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Neutrino telescopes such as IceCube search for an excess of high energy neutrinos above the steeply
falling atmospheric background as one approach to finding extraterrestrial neutrinos. For samples of events
selected to start in the detector, the atmospheric background can be reduced to the extent that a neutrino
interaction inside the fiducial volume is accompanied by a detectable muon from the same cosmic-ray
cascade in which the neutrino was produced. Here we provide an approximate calculation of the veto
probability as a function of neutrino energy and zenith angle.
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I. INTRODUCTION

A downward atmospheric neutrino will be excluded from
a sample of atmospheric neutrinos if the sample consists
of events starting in the detector and if the neutrino has
sufficiently high energy and sufficiently small zenith angle
that a muon from the same event will enter the detector
at the same time and be recognized. Such an event will be
classified as an atmospheric muon and rejected. This
strategy was originally suggested in [1] for the case of
νμ from the decays of charged pions and kaons, where the
probability that the muon produced in the same decay
reaches the detector can be calculated with an analytic
approximation. A preliminary estimate of the more general
case where the veto is provided by any muon from the same
shower was used in evaluating the atmospheric neutrino
background in the high energy starting event analysis of
IceCube [2].
In this paper we show how to calculate the more general

case in which the neutrino can be accompanied by a muon
produced in any branch of the same shower. Accounting for
these extra muons increases the veto probability for νμ only
slightly. For νe however, such uncorrelated muons are the
only source of accompanying muons since meson decays to
electron neutrinos are accompanied by electrons rather than
muons. Treating νe properly is especially important when
considering neutrino fluxes from charmed mesons, which
decay to νe and νμ with nearly equal probability.
Calculating the probability that a neutrino is accompa-

nied by a muon produced in any branch of the same shower
requires a calculation that accounts for the correlation
between the candidate neutrino and the entire shower
structure. This is a straightforward Monte Carlo calculation

that is limited only by the statistics of meson decay at
high energy. The characteristic ratio of decay probability
to interaction probability for a meson of type α is
ϵα=ðEν cos θÞ. At energies of 100 TeVand above, of current
interest in IceCube, this ratio for kaons is significantly less
than 1%. For prompt neutrinos from charm decay, the
ratio is by definition large, but the production of charmed
hadrons itself is rare and subject to large uncertainties.
For these reasons it is useful to develop a numerical
estimate of the probability that a neutrino is accompanied
by an unrelated muon from the same event. If such an
approximation can be shown to agree with the Monte Carlo
result at low energy, it can be used to extend the veto
calculation beyond the statistical limitations of the full
Monte Carlo.

II. CALCULATIONS

The flux of atmospheric neutrinos can be obtained by
integrating the production spectrum of neutrinos over
atmospheric depth. The production spectrum is an inte-
gral over the parent spectrum of mesons that decay to
produce neutrinos. The range of the integration is given
by the maximum and minimum kinematically allowed
values of Eparent for a given Eν. For a power-law primary
spectrum of nucleons, the integral over the neutrino
production spectrum leads to the standard approximation
[3] for the flux of νμ þ ν̄μ from decay of charged pions
and kaons:

ϕνðEνÞ ¼ ϕNðEνÞ
�

Aπν

1þ Bπν cos θEν=ϵπ

þ AKν

1þ BKν cos θEν=ϵK

�
: ð1Þ
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In the case of the two-body decays of charged pions and
charged kaons, the integral over the parent meson energy
can be constrained to require

Eμ þ Eν > Eμ;min þ Eν; ð2Þ

where Eμ;min is the minimum muon energy needed to
reach the depth of the detector and trigger it. This is
the calculation of Ref. [1] which leads to a modified
ϕ�
νðEν; Eμ;minÞ, which is the flux of neutrinos accompanied

by the muon from the same meson decay. Then the
passing rate,

PðEν; Eμ;minÞ ¼
ϕνðEνÞ − ϕ�

νðEν; Eμ;minÞ
ϕνðEνÞ

; ð3Þ

gives the fraction of atmospheric νμ that are not accom-
panied by the muon from the same decay in which the
neutrino was produced. Our goal is to generalize the passing
rate to atmospheric neutrinos of all flavors by including
all muons produced in the same cosmic ray shower as the
neutrino.
One approach to a numerical evaluation of the passing

rate is to use an approximate form for the yield of muons
per primary nucleus. We use an approximation based on
parametrization of simulations that is sometimes referred
to as the Elbert formula [4]. This approximation gives a
good description of the average properties of muon bundles
generated by primary cosmic ray nuclei of mass A and
total energy E [5]. (See also Ref. [6].) We find, using the
simulations described in the results section, that the Elbert
formula can be generalized to describe fluxes of νμ and νe
by adding one additional parameter. In integral form, the
approximation is

Nlð> El; A; E; θÞ ¼ Kl
A

Elcos�θ
x−p1ð1 − xp3Þp2 ; ð4Þ

with x≡ AEl=E and the constants K, p1, p2, and p3 given
for different leptons l in Table I. The approximation is
valid above a few TeV, where pions and kaons are more
likely to interact than decay in flight. The decay prob-
ability is proportional to 1=Elcos�θ [7]. The same form
can be made to describe leptons from the decays of

charmed mesons like the D� that decay promptly before
they can reinteract by removing the decay-probability
factor:

Nlð> El; A; E; θÞ ¼ KlAx−p1ð1 − xp3Þp2 : ð5Þ

Figure 1 shows the approximate lepton yields as a
function of lepton energy, primary energy, and zenith
angle.
The response function gives the distribution of primary

energy of nuclei of mass A that produce leptons of a given
energy El as

RlðA;E; El; θÞ ¼ ϕNðA;EÞ ×
dNlð> El; A; E; θÞ

dEl
: ð6Þ

Then the flux of leptons is

FIG. 1 (color online). Lepton yields from the modified Elbert
formula. Each curve in (a) shows Eq. (4) evaluated with one of the
parameter sets from Table I. The points in (b) show yields from
CORSIKA [8] simulation, the dotted lines a 1= cos θ dependence,
and the solid lines a 1= cos� θ dependence [9]. All conventional
lepton yields have the same zenith dependence.

TABLE I. Parameters of the modified Elbert formula for
different lepton flavors and production processes.

Parametrization K p1 p2 p3 Equation

Elbert μ 14.5 0.757 5.25 1 (4)
Conventional μ 49.5 0.626 4.94 0.580 (4)
Conventional νμ 79.9 0.463 4.37 0.316 (4)
Conventional νe 0.805 0.619 9.78 0.651 (4)
Charm νμ and νe 0.000780 0.604 7.34 0.767 (5)
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ϕlðEl; θÞ ¼ ΣA

Z
dERlðA;E; El; θÞ: ð7Þ

To estimate the passing rate of neutrinos we evaluate

PνðEν; θÞ ¼
ΣA

R
dERνPðNμ ¼ 0Þ
ΣA

R
dERν

; ð8Þ

where PðNμ ¼ 0jA;E; Eμ;min; θÞ is the probability that no
muons from a shower initiated by a cosmic ray of the
given mass, energy, and zenith angle penetrate to the
depth of the detector without dropping below the detection
threshold Eμ;min. This can be approximated as the Poisson
probability,

PðNμ ¼ 0jE;Eμ;min; θÞ ¼ e−NμðA;E; ~Eμ;minðθÞ;θÞ; ð9Þ

where ~Eμ;minðθÞ is the surface energy required to reach
the detector with Eμ;min 50% of the time and Nμ is the
cumulative muon yield evaluated at that energy. A Python
implementation of this calculation is included with the
online Supplemental Material for this article [10].
The central idea of the estimate is to weight the

probability of zero muons according to the weights
that give rise to the flux of neutrinos of a given Eν.
It should be noted that the same idea can be applied
to estimate the atmospheric neutrino veto efficiency
of a surface detector like IceTop [11] by replacing
PðNμ ¼ 0jA;E; Eμ;min; θÞ with 1 − ϵðA; E; θÞ, where ϵ
is the surface detector’s trigger efficiency for showers
initiated by cosmic rays of the given mass, energy, and
zenith angle.

III. RESULTS

In Fig. 2 we compare the veto passing fraction (fraction
of neutrinos that arrive at a depth of 1950 m in ice with no
muons above 1 TeV) in two cases: once considering only
muons produced in the same decay as the νμ [1], and once

considering uncorrelated muons from other branches of the
shower [Eq. (8)]. As might be expected, the uncorrelated
veto by itself is not as efficient as the same-decay veto, but
it applies to νe as well as νμ.
Figure 3 shows a comparison of the analytic calculations

of the passing rate with a full Monte Carlo calculation.
We simulated showers with CORSIKA [8] and SIBYLL 2.1
[12] hadronic interactions, weighting the showers to the
H3a spectrum of Ref. [13]. We then used PROPOSAL [14]
to propagate the muons in each shower through ice to a
vertical depth of 1950 m, and tabulated the fraction of
neutrinos where no muons reached depth with more than
1 TeV as a function of neutrino energy, flavor, and zenith
angle. Since νμ may be vetoed either by a muon from the
same vertex or from the rest of the shower, we approximate
the passing rate as

Ptotal ≈ Pcorrelated × Puncorrelated; ð10Þ

where the first factor is the passing rate from Ref. [1] and
the second is from Eq. (8). While this approximation
accounts for the correlated muon more than once, it
nonetheless describes the full Monte Carlo calculation
quite well. For νe there is no partner muon, and the passing
rate is described well by Eq. (8) alone.
Figure 4 shows a similar comparison, but only considers

neutrinos from the decays of charmed mesons simulated
with DPMJET 2.55 [15]. Here, the passing rate for νμ is
nearly the same as in the conventional case, while for νe it is
slightly higher. This happens because neutrinos from
charm decay tend to carry a larger fraction of the shower
energy than conventional neutrinos, and so come from a

FIG. 2 (color online). Solid lines show the passing rate as a
function of neutrino energy from the analytic calculation of
Ref. [1] for various cos θ. Dashed lines show the calculation of
Eq. (8). The passing rate in both calculations increases rapidly
with the depth of the detector.

FIG. 3 (color online). Comparison of approximations (solid
lines) with Monte Carlo (crosses) for conventional neutrinos at
three values of cos θ. Top panel: νμ with solid lines showing the
passing rate from the analytic calculation of Ref. [1]. Bottom
panel: νe with solid lines showing the approximate calculation
of Eq. (8).
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population of showers with less energy and fewer muons on
average.
Finally, Fig. 5 shows the effective neutrino fluxes that

can be observed in IceCube if all neutrino events with
accompanying muons above 1 TeV are removed from the
sample. The most notable feature is that the up-down
symmetry of the atmospheric neutrino flux is distorted
for zenith angles smaller than 75°. The effect is especially
stark for the prompt neutrino flux, which would otherwise
be completely isotropic, mimicking a diffuse flux of
extragalactic neutrinos.
Self-veto provides a powerful tool for disentangling

astrophysical neutrinos from an otherwise irreducible
atmospheric neutrino background, and vice versa. The
generalized calculation presented here can be used to
estimate passing rates for conventional and prompt neu-
trinos of all flavors.
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FIG. 5 (color online). Effective atmospheric neutrino flux
obtained by applying the passing-rate calculation presented
here to the conventional flux calculation of Ref. [16] and the
prompt flux calculation of Ref. [17]. The dotted lines in each
panel show the total neutrino flux as a function of zenith angle
for different energies, while the solid (dashed) lines show the
portion of the νμ ðνeÞ flux that can reach IceCube with no
accompanying muons above 1 TeV. Above 100 TeV the up-
going neutrino flux is suppressed by absorption in the Earth; this
effect is not shown.

FIG. 4 (color online). Comparison of approximations (solid
lines) with Monte Carlo (crosses) for neutrinos from charmed
meson decay at three values of cos θ. Top panel: νμ with solid
lines showing the passing rate from the analytic calculation of
Ref. [1]. While this calculation only applies strictly to two-body
decays of pions and kaons, it provides an adequate description of
the muon/neutrino correlation in three-body decays of D mesons
as well. Bottom panel: νe with solid lines showing the approxi-
mate calculation of Eq. (8).
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