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While one can in principle augment gravity theory with torsion, it is generally thought that any such
torsion effects would be too small to be of consequence. Here we show that this cannot, in general, be the
case. We show that the limit of vanishing torsion is not necessarily a continuous one, with the theory
obtained in the limit not necessarily coinciding with the theory in which torsion had never been present at
all. However, for a standard torsion tensor that is antisymmetric in two of its indices, we have found two
cases in which the vanishing torsion limit is in fact continuous, namely Einstein gravity and conformal
gravity. For other gravity theories of common interest to possess a continuous limit the torsion tensor would

need to be antisymmetric in all three of its indices.
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I. INTRODUCTION

The status of torsion in gravity theory is somewhat
enigmatic. While there is a rich and informative body of
theoretical torsion studies in the literature (see, e.g.,
Refs. [1,2]), and while there is no known principle that
would actually forbid the presence of torsion in nature,
as of today there is no observational evidence that would
indicate that torsion actually plays any role in the real
world. Because of this it is generally thought that any
torsion effects that might be present in any given theory of
gravity with torsion would be too weak to be observable. In
this paper we call this assumption into question by showing
that the limit of vanishing torsion is not necessarily a
continuous one, with the theory obtained in the zero torsion
limit not necessarily coinciding with the theory in which
torsion had never been present at all. We have, however,
found two cases in which the limit is in fact continuous,
namely standard Einstein gravity and a particular formu-
lation of conformal gravity, specifically that in which it
is generated through radiative loop corrections in an
underlying spinor theory with torsion.

To construct a metric theory of gravity, one must
introduce a connection I'** - For pure Riemannian geom-
etry, the connection is given by the Levi-Civita connection

1
Alm/ = Egza(augua + aug;m - a(lgl/ﬂ)‘ (1)

A%, is symmetric in its g, v indices, to thus have 40
independent components, and with it one can construct a
covariant derivative operator V,, with the metric obeying

metricity conditions with indices sequenced here as
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vﬂgiv — 8}49/111 + Aﬁaﬂgav + Ava#gla — 0’

v/lglv = 0,9w — Aalﬂgm/ - Aavﬂgla =0. (2)

To introduce torsion, one takes the connection to no
longer be symmetric on its two lower indices and defines
the Cartan torsion tensor Q’IW according to

Qﬁ/w = Flﬂu - 1—%144- (3)

With this antisymmetry, Q’IW has 24 independent compo-
nents. Unlike the Levi-Civita connection, the torsion
Q’im, transforms as a true rank three tensor under general
coordinate transformations. In terms of the torsion tensor,
one defines a contorsion tensor according to

1
K/l;u/ = EQAH(Q/JW: + Qb/m - Qauy)' (4)
With Kﬁw, one constructs the generalized connection

4
r w — Al/w + Kl;w (5)

to give a connection that now has 64 independent compo-
nents. With this generalized connection, one can construct
a covariant derivative operator Vﬂ, with the metric now
obeying a generalized metricity condition

V0" = 0,0 + T g™ + %0, g"* = 0 (6)

with respect to the connection r e
A torsion theory is defined to be one in which one

replaces A’llw by I* . with the Riemann tensor

pv>

R;{/H/K = aKAl;w - 61/A/1;u< + AﬂyuAan — A" Alm/ (7)

HK
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being replaced by the Riemann-Cartan tensor

RA/H/K = 8K1:‘Aﬂl/ - 81/1:‘/1/4K + f‘nﬂuf‘ink - l:‘r//ml:‘/lr]w (8)
with this sequencing of indices and use of K, = —K 4,
yielding R e = —RMW and R e = -R Juky- 1N terms of
the Levi-Civita-based V,, as sequenced per Eq. (2),

the Riemann-Cartan tensor i?’l,w,( admits of the convenient
decomposition

Rlﬂl/l(‘ = RAMUK + VKKi;w - vuKll;m + Kﬂﬂijmc - Kn/,ucijn

©)

with contractions R,,K = I~i”lﬂ,1,< and R = g""f?w. The spe-
cific form given for R’lw,c holds because the torsion tensor
transforms as a tensor in a standard Riemannian space,
while even as it obeys Eq. (6) the metric continues to obey
Eq. (2). Since the torsion tensor is independent of the metric
(it cannot be expressed in terms of the metric), to construct
the equations of motion in the presence of torsion, one
performs independent variations of the action with respect
to the metric and the contorsion, according to 5[1?1/”,(] =
V., [6A%,])+6[V K", |+ 6K, K*, + K", 6K, — (k< v),
where A%, = (1/2)7*(V,[69,0] + V.[69,a] = Val69,4])-
The variation yields two tensors, an energy-momentum
tensor T* and a spin density tensor Z**. To see how things
work, we first consider a theory based on an arbitrary

function f(R) of R, where R is the Ricci-Cartan scalar.

II. DISCONTINUITIES IN THE EQUATIONS
OF MOTION

For the action I = [ d*x(—g)"/>f(R), functional varia-
tion with respect to the metric and the contorsion yields

1 ~ 1 - ~
PR = 5 (R = 9,97 + VIS (R)
3 AWK+ KSR+ KV, (R

S VK (R) ~ 5 K49 (R)

1 -
- E [KIMJKWP - KﬂapKDpn + Kap#Km’p]f/(R)

1 ~ 1
=S KPP R)+ (p o) = 5T (10)

and

(K70 — K7 - ghr s, — e, ' (R)
+[P'VR — gTVPRIF(R) = S (11)

In the limit of zero torsion, Eq. (10) reduces to
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1 1
9“F(R) = [R* = ¢V, V7 + VVHf/(R) = ST,
(12)

viz., to precisely the equation of motion that would be
obtained by varying I = [ d*x(—g)'/2f(R) with respect to
the metric in a standard Riemannian theory. However,
if we switch the torsion off in the spin density equation we
do not get zero equals zero, but instead obtain a constraint
equation of the form

f"(R)(¢"" "R — g ' R) = 0. (13)
On contracting indices we obtain
3f"(R)0*R = 0. (14)

Thus unless f(R) is such that f”(R) is zero, all solutions to
the theory would have to obey

9°R =0, (15)

with the only allowed solutions to Eq. (12) then being ones
in which the Ricci scalar is a constant. The only way to
avoid this highly restrictive outcome is to have f”(R) be
zero, to thus allow only f(R) = aR + b, where a and b
are constants, viz., to only allow a standard Einstein-Hilbert
theory with a possible cosmological constant term. Hence
of all the possible f(R) torsion theories that one could
write down, only in the one with f(R) = aR + b could one
continuously set the torsion to zero. Hence only for this
theory could one consistently take the torsion to be weak.

To understand why we obtained this outcome, we note
that in varying with respect to the torsion, the equation that
we will obtain for %7 will be one power lower in the
torsion than the action itself is. Thus if the action contains a
term linear in the torsion, then the equation for > will
contain a term that will not vanish in the zero torsion limit.
In general then, this will give us a constraint and render
the limit discontinuous. As can be seen from Eq. (9), R i
contains a term that is linear in the torsion. Thus initially
we might expect that even for f(R) = R there should be a
constraint. However, all the terms in R* v that are linear in
the torsion are also total derivatives. In [ d*x(—g)'/?R, they
thus decouple, with the first nontrivial dependence on the
torsion then being quadratic and no zero torsion constraint
then ensuing. However, for actions such as [ d*x(—g)'/?R?,
the term that is linear in the torsion involves the product of a
total derivative of the torsion and an appropriate contraction
of the torsionless R’*,M. This cross term is not a total
derivative and thus it does not decouple from the action,
and the zero torsion limit then is discontinuous. Similar
considerations affect actions based on any higher power of
R, and thus for any f(R) other than aR + b, the zero torsion
limit will be discontinuous.
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These considerations do not just affect actions that
are based on functions of R. They also affect general
coordinate scalar actions containing general functions
f (R”KR”K) or f (RMDKR’I"”‘) of the Ricci-Cartan and
Riemann-Cartan tensors. In fact for these particular actions
there is no choice for the function f for which the zero
torsion limit might be continuous, since coordinate invari-
ance itself already forces these actions to contain an even
number of powers of I~i’ﬂ,< or I?MM, and to thus always
contain terms linear in the torsion that are not total
derivatives.

However, there is one further case that we need to
examine, one that could only possibly occur for quadratic
actions since it might be possible to obtain a term linear
in the torsion that would be a total divergence for some
speciﬁc combination of quadratic actions of the form
[ d*x(—g)'*[aR;,, R*™* + bR, R" + cR?] for some spe-
cific Values of the a, b, and ¢ coefficients. And it turns out
that there actually is one—and in fact only one—choice for
the coefficients for which a cancellation does in fact occur.
Specifically, following integrations by parts and the use of
the identity V,R/*7 = VPR —VYR* and its contrac-
tions, the net linear term for the combination is found to be
of the form

/d4x(—g)l/2[8aK,1ﬂyV’1R”” + 2bK, VR
— bK*,,V¥R*, — 4cK*,,V¥R*,] 4 surface term.

Thus the only combination for which the term linear in
the torsion cancels is the one with a = 1, b = —4, and
¢ =1, viz, the combination [d*x(—g)"/?[R;,,R*"*~
4I~i’ﬂ,<l~i’”'< + R*]. However, quite remarkably, we recognize
this specific combination to be just the one for which the
term in it that is independent of the torsion altogether, viz.,
[ d*x(=9)"*[R ), R — 4R R*™ + (R*.)?], just hap-
pens to be a total divergence itself (the Gauss-Bonnet
theorem), so even this combination is not of interest [3].
Hence within the entire class of actions based on R, i?ﬂ,(,
and Rj,,,, only [ d*x(—g)"/*[aR + b] leads to a consistent
zero torsion limit [4].

III. DISCONTINUITY IN THE WEYL-CARTAN
CONFORMAL CASE

To discuss the implications of conformal invariance for
gravity theory (see, e.g., Refs. [5,6]), it is convenient to first
introduce the Weyl tensor in the torsionless case, viz.,

1
Cﬁ/wlc = Rll;wlc - 5 (glluR,uK - giKR/w - g/lellc + g,uKRAb)

1
=+ _Raa<g/lug;m - g/lkg/w)' (16)

6

PHYSICAL REVIEW D 90, 024042 (2014)

This tensor has the property that—unlike the behavior of
R, itself—under a local conformal transformation of the
form g, (x ) — Q?(x)g,,(x), the Weyl tensor transforms as
Crux = Q2(x)C e, with all derivatives of Q(x) canceling
identically. In consequence, in a Riemannian geometry, the
action

=g, [ d'x(-9) PCpueCs. (1)

with €y C¥% = R, R¥* — 2R R* + (1/3)(RH,)?
and dimensionless coupling a,, is locally conformal invari-
ant. In a Riemannian geometry, the quantity (—g)'/?[R awk
RMv% — 4R, R* + (R*,)*] is a total divergence, so that the
action can be simplified to

1
Iy = —2a, / d*x(—g)'/? [Rﬂ,(zw—g(leﬂﬂ)2 . (18)

To introduce torsion in the conformal case (see, e.g.,
Ref. [7]), the natural procedure would be to replace the
Riemann tensor by the Riemann-Cartan tensor R Juves @S
given in Eq. (8), with the Weyl tensor then becoming the
Weyl Cartan tensor C/Imzk - Rﬂmﬂc - (1/2) (gilz ux — Yax
R gprlK + g/uchL/) (1/6> (g/h/g/uc glKQ;w) To be
able to maintain conformal invariance in this case, we
need to identify a conformal transformation law for the
torsion. With A*,, transforming as

Ny = Ny + Q71 (810, + 60, — 9,002, (19)
a straightforward transformation for the torsion that takes
into account its antisymmetry structure is [2,8]

Qﬂm/ - Qﬂm/ + qg—l (6ftalz - 5&8,4)9, (20)

where ¢ is the conformal weight of the torsion tensor.
While the specific value taken by ¢ is not known, we note
that since the torsion tensor has to have the same engineer-
ing dimension as the Levi-Civita symbol, it must have
engineering dimension equal to one, with ¢ = 1 thus being
the most natural choice.

Moreover, when ¢ is equal to one, l:’lw transforms as
', -1, +Q'¢.0,Q, with the Riemann-Cartan tensor
as given in Eq. (8) then being conformal invariant all on
its own [7]. Consequently, for this value of ¢, and in fact for
this value alone (and not even for ¢ = 0), the Cartan torsion
extensions of the actions given in Egs. (17) and (18),

fd“x( q) 1/2CA Wciﬂwc — fd“ 1/2[R jgixm —
2RﬂKR’”‘ +(1/3)R*] and [ d*x(- 1/2[R RM — (1/3)1%2]
are then locally conformal invariant too, with the conformal
invariance of [ d*x(—g)'/?[R, R** — (1/3)R*] being estab-
lished directly without the need to utilize any properties
OF Ry R — 4R, R™ + 2.
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Previously we had shown that there was no combina-
tion of quadratic actions for which the zero torsion
limit would be continuous. Since both of the genera-
lized conformal actions [ d*x(—g)"/ 2C MUK@"”K and
[ d*x(—g)'?[R,R"™ — (1/3)R?] fall into this class, and
since conformal invariance expressly forces us to quadratic
actions [9], there is no generalized conformal action for
which the zero torsion limit would be continuous. As we
thus see, if we implement conformal invariance in the
torsion case by generalizing the Weyl tensor to the Weyl-
Cartan tensor, we are unable to construct a conformal
invariant theory in which the zero torsion limit would be
continuous. To find an alternate way to implement con-
formal invariance in the torsion case—one that will prove to
be continuous in the limit—we turn to an approach based
on spinors. And while we will need to treat the spinors
themselves quantum mechanically in the following, as far
as the metric and torsion are concerned, they will be treated
as classical fields, just as we treated them in the above [10].

IV. CONTINUITY IN A SPINOR-BASED
CONFORMAL CASE

In order to discuss spinors in the torsion case, we need
to develop a vierbein formalism. To this end, instead of
developing Riemannian geometry via general coordinate
invariance, i.e., via invariance under local translations, one
considers invariance under local Lorentz transformations.
Without any reference as yet to spinors, one introduces a set
of vierbeins V;, where the coordinate a refers to a fixed,
special relativistic reference coordinate system with metric
Nap» With the Riemannian metric then being writable as
G = Nap Vs V5. Because the vierbein carries a fixed basis
index, its covariant derivatives are not given via the Levi-
Civita connection alone. Rather, one needs to introduce
an independent second connection known as the spin
connection a)ﬂ , with it being the derivative

Dﬂvu/l — aﬂvaﬂ + A/lwvav + wﬁbvf} (21)

that transforms as a tensor under both local translations and
local Lorentz transformations. If we now require metricity
in the form D,V* =0, we find that w% is no longer
independent but 1s instead given by the antisymmetric,
24-component —w% = Vb9, v + VEAL, V¥ ie., by

1
-0l = 5 (V2d, Ve —ved,viv)
1
+ 5 Vbavav(aygaﬂ - aag;u/) = w/l;a' (22)

To now introduce spinors, one starts with the free
massless Dirac action in flat space, viz., the Poincaré
invariant (1/2) [ d*xpy®io w+H.c., where y,7;, + 7p7, =
21,45~ To make this action invariant under local translations,
one introduces a (—g)'/? factor in the measure and replaces
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y*d, with y*V40,. While the resulting action is then
invariant under spacetime independent Lorentz transfor-
mations of the form w — exp(WZ,, )y, where
= (1/8)(ya¥s — 75Ya)> When the function w? is taken
to be spacetime dependent, to continue to maintain invari-
ance one has to augment the action with the spin connection
of Eq. (22) to then obtain the curved space Dirac action

1

Ip = _/ d4x(_g)1/2il/7yavﬁ(8” + tha}ﬁc)l// +H.c. (23)

2

While this action is now both locally translation and
locally Lorentz invariant, for our purposes we note that
under g, (x) = Q*(x)g,,(x), Vi(x) > Q(x)V%(x), and
w(x) = Q32(x)w(x), Ip is locally conformal invariant
as well. We thus get local conformal invariance for free.
The reason for this is that the full symmetry of the light
cone where massless particles propagate is not just the
SO(3,1) Lorentz group but the conformal group SO(4,2)
with covering group SU(2,2). Since the 4-component
Dirac fermion transforms as the fundamental spinor rep-
resentation of the conformal group, gauging Lorentz
invariance then leads to local conformal invariance as well.

To introduce torsion at the vierbein level, we replace

“b by a 24-component (but 48 degree of freedom) torsion-
dependent spin connection a)“b that obeys

bﬂvai _ a yai + (Al _I_KA )Vau _|_&)abv/1 =0,

_ wzh uh + VhK/l Val/ — Nza’ (24)
and we note that &) is left invariant under the conformal
transformations of Eqs (19) and (20) if g = 1. With @ a)ﬂ ,
we obtain a torsion-dependent Dirac action of the form

1

E/ d*x(—=g) iy Vi(0, + Zpeds )y + Hee. (25)

7D ==
Integration by parts and use of y“[y’,y‘] + [y*.y<]y* =
4i€abcdydy57 },5 _ l},()},l},2y? and eabcdvz‘/zvgvg —
(=g)~'2e°7 yields [2]

Ip = /d4x(— )2y Va8, + Zpewl — iy’ S, w. (26)

where S* = (1/8)(—g)™"/2e**7Q,p,. In this action, we
note that even if the torsion is only antisymmetric on
two of its indices, the only components of it that appear
in Ip are the four that constitute the part of it that is
antisymmetric on all three of its indices. For our purposes,
we note that regardless of what the value of g might
actually be, under the conformal transformations given in
Eq. (20), $* is left invariant. Since the torsion-independent
I is locally conformal invariant on its own, for any ¢ it
follows that the coupling of a massless Dirac fermion to
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torsion as given in TD is fully locally conformal invariant
as well.

Now, in a study of dynamics based on a fermion
conformally coupled to a (torsionless) Riemannian geom-
etry and electromagnetism with a matter action of the form

IM = /d“x(—g)”%y?y"Vﬁ (aﬂ + z:bcwﬂc - lA”)l//, (27)

itwas noted [6,11] that a path integration | Dy Dy exp(ily)

over the fermions (equivalent to a one fermion loop Feynman
graph) generated an effective action of the form

: /d4x<_g>mc{% -]

(0,4, — D,A,) (0" A¥ — 8”A”)], (28)

b.)lr—a

where the log divergent constant C is regularized as

= 1/87%*(4 — D) in dimension D. Noting the similarity
to Ip, the path integration | DwDy exp(ilp) then yields a
very specific effective action [2]

1 1
Igrr = /d4x(—g)'/2C {% [RWR”” - §(Raa)2]

10,5, - 0,5,)(0"s" - 8”S”>] : (29)

f

(O]

Since I p is conformal invariant, /ggp must be too, just as can
be seen. Now we note that /zgr contains no terms that are
linear in the torsion. Thus even though the fermionic action
I, does contain a term that is linear in the torsion, the path
integration over the fermionic fields converts it into a term
that is quadratic in the torsion. Finally, then, since Igrr does
not contain any term that is linear in the torsion, in the zero
torsion limit a gravity theory based on this /ggp action would

PHYSICAL REVIEW D 90, 024042 (2014)

be continuous. Thus just like the standard Einstein-Hilbert
action, for the conformal /ggp one can consistently take the
weak torsion limit.

V. COMPLETELY ANTISYMMETRIC TORSION

While not conventional and perhaps even a little con-
trived [12], we note that if we were to take the torsion—and
thus the contorsion also—to be antisymmetric on all
three of their indices, then all terms linear in the
torsion would cancel identically in all three of the follow-
ing: fd4 ]/21~€,1 R Jd*x(- '/21~€ R"™, and
[d*x(—g)"/ 2R2 Then for any quadratlc action, and thus
also for one based on the Weyl-Cartan tensor, the zero
torsion limit could consistently be taken. Moreover, the
same analysis extends to even higher derivative theories
since, if there is no term linear in the torsion in quadratic
actions, there will be none in quartic actions, and so on.
Thus for any f(R), f(INK’”KINQ”"), or f(INQW,KIN%’“‘”K) theory,
once the torsion is completely antisymmetric, the zero
torsion limit could then be consistently taken.

For a torsion that is only antisymmetric on two of its
indices, however, we have found two cases in which
the limit of zero torsion is continuous and constraint
free, namely Einstein gravity and conformal gravity.
Interestingly, both of these theories are currently being
used to fit gravitational data (for conformal gravity fits
without any need for dark matter, see [5,6,13]), with
conformal gravity even being a consistent, renormalizable,
and ghost-free [6,14] quantum theory at the microscopic
level, a domain where any torsion effects might first
perhaps appear.
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