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auaﬂ(flpl_ﬂp) = _zallaﬂ(fﬂpﬁpl)' (4)

Next we can multiply Eq. (2) by F,,, and subsequently
operate &* on the same to obtain

8}»8’10(‘;41/1_:‘”) = _g(/)yyaiay¢FﬂyFM'
Now using the relation given by Eq. (4), on the last

equation, we find the equation for the eigenstate |7H>’
given by

aﬂaﬂ(f/miﬂm/z) = g(/}yyalaa¢(leFlzﬂ)' (5)

The equation for the eigenstate |y, ) can be obtained by
performing the same steps leading to Eq. (5), except the
multiplication of Eq. (2) by the factor F,;. In this step,

instead of F,, we have to use the multiplicative factor F,.
This would lead us to

8,0"(fLF"/2) = 0. (6)

It is easy to perform a consistency check on Eq. (6)
using Eq. (5). If we replace F',; by F,, in Eq. (5) then we
immediately recover Eq. (6), because the right-hand side
of Eq. (5) vanishes; since F®F,; =0, because of our
assumption that, for the background EM field, only
F'2 # 0. Hence Eq. (6) is consistent.

Now we mtroduce the new set of variables, y = Ll ”F “
and y = = ful ”F , and use them in Egs. (5) and (6), and

subsequently go to momentum space, to obtain the

dispersion relations. Those are given by

kzl// - g(ﬁyy(kal_:aypwlki)gb = O’
and  K*p — gy, w = 0. (7)

Since we have assumed that only F'2 = B = F" #0,
then it follows from there that (F*F, )= 2B% and
(k,FF,,;k*) = k% B*. Furthermore, if the angle between

B and K is ©, then the component of K normal to B is
K L= = Ksin®. Hence, using the same one can denote
K2 B? = K?sin’@B? = (wBsin ©)2. (8)
While rewriting Eq. (8), it was assumed that w = K to
zeroth order in the coupling constant g,,,. From now on, for
the sake of brevity, we may denote Bsin ® = By, at times.
In order to make the mass dimension of y,y and ¢
the same, we can multiply Eq. (7) by w3 sin ® and redefine
® = wBsin®¢p. Upon doing the same, the coupled
dispersion relations can be cast as a matrix equation:
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k? 0 0 W
0 K ~9gp(@Br) | |y | =0. (9)
0 —g,,(0Br) K2 P

The real symmetric matrix, in Eq. (9), can be diagonalized by
a orthogonal rotation through angle 0, in the y — ® plane.

Propagation eigenstates.—We already have explained
that y and y have their respective polarization vectors L
and || to B. The off-diagonal elements in Eq. (9) make y
and ¢ to mix during their space-time evolution; while y
remains unaffected. Next we diagonalize Eq. (9), by the
orthogonal transformation discussed before, and express
the same as

k2 0 0 v
Dty

0 k*—g4,Bro 0 2 | =0. (10)
i

0 0 k* 4 g4y, Bra F

It is easy to see from Eq. (10) that the propagating
eigenstates vy, L\E” and q)%, satisfy the following dispersion
relations:

o =K, (11)

0, = £\/K? + g4, Bro, (12)
w_ = Il:\ / K2 - g¢y},BTCU. (13)

We point out that the dispersion relations obtained from
Eqgs. (9) and (10) are identical to those obtained in [15-17],
provided appropriate limits are taken.

Upon dividing Egs. (12) and (13) by K, we arrive
at the expressions for the phase velocities, v} =

v =
/1 £ g4,,Br/w, corresponding to the propagation eigen-

p
states, [%] It is easy to verify that, for g,,, Br > o, the

magnitude of v}, > 1 that is, phase velocity of the eigen-

state [%] propagates with superluminal speed, and v}, is

complex so the amplitude of the corresponding eigenstate

[%25¢] would be attenuated or damped, as was mentioned in

the beginning.

Effective metric.—To understand more about the Lorentz
invariance violating (LIV) dispersion relation in the
magnetized vacuum for the mixed propagation eigenstate
[‘I’—jz‘l’] we note that the dispersion relation for the same

can be written as j(‘gff) (w)k,k, = 0, where g’(‘;”(a)) =

diag([1 —%”BTS”]@},—I, —1,-1) and k, is the usual wave
4-vector. The form of the effective metric given above is
similar to the ones discussed in the context of doubly
special relativity (DSR) [18]. We clarify at the outset
that the same has been obtained, here, by demanding
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that the dispersion relation can be written as a quadratic
of k,’s, like the same for massless particles. One may
interpret this effective metric as the metric of the underlying

spacetime over which [‘I’—\;’;’] is propagating. The inverse

of the same is Guu(eff) (w)’ given by Guu(eff) ((U) =
diag(m ,—1,—=1,—1). Next we would perform sta-

bility analysis of the system using this metric.

Stability analysis using g, () (@).—It has been pointed
out in [19] that, for a space-time to be stable, the
determinant of its metric must be negative, else the system
is unstable and would decay to a stable ground state. The
purpose of writing the effective metric was to find out if
there exists a bound or interval over which determinant of
the same is negative indicating possibility of attenuation or
growth of the amplitudes of the eigenmodes.

If we take a critical look at g, (@), it is clearly
seen that unless @ > g4, Bsin® = . the value of
Det|g,, ey (@)| > 0, hence there would be growth (insta-
bility) or damping (attenuation) in the system. Now

if we go back to Eq. (12), one can verify that the same

. . 5in©,2
can be recast in the following form: (w—WSTm@)

(g(/wBZsin 0)2

= K?. Accordingly, for @ < w,, wave vector
K becomes imaginary, signaling attenuation or growth of
amplitude. Therefore, we are tempted to conclude
that the deductions of [19] hold even for the effective
MEtric g, (efr) (@).

Causal stability.—It has been pointed out in [20-22] that
the stability of causal manifolds are governed by two
conditions: (a) the underlying metric has to be Lorenzian
and (b) there should exists a scalar timelike function 7'(x),
i.e., continuous and infinitely differentiable everywhere
on the manifold; and covariant derivative of T(x) i.e.,
D,T(x) #0, and g‘(‘;’ff) (w)D,T(x)D,T(x) >0 [23,24]. In
our case both conditions are satisfied, provided we take
T(x) =1t as the time coordinate (i.e., illustrating the
absence of closed timelike or spacelike curves).

Inhomogeneous wave equations.—It is possible to get

the solutions for the propagating eigenstates v, (I)—\E” and
@%’ from the dispersion relations given by Egs. (11)—(13),
which follows from Eq. (10).

Sometimes, presenting results in its full generality
becomes a fruitful and instructive exercise in many areas
of exact science. It helps in pointing out potential sources of
new scientific features. Keeping this philosophy in mind,
we express the solutions of the coupled set of equations, as
an explicit function of the rotation angle 6, in the y — ®
plane. They have the following form:

v Aoei(wt—kx)
cos Oy + sin 6P = Alei(am—kx) . (14)
— sin Oy + cos 0P A,eil@-t=kx)
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It is not difficult to see that, for § = z/4, one recovers
back the expressions for propagating eigenstates, \/5 We
would like to mention here that we would not consider
0 = 7 until we reach an appropriate point.

The constants Ay, A; and A, appearing in Eq. (14) are to
be derived from the boundary conditions one imposes on
the dynamical degrees of freedom. The solutions for the
dynamical variables, from Eq. (14), turn out to be

li/(t, )C) _ Aoei(a)l—k.x)’
1 : — A i - - )
[A| cos Be'®+! — A, sin fe@-]e~ikx

[A| sin@e+! + A, cos fei®-Tle= >, (15)

w(tx) =
and P(r,x) =

In the following we consider the boundary conditions,

®(0,0) =0 and 1//(0 0) = 1. With these boundary con-
ditions, we have = —1 and the solution for y turns out
to be

sin 9

[COSZGEi((‘)*[_kx) 4 SinZ(gei(w_t—kx)]‘ (16)

Defining, a2(t) = (Re[y(t,0)])?
the following form for w (7, x):

w(t.x) =

+ (Zmy(1,0)])?, we get

( 1 [cos29 sinw, 1 + sin’f'sin w_t} )
i | tan™ - —kx
) cos’0cosw, t + sin*fcosw_t

W(t’ )C) = ax(t €
(17)

A wave equation of this type is usually called an inhomo-
geneous wave equation [14]. The phase velocity for such a

system, where the solution is represented by a(#)e!#()=*¥)
is defined by v, = %O‘DTEI)

In more complicated physical situations, when medium
effects, polarization effects due to strong external fields etc.,
are taken into account, the angle & would depend on those
parameters. Hence ¢(¢) may become a complicated function
of time. As a result, the phase velocity v, may become a
function of time with varied physical implications.

However, for the simple case in hand, substituting § = Z
in Eq. (17), followed by some algebra, it is easy to
demonstrate that ¢(t) = M Now using the same in
the expression for phase velocity v, yields

v, = (%) (18)

Using Eqgs. (12) and (13) in Eq. (18) and considering the
dispersion relation to zeroth order in g,,,, i.€., ® = K, we
obtain

=g [ (-2 (1 22) |

The expression for phase velocity, as given by Eq. (19),
provides an interesting limit for w; in order to have a real
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phase velocity, one must have w > g,,,Br. So in principle,

B
one can define an expansion parameter 6 = g”’” L

and perform an all order expansion of (1 + 94’”87)1/ 2 in
powers of 9, for 6 < 1, and be convinced that the magnitude
of v, stays less than c, i.e., phase velocity is causal.
Group velocity.—Group Veloc1ty for the situation under
consideration is given by v, = | m‘?| Using the expression
for ¢, in the last relation, we obtam the expression for group

velocity in terms of &,

5
ug:%[\/l_+ 1+2}. (20)
1-6 V1+90

Expanding the right-hand side of Eq. (20) in powers of §
(assuming 6 < 1), one finds that », > 1, even when
0 < 6 < 1. Of course, the problem of havmg complex v,
is avoided by considering 6 < 1, however the issue of
superluminality remains. We believe that this is an artifact
of the special background that violates Lorentz and CPT
invariance. The presence of this special background may be
responsible for making v, of the |y;) state superluminal.

In Fig. 1, we have plotted v, and v, for various values of
. As can be seen from the plots, that as energy, @ — oo the
group (phase) velocity, vy, — 1.

The solution for |¢) is similar to |y;) modulo a constant
phase factor. It seems that, for ® < w,., there is energy
exchange between these two modes. A detailed under-
standing of the physics of energy transfer as well as how the
system behaves once the backreaction of the propagating
modes on the background is taken into account, following
[25] and [26], seems to be an important issue. However
addressing the same are beyond the aim and the scope of the
current article and would not be dealt with any further here.

Signature.—In astrophysical situations synchrotron or
curvature radiation is the most common process of non-
thermal emission. As is well known, from [27], such

Phase and Group Velocity vs Energy
[l B R S

‘ Gfoup \)elocify —

1.0125 Phase velocity ----- )

1.0 ]

Velocity

0.985 AT T SR MY SR MU SO

P EE N S S N S
0809 1 11 12 13 14 15 1.8
Energy

FIG. 1 (color online). Plot of velocity versus energy. Energy is
plotted in units of 107! GeV. The other parameters are g,,, =
(107" GeV)~! and B = 10° Gauss.
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radiations are always polarized along and orthogonal to the
B —V plane, where V is the instantaneous velocity vector
of the radiating charged particle. The synchrotron ampli-
tudes of the electromagnetic radiation for these two
polarized states are given by

V3730, ®
fYe
AJ_ = o, 1+ 7%9%K1/3 (_zwr) 5
w
. 21
2) e1)

2

Ay=1i

V3y
p L1+ Y%QE)Km(

3
In Eq. (21), y is the Lorentz factor, @, = % is the cutoff
frequency and p is the radius of curvature of the trajectory
of the radiating particle. Lastly 6. = % is the opening angle

of the radiating cone.

Since for w < w,, the only evolving polarized state is
ly1) when dimension-5, ¢F,, F* interaction is present,
therefore, to a far-away observer, the synchrotron radiation
would appear to be linearly polarized.

So, the differential intensity spectrum per unit energy,
per unit solid angle at the source for the |y ) state,

following Eq. (21), is given by ﬁ:(ﬁz(mﬁ).

Furthermore, if all the astrophysical absorption mecha-

nisms are negligible, then the magnitude of % at the
source as well as at the observation point would remain the
same. Therefore, the differential intensity spectrum for two
different energies (w;,w, < w.), would be related to the

respective energies @w; and w, by

ENIR)

&1(w)) w1 \12 &1(w,)

dw dQ le%(zwc) implvine 22 — | dwide

Pl |wyKi(322) | plying w, | Plw)

dw,dQ 3 e dw,dQ
(22)

This is the intensity-energy relation. While deriving the
same [i.e., Eq. (22)], we have used Eq. (21) and expanded
K 3(x) in descending powers of x.

Next we would like to relate this intensity-energy relation
[Eq. (22)] with the rotation measure.

Since the intervening media between the source and the
far-away observer is magnetized and composed of non-
relativistic, degenerate electrons; the plane of polarization
(POP) of a polarized light (of energy w) passing through the
same would undergo Faraday rotation (FR), given by [28§]

o= aﬂ(Bzcos 0) nli e (23)
w*m

e
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Here, { is the angle between POP and B at source and [ is
the length of the path traveled. The rest of the symbols in
Eq. (23) have their usual meaning.

Since the net rotation measure (¢ — ) due to FR goes as
ﬁ; therefore, for a multifrequency plane polarized light
beam, the ratio of the two rotation measures at two distinct
energies (w; and w,), will be given by the following
relation:

o)/ w; = \/(401 =) /(92 =0). (24)

Equation (24) may henceforth be termed as energy-
dependent-rotation measure.

Now we can use Eqs. (22) and (24) to arrive at a relation
between the rotation measure and the differential intensity
spectrum, for y (i.e., the solution for the |y ) state), and the
same is

(601 —C) o dzl(wl);dzl(wz) :
(2 —=0) | dwdQ = dw,dQ |’

(25)

For magnetic field strength at the source, B ~ 10° Gauss,
and g,,, ~ (10" GeV)~™!, we have w, ~ 107> eV which
lies in the radio range.

So, the polarization versus (differential) intensity dis-
tribution pattern, for plane polarized light, in the energy
range 0 < @ < 107> eV, from distant astrophysical objects
(with dominant synchrotron source), should behave accord-
ing to Egs. (22) and (25).

Conversely, for @ above w,, both y and w would
propagate in space-time and y would undergo amplitude
modulation because of mixing with ®. Hence, the emerging
light beam may bear some appropriate polarimetric [29]
and dispersive signatures of g,,,¢F,, F** interaction, when
the Faraday and the mixing effects are considered together,
provided the same is realized in nature.

Similar signatures from different astrophysical radio
sources were reported in [30] and [31] sometime back.
They may have some implications for the situation we have
discussed in this paper. However, one should work with the
new data sets before coming to a definite conclusion.
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