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A gravitational wave inspiral search with a global network of interferometers when carried in a phase
coherent fashion mimics a search with two effective synthetic data streams. The streams are constructed by
the linear combination of the overwhitened data from individual detectors. We demonstrate here that the
two synthetic data streams pertaining to the two polarizations of the gravitational wave can be derived prior
to the maximum-likelihood analysis in a most natural way using the technique of singular-value
decomposition applied to the network signal-to-noise ratio vector. The singular-value technique combined
with the matched filtering in network plus spectral space enables the construction of the synthetic streams.
We further show that the network log likelihood ratio is then the sum of the log-likelihood ratios of these
synthetic streams. In this formalism, the four extrinsic parameters of the nonspinning inspiral signal,
namely, amplitude, initial phase, binary inclination, and the polarization {Ag, ¢, €, ¥}, are mapped to the
two amplitudes and two phases, namely, {p;,pr, ®;, Pr}. We show that the maximization over the new
extrinsic parameters is a straightforward exercise closely linked to the single detector approach in the
literature. Toward the end, we connect all the previous works related to the multidetector gravitational wave

inspiral search and present in the same notation.
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I. INTRODUCTION

A global network of broadband advanced gravitational
wave (GW) detectors such as Advanced LIGO and
Advanced Virgo [1,2] will be ready in next few years.
Japanese detector KAGRA is under construction and will
be functioning in the next decade [3]. In addition, there is a
proposal for a detector in India, namely, LIGO-India.
Coalescing compact binaries are promising sources for
these advanced detectors. These detectors with an individ-
ual average distance reach of 200 Mpc for neutron star
binaries would detect few GW inspiral events per
month [1,4].

The inspiral search for the compact binary (with com-
ponent masses m; and m,) is carried out by a phase
matching technique well known as the matched filtering
applied to the output data from a single detector. The
inspiral signal is characterized by many physical param-
eters; for example, in case of nonspinning inspiraling
binaries, the parameter space is (M, 7, Ay, 1., ¢,). Here,
¢, is the phase of the signal at the time of arrival #,. The
mass M = (mym,)33/(m; + m,)'/> is the chirp mass,
and n = m;m,/(m; + m,) is the symmetric mass ratio. A,
is the constant overall amplitude. The detection is carried
out by laying the templates in the multidimensional
parameter space and then maximizing the filtered output.
This is technically known as maximum likelihood ratio
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(MLR) analysis, which is close to optimal when signal-to-
ratio is large and signal is buried in Gaussian noise [5—7].

In the global multidetector network mentioned above,
each interferometer is differently oriented due to its
location on the Earth’s globe. Thus, they have different
responses to the incoming GW from a given direction.
There are two distinct ways to carry out a GW search with a
network of detectors. The first one is the coincidence
approach. In this approach, data from each interferometer
is processed individually followed by a list of coincident
event triggers based on the coincidence windows in the
mass and time of arrival parameters [8].1 On the contrary,
the second approach, the phase coherent search, involves
combining the inspiral signal from different detectors in a
phase coherent fashion into a single effective network
statistic, and a detection would be carried out by applying a
threshold on it. In the literature, it has been demonstrated
that the coherent search performs better than the coinci-
dence search for coalescing binaries [9]. This is understood
since the phase information is retained in the coherent
approach. In this work, our main focus is the multidetector
phase coherent approach.

From the coherent approach perspective, different detec-
tors in the network respond differently, which removes the
parameter degeneracy present in the single detector signal.
As a result, for nonspinning binaries, the search parameter

Ty - . .. .
This was the basic nature of the coincidence search in the
science run data.
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space expands to (M,n, Ag, 1ty ¢a,0,¢,€, V), where
(0, 4))2 represents the source location, € is the binary
inclination angle, and W is the polarization angle of the
binary system. To give an example, two independent
detectors can measure GW polarization predicted by
Einstein’s general relativity, and hence the polarization
becomes an explicit parameter. Similarly, at least four
detectors are necessary to measure the source location
by the triangulation method [10].

The multidetector coherent GW inspiral search based on
the MLR analysis has been developed in the literature for
more than a decade by various groups around the world
[11-13]. In Ref. [11], the network log-likelihood ratio
(LLR) is maximized over the four extrinsic parameters out
of the above-mentioned nine total parameters; namely,
(Ag, Par €, ¥) were maximized using the rotation group
symmetries and Gel-Fand functions. The maximized
network LLLR was shown to be the sum-square of the
projected network correlation function vectors on the (two-
dimensional) polarization plane. In Ref. [12], the coherent
formalism was developed for a general case of correlated
noise (to treat the noise correlation between the two LIGO-
Hanford detectors). In Ref. [13], the coherent formalism
was developed based on the F statistic [14,15], where the
four physical parameters (Ag, ¢,. €, V) are mapped to
the four amplitude parameters, namely (A, 4,, Az, Ay).
The authors showed that the freedom of polarization angle
U allows one to set the dominant polarization frame in
which the two GW polarizations are separable. For more
reference on the dominant polarization frame, see Ref. [16].
Finally, the authors show that the MLR analysis gives two
terms which can be interpreted as the matched filtering
output of the two synthetic streams constructed from the
output of the multiple detectors, e.g., Eq. (2.35) of
Ref. [13]. For more references on the synthetic streams
in the GW burst context, see Ref. [17], and for GW
unmodeled chirps, see Ref. [18].

As indicated in earlier literature [11,13], the MLR
analysis gives two synthetic data streams which mimic
the multidetector network. The number 2 corresponds to
the two polarizations in the Einstein’s gravity. These
synthetic streams act like the building blocks for the multi-
detector coherent analysis. In electromagnetic window,
techniques are developed for effectively combining data
from different telescopes to improve the source localization,
which is generically termed as aperture synthesis [19,20]. In
particular in optical/radio windows, the signals are com-
bined from distinct telescopes with the directional depen-
dent coefficients or data correlated among the detector pairs
to improve source localization. In the same spirit, the
multidetector detector coherent analysis performed with

2Spherical polar coordinates (6, ¢) are related to the equatorial
coordinates, right ascension (RA) and declination (Dec), as RA=
¢ and Dec=60-rx/2.
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synthesis streams can be viewed as an aperture synthesis
technique in the GW window.

In this paper, we show that the synthetic streams is a
natural way to combine the data streams in a phase coherent
fashion and which can be constructed much before doing
MLR analysis. This is obtained using the singular-value
decomposition (SVD) of the multidetector signal-to-noise
ratio (SNR) vector in a much more straightforward way.
The highlights of the paper are as follows:

(1) The singular vectors of the network SNR vector
naturally gives the dominant polarization (DP)
frame.

(2) The new formalism imposes the simultaneous
matched filtering in the spectral as well as network
space and is hence termed as the network matched
filter. This gives a pair of synthetic streams, which is
similar in nature to the ones obtained in earlier
literature through the MLR [13].

(3) The network LLR expressed in terms of the syn-
thetic streams corresponding to the two singular
vectors is the sum of the LLRs of the two effective
synthetic data streams.

(4) In this framework, the four physical extrinsic
parameters (A, ¢,, €, ¥) are uniquely mapped to
four new parameters, namely, (p;,pr, P, Pr).

(5) The network MLR amounts for maximizing the
network LLR over the two effective amplitudes
(pr,pr) and two effective phases, (P, Pg). This
is a clear extension of the MLR approach with single
detector data stream to MLR analysis of two
effective synthetic streams (corresponding to two
GW polarizations). Thus, the synthetic streams
effectively mimic the multidetector network search.

The approach gives an elegant way to obtain and
construct the synthetic streams in multidetector analysis.
Further, we connect this work to all the existing works,
namely, Refs. [11,13], bringing different notations under
the same umbrella.

The paper is organized as follows. Section II briefly
outlines the binary signal with two polarizations in the
multidetector network. In Sec. III, we define a SNR vector
o for which the norm is the optimal network SNR. Using
the SVD technique, we show that its norm square can also
be split as the sum of the two distinct quantities, p? and p%.
In Sec. IV, we obtain two synthetic streams as linear
combinations of network signal such that their respective
SNRs are p; and pg. In Sec. V, we construct the network
likelihood statistic, A in terms of synthetic streams. Further,
we show that the extrinsic physical parameters are mapped
into (p,pgr, P, Pg). Thus, the network MLR analysis is
equivalent to the MLR analysis of the two independent
network synthetic streams, and the maximization is equal to
maximizing the two effective amplitudes and the two
effective phases. In Sec. VI, we compare our approach
to the existing literature [11,13].
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II. INSPIRALING BINARY GW SIGNAL IN A
MULTIDETECTOR NETWORK

In this section, we introduce the inspiral GW signal
arriving at the network of [ interferometric GW antennas.

The time series of two polarizations of GW from a
nonspinning compact binary with masses m;, m, and
located at a distance r which enter the interferometric
detector band at time #, with the phase ¢, is

ho(t) = A(my,my,r,1) 1%0826 o8 [P(1—t,) + dal,
hy (1) = A(my,my, r,t)cose sin[P(r—1,) + ¢, (1)

where ®(¢ — 1,,) is the phase restricted to 3.5 PN order and
the inclination angle € is the angle between the orbital
angular momentum vector and the observer’s line of sight.

The corresponding strain (response) measured by any
interferometric GW detector is

s(t) =Fyho (1) + Fuh (1), (2)

where F, and F, are the antenna pattern functions which
describe the angular response of an antenna to a given
source location. These antenna pattern functions depend on
the source location with respect to the detector’s site.

In a multidetector network, we represent the antenna
patterns as /-dimensional vectors, namely, F, , = {F, .},
where the subscript m varies from 1 to /. In addition,
different detectors receive the h, ., with time delays
depending on the location of the detector on the Earth’s
globe. Thus, the signal at the mth detector site is
Sn(t) = Sper(t — 7,,), Where s¢(7) is the GW signal in the
geocentric frame, which we treat as reference here, and 7,, is
the time delay between the signal in the mth detector and the
geocentric frame with respect to the source location.
However, for the context of this paper, henceforth we
assume that we compensate for the delays and consider
the delayed signal keeping the same notation to construct the
network signal.3

The antenna pattern vectors when measured in the
geocentric frame F , are the functions of the polarization
angle U, source location (0, ¢), and detector’s Euler angles
with respect to the geocentric frame. We use (a,,, B, ¥ ) tO
represent the mth detector’s Euler angles following the
convention in the literature [11,13,18].

In the discrete domain, we express the delayed and
sampled signal arrived at the mth detector with 2N number
of time samples as a 2N dimensional Vector,4

Sm = F+mh+ + Fxmhx = '%[Ftnh]’ (3)

*Note that for construction of the likelihood this is reasonable.
However, if one needs to place the templates in the directional
space [21], one has to explicitly incorporate the delays in the
formalism.
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where h = h, + ih,
plex antenna pattern.
In the frequency domain, the signal becomes

and F, =F,_, +iF,,, is the com-

gm = F+mﬁ+ + Fxmﬁx’ (4)

where N-dimensional vectors ﬁ+ and h, are the discrete
versions of frequency domain GW polarizations 4, (f) and

h..(f) for the positive frequencies. From Eq. (1), it can be
shown® that

- 1 + cos’e ‘

hi(f) = AoTho(f)e"/’“,

h(f) = Agcose hy(f)ee, (5)
with 7g(f) = il a(f) = f77/%€0), the stationary phase

approximated frequency domain waveform. Here A is the
constant which depends on the masses and the distance,
and ¢(f) is the 3.5 PN corrected phase of the inspiral
signal [22]. In the coming sections, we use ho and h,,/2

to represent discrete versions of /(f) and h,,/z(f),
respectively.

Thus, the incoming signal to a multidetector network of /
interferometric detectors with N number of frequency
samples expressed as a N x [ matrix,

:SNXI = [85;...5/]. (6)

III. NETWORK SNR

We assume the noises in individual detectors to be
independent, additive, stationary Gaussian. Thus, the net-
work optimal SNR square is the sum of squares of optimal
SNRs of the individual detectors [11,13,18] as

o o

jm

- {Zgﬁmim( Feos ) + AR o], ()

where N jm 18 the jth frequency component of one sided
noise power spectral density (PSD) vector of mth antenna’
[23] and g2, = (hy|hy),.” Here subscript m denotes the
noise PSD of the mth detector to be used. The g,,’s depict

*We take 2N time samples so that there would be N positive
frequency samples as we work in the frequency domain for the
rest of the paper.

The Fourier transform is G(f) = [, G(t)e~>*/'ds.
E[[n /m\ | = 3N, where 1,, 1s the ]th frequency component
of n01se in the mth’detector. a5
"The scalar product (a|b),, = 4% Z VL= Z, ya;b;.

a is the frequency domain vector for the overwhltened signal a.
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the scaling in SNR arising solely due to the different noise
PSDs. When all the noise PSD’s are identical, then g,, = g,
a constant. Note that this g,, is proportional to the one
defined in Ref. [11], Eq. (3.12).

A. Network SNR vector

The form of p? in Eq. (7) motivates us to define an
I-dimensional SNR vector @ such that p?> = ¢ as below:

N2 _H;
(1+(£oss) e 2iW

2 4.
1—cose 2iW
(=)’

In Eq. (8) the /-dimensional vector d and its conjugate d*
characterize the network angular response with respect to
the source location and noise weights as below:

e=Ayd d7] (8)

F;’Vl = ngm = dm (6’ ¢’ anﬂﬂm’ ym)e_zl\p. (9)

Here, components of F’ are the noise weighted complex
antenna pattern functions constructed from F, ,, F,,, and
g, We note that Eq. (8) separates the masses in A, and the
(e, ¥) in the two circular polarizations. Further, d and d*
together form a two-dimensional complex plane in the
I-dimensional complex space. As long as the source and the
network is fixed, this plane remains fixed. The network
SNR vector g is located in this complex plane.8

In general d and d* are not orthogonal to each other;
hence, the network SNR square, which is the Euclidean
norm square of @, will have the cross term between these
vectors. Thus, we use SVD technique to express @ as sum
of two orthogonal vectors, such that the network SNR
square p> becomes sum of norm squares of two orthogonal
vectors.

The SVD of the matrix [d d*] is

”\l;l_” 0 1 i(i —ié
. L 2 e e’
[d d ]:[ul llz} _|: 5 ,_-§:|’
1 0 luoll | \/2 e —je™i
U V2
x v

(10)

where (U, X, V) have similar form as described in Sec. IV
of Ref. [18]. The columns of U, @, and @, are the left
singular vectors, and those of V are the right singular
vectors of matrix [d d*]. The diagonal elements of X are
the singular values.

The orthogonal pair {u;,u,} can be written down in
terms of the antenna pattern functions as

¥The vector d is the noise weighted version of the one defined
in Ref. [18]. The complex plane formed by d and d* is called the
“polarization plane” or “helicity plane” in the literature. For
further details, see Refs. [11,18].
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u, = 2R[Fe2), u,=23[Fe],  (11)

with” [lu; ,||=+/2(d"d=[d"d]) and the phase y = ¥ — &,
Here, § = arg(d’d) solely depends on the multidetector
network orientation with respect to the source location.
Thus, for different sky-positions, the y would vary for a
given network configuration.

Substituting back in Eq. (8), we obtain the network SNR
vector as a linear combination of two orthogonal vectors

2 2
Ay /1 2
+_0 + cos“e
2 2

Ao (1 + cos’e . . >
=—|————cos2y —icosesin2y |u;

sin2y + i cos € cos 2;() u,. (12)

By using the orthogonality property of u; and u,, we can
show that p? can be written as the sum of two individual
terms arising from the orthogonal vectors in the network
SNR vector. Please note that unlike Eq. (7) the above
equation is expressed in terms of orthogonal {u;, u,} pair.
For the sake of completeness, we give below the coherent
network SNR in terms of the individual SNRs:

p*=e"e=pi +rk

A2 2 1 2 2
_ Aplhay |l K +cos €> cos?2y +cos?esin?2y

4 2 :
P

AZllu, |12 [/1+cos?e) 2 ]

n 0||42|| K +2 6) sin22y + cos?ecos?2y |.
Pk

(13)

In Eq. (12) we can see that the two linear polarizations
(4, x) are linearly combined to form a pair of left (L) and
right (R) circular polarizations. More discussion on circular
polarizations is given in Sec. IV.

This motivates us to construct two synthetic streams
which would each give an individual SNR, p; and pp. We
address this in the subsequent Sec. IV.

B. Connection to dominant polarization frame

The DP frame is a specific choice of wave frame in
which the the real and imaginary parts of the noise
weighted complex network antenna pattern vector F'PF =
F'?P + iF'2F become orthogonal to each other, i.e.,

1

S FBER — 0. (14

m=1

9||.|| represents the Euclidean norm of a vector.
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In Eq. (9), it is apparent that the U dependence in the
complex antenna pattern is in the phase. This ensures
freedom in the choice of W via the orientation of the wave
frame with respect the reference frame. If we rotate the
wave plane by an additional angle AW about the line of
sight (Z axis), the network antenna pattern for this newly
rotated wave frame can be obtained by applying an
equivalent transformation on F as Fexp (—2/AV). That
would also transform the signal as h exp (—2iAV) keeping
the response Eq. (3) invariant. This freedom in the choice of
U is explored to obtain the DP frame. In other words, the
DP frame is obtained by a certain choice of polarization
angle UPP of the wave frame with respect to the geocentric
frame such that it will satisfy the condition given in
Eq. (14). The phrase “dominant polarization frame” was
coined in the context of the detection of bursts by Klimenko
et al. [16] and recently in the inspiral search with multi-
detector network in Ref. [13].

Thus, the noise weighted complex network antenna
pattern vector in DP frame can be written as

FPP — de—ZilI/DP‘ (15)

However, from Eq. (11) we note that the vector F'¢*” has
orthogonal real and imaginary component vectors, which is
precisely the condition for antenna pattern vectors in the DP
frame. Thus, the SVD provides a natural connection to the
DP frame through its construction, where the singular
values are in descending order.

In summary,

. i .
F/DP:F/eZt;(:u1+ 112: e '25

P =2 and FRP =2 (16)

5
and PP = §/4. The DP frame is obtained by rotating the
wave frame about the z axis by an angle y = ¥ — §/4 in the
clockwise direction. The DP frame pertains to the source;
i.e., if one changes the source location, the d-d* plane will
be different. The y will change via 6. Further when the
source location remains the same but the polarization angle
W changes, then also y changes via V.

IV. APERTURE SYNTHESIS IN GW
INSPIRAL SEARCH

As mentioned earlier, more than one detector is neces-
sary to determine GW polarization as well as the locali-
zation of the sources [24]. In the following discussion, we
construct two effective synthetic data streams out of [
detector data streams in the network; they together carry the
full network SNR as given in Eq. (7). Since GWs carry two
polarizations in the Einsteinian gravity, the signal resides in
the two-dimensional subspace of /-dimensional network
space, and hence only two independent data streams are
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sufficient to provide information about the polarization in
the network formalism. We show that the constructed data
streams provide that information. In the past [11,13,18], the
synthetic data streams were shown to be the byproduct of
maximizing the network LLR over the four extrinsic
parameters (A, ¢,, e, V). However, here in this section,
we show that the synthetic streams can be constructed prior
to the MLR analysis. This is similar to the spirit of aperture
synthesis technique in the electromagnetic window such as
optical or radio used in very large telescope interferometer
[25] or very long baseline interferometry [26], where an
effective antenna is constructed out of a linear combination
of data from different telescopes.

Below, we construct the synthetic data streams using u,
and u, and show that they individually give the matched
filter SNR equal to p; and pp.

A. Signal s,, in the DP frame
In the rest of the paper, we work in the new frame
provided by the SVD, also known as the DP frame. We
rewrite the antenna pattern F in terms of u; and u, and then
express the network signal as below.
Using Egs. (3) and (16), the time domain signal vector at
the mth detector is

1 . 1 .
s, = = 0 |he2 | |~ pe2ir 2|
2 In] 2 Gm

— % [heZiI <u1’”2+m2m> ] = R[hPPFDP],  (17)
9m

where hP? = hexp(2iy) and FP? = Fexp(2iy) are the
complex GWs as well as the network antenna pattern
function in the DP frame, respectively.

From Egs. (4) and (16), the jth frequency component of

the frequency domain signal in the mth detector [S,,]; =

S can be expressed in terms of the linear combination of

F?P in the DP frame. Further, the amplitude Ay, initial

phase ¢,, and frequency dependent part, namely, ﬁo, are
factored out as shown below:

" v [(1 :
Sjm = Ageehy, { ($ cos 2y + icosesin 2;() F2P

1 + cos?e
2

= Aghg;[PLFRD e® + PRFRP s, (18)

sin 2y — i cos € cos 2;() FQ,ﬁ]

The P, y are the polarization amplitudes in the DP frame as
defined in Eq. (13). This carries the effect of rotation by 2y
of the signal which mixes the two linear GW polarizations
into a pair of L and R circular polarizations. The
polarization phases are
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2cose
(I)L(G,)() = tanil {tan(Z){) m} + ¢a, (19)
T
<I>R(€,)() —(I)L<€,)(+Z> (20)

As expected the ®p phase is obtained by rotating y by z/4
in ®;, the property of GW polarization pairs. The above
polarization terms, namely, {P; ze’®.#}, can be shown to
be equal to

P e’ = [T5,,(y.€,0) + T5_5(x.€,0)] (21)

Pre'® = i[T5_,(1.€,0) = T (x,€,0)],  (22)

respectively, which describe the circular polarizations
expressed in terms of rank-2 Gel-Fand function 7, [27].°

In the next subsection, we use this separation feature of
the signal to construct the synthetic streams.

B. Network matched filter

In this section, we introduce the notion of a matched
filter designed for a the multidetector analysis which not
only combines the spectral but also the network features.
We call this filter as the network matched filter.

Let the frequency domain delayed network data stream
be given by X = [XX,...X;] with X,, =§,, + 1, and n,,
be the frequency domain noise vector corresponding to mth
detector. To proceed further, we make the following
constructs:

(1) Overwhitened data stream: Construct the overwhit-

ened data stream incorporating the noise PSD of the

. o . = X‘m
individual antennas denoted by &X';,, = Nj,-m'

(2) Synthetic data stream: The overwhitened synthetic
data stream Z is constructed from the linear combi-
nation of individual overwhitened data streams as

1
Z aijm? (23)
m=1

with real linear coefficients «,,. The overwhitened data
are used for the synthetic data stream construction in
order to incorporate the individual noise PSDs.
We show in the rest of the section that using the classical
idea of matched filtering, we can tune «,, such that the

230

J

The rank-2 Gel-Fand functions

(1 £cose)?

T%iz()(’ €,0) = 4

exp (F2iy).

Since throughout the paper we use only rank-2 Gel-Fand
functions, we drop the superscript 2 from 72,,.
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resulting synthetic data stream would extract either L or R
circular polarization.

In the next subsection, we remind the reader that the
classical derivation of the matched filter used for the single
detector context.

1. Single detector matched filter

If k is a filter, then the filtered output of Z through this
filter is (z|k). Here (in order to avoid the excess notations)
for this subsubsection, let us assume that z denotes the
unwhitened data of the single detector.

The SNR of the filtered output is [28]

snr o Bk WS EGE)

olzl®)llo  fefamiyy, 2k

§=0

where E[.] represents the expectation and o[.] represents
the standard deviation. The single detector SNR further
simplifies to

AR R
Single detector SNR = M

43N &2
=1 N

— (s|k). (25)

Here V; is the jth frequency component of one sided
noise power spectral density vector.

The filter norm is 1/ (k|k). As is known, the above SNR
would be optimal when the filter vector is aligned to the
signal vector, i.e., k ;o s j» known as the matched filter.

Now, let us explore these ideas in the context of the
multidetector scenario.

2. Network matched filter

The matched filter is that filter which gives the optimum
SNR in Gaussian noise. However, the signal in DP frame is
separated in such a way that the noise weighted antenna
patterns are orthogonal. Let us apply the matched filter
notion with the aim that the resultant combined spectral as
well as network filter via a,, would capture the individual
polarizations. We show below that in this exercise, this
amounts to constructing a combined spectral-network
matched filter.

Consider Eq. (24) with z as the synthetic stream defined
in Eq. (23). Then, Eq. (24) can be simplified to

MM, Y

j=1 m=1

\/4 ZN Z[ ‘fcjm‘z
=1 2am=1 "Ny

g'm’%fm
SNR = jmkin]

, (26)

where the matrix I~C~: kQ® a, ie., K, = k %y, and the
mth column vector KC,, = a,, k.
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Further, the denominator of Eq. (26),

is the Frobeinus matrix norm of ICle in the combined
spectral-network (N x I) space defined as ||/C||2 =
Tr((K,,. K,,)), which is same as the right-hand side of
Eq. (27). The subscript m in (k|k),, denotes the noise PSD
is that of mth detector.

It is interesting to note that Eq. (26) has the same
structure of a conventional single detector matched filter
SNR in Eq. (25). For a single detector, the filter is a one-
dimensional vector in the spectral direction. As the matched
filter is that filter which gives the maximum SNR, which
should be aligned along the signal, i.e., k; oxs; for the
single detector case.

While in the multidetector case, K is a two- dimensional
(N x I) combined spectral network filter. Since S can be
decomposed into frequency and network components,
the optimal combined filter should match with S (or part
of &) in the same spirit as that of the single detector
case described above. Owing to the facts that were detailed
in Eq. (18), we recall that the network signal has two
constituent parts. Here, we construct that filter which captures
either of the two circular polarizations as shown below:

(1) IC.: Network matched filter for left circular polari-
zation: To capture the plus polarization of the DP
frame (left circular polarization) in Eq. (18), kL
should be aligned to the Left polarization part of the
S, which we call ICL =k, ® a;. The alignment
condition demands that it should satisfy

]NCLj X ilojei(I)L and ap .y X FQZ (28)
together. Since the Frobeinus norm of IC; is |27 ||,
the components of the normalized network plus filter

IC; become

~ ~ ) FDP

ij = hojelq>1‘, Arm = % (29)
1) Jeralll

Using Egs. (26) and (29), the corresponding SNR

becomes

4% [ZN: ZI: Sk j} — s (30)

j=1 m=1

(2) ICx: Network matched filter for right circular
polarization: To capture the cross polarization of
the DP frame (right circular polarization) in Eq. (18),
we construct another filter, KCr = kp ® ap, such
that together it should satisfy
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];Rj X ilojeiq)R and AR X Fg,fl (31)
The Frobeinus norm of Cg is [[F'27|| gives the
components of normalized network cross filter ICp,

~ T F2P
k P = h e R, = ’ 32

Rj 0;€ ORm 7”F/£<)P” (32)
with the corresponding SNR as given by

N I~

j=1 m=1

In summary, the synthetic streams constructed from the
overwhitened data streams which capture the individual
polarizations in the DP frame are

I :
Z ”F/DP” Xijm:

They together give the total network SNR as the sum
squares of individual SNRs. The total signal power in the
individual detectors of the network is now distributed
among the synthetic streams z, and Zg, which when
processed with filters Kk . and kR independently captures
the two polarizations in the DP frame. By using Egs. (29),
(30), (32), and (33), we can write the respective SNRs as

Nll

Nll
2
RS
_3|FT
I><u
~—~
(8
=~
N~—

Pr = (Zg|Kg)|n=o- (35)

Thus, we have shown that extending the concept of the
matched filter to the network gives us two effective
synthetic data streams which can be further processed.

pr = (Z.1KL)|n—o

C. Special case: Same noise for all detectors

In this subsection, we consider an idealistic situation
where all the detectors have same noise PSD, i.e., g,
becomes equal to a constant g for all detectors. Then from
Eq (34), we can see that the “noise free” synthetic streams
zj , are nothing but the projections of the network signal

matrix S on the orthonormal vectors FQ « with an overall

weight 1/g. If we expand Sasin Eq. (18), we can further
simplify z; » into a linear combination of GW polarizations

l~1+,X similar to a pair of ordinary interferometric detector
signals as shown below:

IF27I

7, = ———(h, cos2y —h,sin2y),
g
o NIFRPY = -
zy = ; (h, sin2y + h, cos 2y). (36)

Please note the equivalent antenna pattern of zj, is z/4 out
of phase with that of Z; .
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V. MULTIDETECTOR MAXIMUM LIKELIHOOD
RATIO AND NETWORK SYNTHETIC STREAMS

In this section, we carry out MLR analysis for the
inspiral detection with a multidetector network. This has
been already done in the literatures [11,13,18] in different
contexts as well as notations. Here, we construct MLR
statistic in a much more straightforward way. We further
compare this work with the previous works and thus bring
all earlier multidetector inspiral related search formalisms
under the same notations.

In the multidetector network MLR detection technique,
the network LLR is maximized over signal parameters, and
a test statistic is obtained, which is then compared with the
threshold for the detection. For high SNR cases, the MLR
technique is known to be optimal.

A. Network likelihood ratio

Assuming the Gaussian, additive noise in each detector
data, the LLR for a multidetector network with / constitu-
ent detectors is the sum of LLRs of individual antennas and
is given by [13]

A= EI: m|Sm -

m=1

(SmlSm)- (37)

Rearranging terms and a little algebra as given in
Appendix A, we can reexpress the above equation in terms
of the synthetic data streams as

2A = [2p(z; |hoe'®) — p7] + &l

[20r (zg|hoe'®x) —PRr
(38)

We note that Eq. (38) can be viewed as the sum of the
LLRs of two independent synthetic detectors, where ®;
carries the constant phase which incorporates the initial
phase plus the polarization angles and p; y are the SNRs of
the two synthetic data streams.

We note that, in terms of synthetic streams, the four
extrinsic parameters (Ay, ¢, €, ¥) are now mapped in to a
set of two effective SNRs and two effective phases,

namely, (p;.pg, P, Pr).

B. Maximization of network LLR

Now we maximize A over the new extrinsic parameters
(pL.pg. P, Pg) to obtain the maximum log likelihood
ratio, A [11,13,18]. The new extrinsic parameters give the
reparametrized physical parameters (Ag, ¢p,,€, ¥) where
the relation between them is summarized in Appendix B.
Below, we maximize A over the new set; first over the
amplitudes and then over the phase, respectively:

(1) Amplitude maximization: Maximization over p; g is

the same as that in the case of a single detector [7],
and it results in

PHYSICAL REVIEW D 90, 022003 (2014)

2A|pL,pR = (2, [hge™®)? + (zg|hge™®s)?,  (39)

and the MLR amplitude estimates become

pr = (zr|hoe'™),  pg = (zg|hoe™r).  (40)
(2) Phase maximization: Since ®; and ® are indepen-
dent, maximization of LLR over them amounts to
individually maximizing each term of the sum in
Eq. (39). Thus, the maximum likelihood estimates of

&, g are

A N R N

@L =arg |:ZELJ]’ISJ:| s (I)R =arg [Z?R,h&} .
Jj=1 J=1

(41)
In summary,

N o2 N o2

2A—16[ STkt + 1Y Ek ki } (42)
Jj=1 J=1

We write one individual term in Eq. (42) as follows:
N ~ ~
> Zwih;

j=1

(S S

2

(21 gho)? + (21 gDy 0)?
= : . . 43
T (43)
Thus, the MLR simplifies to
2A = (z,]hy)* + (z|hz2)* + (zg|hg)? + (zg[hz)2).
(@4)

This can be described as a quadrature sum of powers in
synthetic streams z; and zg. This is similar to the single
detector statistic which contains the quadrature sum of
powers in a single detector data stream. From Eqgs. (35) and
(42), we can see under no noise condition [11,13,18]

20 =p;? +pi*. (45)

VI. CONNECTION TO THE EXISTING
LITERATURE

In the GW multidetector inspiral search, network MLR
statistics maximized over four extrinsic parameters has
been formalized in the literature [11,13]. Though the
problem is same, the parametrization depends on the
way the problem is cast. However, the final network
MLR maximized over the extrinsic parameters is the same.
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In this section, we carry out a comparison between various
formalisms under the same notations as given here, which
till now has not been done in the literature so far.

A. Synthetic streams and Harry-Fairhurst
[13] approach

In Ref. [13], the authors cast the multidetector MLR
problem into the JF statistic. The polarizations were
written down in terms of the linear combination of the
four amplitudes on which the extrinsic parameters are
mapped, i.e.,

(AO’Qba’e’ \I]) = (AIMAZ’ AS’ A4> (46)

For explicit relations, please visit Appendix B. Later the
maximum likelihood analysis is carried out in DP frame,
where 24 is simplified to quadrature sum of powers in +
and x polarizations. Here, the maximization of network
LLR over the four amplitudes is performed in a single step.

Below, we derive the multidetector MLR of Ref. [13],
Eq. (2.33), starting from the notations in this paper.

In Eq. (39),

I .
< LR|hO /DP szjm OJFQim]
=1 m=1
1
F/DP Z m‘hOFQI;m
1 1
and <ZL R|h/r/2> ”F/Dpl < m‘hn/ZFg.};m>' (47)
Further,
1
IFPE|? = 292 F2 o = Y (hoFy s hoFy ).

m=1

Now substituting back in Eq. (44),

A [Zm<x

oA — w20 1* + [0 (X [0z o252

Zm<h0F+m|h0F+m>
+ [Zm<xm|h0Ferr:‘l>]2 + [Zm<xm|hn/2FQ£>]2
Zm <hOF><m|hOF><m>

Absorbing the summation over m following the definition
Eq. (2. 21) of Ref. [13], Eq. (48) becomes Eq. (2.33) of
Ref. [13]."" Also one can show that Z;  are related to
overwhitened synthetic streams o, , defined in Eq. (2.35)
of Ref. [13] as follows:

(48)

= ||F'DP||ZL R- (49)

""(a|b) is same as (a|b) defined in Eq. (2.17) of Ref. [13].
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The two pairs of synthetic streams differ by constants, which
is different for both the synthetic streams. The final maxi-
mized multidetector LLR matches Eq. (44) as expected.

B. Synthetic streams and Pai ef al. [11] approach

In Ref. [11], the multidetector coherent statistic was
obtained by successive maximization of amplitude A,
initial phase ¢, similar to the single detector statistic.
The polarization angles (e,y) are maximized at a time
using the symmetry properties of the rotation group and
Gel-Fand functions. The maximized network LLR thus
obtained contains the sum square of four terms as is shown
in Eq. (4.11) of Ref. [11] similar to Eq. (2.33) of Ref. [13]
and Eq. (44) above. We explicitly give the Eq. (4.11) of
Ref. [11],

2A = V.- CP?+ |V~ -CJ?
= () + (el + () + () (50)
where the elements of /-dimensional complex vector C,
C" = cf +ich),, (51)

combine the correlations of the two quadratures of the
normalized template with the data with ¢ = gi (ho|X,,)

and ¢, = .t (h,»[X,,),,. Further,
A + (d) - S(d
== Vi = aﬂc\l) “ﬁ) (52)
VA (R (a) + 3(a))l

is a pair of real unit vectors which span the two-
dimensional polarization plane in the /-dimensional space.
Thus, if we take a representative individual term in
Eq. (50), it becomes

I " 2
() = (Z%m,hwm) = (2. ]y (53)

m=1

Thus, based on Eq. (53), the corresponding synthetic
streams are

1 .

=z ~ v, =z
Xims i_; = Xim, (54
I 1= 2 g (9

m=1

N
+

~

1]
[~
K
3
=<
< |3+
-

which give the SNR’s p, and p_ such that in the no noise
case

2A = p2 4+ p2. (55)

C. SNRs in two pairs of synthetic data streams

In the previous sections, we show that the network SNR
square can be split into the sum of squares of SNRs of two
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FIG. 1 (color online). Directional SNR squares p?, p%, p2., p?, and p? ., for various three network configurations with m,, m, = 1.4,
e =n/4, V =rx/4, and r = 150 Mpc. with the same noise spectral densities for all detectors.
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FIG. 2 (color online). Directional SNR Squares pZ, p%, p., p2., and p? ., for various four detector network configurations with m,,
my, = 1.4, e =n/4, V= 7x/4, and r = 150 Mpc. with the same noise spectral densities for all detectors.
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FIG. 3 (color online). Directional SNR squares pi, pfz, pi, p2, and p? ., for network LHVKI with m,, m, = 1.4, ¢ = n/4, ¥ = r/4,
and r = 150 Mpc, with the same noise spectral densities for all detectors.

distinct pairs of synthetic streams, Egs. (34) and (54). This
can be understood as follows.

We recall that the network SNR vector g is located in the
complex 2-plane formed by the vectors d and d* as in
Eq. (8). In general any orthogonal complex vector pair
which spans this 2-plane would capture the norm of ¢@. The
above-mentioned synthetic stream pairs z; p as defined in
Eq. (34) and z, as defined in Eq. (54) are constructed using
two different pairs of real orthogonal vectors, name-
ly;,{F'?% } and {v.}, respectively. Below, we give the
expressions for these real vectors as the linear combinations
of d and d*,

FPP = R[de 3],  F2P =3[de3],  (56)

v, = Rlde ], v_ = R[de], (57)
with a = Jcos™[- W(‘;I%s] and § = arg(d’d) as defined
earlier.

In the following figures, we pictorially compare the
SNRs of the two synthesis stream pairs, p; z and p_, as
well as the network SNR p for different multidetector
networks. We consider the binary system with component
masses (1.4, 1.4)M o, polarization y = x/4 and inclination
€ = r/4 located at the distance of 150 Mpc. For this
exercise we consider various networks with constituent
detectors LIGO-Livingston (L), LIGO-Hanford (H), Virgo
(V), KAGRA (K), and the detector in India denoted by
(I).12 We assume all the detectors with a “zero-detuning,

leypothetically we take Pune, India, as the location for the
detector in India.

high-power” Advanced LIGO noise curve given by
Eq. (4.7) of Ref. [29]. Figure 1 gives the SNRs correspond-
ing to three representative 3-detector networks, namely,
LVH, LVI, and LHI. Similarly Fig. 2 is for three 4-detector
networks LHVK, LHVI, and LVKI, and Fig. 3 is for
a 5-detector network LHVKI.

Several distinct features are noted in the SNR figures of
the two synthetic stream pairs. As expected the total
network SNR square for both the pairs is the same, namely,
p? +p% =p* +p2 =p*. Please see the corresponding
pannels in Figs. 1, 2, and 3. In most of the cases, p; is
higher than pp, and it carries the features of the network
SNR, p. In the case of p, pairs, on average the network
SNR seemed to have distributed between the p, and
p_more or less equally. These features can be used to
construct a consistency test for the targeted directional
search, which we are currently investigating.

VII. CONCLUSION

The interferometric multidetector GW network can be
described as a pair effective multidetector antennas which
captures most of the features of multidetector coherent
analysis. The number 2 pertains to the two polarizations of
Einstein’s gravity.

In past, the multidetector coherent compact binary
coalescence inspiral MLR analysis was formulated by
various groups, in particular Ref. [11] using Gel-Fand
functions and Ref. [13] using the F statistic. In both these
works, the network LLLR was maximized over four extrinsic
parameters (Ag, ¢,, €, ¥) and the network maximum LLR
statistic was obtained. It was noted that maximum LLR
statistic can be interpreted in terms of two synthetic
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streams, which are linear combinations of the overwhitened
data from individual detectors with directional network
dependent coefficients pertaining to the two polarizations.
Thus, the synthetic streams emerge in the MLR statistic
only after the maximization. However, since in Einstein’s
gravity a GW carries two polarizations, it is more natural to
expect two effective data streams (independent of the
detection statistic) to capture the polarizations when we
have more than one detector.

In this work, we have derived the network synthetic data
streams much before the construction of LLR statistic using
the matching filtering idea applied to the network data and
the singular-value-decomposition technique applied to the
network SNR vector. These streams individually capture the
two circular polarizations. Then, the network LLR naturally
emerges as the sum of the LLRs of the synthetic streams. The
four physical parameters, namely, (Ag, ¢, €, ¥) get mapped
to two amplitude and two phase parameters pertaining
to the circular polarizations in the signal. The MLR
analysis over these new parameters (p;,pg, ®;, Pg) is a
straightforward task.

The DP frame is a specific choice of wave frame in
which the the real and imaginary parts of noise weighted
complex network antenna pattern vector becomes orthogo-
nal to each other. We have demonstrated that the dominant
polarization frame naturally emerges out of the SVD of the
SNR vector.

Connecting this work to the existing literature, namely,
Refs. [11] and [13], we explicitly show that the two
synthetic streams discussed in the earlier works are distinct,
and they can be related through the network constructs. In
both the works, the authors use a pair of orthonormal
complex vectors which span the d-d* complex plane to
construct two synthetic data streams. Though the choice of
the basis vector pairs, which span the two-dimensional
complex plane, are different, the total network SNR is the
same. This work aims to combine all the existing formal-
isms of the multidetector pertaining to the compact binary
coalescence and show that the two synthetic streams can be
obtained using the network SNR vector.

|

1

N .
> 4m[§ jjfjmﬁ;fm} :4A0PLER[
j=1

m=1

i DP % ,—i®
mELmhoje L}

J

+4A PN {Z

N I
=1lm

j=1 m=1
Equations (13) and (16) give
AOPL||F,+DP” =PL»

APRIFLP I = pr. (A3)

Also, from Eq. (7) one can easily show that the second
terms in Eq. (A1) are half of network SNR square, p? + p%.
Substituting back in Eq. (Al),

2A=2p; (2, [hoe™® ) —p7 ]|+ [2pr (zg|hoe’™) —p3]. (A4)
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The above formalism allows us to study the properties of
the network synthetic streams more effectively. The multi-
detector SNR can be decomposed into two pieces pertaining
to two synthetic stream SNRs, which individually carry the
multidetector features. We are currently investigating the
properties of these streams and their individual contribution
in the angular resolution improvement in the multidetector
context. Another direction we are investigating is to use their
properties in the inspiraling binary search, namely, to
develop the consistency tests as well as to carry out an
efficient all-sky search with a global detector network.

ACKNOWLEDGMENTS

This work is supported by AP’s SERC Fast Track Scheme
For Young Scientists. H. K. thanks Albert Einstein Institute,
Hannover, for hospitality for a stay during which part of the
manuscript writing was carried out. The authors would like
to thank S. Fairhurst, B. S. Santhyaprakash, Gianluca Guidi,
I. Harry, and Shubhanshu Tiwari for useful discussion and
helpful comments on this work. The authors would also like
to thank the anonymous reviewer for the thorough review
and very helpful feedback. The main result of this work is
presented in the LIGO-Virgo Scientific Meeting at
Hannover, 2013 (LIGO laboratory Document No. LIGO-
G1301109). This document has been assigned LIGO labo-
ratory Document No. LIGO-P1300229.

APPENDIX A: LIKELTHOOD RATIO

The network log likelihood ratio is

1
A= <Xm|sm> _§<sm|sm>

N = o N |‘~S"jm|2
49{[22«,”15,.,,,] —2{2 N, ]
]:

J=1

- 0~

(A1)
1

3
Il

We use Eq. (34) to express the network LLR in terms of
(P, Pg, @1, Pg), and we get

1
! = ~ . . .
Zijle)rﬁthe_@R} = Ao [PLIFP (2, [hoe'™ ) + Pl F27||(zg [hoe' ™). (A2)

APPENDIX B: RELATION BETWEEN OLD AND
NEW EXTRINSIC PARAMETERS

The maximum log likelihood ratio is obtained by
maximizing the network LLR over the four extrinsic

parameters, which are the functions of physical parameters
(Ag, par€, V). As we discussed earlier, the choice of
these functions depends on the formalism. In this appendix,
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we relate the extrinsic parameter set (Ag,q,,¢€, V)
with <A1 J A, ./43, A4)
The extrinsic parameters used in this paper are

1 + cos?e\ 2
pL= A0||F2P||\/<¥> cos?2y + cos?e sin’2y,

2
Pr = A0||F§P||\/<l++osze> 2sir122;( + cos’e cos?2y,
®, =tan”! {tan(Z;() Lsez} + da
1 4 cos“e
®p = tan™! {—cot(Z;() 12+CCO(S>S€ZJ + ., (B1)

In Ref. [13], the maximization of LLR is done over a set of
derived amplitude parameters,

o )
A= ycosqﬁa cos2W¥ —cose sing, sin2\11},

1+ cos®e . .
A=A #cosqﬁa sin2W + cose sing,cos2V |,

1 2

A=A —ysm% cos2W¥ —cose cos ¢, sin2\II],

[ 1+cos’e . .
Ay =Ap —#smqﬁa sin2W + cose cos ¢, cos2V .

(B2)
These are related to (p;,pg, P, Pr) as follows:
. o 5 p .
(A, —1A3)cos§+ (Ay - 1A4)sm2 ”F,LL)P” el
. o 8 P ;

(.Az—t.A4)cos§— (A - z.Ag)sm2 ||F£P||e ®x. (B3)
This implies

PL o PR . O
A= WCOSECOS D, —Wsmicos Dp,

PL . 0 PR o .
A, = F7] sin 5 cos D, +Wcos§sm Dp,

Pr 0 o .

A3:_M 251n<I>L+”F,DP” SIHESIHCI)R,
Ay = —p—Lsinésin D, —p—RcosésimI)R. (B4)

IF2F) 2 IE270 2

PHYSICAL REVIEW D 90, 022003 (2014)

For Eq. (B4), the map between (Ag, ., e, ¥) and
(A}, Ay, Az, Ay) is one to one.

APPENDIX C: LIKELIHOOD ESTIMATES OF
POLARIZATION ANGLES

As we discussed earlier, a network of detectors can
recover the polarization information of GW. Since z; and
zp are the equivalent detectors of the network, we can
obtain the estimates of polarization angles ¢ and U in terms
of their SNRs. By using Egs. (13) and (16) and the
definition of ®; x, we define

pLIIFRP||lei®  cos 2y 1res-e Licos’e 1 jsin2y cose

Y= -
PrIFPP (e gin 2)(”“’5 € —jcos2ycose
— iT3+2(X, €, 0) + TZ—Z()(’ €, O) (Cl)
T3 5 (x.€.0) = T5 5 (x.€.0)
This implies
Tr 5(y,€,0 iY*—1
2 2()( € ) _ l (C2)

Trio(y.€,0) iV +1

Then polarization angles can be expressed in terms of Y
as follows:

T
cos4W¥ = cos {arg( 2_2> + 5]
Tays

iy -1
— A 51, C3
cos {arg(iY* n 1) + ] (C3)
and
T v

Inal |1
cose = (C4)

h' iy —1 |

T2+2 Y rl

However, when the noise is present, p;,pr, ®;, Pr are
estimated using the MLR approach. Then using Eq. (C1), Y
is constructed out of p; , pg, ; , dp estimates. Thus, (&, ¥)
is obtained by Egs. (C3) and (C4), with newly con-
structed Y.

022003-14



SYNTHETIC STREAMS IN A GRAVITATIONAL WAVE ...

[1] G.M. Harry (LIGO Scientific Collaboration), Classical
Quantum Gravity 27, 084006 (2010).

[2] The Virgo Collaboration, Tech. Rep. VIR-0027A-09,
https://tds.ego-gw.it/ql/?c=6589.

[3] K. Somiya (KAGRA Collaboration), Classical Quantum
Gravity 29, 124007 (2012).

[4] J. Abadie et al. (LIGO Scientific Collaboration, Virgo
Collaboration), Classical Quantum Gravity 27, 173001
(2010).

[5]1 S. Kay, Fundamentals of Statistical Signal Processing, Vol
II-Detection Theory (Prentice Hall, New Jersey, 1998).

[6] B.J. Owen and B.S. Sathyaprakash, Phys. Rev. D 60,
022002 (1999).

[7] B.S. Sathyaprakash and S. V. Dhurandhar, Phys. Rev. D 44,
3819 (1991).

[8] S. Babak et al., Phys. Rev. D 87, 024033 (2013).

[9] H. Mukhopadhyay, N. Sago, H. Tagoshi, S. Dhurandhar,
H. Takahashi, and N. Kanda, Phys. Rev. D 74, 083005
(2000).

[10] S. Fairhurst, New J. Phys. 11, 123006 (2009).

[11] A. Pai, S. Dhurandhar, and S. Bose, Phys. Rev. D 64,
042004 (2001).

[12] L. S. Finn, Phys. Rev. D 63, 102001 (2001).

[13] . W. Harry and S. Fairhurst, Phys. Rev. D 83, 084002
(2011).

PHYSICAL REVIEW D 90, 022003 (2014)

[14] P. Jaranowski, A. Krdlak, and B. F. Schutz, Phys. Rev. D 58,
063001 (1998).

[15] C. Cutler and B. F. Schutz, Phys. Rev. D 72, 063006 (2005).

[16] S. Klimenko, S. Mohanty, M. Rakhmanov, and G.
Mitselmakher, Phys. Rev. D 72, 122002 (2005).

[17] J. Sylvestre, Phys. Rev. D 68, 102005 (2003).

[18] A. Pai, E. Chassande-Mottin, and O. Rabaste, Phys. Rev. D
77, 062005 (2008).

[19] S. K. Saha, Aperture Synthesis: Methods and Applications
to Optical Astronomy (Springer, New York, 2010).

[20] J. D. Monnier, Rep. Prog. Phys. 66, 789 (2003).

[21] D. Keppel, arXiv:1307.4158.

[22] K. G. Arun, B.R. Iyer, B.S. Sathyaprakash, and P.A.
Sundararajan, Phys. Rev. D 71, 084008 (2005).

[23] B. F. Schutz, arXiv:gr-qc/9710080.

[24] Y. Giirsel and M. Tinto, Phys. Rev. D 40, 3884 (1989).

[25] The very large telescope interferometer, http://www.eso.org/
paranal/telescopes/vlti/.

[26] Very-long-baseline interferometry, http://en.wikipedia.org/
wiki/Very-long-baseline_interferometry.

[27] S. Dhurandhar and M. Tinto, Mon. Not. R. Astron. Soc.
234, 663 (1988).

[28] M. Maggiore, Gravitational Waves: Volume 1: Theory and
Experiments (Oxford University, New York, 2008).

[29] P. Ajith, Phys. Rev. D 84, 084037 (2011).

022003-15


http://dx.doi.org/10.1088/0264-9381/27/8/084006
http://dx.doi.org/10.1088/0264-9381/27/8/084006
https://tds.ego-gw.it/ql/?c=6589
https://tds.ego-gw.it/ql/?c=6589
https://tds.ego-gw.it/ql/?c=6589
http://dx.doi.org/10.1088/0264-9381/29/12/124007
http://dx.doi.org/10.1088/0264-9381/29/12/124007
http://dx.doi.org/10.1088/0264-9381/27/17/173001
http://dx.doi.org/10.1088/0264-9381/27/17/173001
http://dx.doi.org/10.1103/PhysRevD.60.022002
http://dx.doi.org/10.1103/PhysRevD.60.022002
http://dx.doi.org/10.1103/PhysRevD.44.3819
http://dx.doi.org/10.1103/PhysRevD.44.3819
http://dx.doi.org/10.1103/PhysRevD.87.024033
http://dx.doi.org/10.1103/PhysRevD.74.083005
http://dx.doi.org/10.1103/PhysRevD.74.083005
http://dx.doi.org/10.1088/1367-2630/11/12/123006
http://dx.doi.org/10.1103/PhysRevD.64.042004
http://dx.doi.org/10.1103/PhysRevD.64.042004
http://dx.doi.org/10.1103/PhysRevD.63.102001
http://dx.doi.org/10.1103/PhysRevD.83.084002
http://dx.doi.org/10.1103/PhysRevD.83.084002
http://dx.doi.org/10.1103/PhysRevD.58.063001
http://dx.doi.org/10.1103/PhysRevD.58.063001
http://dx.doi.org/10.1103/PhysRevD.72.063006
http://dx.doi.org/10.1103/PhysRevD.72.122002
http://dx.doi.org/10.1103/PhysRevD.68.102005
http://dx.doi.org/10.1103/PhysRevD.77.062005
http://dx.doi.org/10.1103/PhysRevD.77.062005
http://dx.doi.org/10.1088/0034-4885/66/5/203
http://arXiv.org/abs/1307.4158
http://dx.doi.org/10.1103/PhysRevD.71.084008
http://arXiv.org/abs/gr-qc/9710080
http://dx.doi.org/10.1103/PhysRevD.40.3884
http://www.eso.org/paranal/telescopes/vlti/
http://www.eso.org/paranal/telescopes/vlti/
http://www.eso.org/paranal/telescopes/vlti/
http://www.eso.org/paranal/telescopes/vlti/
http://en.wikipedia.org/wiki/Very-long-baseline_interferometry
http://en.wikipedia.org/wiki/Very-long-baseline_interferometry
http://en.wikipedia.org/wiki/Very-long-baseline_interferometry
http://en.wikipedia.org/wiki/Very-long-baseline_interferometry
http://dx.doi.org/10.1103/PhysRevD.84.084037

