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It is shown that the Wahlquist metric, which is a stationary, axially symmetric perfect fluid solution with
ρþ 3p ¼ const, admits a rank-2 generalized closed conformal Killing-Yano tensor with a skew-symmetric
torsion. Taking advantage of the presence of such a tensor, we obtain a higher-dimensional generalization
of the Wahlquist metric in arbitrary dimensions, including a family of vacuum black hole solutions with
spherical horizon topology such as Schwarzschild-Tangherlini, Myers-Perry and higher-dimensional
Kerr-NUT-(A)dS metrics and a family of static, spherically symmetric perfect fluid solutions in higher
dimensions.
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I. INTRODUCTION

Since the discovery of the Kerr metric which describes
rotating black holes in a vacuum, its geometry has been
investigated from the viewpoint of classifying spacetimes
to understand what are the most fundamental properties
of the Kerr spacetime. A number of studies for the purpose
have been conducted in various systematical frameworks
(e.g., see [1]), and we have obtained a common under-
standing as to the Kerr spacetime to date: stationary, axially
symmetric, asymptotically flat, Petrov type D vacuum
solution of the vanishing of the Simon tensor, admitting
a rank-2 Killing-Stäckel (KS) tensor of Segre type [(11)
(11)] constructed from a (nondegenerate) rank-2 Killing-
Yano (KY) tensor.
The Wahlquist metric [2–6] investigated in this paper

was found in the study of stationary, axially symmetric
perfect fluid spacetimes. As we succeeded in obtaining
interior solutions of static, spherically symmetric stars
joined to the Schwarzschild vacuum spacetime, it has been
thought that the interior of rotating bodies can be described
by stationary, axially symmetric perfect fluid solutions.
Although it was shown that the Wahlquist metric cannot be
smoothly matched to an asymptotically flat vacuum space-
time [7], the metric is still of great interest because it
allows some interesting geometric characterizations. It was
pointed out [3] that the Wahlquist metric is the general
solution of stationary, rigidly rotating perfect fluids with
the vanishing Simon tensor. It was also demonstrated [4]
that the metric is the general solution of Petrov type D,
stationary, axially symmetric and rigidly rotating perfect

fluids with ρþ 3p ¼ const. Furthermore, the Wahlquist
metric is known to be included in the class of metrics
admitting a rank-2 KS tensor of Segre type [(11) (11)]
which possesses two double nonconstant eigenvalues [8,9].
The Wahlquist spacetime inherits some geometric prop-

erties of the Kerr spacetime. This seems to be reasonable
because the Kerr metric is obtained as the limiting case
of the Wahlquist metric [2,6]. In the Kerr spacetime, two
Killing vectors and KS tensor are constructed from a single
rank-2 KY tensor. It is also shown that the Kerr metric is the
only asymptotically flat vacuum solution admitting a rank-
2 KY tensor [10]. This implies that the presence of the
KY tensor is essential to characterize the Kerr spacetime.
Nevertheless, Killing-Yano symmetry of the Wahlquist
spacetime has never been investigated. In this paper,
therefore, we first ask whether the Wahlquist metric admits
Killing-Yano symmetry. Actually, as we will see in Sec. II,
we find a rank-2 generalized closed conformal Killing-
Yano (GCCKY) tensor with torsion [11] for the Wahlquist
metric.
In recent years, it has been unveiled that Killing-Yano

symmetry plays an important role in higher-dimensional
rotating black hole spacetimes. A family of vacuum sol-
utions describing rotating black holes with spherical horizon
topology [12–15] admits a rank-2 closed conformal Killing-
Yano (CCKY) tensor [16–18]. Recently, local metrics
admitting a rank-2 GCCKY tensor were classified into
three types (called type A, B and C) in arbitrary dimensions
[19]. Some supergravity black hole solutions in higher
dimensions are included in type A of the classification
[11,20]. In this paper, by employing the classification, we
attempt to obtain a new family of rotating perfect fluid
solutions which generalizes the Wahlquist solution to
higher dimensions. On the other hand, there have been
static, spherically symmetric perfect fluid solutions in
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higher dimensions [21–24]. The solutions obtained in this
paper cover, in the static limit, the static, spherically
symmetric perfect fluid solutions with ρþ 3p ¼ const.
The paper is organized as follows. In Sec. II, after

we briefly review the Wahlquist solution, we demonstrate
that the Wahlquist metric admits a rank-2 GCCKY tensor
with a skew-symmetric torsion. With respect to such a
tensor, in Sec. III, we generalize the Wahlquist solution in
four dimensions to higher-dimensional ones by solving the
Einstein equations for perfect fluids in all even and odd
dimensions, respectively. We see that the equations of
state for the higher-dimensional Wahlquist solutions are
given by ρþ 3p ¼ const in all dimensions. In Sec. IV, we
investigate the separability of the Hamilton-Jacobi for
geodesics, Klein-Gordon and Dirac equations in all dimen-
sions. Finally, Sec. V is devoted to summary and discus-
sion. After we review the geometry of the four-dimensional
Wahlquist spacetime in Appendix A, we discuss the
five-dimensional Wahlquist metric in Appendix B. In
Appendix C, we have collected the curvature quantities
of the higher-dimensional Wahlquist metrics. As a result, it
is shown that the metrics are of type D in the higher-
dimensional Petrov classification [25].

II. KILLING-YANO SYMMETRY OF THE
WAHLQUIST SPACETIME

To investigate Killing-Yano symmetry of the Wahlquist
metric in four dimensions [2–6], we begin with the metric
form that appeared in [6], which is written in a local
coordinate system (z; w; τ; σ) as

ds2 ¼ ðv1 þ v2Þ
�
dz2

U
þ dw2

V

�
þ U
v1 þ v2

ðdτ þ v2dσÞ2

−
V

v1 þ v2
ðdτ − v1dσÞ2; ð1Þ

where

U ¼ Q0 þ a1
sinhð2βzÞ

2β
− ν0

coshð2βzÞ − 1

2β2

−
μ0
β2

�
coshð2βzÞ − 1

2β2
−
z sinhð2βzÞ

2β

�
;

V ¼ Q0 þ a2
sinð2βwÞ

2β
þ ν0

1 − cosð2βwÞ
2β2

þ μ0
β2

�
1 − cosð2βwÞ

2β2
−
w sinð2βwÞ

2β

�
; ð2Þ

and

v1 ¼
coshð2βzÞ − 1

2β2
; v2 ¼

1 − cosð2βwÞ
2β2

: ð3Þ

The metric contains six real constants Q0, a1, a2, ν0, μ0
and β. Since one of them can be eliminated by coordinate

transformation, only five of the constants are independent.
As was shown in [2,6], one can take the limit β → 0, in
which the metric reduces to the Kerr-NUT-(A)dS metric
[26] (see Appendix A for details).
The Wahlquist metric provides the stress-energy tensor

for perfect fluids of the energy density ρ, pressure p and
4-velocity u with uμuμ ¼ −1, which is written as

Tμν ¼ ðρþ pÞuμuν þ pgμν: ð4Þ
The 4-velocity is given by

uμ
∂
∂xμ ¼

1ffiffiffiffiffiffiffiffiffi−gττ
p ∂

∂τ ; ð5Þ

where gττ ¼ ðU − VÞ=ðv1 þ v2Þ. When we consider sta-
tionary, axially symmetric spacetimes, we have two Killing
vector fields ∂t and ∂ϕ. If u lies on the 2-plane spanned
by the two Killing vector fields, then u can be written as
u ¼ Nð∂t þΩ∂ϕÞ where N andΩ are functions in general.
In particular, when Ω is constant, the perfect fluid is said to
be rigidly rotating. Namely, the Wahlquist solution repre-
sents rigidly rotating perfect fluids. The energy density and
pressure are given by

ρ ¼ −μ0 − 3β2gττ; p ¼ μ0 þ β2gττ: ð6Þ
Thus, the equation of state is ρþ 3p ¼ 2μ0. Since we have
ρþ p ¼ 0 and p ¼ μ0 in the limit β → 0, the constant μ0 is
the cosmological constant.

A. Generalized Killing-Yano symmetry

It is known that the Kerr metric admits separation of
variables in the Hamilton-Jacobi for geodesics, Klein-
Gordon and Dirac equations. The separability is due to
the presence of a rank-2 KY tensor. In four dimensions,
the Hodge dual of the KY tensor is a rank-2 CCKY tensor
h [27] satisfying

∇ahbc ¼ gabξc − gacξb; ð7Þ
where ∇ is the Levi-Cività connection. From (7), the
associated vector ξ is obtained as

ξa ¼
1

3
∇bhba: ð8Þ

Namely, the Kerr metric admits a rank-2 CCKY tensor.
The Wahlquist metric partially shares the separability

of the Kerr metric: the Hamilton-Jaocbi for geodesics and
Klein-Gordon equations separate, but the Dirac equation
does not. Since the Kerr metric is obtained as a particular
limit of the Wahlquist metric [2,6], it is natural to ask the
Wahlquist metric to admit a rank-2 CCKY tensor. However,
it is shown that such a tensor does not exist in the Wahlquist
spacetime. Instead, we find a rank-2 GCCKY tensor h [11],
with a skew-symmetric torsion T satisfying
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∇T
ahbc ¼ gabξc − gacξb; ð9Þ

where ∇T is the connection with the skew-symmetric
torsion defined by

∇T
ahbc ¼ ∇ahbc þ

1

2
Tab

dhcd −
1

2
Tac

dhbd: ð10Þ

The associated vector ξ is given by

ξa ¼
1

3
∇Tbhba: ð11Þ

If a rank-2 GCCKY tensor is obtained, we may expect that
a modified Dirac equation with 1=3 torsion separates [28].
In fact, the modified Dirac equation of the Wahlquist metric
does. Thus, the GCCKY tensor underpins the separability
on the Hamilton-Jacobi for geodesics, Klein-Gordon
and modified Dirac equations of the Wahlquist metric
(see Sec. IV for details).
Going through the following steps, we demonstrate that

the Wahlquist metric (1) admits a rank-2 GCCKY tensor.
To see it, we first introduce the coordinates x and y defined
by

x2 ¼ v1; y2 ¼ v2; ð12Þ
and hence

dz2 ¼ dx2

β2x2 þ 1
; dw2 ¼ dy2

1 − β2y2
: ð13Þ

The metric is then written as

ds2 ¼ x2 þ y2

Uð1þ β2x2Þ dx
2 þ x2 þ y2

Vð1 − β2y2Þ dy
2

þ U
x2 þ y2

ðdτ þ y2dσÞ2 − V
x2 þ y2

ðdτ − x2dσÞ2

ð14Þ
with the functions

U ¼ Q0 þ a1x
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ β2x2

q
− ν0x2

−
μ0
β2

�
x2 −

xArcsinhðβxÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ β2x2

p
β

�
;

V ¼ Q0 þ a2y
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2y2

q
þ ν0y2

þ μ0
β2

�
y2 −

yArcsinðβyÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2y2

p
β

�
: ð15Þ

Furthermore, taking the Wick rotation y →
ffiffiffiffiffiffi
−1

p
y (with

a2 → −
ffiffiffiffiffiffi
−1

p
a2 to keep the metric function V real) and

changing the sign σ → −σ, we obtain the Euclidean
expression, in which the metric takes a symmetric form
with respect to the coordinates ðx; yÞ as

ds2E ¼ f1ðx2 − y2Þ
Ξ1

dx2 þ f2ðy2 − x2Þ
Ξ2

dy2

þ Ξ1

x2 − y2
ðdτ þ y2dσÞ2 þ Ξ2

y2 − x2
ðdτ þ x2dσÞ2;

ð16Þ

where

f1 ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ β2x2
p ; f2 ¼

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ β2y2

p ;

Ξ1 ¼ Q0 þ a1x
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ β2x2

q
− ν0x2

−
μ0
β2

�
x2 −

xArcsinhðβxÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ β2x2

p
β

�
;

Ξ2 ¼ Q0 þ a2y
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ β2y2

q
− ν0y2

−
μ0
β2

�
y2 −

yArcsinhðβyÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ β2y2

p
β

�
: ð17Þ

The form of the metric (16) precisely fits into type A of
the classification in [19]; that is, the Wahlquist spacetime
admits a rank-2 GCCKY tensor. In fact, if we introduce an
orthonormal frame

e1 ¼ f1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 − y2

Ξ1

s
dx; e2 ¼ f2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y2 − x2

Ξ2

s
dy;

e1̂ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ξ1

x2 − y2

s
ðdτ þ y2dσÞ;

e2̂ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ξ2

y2 − x2

s
ðdτ þ x2dσÞ; ð18Þ

the rank-2 GCCKY tensor is given by

h ¼ xe1∧e1̂ þ ye2∧e2̂ ð19Þ

with the skew-symmetric torsion

T ¼ 2xðf1 − f2Þ
f1f2ðx2 − y2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ξ2

y2 − x2

s
e1∧e1̂∧e2̂

þ 2yðf2 − f1Þ
f1f2ðy2 − x2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ξ1

x2 − y2

s
e2∧e2̂∧e1̂: ð20Þ

The torsion vanishes when we take the limit β → 0. This
suggests that the torsion is related to the perfect fluid,
although the physical meaning of the torsion is unclear.
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III. GENERAL WAHLQUIST METRICS IN
HIGHER DIMENSIONS

We have seen that the Wahlquist metric (1) admits a
rank-2 GCCKY tensor and its Euclidean form precisely fits
into type A of the classification [19]. Hence, it seems to be
reasonable to consider a higher-dimensional generalization
of the Wahlquist metric. In this section, we attempt to solve
the Einstein equations for perfect fluids in higher dimen-
sions by employing, as an ansatz, type A metrics in [19].
We slightly change our notation to deal with higher-

dimensional metrics in both even and odd dimensions
simultaneously. We introduce ε where ε ¼ 0 for even and
ε ¼ 1 for odd dimensions. The dimension number is
denoted by D ¼ 2nþ ε. The Latin indices a; b;… run
from 1 toD, and the Greece indices μ; ν;… run from 1 to n.
The form of type A metrics in D dimensions which we

deal with as an ansatz is given by

gðDÞ ¼
Xn
μ¼1

f2μ
Pμ

dx2μ þ
Xn
μ¼1

Pμ

�Xn−1
k¼0

AðkÞ
μ dψk

�2

þ εS

�Xn
k¼0

AðkÞdψk

�
2

; ð21Þ

where

Pμ ¼
Ξμ

Uμ
; Uμ ¼

Y
ν≠μ

ðx2μ − x2νÞ;

S ¼ s20
AðnÞ ; fμ ¼

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ β2x2μ

q : ð22Þ

The functions AðkÞ
μ ðk ¼ 0;…; n − 1Þ and AðkÞ ðk¼0;…;nÞ

are kth order elementary symmetric functions in
fx21; x22;…; x2ng defined by

Xn−1
k¼0

AðkÞ
μ tk ¼

Y
ν≠μ

ð1þ tx2νÞ;

Xn
k¼0

AðkÞtk ¼
Yn
ν¼1

ð1þ tx2νÞ: ð23Þ

The metric contains unknown functions ΞμðxμÞ depending
only on single valuable xμ, and in odd dimensions a
constant s0. The form of the metric (21) is not the most
general form of type A metrics, but it is enough to construct
a perfect fluid solution for the current purpose. Of course, it
leaves a question whether there exist more general solutions
of type A.

A. Tower of generalized Killing-Yano tensors

If a rank-2 GCCKY tensor is obtained in D ¼ 2nþ ε
dimensions, we can construct ½D=2� ¼ n conserved

quantities for geodesic motion [20]. In addition, the
complete integrability of the Hamilton-Jacobi equation
for geodesics can be guaranteed if the metric admits a
high enough number of commuting Killing vectors [29].
For the metric (21), we introduce an orthonormal frame

as

eμ ¼ fμffiffiffiffiffiffi
Pμ

p dxμ; eμ̂ ¼ ffiffiffiffiffiffi
Pμ

p Xn−1
k¼0

AðkÞ
μ dψk;

e0 ¼
ffiffiffi
S

p Xn
k¼0

AðkÞdψk: ð24Þ

Then, the rank-2 GCCKY tensor is given by

h ¼
Xn
μ¼1

xμeμ∧eμ̂ ð25Þ

with the torsion

T ¼
X
μ≠ν

2xμ
ffiffiffiffiffi
Pν

p ðfμ − fνÞ
fμfνðx2μ − x2νÞ

eμ∧eμ̂∧eν̂

þ ε
Xn
μ¼1

2
ffiffiffi
S

p

xμ

�
λ −

1

fμ

�
eμ∧eμ̂∧e0; ð26Þ

where λ is an arbitrary nonzero function which appears only
in odd dimensions. The ambiguity of λ cannot be excluded
by the GCCKY equation (9); e.g., see [19]. It also has
nothing to do with Einstein equations. Even if we impose
an Einstein equation, it determines the functions Ξμ and fμ,
but λ is still arbitrary.
From the property that the wedge product of GCCKY

tensors is a GCCKY tensor, hðjÞ ¼ h∧h � � �∧h is a rank-2j
GCCKY tensor. The Hodge dual f ðjÞ ¼ �hðjÞ is a rank-

ðD − 2jÞ generalized KY tensor, and its square, KðjÞ
ab ¼

cjfðjÞac1���cD−2j−1
fðjÞbc1���cD−2j−1 becomes a rank-2 KS tensor

satisfying ∇ðaKbcÞ ¼ 0, where cj is constant. For an
appropriate choice for cj, the KS tensors are written in
the form

KðjÞ ¼
Xn
μ¼1

AðjÞ
μ ðeμ ⊗ eμ þ eμ̂ ⊗ eμ̂Þ

þ εAðjÞe0 ⊗ e0; ð27Þ

where j ¼ 0; 1;…; n − 1. In particular, Kð0Þ ¼ gðDÞ. Thus,
contracting with the tangent p ¼ _γ to geodesics γ, we
obtain n ¼ ½D=2� conserved quantities κðjÞ ¼ KðjÞabpapb

for j ¼ 0;…; n − 1, including the Hamiltonian κð0Þ ¼ H.
In addition, since ηðkÞ ¼ ∂ψk

for k ¼ 0;…; n − 1þ ε are
Killing vector fields, we have nþ ε conserved quantities
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~κðkÞ ¼ ηðkÞapa. The all conserved quantities fκðjÞ; ~κðkÞg are
in involution.

B. Even dimensions

In this section, we determine the unknown functions
ΞμðxμÞ using the Einstein equations for perfect fluids in
even dimensions. The metric ansatz in 2n dimensions is
given by

gð2nÞ ¼
Xn
μ¼1

f2μ
Pμ

dx2μ þ
Xn
μ¼1

Pμ

�Xn−1
k¼0

AðkÞ
μ dψk

�2

: ð28Þ

For the metric, we calculate the Ricci curvature (see
Appendix B for details). The off-diagonal components of
the Ricci curvature are

Rμμ̂ ¼ Rμν ¼ Rμν̂ ¼ 0;

Rμ̂ ν̂ ¼ β2ðD − 2Þ ffiffiffiffiffiffi
Pμ

p ffiffiffiffiffi
Pν

p
: ð29Þ

The diagonal components are

Rμμ ¼ IμðPTÞ þ β2
�
IμðPð2Þ

T Þ þ 3

2
xμ∂μPT þ PT

�
;

Rμ̂ μ̂ ¼ Rμμ þ β2ðD − 2ÞPμ; ð30Þ

where

PT ¼
Xn
μ¼1

Pμ; Pð2Þ
T ¼

Xn
μ¼1

x2μPμ ð31Þ

and Iμ are differential operators given by

Iμ ¼ −
1

2

∂2

∂x2μ þ
1

x2μ − x2ν

�
xμ

∂
∂xμ − xν

∂
∂xν

�
: ð32Þ

It should be emphasized that our metric ansatz is now
expressed with a Euclidean signature, so that we have to
consider the Euclideanized Einstein equation for perfect
fluids,

Rab −
1

2
Rgab ¼ −ðρþ pÞuaub þ pgab; ð33Þ

where uaua ¼ 1. Eliminating the scalar curvature, we
obtain the Einstein equation in a convenient form,

Rab ¼ −ðρþ pÞuaub þ
ρ − p
D − 2

gab: ð34Þ

Moreover, to solve the equation, we assume that perfect
fluids are rigidly rotating; that is, the velocity u is written as
u ¼ N∂ψ0

where N is the normalization function. Since we
have N ¼ 1=

ffiffiffiffiffiffi
PT

p
from uaua ¼ 1, the velocity is given in

the canonical frame as

u ¼ 1ffiffiffiffiffiffi
PT

p
Xn
μ¼1

ffiffiffiffiffiffi
Pμ

p
eμ̂: ð35Þ

Under the assumption, together with (29) and (30), the
Einstein equation to solve reduces to

ρ − p
D − 2

¼ R11 ¼ R22 ¼ � � � ¼ Rnn; ð36Þ

ρþ p
D − 2

¼ −β2PT: ð37Þ

To solve Eq. (36), we notice that the μμ components of
the Ricci curvature, Rμμ, can be written in a simple form.
Calculating Rμμ in terms of the functions Ξμ and their
derivatives Ξ0

μ and Ξ00
μ, we obtain

Rμμ ¼ −
1

2xμ

�
Gμ

Uμ
−
X
ν≠μ

2xμ
x2μ − x2ν

�
Fμ

Uμ
þ Fν

Uν

��
− 2β2PT;

ð38Þ

where

Gμ ¼ xμð1þ β2x2μÞΞ00
μ þ β2x2μΞ0

μ − 4β2xμΞμ; ð39Þ

Fμ ¼ xμð1þ β2x2μÞΞ0
μ − ð1þ 2β2x2μÞΞμ: ð40Þ

Noticing that Gμ ¼ F0
μ and that

∂FT

∂xμ ¼ F0
μ

Uμ
−
X
ν≠μ

2xμ
x2μ − x2ν

�
Fμ

Uμ
þ Fν

Uν

�
; ð41Þ

where

FT ¼
Xn
ρ¼1

Fρ

Uρ
; ð42Þ

we obtain the following expressions for Rμμ:

Rμμ ¼ −
1

2xμ

∂FT

∂xμ − 2β2PT: ð43Þ

Using the expression, Rμμ − Rνν ¼ 0 implies that�
1

xμ

∂
∂xμ −

1

xν

∂
∂xν

�
FT ¼ 0: ð44Þ

This can be solved by FT ¼ FTðξÞ where FTðξÞ is an
arbitrary function of ξ¼P

n
μ¼1x

2
μ. Substituting it into

(42) and differentiating by ∂x1∂x2 � � � ∂xn both sides of
the equation multiplied by the factor

Q
μ≠νðx2μ − x2νÞ, we

arrive at the condition FðnÞ
T ðξÞ ¼ 0, which implies that

FTðξÞ is an ðn − 1Þth order polynomial in ξ. Furthermore,
going back to (42) again and comparing the coefficients of
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the equation, we find that FT must be a linear function.
Namely, to be consistent with (42), the function must be
chosen as FTðξÞ ¼ C1ξþ C2 where C1 and C2 are con-
stants. Then, using the identities

Xn
μ¼1

x2jμ
Uμ

¼ 0 ðj ¼ 0;…; n − 2Þ; ð45Þ

Xn
μ¼1

x2ðn−1Þμ

Uμ
¼ 1;

Xn
μ¼1

x2nμ
Uμ

¼
Xn
μ¼1

x2μ; ð46Þ

we obtain

Fμ ¼
Xn
k¼0

c2kx2kμ ; ð47Þ

where c2k (k ¼ 0; 1;…; n) are constants with C1 ¼ c2n and
C2 ¼ c2ðn−1Þ. In the end, using (40) and (47), the problem
of solving the Einstein equation (33) has been reduced to
that of solving first-order ordinary differential equations
for Ξμ,

Ξ0
μ −

1þ 2β2x2μ
xμð1þ β2x2μÞ

Ξμ −
P

n
k¼0 c2kx

2k
μ

xμð1þ β2x2μÞ
¼ 0: ð48Þ

The general solution is

Ξμ ¼
Xn
k¼0

c2kϕ2kðxμÞ þ aμxμ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ β2x2μ

q
; ð49Þ

where aμ are integral constants, ϕ0ðxÞ≡ −1 and ϕ2kðxÞ
ðk ¼ 1; 2;…Þ are given by

ϕ2kðxÞ ¼ x
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ β2x2

q Z
x

0

t2ðk−1Þdt
ð1þ β2t2Þ3=2 : ð50Þ

Note that, for instance, we have

ϕ2ðxÞ ¼ x2;

ϕ4ðxÞ ¼ −
x
β2

�
x −

ArcsinhðβxÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ β2x2

p
β

�
;

ϕ6ðxÞ ¼
3x
2β4

�
xþ β2

3
x3 −

ArcsinhðβxÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ β2x2

p
β

�
;

ϕ8ðxÞ ¼ −
15x
8β6

�
xþ β2

3
x3 −

2β4

15
x5

−
ArcsinhðβxÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ β2x2

p
β

�
;…: ð51Þ

The solution contains parameters c2k (k ¼ 0;…; n), aμ
(μ ¼ 1;…; n) and β.

In four dimensions, for μ ¼ 1; 2, we obtain

Ξμ ¼ −c0 þ c2x2μ þ aμxμ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ β2x2μ

q

−
c4xμ
β2

�
xμ −

ArcsinhðβxμÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ β2x2μ

q
β

�
: ð52Þ

The form coincides with the Wahlquist solution.
In the limit β → 0, we have ϕ2k → x2k=ð2k − 1Þ. The

functions Ξμ take the form

Ξμ ¼
Xn
k¼0

~c2kx2kμ þ aμxμ; ð53Þ

where ~c2k ¼ c2k=ð2k − 1Þ. This is the same form as Kerr-
NUT-(A)dS metrics in 2n dimensions found by Chen-Lü-
Pope [15].
Finally, let us comment about the equation of state.

From (36), (37), (43) and (47), we have

2ρ

D − 2
¼ −c2n − 3β2PT;

2p
D − 2

¼ c2n þ β2PT: ð54Þ

Hence, the equation of state is ρþ 3p ¼ ðD − 2Þc2n.

C. Odd dimensions

Let us consider odd dimensions D ¼ 2nþ 1. The metric
ansatz in 2nþ 1 dimensions is given by

gð2nþ1Þ ¼
Xn
μ¼1

f2μ
Pμ

dx2μ þ
Xn
μ¼1

Pμ

�Xn−1
k¼0

AðkÞ
μ dψk

�2

þ S

�Xn
k¼0

AðkÞdψk

�
2

ð55Þ

with unknown functions Ξμ. The off-diagonal components
of the Ricci curvature are given by

Rμν ¼ Rμν̂ ¼ Rμμ̂ ¼ Rμ0 ¼ 0;

Rμ̂ ν̂ ¼ β2ðD − 2Þ ffiffiffiffiffiffi
Pμ

p ffiffiffiffiffi
Pν

p
;

Rμ̂0 ¼ β2ðD − 2Þ ffiffiffiffiffiffi
Pμ

p ffiffiffi
S

p
: ð56Þ

The diagonal components are
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Rμμ ¼ Iμð ~PTÞ þ β2
�
Iμð ~Pð2Þ

T Þ þ 3

2
xμ∂μ

~PT þ ~PT

�

−
1

2xμ

∂
∂xμ ð

~PT þ β2 ~Pð2Þ
T Þ;

Rμ̂ μ̂ ¼ Rμμ þ β2ðD − 2ÞPμ;

R00 ¼ −
Xn
μ¼1

1

xμ

∂
∂xμ ð

~PT þ β2 ~Pð2Þ
T Þ þ β2 ~PTþβ2ðD − 2ÞS;

ð57Þ

where

~PT ¼
Xn
μ¼1

~Pμ ¼ PT þ S; ~Pð2Þ
T ¼

Xn
μ¼1

x2μ ~Pμ ¼ Pð2Þ
T

ð58Þ
and

~Pμ ¼
~Ξμ

Uμ
; ~Ξμ ¼ Ξμ − ð−1Þn s

2
0

x2μ
: ð59Þ

We assume that the velocity u lies in the plane of the
Killing vectors

u ¼ 1ffiffiffiffiffiffi
~PT

q �Xn
μ¼1

ffiffiffiffiffiffi
Pμ

p
eμ̂ þ

ffiffiffi
S

p
e0

�
: ð60Þ

The equation reduces to

ρ − p
D − 2

¼ R11 ¼ R22 ¼ � � � ¼ Rnn; ð61Þ

ρþ p
D − 2

¼ −β2 ~PT; ð62Þ

and for all μ,

R00 ¼ Rμμ þ β2ðD − 2ÞS: ð63Þ
Similar to even dimensions, we find from the direct

calculation that the μμ and 00 components of the Ricci
curvature can be written in the simple form

Rμμ ¼ −
1

2xμ

∂ ~FT

∂xμ − 2β2 ~PT; ð64Þ

R00 ¼ −
Xn
μ¼1

~Fμ

x2μUμ
− 2β2 ~PT þ β2ðD − 2ÞS; ð65Þ

where

~FT ¼
Xn
μ¼1

~Fμ

Uμ
ð66Þ

and

~Fμ ¼ xμð1þ β2x2μÞ ~Ξ0
μ − β2x2μ ~Ξμ: ð67Þ

As was discussed in even dimensions [cf. (47)], Eq. (61)
requires that ~Fμ take the form

~Fμ ¼
Xn
k¼0

c2kx2kμ : ð68Þ

Indeed, by virtue of (64) and (65), we easily see that
(68) together with c0 ¼ 0 solves (61) and (63). From the
equality of (67) and (68), we obtain the first-order ordinary
differential equations

~Ξ0
μ −

β2xμ
1þ β2x2μ

~Ξμ −
P

n
k¼1 c2kx

2k−1
μ

1þ β2x2μ
¼ 0: ð69Þ

The general solution is

~Ξμ ¼
Xn
k¼1

c2k ~ϕ2kðxμÞ þ aμ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ β2x2μ

q
; ð70Þ

where aμ are integral constants and ~ϕ2k (k ¼ 1; 2;…) are
given by

~ϕ2kðxÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ β2x2

q Z
x

0

t2k−1dt

ð1þ β2t2Þ3=2 : ð71Þ

Note that, for instance, we have

~ϕ2ðxÞ ¼ −
1

β2

�
1 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ β2x2

q �
;

~ϕ4ðxÞ ¼
2

β4

�
1þ β2

2
x2 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ β2x2

q �
;

~ϕ6ðxÞ ¼ −
8

3β6

�
1þ β2

2
x2 −

β4

8
x4 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ β2x2

q �
;

~ϕ8ðxÞ ¼
16

5β8

�
1þ β2

2
x2 −

β4

8
x4 þ β6

16
x6

−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ β2x2

q �
; …: ð72Þ

Thus, we obtain

Ξμ ¼
Xn
k¼1

c2k ~ϕ2kðxμÞ þ aμ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ β2x2μ

q
þ ð−1Þns20

x2μ
: ð73Þ

The solution contains parameters c2k (k ¼ 1;…; n), aμ
(μ ¼ 1;…; n), k and β.

GENERAL WAHLQUIST METRICS IN ALL DIMENSIONS PHYSICAL REVIEW D 90, 024037 (2014)

024037-7



In five dimensions, for μ ¼ 1; 2, we have

Ξμ ¼ −
c2
β2

�
1 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ β2x2

q �
þ aμ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ β2x2μ

q
þ s20
x2μ

þ 2c4
β4

�
1þ β2

2
x2 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ β2x2

q �
: ð74Þ

In the limit β → 0, we have ϕ2k → x2k=2k. The functions
Ξμ take the form

Ξμ ¼
Xn
k¼1

~c2kx2kμ þ aμ þ
ð−1Þns20

x2μ
; ð75Þ

where ~c2k ¼ c2k=2k. The form reproduces Kerr-NUT-(A)
dS metrics in 2nþ 1 dimensions [15].
Since we have

2ρ

D − 2
¼ −c2n − 3β2 ~PT;

2p
D − 2

¼ c2n þ β2 ~PT; ð76Þ

the equation of state is ρþ 3p ¼ ðD − 2Þc2n like the even
dimensional case.

IV. SEPARABILITY

We investigate the separability of the Hamilton-Jacobi
for geodesics, Klein-Gordon and Dirac equations for the
higher-dimensional Wahlquist metrics (21), where we do
not specify the functions Ξμ to deal with more general
cases. If we choose a particular form of the functions
as (49) in even dimensions and (73) in odd dimensions, the
results can be applied to those of the Wahlquist metrics. In
this section, we will see that the Hamilton-Jacobi for
geodesics and Klein-Gordon equations can be solved by
separation of variables, but we will not see the separation of
variables in the Dirac equation in any dimension. It is also
shown that in even dimensions, a modified Dirac equation
with 1=3 torsion [28] can be solved by separation of
variables, while it cannot in odd dimensions.

A. Separation of variables in the Hamilton-Jacobi
equation for geodesics

The separation of variables in Hamilton-Jacobi equations
for geodesics occurs if and only if the metric admits
the separability structure established in [29], in which
the corresponding Killing tensors can be written in the
Stäckel form

Kμμ
ðjÞ ¼ ϕ̄μ

ðjÞ; Kkl
ðjÞ ¼

Xn
μ¼1

ζklðμÞϕ̄
μ
ðjÞ; ð77Þ

where ϕ̄μ
ðjÞ is the inverse matrix of the Stäckel matrix and

ζklðμÞ are functions depending only on one variable xμ.

The Killing tensors KðjÞ ðj ¼ 0; 1;…; n − 1Þ obtained
in (27) are written in the coordinate basis as

KðjÞ ¼
Xn
μ¼1

Kμμ
ðjÞ∂xμ ⊗ ∂xμ þ

Xn−1þε

k;l¼0

Kkl
ðjÞ∂ψk

⊗ ∂ψl

¼
Xn
μ¼1

AðjÞ
μ

Uμ

�
Ξμ

f2μ
∂xμ ⊗ ∂xμ þ

εð−1Þnþ1

s20x
2
μ

∂ψn
⊗ ∂ψn

þ
Xn−1þε

k;l¼0

ð−1Þkþlx2ð2n−2−k−lÞμ

Ξμ
∂ψk

⊗ ∂ψl

�
:

The Stäckel matrix and the functions ζklðμÞ are given by

ϕðjÞ
μ ¼ ð−1Þjx2ðn−j−1Þμ f2μ

Ξμ
;

ζklðμÞ ¼
ð−1Þkþlf2μx

2ð2n−2−k−lÞ
μ

Ξ2
μ

þ εð−1Þnþ1f2μ
s20x

2
μΞμ

δklδkn: ð78Þ

In practice, the Hamiltonian-Jacobi equation for geodesics,

∂S
∂λ þ gab

∂S
∂xa

∂S
∂xb ¼ 0; ð79Þ

allows an additive separation of variables

S ¼ −κ0λþ
Xn
μ¼1

SμðxμÞ þ
Xn−1þε

k¼0

nkψk; ð80Þ

where κ0 and nk are constants. The functions Sμ
(μ ¼ 1;…; nÞ are given by

SμðxμÞ ¼
Z �Xn−1

j¼0

ϕðjÞ
μ κi −

Xn−1þε

k;l¼0

ζklðμÞnknl

�1=2

dxμ: ð81Þ

In the limit β → 0, this recovers the result for the
Kerr-NUT-(A)dS metrics [30,31].

B. Separation of variables in the Klein-Gordon equation

The massive scalar field Φ is described by the Klein-
Gordon equation

1ffiffiffi
g

p ∂
∂xa

ffiffiffi
g

p
gab

∂Φ
∂xb ¼ m2Φ: ð82Þ

This equation allows a multiplicative separation of
variables

Φ ¼
Yn
μ¼1

RμðxμÞ
Yn−1þε

k¼0

einkψk ; ð83Þ
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where the functions RμðxμÞ ðμ ¼ 1;…; nÞ satisfy the
ordinary second order differential equations

R00
μ þ

�
Ξ0
μ

Ξμ
−
f0μ
fμ

þ ε

xμ

�
R0
μ

þ
�Xn−1

j¼0

ϕðjÞ
μ κj −

Xn−1þε

k;l¼0

ζklðμÞnknl

�
Rμ ¼ 0 ð84Þ

with κ0 ¼ −m2. In the limit β → 0, this recovers the result
for the Kerr-NUT-(A)dS metrics [30,31].

C. Separation of variables in the Dirac equation

The existence of a GCCKY 2-form does not imply the
separability of the Dirac equation. However, we may expect
the separability of a modified Dirac equation which appears
in the spacetimes admitting the GCCKY,

ðγaDT=3
a þmÞΨ ¼ 0; ð85Þ

where the Dirac operator has a 1/3 torsion, T=3, of the
GCCKY 2-form,

DT=3
a ¼ ea þ

1

4
γbγcωbcðeaÞ −

1

24
γbγcTabc: ð86Þ

The frame vector fields dual to (24) are given by

eμ ¼
ffiffiffiffiffiffi
Pμ

p
fμ

∂
∂xμ ; e0 ¼

ffiffiffi
S

p

s20

∂
∂ψn

;

eμ̂ ¼
Xn−1þε

k¼0

ð−1Þkx2ðn−1þkÞ
μffiffiffiffiffiffi

Pμ

p
Uμ

∂
∂ψk

: ð87Þ

By using (C1) and (26), the Dirac operator γaDT=3
a is

explicitly written as

Xn
μ¼1

ffiffiffiffiffiffi
Pμ

p
fμ

�
γμ
� ∂
∂xμ þ

Ξ0
μ

4Ξμ
þ ε

2xμ
þ 1

2

X
ν≠μ

xμ
x2μ − x2ν

�

þ γμ̂
� Xn−1þε

k¼0

ð−1Þkx2ðn−1þkÞ
μ fμ
Ξμ

∂
∂ψk

þ
X
ν≠μ

xνγνγν̂

2ðx2μ − x2νÞ
��

þ εγ0
ffiffiffi
S

p �
1

s20

∂
∂ψn

−
1

4

Xn
μ¼1

�
λ

xμ
þ 1

fμxμ

�
γμγμ̂

�
: ð88Þ

The expression leads to the separation of variables in even
dimensions. The calculation is completely parallel to that
of [32]. We write the 2n components of the spinor field
as Ψε1ε2���εnðεμ ¼ �1Þ. Putting the separation solution

Ψε1ε2���εn ¼
� Y

1≤μ<ν≤n

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xμ þ εμενxν

p �
Ψ̂ε1ε2���εn ; ð89Þ

where

Ψ̂ε1ε2���εn ¼
�Yn

μ¼1

χðμÞεμ ðxμÞ
�
exp

�
i
Xn−1þε

k¼0

nkψk

�
; ð90Þ

the modified Dirac equation becomes

Xn
μ¼1

PðμÞ
εμQ

ν≠μðεμxμ − ενxνÞ
þm

þ iεkQ
n
ρ¼1 ερxρ

�
nn
s20

−
1

4

Xn
μ¼1

�
λ

εμxμ
þ 1

εμxμfμ

��
¼ 0;

ð91Þ

where

PðμÞ
εμ ¼ ð−1Þμ−1ðεμÞn−μ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð−1Þμ−1Ξμ

q
fμχ

ðμÞ
εμ

×

�
d
dxμ

þ Ξ0
μ

4Ξμ
þ ε

2xμ
þ εμYμ

�
χðμÞ−εμ ; ð92Þ

Yμ ¼
Xn−1þε

k¼0

ð−1Þkfμx2ðn−1þkÞ
μ

Ξμ
nk: ð93Þ

Note that PðμÞ
εμ depends only on the one variable xμ.

In even dimensions ðε ¼ 0Þ, Eq. (91) reduces to

Xn
μ¼1

PðμÞ
εμQ

ν≠μðεμxμ − ενxνÞ
þm ¼ 0: ð94Þ

The equation separates when

PðμÞ
εμ ¼

Xn−1
j¼0

qjðεμxμÞj; ð95Þ

where qj ðj ¼ 0;…; n − 2Þ are arbitrary constants and
qn−1 ¼ −m. Indeed, combining (92) with (95), we have
the following coupled ordinary differential equations:

�
d
dxμ

þ Ξ0
μ

4Ξμ
þ ε

2xμ
þ εμYμ

�
χðμÞ−εμ

þ ð−1ÞμðεμÞn−μfμ
P

n−1
j¼0 qjðεμxμÞjffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð−1Þμ−1Ξμ

q χðμÞεμ ¼ 0: ð96Þ

In odd dimensions, we cannot separate (91) because of
the last terms including the function λ. For the Kerr-NUT-
(A)dS metrics in odd dimensions, since we have fμ ¼ 1 for
all μ, we are able to take λ ¼ 1 and then Eq. (91) can be
solved by separation of variables [32].
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V. SUMMARY AND DISCUSSION

In Sec. II, we have discovered a rank-2 GCCKY tensor
with a skew-symmetric torsion for the Wahlquist metric (1)
which is a stationary, axially symmetric perfect fluid solution
of the Einstein equation in four dimensions with ρþ 3p ¼
const. In Sec. III, we have obtained stationary, axially
symmetric perfect fluid solutions in higher dimensions, where
we have made use of canonical forms of metrics admitting a
rank-2 GCCKY tensor and have directly solved the higher-
dimensional Einstein equations in higher dimensions. The
exact solutions obtained generalize the Wahlquist metric in
four dimensions to all evendimensions (28) andoddones (55),
for which the equations of state are always given by
ρþ 3p ¼ const.As far asweknow, they are the first examples
of rotating perfect fluid solutions in higher dimensions.
We could solve the Einstein equations for perfect fluids due

to the presence of a rank-2 GCCKY tensor. In this sense, if we
find another solution admitting a rank-2 GCCKY tensor in
four dimensions, it might be possible to generalize it to higher
dimensions. When we solved the Einstein equations, as an
ansatz, we have focused on type Ametrics admitting a rank-2
GCCKY tensor, but it would be of great interest to investigate
the other types of metrics (called type B and type C [19]).
Since we have assumed a particular case of type A metrics, it
might be possible to find other perfect fluid solutions of type
A even in four dimensions. Another thing we assumed is that
perfect fluids are rigidly rotating, so it would be worth asking
whether the assumption can be relaxed.
In Sec. IV, we have investigated the separability of the

Hamilton-Jacobi for geodesics, Klein-Gordon and (both
standard and modified) Dirac equations for the obtained
higher-dimensional perfect fluid solutions. In four dimen-
sions, the Wahlquist metric shares the similar separability
to the Kerr metric. The Hamilton-Jacobi for geodesics,
Klein-Gordon and modified Dirac equation with 1=3
torsion equations can be solved by separation of variables.
We have seen that the Hamilton-Jacobi for geodesics and
Klein-Gordon equations separate also in higher dimen-
sions, which is responsible for the rank-2 GCCKY tensor.
Although the Dirac equation does not separate in arbitrary
dimensions, the modified Dirac with a 1=3 torsion equation
does only in even dimensions. In odd dimensions, there is
an obstruction. Even for any choice of the function λ in
(26), the modified Dirac equation does not separate.
Since the equations of state are given by ρþ 3p ¼ const,

the present situation seems to be unrealistic for compress-
ible fluids. Even so, it would be interesting to consider
whether the obtained solutions describe the interiors of
rotating stars and (not necessarily smoothly) connect to
vacuumspacetimes.For instance,whenwe take thestatic limit
of the Wahlquist solution, we obtain a static, spherically
symmetric perfect fluid solution (A8). Then, it is possible
to match the metric to the Schwarzschild metric, as was
discussed in [2,33]. In higher dimensions, for static, spheri-
cally symmetric perfect fluid solutionswithρ¼ const. [21,23]

and p ¼ −ρ [24], the similar matching conditions were
discussed, where the metrics are joined to the
Schwarzschild-Tangherlini metrics in arbitrary dimensions.
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APPENDIX A: PARTICULAR LIMITS OF
THE WAHLQUIST SPACETIME

IN FOUR DIMENSIONS

It is known that as the particular limits, many known
solutions can be included in the Wahlquist metric in four
dimensions [2–6]. We review the relationship here, again. A
detailed explanation can be found also in [34]. The metric
(14) is written in a local coordinate system ðr; p; τ; σÞ as

ds2 ¼ −
Q

r2 þ p2
ðdτ þ p2dσÞ2 þ P

r2 þ p2
ðdτ − r2dσÞ2

þ r2 þ p2

Qð1 − β2r2Þ dr
2 þ r2 þ p2

Pð1þ β2p2Þ dp
2 ðA1Þ

with the functions

Q ¼ Q0 þ a2r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2r2

q
þ ν0r2

þ μ0
β2

�
r2 −

rArcsinðβrÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2r2

p
β

�
; ðA2Þ

P ¼ Q0 þ a1p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ β2p2

q
− ν0p2

−
μ0
β2

�
p2 −

pArcsinhðβpÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ β2p2

p
β

�
: ðA3Þ

The parameters are Q0, ν0, a1, a2, μ0 and β. Of them, only
five parameters are independent, which correspond to mass,
rotation, NUT, cosmological constant, the perfect fuild’s
parameters.

1. Kerr-NUT-(A)dS limit

Let us consider the metric (A1) with β ¼ 0. In the limit
β → 0, we have

ArcsinðβrÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2r2

q
¼ βr −

β3r3

3
þ � � � ;

ArcsinhðβpÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ β2p2

q
¼ βpþ β3p3

3
þ � � � :

HINOUE et al. PHYSICAL REVIEW D 90, 024037 (2014)

024037-10



Hence, the metric becomes

ds2 ¼ −
Q

r2 þ p2
ðdτ þ p2dσÞ2 þ P

r2 þ p2
ðdτ − r2dσÞ2

þ r2 þ p2

Q
dr2 þ r2 þ p2

P
dp2; ðA4Þ

where

Q ¼ Q0 þ a2rþ ν0r2 −
μ0
3
r4; ðA5Þ

P ¼ Q0 þ a1p − ν0p2 −
μ0
3
p4: ðA6Þ

The form was investigated first by Carter [26], which is
called the Kerr-NUT-(A)dS metric. This is also a particular
case of Plebanski [35] and Plebanski-Demianski [36] met-
rics. Recently, the geometric characterization was investi-
gated in [37]. For the physical meaning of the parameters,
e.g., see [38].

2. Static limit

It is possible to take the static limit of the Wahlquist
metric (A1), as was pointed out in [2,6]. If we perform
the coordinate transformation p ¼ a cos θ, τ ¼ t − aϕ and
σ ¼ ϕ=a and then send a → 0 (with Q0 ¼ a2 ~Q0 and
a1 ¼ a ~a1), the metric becomes

ds2 ¼ −fðrÞdt2 þ dr2

ð1 − β2r2ÞfðrÞ þ r2dΩ2; ðA7Þ

where dΩ2 is a two-dimensional metric with the constant
curvature ν0 and

fðrÞ ¼ ν0 þ
a2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2r2

p
r

þ μ0
β2

�
1 −

ArcsinðβrÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2r

p
βr

�
: ðA8Þ

If we take ν0 > 0, it is the Whittaker metric [33] which is a
static, spherically symmetric perfect fluid solution describ-
ing an interior of Schwarzschild spacetime.

APPENDIX B: SPECIAL CASES OF THE
WAHLQUIST METRIC IN FIVE DIMENSIONS

In this appendix, we would like to discuss special cases of
the higher-dimensionalWahlquistmetrics obtained in Sec. III,
especially in five dimensions. Before doing so, for the metric
(55) with the functions (74) in five dimensions, we perform
the Wick rotation x ¼ ir. Then, the metric is written as

ds25 ¼
r2 þ y2

ð1 − β2r2ÞΞ1

dr2 þ r2 þ y2

ð1þ β2y2ÞΞ2

dy2

−
Ξ1

r2 þ y2
w2
1 þ

Ξ2

r2 þ y2
w2
2 −

s20
r2y2

w2
3; ðB1Þ

where

w1 ¼ dψ0 þ y2dψ1; w2 ¼ dψ0 − r2dψ1;

w3 ¼ dψ0 þ ðy2 − r2Þdψ1 − r2y2dψ2: ðB2Þ

The functions Ξμ are given by

Ξ1 ¼
2c4
β4

�
1 −

β2

2
r2 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2r2

q �
−
s20
r2

−
c2
β2

�
1 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2r2

q �
þ a1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2r2

q
;

Ξ2 ¼
2c4
β4

�
1þ β2

2
y2 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ β2y2

q �
þ s20
y2

−
c2
β2

�
1 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ β2y2

q �
þ a2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ β2y2

q
: ðB3Þ

1. Kerr-(A)dS metric

Taking β ¼ 0 leads to the vacuum solution, in which the
energy density and pressure of the perfect fluid vanish and
the metric takes the form obtained by Chen-Lü-Pope [15],
which was previously obtained in [13,14].

2. Rotating perfect fluids with equal
angular momenta

It is shown [14] that when all angular momenta are set to
equal in odd dimensions D ¼ 2nþ 1, Myers-Perry-(A)dS
metrics can be recast in a simpler form, in which the Hopf
fibrations over CPn−1 appear in the metrics. For instance,
the Hopf fibration over CP1 ≅ S2 appears in five dimen-
sions. It is realized from the viewpoint of Killing-Yano
symmetry that the eigenvalues of Killing-Yano tensors
change from functions to constants (from nondegenerate
to degenerate). Actually, if we start with a metric ansatz
admitting a degenerate CCKY 2-form, we obtain a vacuum
solution including the Myers-Perry-(A)dS metrics with
equal angular momenta [31,39]. In analogy with it, it is
possible to consider a metric ansatz admitting a degenerate
GCCKY 2-form and then, as is expected, we obtain a
stationary, axially symmetric perfect fluid solution. The
metric in five dimensions is written in a local coordinate
system (t; r; θ;ϕ;ψ) as

ds25 ¼ −fðrÞ
�
dtþ a

2λ
σ3

�
2

þ 1þ β2a2

ð1 − β2r2ÞfðrÞ dr
2

þ k2

r2

�
adtþ r2 þ a2

2λ
σ3

�
2

þ r2 þ a2

4λ
dΩ2

S2 ; ðB4Þ

where dΩ2
S2 is the standard metric on the two-dimensional

unit sphere S2, and σ3 is the 1-form such that dσ3 is the
Kähler form of dΩ2

S2 . The function fðrÞ is given by

GENERAL WAHLQUIST METRICS IN ALL DIMENSIONS PHYSICAL REVIEW D 90, 024037 (2014)

024037-11



fðrÞ ¼ 1

r2 þ a2

�
k2a2

�
a2

r2
þ 3

�
− 2M

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2r2

q

þ 2k2 þ c2a2

β2

�
1 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2r2

q �

þ 2c2
β4

�
1 −

β2

2
r2 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2r2

q ��
; ðB5Þ

where

λ ¼ ð4þ 3β2a2Þk2 − c2a2

4ð1þ β2a2Þ : ðB6Þ

The metric contains five parameters M, a, c2, k and β. The
velocity of the perfect fluid is u ¼ 1=

ffiffiffiffiffiffiffiffi−gtt
p

∂t. The energy
density and pressure are

ρ ¼ −
3ð3β2gtt þ c2Þ
2ð1þ β2a2Þ ; p ¼ 3ðβ2gtt þ c2Þ

2ð1þ β2a2Þ ; ðB7Þ

where gtt ¼ −fðrÞ þ k2a2=r2. The equation of state is
given by

ρþ 3p ¼ 3c2
1þ β2a2

: ðB8Þ

3. Static limit

The static limit of the metric (B4) is given by a ¼ 0.
Then, since we have k2 ¼ λ, the metric is written as

ds25 ¼ −fðrÞdt2 þ dr2

ð1 − β2r2ÞfðrÞ þ
r2

λ
dΩ2

3; ðB9Þ

where dΩ2
3 is the standard metric on the unit sphere S3 and

the function fðrÞ is given by

fðrÞ ¼ 2λ

β2r2

�
1 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2r2

q �
−
2M

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2r2

p
r2

þ 2c2
β4r2

�
1 −

β2

2
r2 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2r2

q �
: ðB10Þ

As a consequence, the static metric becomes spherically
symmetric.

APPENDIX C: CURVATURE QUANTITIES
OF THE HIGHER-DIMENSIONAL

WAHLQUIST METRICS

By using the tetrad method, this appendix calculates
the curvature quantities for the tetrad (24) of the higher-
dimensional metrics (21). In what follows, the indices μ and
ν are different and no sum.
From the first structure equation dea þωa

b∧eb ¼ 0
and ωba ¼ −ωab, the connection 1-forms are calculated
as follows:

ωμ
ν ¼ −

xν
ffiffiffiffiffi
Pν

p
fνðx2μ − x2νÞ

eμ −
xμ

ffiffiffiffiffiffi
Pμ

p
fμðx2μ − x2νÞ

eν;

ωμ
μ̂ ¼ −

∂μ

ffiffiffiffiffiffi
Pμ

p
fμ

eμ̂ þ
X
ν≠μ

xμ
ffiffiffiffiffi
Pν

p
fμðx2μ − x2νÞ

eν̂ þ ε
ffiffiffi
S

p

fμxμ
e0;

ωμ
ν̂ ¼

xμ
ffiffiffiffiffi
Pν

p
fμðx2μ − x2νÞ

eμ̂ −
xμ

ffiffiffiffiffiffi
Pμ

p
fμðx2μ − x2νÞ

eν̂;

ωμ̂
ν̂ ¼ −

xμ
ffiffiffiffiffi
Pν

p
fμðx2μ − x2νÞ

eμ −
xν

ffiffiffiffiffiffi
Pμ

p
fνðx2μ − x2νÞ

eν;

ωμ
0 ¼

ffiffiffi
S

p

fμxμ
eμ̂ −

ffiffiffiffiffiffi
Pμ

p
fμxμ

e0;

ωμ̂
0 ¼ −

ffiffiffi
S

p

fμxμ
eμ: ðC1Þ

From the second structure equation Ra
b ¼ dωa

bþ
ωa

c∧ωc
b, the curvature 2-forms are calculated as follows:

Rμ
ν ¼ Rμ

νμνeμ∧eν þ Rμ
νμ̂ ν̂eμ̂∧eν̂;

Rμ
μ̂ ¼ Rμ

μ̂μμ̂eμ∧eμ̂ þ
X
ν≠μ

Rμ
μ̂νν̂eν∧eν̂

þ β2
X
ν≠μ

ffiffiffiffiffiffi
Pμ

p ffiffiffiffiffi
Pν

p
eμ∧eν̂

þ εβ2
ffiffiffiffiffiffi
Pμ

p ffiffiffi
S

p
eμ∧e0;

Rμ
ν̂ ¼ Rμ

ν̂μν̂eμ∧eν̂ þ Rμ
ν̂νμ̂eν∧eμ̂

þ β2
ffiffiffiffiffiffi
Pμ

p ffiffiffiffiffi
Pν

p
eμ∧eμ̂

þ β2
X
ρ≠μ;ν

ffiffiffiffiffi
Pν

p ffiffiffiffiffiffi
Pρ

p
eμ∧eρ̂

þ εβ2
ffiffiffiffiffi
Pν

p ffiffiffi
S

p
eμ∧e0;

Rμ̂
ν̂ ¼ Rμ̂

ν̂μνeμ∧eν þ Rμ̂
ν̂ μ̂ ν̂eμ̂∧eν̂

þ β2
X
ρ≠μ;ν

ffiffiffiffiffi
Pν

p ffiffiffiffiffiffi
Pρ

p
eμ̂∧eρ̂

− β2
X
ρ≠μ;ν

ffiffiffiffiffiffi
Pμ

p ffiffiffiffiffiffi
Pρ

p
eν̂∧eρ̂

þ εβ2
ffiffiffiffiffi
Pν

p ffiffiffi
S

p
eμ̂∧e0

− εβ2
ffiffiffiffiffiffi
Pμ

p ffiffiffi
S

p
eν̂∧e0;

Rμ
0 ¼ Rμ

0μ0eμ∧e0 þ β2
ffiffiffiffiffiffi
Pμ

p ffiffiffi
S

p
eμ∧eμ̂

þ β2
X
ν≠μ

ffiffiffiffiffi
Pν

p ffiffiffi
S

p
eμ∧eν̂;

Rμ̂
0 ¼ Rμ̂

0μ̂0eμ̂∧e0 þ β2
X
ν≠μ

ffiffiffiffiffi
Pν

p ffiffiffi
S

p
eμ̂∧eν̂

þ β2
X
ν≠μ

ffiffiffiffiffiffi
Pμ

p ffiffiffiffiffi
Pν

p
eν̂∧e0: ðC2Þ

The components of the curvature 2-forms are given by
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Rμ
νμν ¼ −

1

2ðx2μ − x2νÞ
ðxμ∂μ

~PT − xν∂ν
~PTÞ;

−
β2

2ðx2μ − x2νÞ
ðxμ∂μ

~Pð2Þ
T − xν∂ν

~Pð2Þ
T Þ;

Rμ
νμ̂ ν̂ ¼ −

1

2fμfνðx2μ − x2νÞ
ðxν∂μ

~PT − xμ∂ν
~PTÞ;

Rμ
μ̂μμ̂ ¼− 1

2
∂2
μ
~PT − β2

2
∂2
μ
~Pð2Þ
T þ 3β2

2
xμ∂μ

~PT þ β2Pμ;

Rμ
0μ0 ¼ −

1

2xμ
ð∂μ

~PT þ β2∂μ
~Pð2Þ
T Þ þ β2S ðC3Þ

and

Rμ̂νμ̂ν ¼ Rμνμν þ β2Pμ;

Rμ̂ ν̂ μ̂ ν̂ ¼ Rμνμν þ β2ðPμ þ PνÞ;
Rμμ̂νν̂ ¼ 2Rμνμ̂ ν̂; Rμν̂νμ̂ ¼ Rμνμ̂ ν̂;

Rμ̂0μ̂0 ¼ Rμ0μ0 þ β2Pμ: ðC4Þ

The functions ~PT and ~Pð2Þ
T are defined by

~PT ¼
Xn
μ¼1

Pμ þ εS; ~Pð2Þ
T ¼

Xn
μ¼1

x2μPμ: ðC5Þ

In [40], it was shown that the higher-dimensional Kerr-
NUT-(A)dS metrics are of type D in all dimensions. This
motivates us to ask if the higher-dimensional Wahlquist
metrics obtained in Sec. III are also of type D, because the
Kerr-NUT-(A)dS metrics are obtained as the limit of the

Wahlquist metrics. To see it, since we need to prepare a null
orthonormal frame fk; l; eαg such that k is a Weyl aligned
null direction, we define it for the higher-dimensional
Wahlquist metrics in the way similar to higher-dimensional
Kerr-NUT-(A)dS metrics. Using the orthonormal frame
(87), for a fixed number μ, we define

k ¼ 1ffiffiffiffiffiffiffiffi
2Pμ

p ðeμ þ
ffiffiffiffiffiffi
−1

p
eμ̂Þ; ðC6Þ

l ¼
ffiffiffiffiffiffi
Pμ

p
ffiffiffi
2

p ðeμ −
ffiffiffiffiffiffi
−1

p
eμ̂Þ: ðC7Þ

By definition, this frame yields ðα ≠ βÞ

ðk; kÞ ¼ ðl; lÞ ¼ 0; ðk; lÞ ¼ 1;

ðk; eαÞ ¼ ðl; eαÞ ¼ ðeα; eβÞ ¼ 0: ðC8Þ

We also have ∇kk ¼ 0, which means that the integral curve
of k is a geodesic. It is easy to see that the Weyl curvature
yields the type D condition [25]

Wðk; eα; eβ; eγÞ ¼ Wðl; eα; eβ; eγÞ ¼ 0;

Wðk; eα; k; eαÞ ¼ Wðl; eα; l; eαÞ ¼ 0;

Wðk; l; k; eαÞ ¼ Wðk; l; l; eαÞ ¼ 0: ðC9Þ

We thus find that the higher-dimensional Wahlquist metrics
are of type D in all dimensions.
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