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The amplitude for Higgs boson decay into two photons in a homogeneous and time-independent
magnetic field is investigated by proper-time regularization in a gauge-invariant manner and is found to be
singular at large field values. The singularity is caused by the component of the charged vector boson field
that is tachyonic in a strong magnetic field. Also, tools for the computation of the amplitude in a more
general electromagnetic background are developed.
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I. INTRODUCTION

Soon after the discovery of the 126 GeV Higgs boson
[1,2], it was pointed out by Olesen [3] (cf. also [4]) that a
large magnetic field is generated by the quarks producing
the Higgs boson and that this magnetic field might
influence the decay processes of the Higgs boson and,
in particular, the decayH → γγ (a Higgs boson decaying to
two photons).
In the present paper it is proven that this indeed

is the case. The amplitude for this decay process is
considered for the unrealistic case of a stationary
homogeneous magnetic field B by the method of
Schwinger [5], further developed by Adler [6] and by
Tsai and Erber [7]. It is demonstrated that the amplitude
contains a term proportional to

eB

M3
H

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

W − eB − 1
4
M2

H

q ð1Þ

(with eB > 0) for emission of photons along the field
lines, with e the fundamental electric charge unit, MW the
W-boson mass and MH the Higgs boson mass. The
amplitude is thus singular at B ¼ 1

e ðM2
W − 1

4
M2

HÞ < Bcrit,

where Bcrit ¼ M2
W
e is the critical field strength where a

component of the W field becomes tachyonic [8,9]. The
singularity is caused by this would-be tachyonic field
component (in agreement with Olesen’s prediction [3])
and also by the fact that charged particles only propagate
along the field lines, such that their loop Feynman integrals
are effectively two dimensional. The amplitude is expo-
nentially damped for emission of photons not aligned with
the magnetic field, and the denominator is modified in
this case.
The amplitude of Higgs boson decay to two photons

was first computed many years ago by Ellis, Gaillard,
and Nanopoulos [10] (see also [11–14]). The influence

of a background field on the amplitude has not been
considered before, but the pioneering paper by
Vanyashin and Terentev [15] dealing with the
Heisenberg-Euler effective action caused by a charged
vector field makes it possible to find the behavior of the
amplitude in the limit where the photon energies are close
to zero, which is only possible with a Higgs boson mass
also close to zero. The result described above deals with
a more general situation, and the factor 1

M3
H

makes a
direct comparison difficult. It turns out that the singularity
of (1) cannot be found from the Heisenberg-Euler effective
action.
An issue relevant for the calculation is that of gauge

parameter independence, where it recently was shown that
the H → γγ amplitude is the same in all Rξ gauges [14].
This statement can be extended to a general electromag-
netic background field, using methods developed in a
recent publication [16], but the proof is omitted here
because of its excessive length.1 It is plausible that a
background field does not upset the proof of gauge
parameter independence since the leading singularities of
propagators at short distances are independent of the
background field. In general, one expects gauge parameter
independence of the amplitude in a regularization scheme
respecting BRST invariance (this can be seen from [17],
Sec. 4, and also from [18]). With this justification, a
particular gauge (the Feynman gauge) is used throughout
this paper.
The layout of the paper is as follows: In Sec. II the

standard electroweak theory is recapitulated and used to
formulate an effective action at one-loop order describing
Higgs boson decay to two photons in a background
electromagnetic field. Formal developments in this con-
struction are dealt with at length in Appendix A. We also
demonstrate in Sec. II how the decay amplitude obtained by
dimensional regularization is found from the effective
action by the proper-time method, and a heuristic argument
is given for (1).
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Sections III and IV constitute the central part of the
paper. Section III contains a derivation of the decay
amplitude in a general homogeneous field by the methods
of [5–7], while the singular terms in a homogeneous
magnetic field are extracted from the amplitude in
Sec. IV. Appendix B contains material on propagators
and the associated kernels relevant for the following
sections in the context of proper-time regularization. In
Appendix C we prove that the amplitude and its singular
terms are invariant under gauge transformations of the
radiation field. Appendix D gives details on the connection
to the Heisenberg-Euler effective action [15].
Finally, quark contributions to the amplitude are con-

sidered in Sec. V and found not to give rise to singularities
induced by the magnetic field, while the Higgs boson
self-energy is shown in Sec. VI to possess a singularity
similar to (1).

II. ELECTROWEAK THEORY AND H → γγ
DECAY EFFECTIVE ACTION

A. Electroweak theory

The metric is ημν ¼ ðþ − −−Þ.
In the standard electroweak theory the scalar Lagrangian

is, keeping only terms relevant for Higgs boson decay to
photons, with the Higgs boson field denoted by H, the
charged Goldstone boson fields χ� and charged vector
boson fields W�

μ ,

Lsc ¼
1

2
ð∂μH þ g

2
ðW−

μ χ
þ þWþ

μ χ
−ÞÞ2

þ
�
χþ ⃖Dμ −

g
2
WþμH

��
Dμχ

− −
g
2
W−

μH

�

−
1

2
μ2ð2χþχ− þH2Þ − λ

4
ð2χþχ− þH2Þ2 ð2Þ

with the coupling constants g. By the Higgs mechanism one

makes the replacement H → vþH, v ¼
ffiffiffiffiffiffi
−μ2
λ

q
, and W�

get the mass MW ¼ gv
2
, while the Higgs boson mass is

MH ¼ ffiffiffiffiffi
2λ

p
v. The covariant derivatives are

Dμ ¼ ∂μ − ieAμ; ⃖Dμ ¼ ⃖∂μ þ ieAμ ð3Þ

with e ¼ g sin θW the elementary charge unit, where θW is
the Weinberg angle, and with Aμ the electromagnetic field.
In order to describe radiation processes, one splits the

electromagnetic field Aμ:

Aμ → Aμ þAμ ð4Þ

with Aμ a background field and Aμ the radiation field,
which fulfills the wave equation and has two independent
transverse polarizations. The interaction between radiation
and W bosons is described by the action

−
Z

d4xWþνHνμW−μ

with H given by

Hνμ ¼ −2ieF μν þ 2ieημνAλDλ þ ieð ⃖DνAμ −AνDμÞ
− e2ðAμAν − ημνAλAλÞ

¼ Hð1Þ
νμ þH½2�

νμ ð5Þ

where the superscript denotes the order in e and where we
introduced the radiation field strength

F μν ¼ ∂μAν − ∂νAμ: ð6Þ

The following relations follow from (5) and the on-shell
properties of the radiation field Aμ:

DνHð1Þ
νμ ¼ −ieAνðηνμD2 þDνDμ − 2DμDνÞ;

Hð1Þ
νμ ⃖Dμ ¼ ieðηνμ ⃖D2 þ ⃖Dν

⃖Dμ − 2 ⃖Dμ
⃖DνÞAμ; ð7Þ

which should be understood as relations between differ-
ential operators.
The gauge of W� is fixed by

Lgf ¼ −
�
Wþ;μ

⃖Dμ þ
gv
2
χþ

��
DνW−;ν þ gv

2
χ−

�
ð8Þ

(the Rξ Feynman gauge). From (8) a Goldstone boson mass
squared M2

W is generated. The Faddeev-Popov ghost
Lagrangian is

LFP ¼ −c̄þ
�
cþ ⃖D2 þ ieðAμcþÞ ⃖Dμ þ

g2v
4

Hcþ
�

− c̄−
�
D2c− − ieDμðAμc−Þ þ g2v

4
Hc−

�
ð9Þ

so the ghost mass is equal to the Goldstone boson mass.

B. Proper-time representation of the scalar and vector
propagators in a general background

The scalar propagator Gscðx; x0Þ corresponding to the
mass M2

W is given by

Gscðx; x0Þ ¼
Z

∞

0

dτhscðx; x0; τÞ ð10Þ

with D2 ¼ ημνDμDν and with τ the proper-time variable
[5,19], and

ðD2 þM2
WÞGscðx; x0Þ ¼ Gscðx; x0Þð ⃖D02 þM2

WÞ
¼ −iδðx − x0Þ ð11Þ
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where a primed derivative refers to x0 and where the scalar
kernel hscðx; x0; τÞ is defined by

�
i
∂
∂τ − ðD2 þM2

WÞ
�
hscðx; x0; τÞ ¼ 0;

hscðx; y; 0Þ ¼ δðx − x0Þ: ð12Þ

The vector propagator Gvec;μνðx; x0Þ is similarly
defined by

ðD2 þM2
WÞGvec;μνðx; x0Þ − 2ieFμλðxÞGvec;

λ
νðx; x0Þ

¼ Gvec;μνðx; x0Þð ⃖D02 þM2
WÞ − Gvec;μ

λðx; x0Þ2ieFλνðx0Þ
¼ iημνδðx; x0Þ ð13Þ

where Fμν ¼ ∂μAν − ∂νAμ is the background field strength.
The solution of (13) is

Gvec;μνðx; x0Þ ¼
Z

∞

0

dτhvec;μνðx; x0; τÞ ð14Þ

with

�
i
∂
∂τ − ðD2 þM2

WÞ
�
hvec;μνðx; x0; τÞ

þ 2ieF λ
μ hvec;λνðx; x0; τÞ ¼ 0;

hvec;μνðx; x0; 0Þ ¼ −ημνδðx − x0Þ ð15Þ

defining the vector kernel corresponding to the scalar
kernel defined by (12). The integration path in (10) and
(14) can be deformed such that it runs below the real axis or

along the negative imaginary axis in the complex τ plane,
provided no field components are tachyonic.
The following Ward identities hold for the kernels:

Dμhvec;μνðx; x0; τÞ ¼ hscðx; x0; τÞ ⃖Dν;

hvec;μνðx; x0; τÞ ⃖Dν ¼ Dμhscðx; x0; τÞ ð16Þ

since both sides of the two equations obey the same first-
order differential equations in τ with the same boundary
conditions; here was also used

DνD2 −D2Dν ¼ −2ieFνλDλ; ð17Þ
following from the definition of the covariant derivative
and the fact that the background field is a solution of the
Maxwell equations. From (16) we obtain the Ward iden-
tities of propagators:

DμGvec;μνðx; x0Þ ¼ Gscðx; x0Þ ⃖Dν;

Gvec;μνðx; x0Þ ⃖Dν ¼ DμGscðx; x0Þ: ð18Þ

C. H → γγ decay effective action

A background Higgs boson field HðxÞ is used here,
which is on shell, i.e.,

ð∂2 þ 2λv2ÞHðxÞ ¼ 0: ð19Þ
The effective action terms determining the H decay

amplitude at one-loop order in terms of the propagators
described previously are determined from (2). One term of
the effective action is

SI ¼ −2iλe2v
Z

d4x
Z

d4yHðxÞGscðx; yÞAνðyÞAνðyÞGscðy; xÞ

− 8λe2v
Z

d4x
Z

d4y
Z

d4zHðxÞGscðx; yÞAνðyÞDνGscðy; zÞAλðzÞDλGscðz; xÞ ð20Þ

which is a seagull term and a derivative coupling term in the
way familiar from scalar quantum electrodynamics, with a
Higgs boson insertion in one propagator. The remaining
effective action terms are (A1)–(A7), listed in Appendix A.
Remarkably, they can be reduced to a structure similar to

(20), with both scalar and vector internal propagators and,
in the latter case, also with magnetic moment couplings.
The reduction takes place by means of (7) and (18).
In (A1) one isolates the following three expressions by

insertion of (5):

S0II ¼ −ie2gMW

Z
d4yHðxÞGvec

μλðx; yÞAνðyÞAνðyÞGvec;λμðy; xÞ

þ 4e2gMW

Z
d4x

Z
d4y

Z
d4zHðxÞGvec;μ

ρðx; yÞ

×AνðyÞDνGvec;ρ
σðy; zÞAλðzÞDλGvec;σ

μðz; xÞ; ð21Þ
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which obviously is similar to (20),

S0III ¼ 4e2gMW

Z
d4x

Z
d4y

Z
d4zHðxÞ

×Gvec;μλðx;yÞF λρðyÞGvec;ρσðy;zÞF σωðzÞGvec;ω
μðz;xÞ;
ð22Þ

with magnetic moment couplings, and

S0IV ¼ −4e2gMW

Z
d4x

Z
d4y

Z
d4zHðxÞ

× ðGvec;μρðx; yÞF ρσðyÞGvec;σωðy; zÞAλðzÞ
×DλGvec;

ωμðz; xÞ þGvec;μρðx; yÞAνðxÞDν

×Gvec;
ρ
ωðy; zÞFωϵðzÞGvec;ϵ

μðz; xÞÞ; ð23Þ
with a derivative coupling at one vertex and a magnetic
moment coupling at the other vertex. Adding the rest of
(A1) to (A2)–(A7), one obtains, as shown in Appendix A,

S0V ¼ ie2gMW

Z
d4x

Z
d4yHðxÞGscðx; yÞAνAνðyÞGscðy; xÞ

þ 4e2gMW

Z
d4x

Z
d4y

Z
d4zHðxÞGscðx; yÞAνðyÞDνGscðy; zÞAλðzÞDλGscðz; xÞ; ð24Þ

with the same structure as (20) or (21).
A Feynman diagram representation of SI and S0II − S0V is

given in Fig. 1.

D.H → γγ decay amplitude in a vanishing external field

From (20) and (21)–(24) the amplitude of the decay of a
Higgs boson to two photons is found. Here and elsewhere

in the paper, the photon momenta and polarization vectors
are denoted k, εμðkÞ and q, ενðqÞ, with k · ϵðkÞ ¼
q · ϵðqÞ ¼ 0. The evaluation is carried out by means of
(10), (12), (14) and (15).
In the limit where the background field vanishes, the

contribution from (21) to the amplitude is in the proper-
time representation:

− 8ie2gMWε
μðkÞεμðqÞ

Z
∞

0

τdτ
Z

1

0

dα
Z

d4r
ð2πÞ4 e

iτðð1−αÞr2þαðp−rÞ2−M2
WÞ

þ 16e2gMWε
μðkÞενðqÞ

Z
∞

0

τ2dτe−iτM
2
W

Z
1

0

dαdβdγδð1 − α − β − γÞ

×
Z

d4r
ð2πÞ4 ðrμðrþ kÞνeiτðαr2þβðkþrÞ2þγðkþqþrÞ2Þ þ rνðrþ qÞμeiτðαr2þβðqþrÞ2þγðkþqþrÞ2ÞÞ ð25Þ

where the integrations of the proper time τ are carried out after the integrations of the momentum variable r; the momentum
integrations are convergent at nonvanishing values of the proper time. Here a factor ð2πÞ4δðp − k − qÞ is suppressed, with p
the Higgs boson momentum. After some manipulations one gets from (25), using the mass-shell conditions as well as
symmetric integration in four dimensions,

− 8ie2gMWε
μðkÞεμðqÞ

Z
∞

0

τdτ
Z

1

0

dα
Z

d4r
ð2πÞ4 e

iτðr2þαð1−αÞM2
H−M

2
WÞ

þ 16e2gMWε
μðkÞεμðqÞ

Z
∞

0

τ2dτe−iτM
2
W

Z
1

0

dα
Z

1−α

0

dγ
Z

d4r
ð2πÞ4 e

iτðr2þαγM2
HÞ
�
1

2
r2 − αγM2

H

�

þ 32e2gMWε
μðkÞενðqÞðq · kημν − qμkνÞ

Z
∞

0

τ2dτe−iτM
2
W

Z
1

0

dα
Z

1−α

0

dγαγ
Z

d4r
ð2πÞ4 e

iτðr2þαγM2
HÞ: ð26Þ

In (26) one uses

(a)

(b) (c)

FIG. 1. Feynman diagram representation of the effective action
in its final form.
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Z
d4r
ð2πÞ4 e

iτr2 ¼ −
i

16π2τ2
ð27Þ

and also

Z
∞

0

τ2dτe−iτM
2
W

Z
1

0

dα
Z

1−α

0

dγ
Z

d4r
ð2πÞ4 e

iτðr2þαγM2
HÞ
�
1

2
r2 − αγM2

H

�

¼ 1

2

1

16π2

Z
∞

0

dτ
τ
e−iτM

2
W

Z
1

0

dαeiαð1−αÞτM2
H : ð28Þ

Evaluating (26) using (27) and (28), one finds that the first two terms cancel out, and (26) reduces to

−
2e2gMW

π2
εμðkÞενðqÞðq · kημν − qμkνÞ

Z
1

0

dα
Z

1−α

0

dγ
αγ

M2
W − αγM2

H

¼ e2gMW

π2M2
H

εμðkÞενðqÞðq · kημν − qμkνÞ
�
1 −

4M2
W

M2
H

arcsin2
�

MH

2MW

��
: ð29Þ

The total contribution to the amplitude from (20), (21) and (24) is found from (29) by the substitution

4e2gMW → 2λe2vþ 3e2gMW: ð30Þ

Equation (22) in a vanishing external field contributes to the decay amplitude:

− 4e2gMWðkμενðkÞ − kνεμðkÞÞðqμενðqÞ − qνεμðqÞÞ

×
Z

∞

0

τ2dτe−iτM
2
W

Z
1

0

dαdβdγδð1 − α − β − γÞ

×
Z

d4r
ð2πÞ4 ðe

iτðαr2þβðkþrÞ2þγðkþqþrÞ2Þ þ eiτðαr2þβðqþrÞ2þγðkþqþrÞ2ÞÞ

¼ 2e2gMW

π2M2
H

εμðkÞενðqÞðq · kημν − qμkνÞarcsin2
�

MH

2MW

�
: ð31Þ

Equation (23) is zero in a vanishing external field.
The decay amplitude with a vanishing external field is the sum of (29) [with the substitution (30)] and (31):

e2

4π2v
εμðkÞενðqÞðq · kημν − qμkνÞ

×

��
1þ 6M2

W

M2
H

��
1 −

4M2
W

M2
H

arcsin2
�

MH

2MW

��
þ 16M2

W

M2
H

arcsin2
�

MH

2MW

��
ð32Þ

which is the standard decay amplitude [10–14]. It is perhaps an interesting point that this result has been obtained by proper-
time regularization instead of dimensional regularization; symmetrical integration in momentum space has been carried out
in four dimensions, and this is possible because momentum integrals are finite at nonvanishing values of the proper time τ.
Carrying, for the sake of argument, the integral in (29) out in two space-time dimensions, one gets, disregarding the

dimensional mismatch, the result

−
8e2gMW

π

Z
1

0

dα
Z

1−α

0

dγ
αγ

ðM2
W − αγM2

HÞ2

¼ −
8e2gMW

πM4
H

0
BB@ MHffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

M2
W − 1

4
M2

H

q arcsin

�
MH

2MW

�
− 2arcsin2

�
MH

2MW

�1CCA: ð33Þ
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This is singular at MH
MW

¼ 2; the singularity arises from
α≃ γ ≃ 1

2
, where the denominator of the integrand is very

small at this value of the mass ratio. This argument gives a
heuristic indication of the way in which the square-root
singularity of (1) arises, since the quasitachyonic field
component decreases the vector boson mass according to

M2
W → M2

W − eB: ð34Þ

The complete determination of the singularity takes place
in Sec. IV.

III. H → γγ DECAY AMPLITUDE IN A
NONVANISHING HOMOGENEOUS FIELD

The H → γγ amplitude in a nonvanishing homogeneous
electromagnetic field is found from (20)–(24) by the
method of Schwinger [5–7]. Details on formal tools are
relegated to Appendix B.
The contribution from the first term of (20) to the decay

amplitude is, by (B11),

− 4iλe2vεμðkÞεμðqÞ
Z

d4xeipx
Z

∞

0

τdτe−iτM
2
W

Z
1

0

dαhx∣eið1−αÞτΠ2

e−iðkþqÞXeiατΠ2 ∣xi

¼ −4iλe2vεμðkÞεμðqÞ
Z

d4xeipx
Z

∞

0

τdτe−iτM
2
W

Z
1

0

dαhx; τ∣e−iðkþqÞXðατÞ∣x; 0i: ð35Þ

Here one uses (B15) as well as the eigenvalue equation (B3) to get the following value of (35) with a factor ð2πÞ4δðp −
k − qÞ suppressed (cf. [7]):

−4iλe2vεμðkÞεμðqÞ
Z

∞

0

τdτe−iτM
2
W hx; τ∣x; 0i

Z
1

0

dαeδ1ðα;kþqÞ: ð36Þ

Next the contribution of the second term of (20) to the decay amplitude is evaluated. It has the proper-time representation

8λe2vεμðkÞενðqÞ
Z

d4xeipx
Z

∞

0

τ2dτe−iτM
2
W

Z
1

0

dαdβdγδð1 − α − β − γÞ

× ðhx∣eiατΠ2

e−ik·XΠμeiβτΠ
2

e−iq·XΠνeiγτΠ
2 ∣xi þ ðμ↔ ν; k↔ qÞÞ

¼ 8λe2vεμðkÞενðqÞ
Z

d4xeipx
Z

∞

0

τ2dτe−iτM
2
W

Z
1

0

dαdβdγδð1 − α − β − γÞ

× ðhx; τ∣Πμðð1 − αÞτÞe−ik·Xðð1−αÞτe−iq·XðγτÞΠνðγτÞ∣x; 0i þ ðμ↔ ν; k↔ qÞÞ ð37Þ

by (B8), and using (B17) and (B21) as well as the procedure used above to obtain (36), one finds

8λe2vεμðkÞενðqÞ
Z

d4xeipx
Z

∞

0

τ2dτe−iτM
2
W

Z
1

0

dαdβdγδð1 − α − β − γÞ

× ðeδ2ðk;qÞhx; τ∣Πμðð1 − αÞτÞe−iQ·XðτÞe−iðkþq−QÞ·Xð0ÞΠνðγτÞ∣x; 0i þ ðμ↔ ν; k↔ qÞÞ

¼ 8λe2vεμðkÞενðqÞð2πÞ4δðp − k − qÞ
Z

∞

0

τ2dτe−iτM
2
W

Z
1

0

dαdβdγδð1 − α − β − γÞ

× ðeδ2ðk;qÞhx; τ∣ðΠðð1 − αÞτÞ − e2ατeFQÞμðΠðγτÞ þ ðe−2γτeFðkþ q −QÞÞν∣x; 0i
þ ðμ↔ν; k↔qÞÞ; ð38Þ

and in the last step (B8) was used again.
The evaluation of (38) is carried out by (B8) and (B10). Only terms with two or zero Π operators give a nonvanishing

contribution. With zero Π operators one gets the following contribution from (38):

− 8λe2vεμðkÞενðqÞ
Z

∞

0

τ2dτe−iτM
2
W hx; τ∣x; 0i

Z
1

0

dαdβdγδð1 − α − β − γÞ

× ðeδ2ðk;qÞðe2ατeFQÞμðe−2γτeFðkþ q −QÞÞν þ ðμ↔ ν; k↔ qÞÞ: ð39Þ

The term of (38) with two Π operators contributes
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8iλe2vεμðkÞενðqÞ
Z

∞

0

τ2dτe−iτM
2
W hx; τ∣x; 0i

Z
1

0

dαdβdγδð1 − α − β − γÞ

× ðeδ2ðk;qÞðe−2βτeFD−1ðτÞÞμν þ ðμ↔ ν; k↔ qÞÞ: ð40Þ

In both (39) and (40) a factor ð2πÞ4δðp − k − qÞ was left out. The sum of (36), (39) and (40) is invariant under gauge
transformations of the polarization vectors. This follows from the general proof in (C1) (Appendix C) but can be proven
directly also.
Equations (36) and (40) are both ultraviolet divergent and can be rearranged in two convergent expressions:

8iλe2vεμðkÞενðqÞ
Z

∞

0

τ2dτe−iτM
2
W hx; τ∣x; 0i

Z
1

0

dαdβdγδð1 − α − β − γÞ

×

�
eδ2ðk;qÞ

�
e−2βτeFD−1ðτÞ − 1

2τ
1

�
μν

þ ðμ↔ν; k↔qÞ
�

ð41Þ

and

4iλe2vεμðkÞεμðqÞ
Z

∞

0

τdτe−iτM
2
W hx; τ∣x; 0i

Z
1

0

dαdβdγδð1 − α − β − γÞ

× ððeδ2ðk;qÞ − eδ2ðk;qÞ∣γ¼1−αÞ þ ðk↔ qÞÞ: ð42Þ

The contribution of (21) to the amplitude is

− 2ie2gMWε
μðkÞεμðqÞ

Z
d4xeipx

Z
∞

0

τdτe−iτM
2
W trðe−2τeFÞ

×
Z

1

0

dαhx∣eið1−αÞτΠ2

eiðkþqÞXeiατΠ2 ∣xi

þ 4e2gMWε
μðkÞενðqÞ

Z
d4xeipx

Z
∞

0

τ2dτe−iτM
2
W

Z
1

0

dαdβdγδð1 − α − β − γÞ

× trðe−2τeFÞðhx∣eiατΠ2Πμeik·XeiβτΠ
2ΠνeiγτΠ

2 ∣xi þ ðμ↔ ν; k↔ qÞÞ ð43Þ

and is thus determined from (39), (41) and (42) by the substitution 8λe2v → 4e2gMW and the insertion of a factor trðe−2τeFÞ
in the integral. Also, from (24) one gets three terms similar to (39), (41) and (42) by the substitution 8λe2v → −4e2gMW .
For the considerations on a pure magnetic field in the following section, it is convenient to isolate, in the contribution to

the amplitude from (43), the following three terms:

− 4e2gMWε
μðkÞενðqÞ

Z
∞

0

τ2dτe−iτM
2
W ðtrðe−2τeFÞ − 4Þhx; τ∣x; 0iδð1 − α − β − γÞ

× ðeδ2ðk;qÞðe2ατeFQÞμðe−2γτeFðkþ q −QÞÞν þ ðμ↔ ν; k↔ qÞÞ ð44Þ

and also

4ie2gMWε
μðkÞενðqÞ

Z
∞

0

τ2dτe−iτM
2
W ðtrðe−2τeFÞ − 4Þhx; τ∣x; 0i

Z
1

0

dαdβdγδð1 − α − β − γÞ

×
�
eδ2ðk;qÞ

�
e−2βτeFD−1ðτÞ − 1

2τ
1
�

μν

þ ðμ↔ ν; k↔ qÞ
�

ð45Þ

and

2ie2gMWε
μðkÞεμðqÞ

Z
∞

0

τdτe−iτM
2
W ðtrðe−2τeFÞ − 4Þhx; τ∣x; 0i

Z
1

0

dαdβdγδð1 − α − β − γÞ

× ððeδ2ðk;qÞ − eδ2ðk;qÞ∣γ¼1−αÞ þ ðk↔ qÞÞ; ð46Þ
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and to further isolate in (44) and (46),

− 4e2gMWε
μðkÞενðqÞ

Z
∞

0

τ2dτe−iτM
2
W ðtrðe−2τeFÞ − 4Þhx; τ∣x; 0i

Z
1

0

dαdβdγαγδð1 − α − β − γÞ

× ðeδ2ðk;qÞ þ eδ2ðq;kÞÞðqμkν − ημνq · kÞ: ð47Þ

Here we used
Z

1

0

dαdβdγδð1 − α − β − γÞðeδ2ðk;qÞ − eδ2ðk;qÞ∣γ¼1−αÞ

¼ −
Z

1

0

dαdβdγδð1 − α − β − γÞ 1
2

�
α
∂
∂αþ γ

∂
∂γ

�
eδ2ðk;qÞ ð48Þ

and also (B20). The remaining amplitude terms from (21) and (24) are obtained from (39), (41) and (42) by the
substitution 2λe2v → 3e2gMW .
From (22) one gets

4e2gMWε
μðkÞενðqÞ

Z
d4xeipx

Z
∞

0

τ2dτe−iτM
2
W

Z
1

0

dαdβdγδð1 − α − β − γÞ

× ððe−2ðαþγÞτeFÞϵρðδρμkσ − δσμkρÞðe−2βτeFÞσωðδωνqϵ − δϵνqωÞ
× hx∣eiατΠ2

e−ik·XeiβτΠ
2

e−iq·XeiγτΠ
2 ∣xi þ ðμ↔ ν; k↔ qÞÞ; ð49Þ

which, after similar manipulations as were used to obtain (36), gives the amplitude term

4e2gMWε
μðkÞενðqÞ

Z
∞

0

τ2dτe−iτM
2
W hx; τ∣x; 0i

Z
1

0

dαdβdγδð1 − α − β − γÞ

× ðeδ2ðk;qÞðe−2ðαþγÞτeFÞϵρðδρ μkσ − δσ μkρÞðe−2βτeFÞσωðδω νqϵ − δϵ νqωÞ þ ðμ↔ ν; k↔ qÞÞ: ð50Þ

Equation (23) yields

− 4e2gMWε
μðkÞενðqÞ

Z
d4xeipx

Z
∞

0

τ2dτe−iτM
2
W

Z
1

0

dαdβdγδð1 − α − β − γÞ

× ðððe−2τeFÞσρðδρμkσ − δσμkρÞhx∣eiατΠ2

e−ik·XeiβτΠ
2

e−iq·XΠνeiγτΠ
2 ∣xi

þ ðe−2τeFÞϵωðδωνqϵ − δϵνqωÞhx∣eiατΠ2

eik·XΠμeiβτΠ
2

eiq·XeiγτΠ
2 ∣xiÞ

þ ðμ↔ ν; k↔ qÞÞ ð51Þ

which is evaluated in a similar way, contributing to the amplitude

− 4e2gMWε
μðkÞενðqÞ

Z
∞

0

τ2dτe−iτM
2
W hx; τ∣x; 0i

Z
1

0

dαdβdγδð1 − α − β − γÞ

ðeδ2ðk;qÞððe−2τeFÞσρðδρμkσ − δσμkρÞðe−2γτeFðkþ q −QÞÞν
− ðe−2τeFÞϵωðδωνqϵ − δϵνqωÞðe2ατeFQÞμÞ þ ðμ↔ ν; k↔ qÞÞ: ð52Þ

IV. H → γγ DECAY AMPLITUDE IN A PURE MAGNETIC FIELD

The H → γγ decay amplitude is considered in a pure homogeneous magnetic field B directed along the positive 1-axis,
with k2 ¼ q2 ¼ 0, 2k · q ¼ M2

H.
In this case (47) is, in the special case where the photons are emitted along the magnetic field lines, using also (B18)

combined with (B26) as well as (B24) and (B25),
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−
2i
π2

e2gMWε
μðkÞενðqÞðqμkν − ημνq · kÞ

×
Z

∞

0

dτe−iτM
2
WτeB sinðτeBÞ

Z
1

0

dαdβdγαγδð1 − α − β − γÞeiαγτM2
H

¼ 2

π2
e2gMW

eB
M2

H
εμðkÞενðqÞðqμkν − ημνq · kÞ

×

�
−

1

M2
H

�
arcsin2

�
MH

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

W − eB
p

�
− arcsin2

�
MH

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

W þ eB
p

��

þ 1

2MH

0
B@ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

M2
W − eB − 1

4
M2

H

q arcsin

�
MH

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

W − eB
p

�1CA

−
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

M2
W þ eB − 1

4
M2

H

q arcsin

�
MH

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

W þ eB
p

���
: ð53Þ

Equation (53) is divergent at eB ¼ M2
W − 1

4
M2

H. This
divergence can be attributed to the quasi-unstable mode
of the W� field that decreases the effective mass of a W�
field component, combined with the fact that the magnetic
field, in a sense, makes the theory two dimensional since
charged field modes only propagate along the field
lines. This can also be seen from (33), which shows that
one finds results similar to (53) by redoing the calculation

of the integrals determining the amplitude in a vanishing
external field in Sec. II. D in two instead of four
dimensions.
In the limit where the photon momenta vanish, one may

also obtain the amplitude from the Heisenberg-Euler
effective action. Having vanishing photon momenta, one
must let the Higgs boson mass go to zero as well.
Equation (53) then becomes

−
i

12π2
e2gMWε

μðkÞενðqÞðqμkν − ημνq · kÞ
Z

∞

0

dτe−iτM
2
WτeB sinðτeBÞ

≃ 1

24π2
e3gMWBεμðkÞενðqÞðqμkν − ημνq · kÞ

�
1

ðM2
W − eBÞ2 −

1

ðM2
W þ eBÞ2

�
; ð54Þ

and the square-root singularity is not visible in this limit.
The divergence arises at α≃ γ ≃ 1

2
, in which case the phase factor involving τ is constant in part of (53) and the τ

integration diverges. That (53) is singular in this limit can also be seen directly by restricting both the Feynman parameters α
and γ in (53) to a narrow interval around 1

2
, in which case it is evaluated by the following calculation, with 0 < δ; ϵ ≪

1 (cf. [20]):

e3gMWB
4π2

εμðkÞενðqÞðqμkν − ημνq · kÞ
Z

1
2
þϵ

1
2
−ϵ

dα
Z

1−α

1−α−δ
dγ

1

ðM2
W − eB − αγM2

HÞ2

≃ e3gMWB

π2M3
H

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

W − eB − 1
4
M2

H

q εμðkÞενðqÞðqμkν − ημνq · kÞ arctan

0
B@ϵ

MHffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

W − eB − 1
4
M2

H

q
1
CA

≃ e3gMWB

2πM3
H

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

W − eB − 1
4
M2

H

q εμðkÞενðqÞðqμkν − ημνq · kÞ; ð55Þ

where in the last step the arctan has been replaced
by π

2
, which is valid with ϵ ≠ 0 kept fixed for

M2
W − eB − 1

4
M2

H → 0, and (55) agrees with (53) in this
limit. Here the contribution from the lower limit of the γ
integration was disregarded; it is finite at M2

W − eB −
1
4
M2

H ¼ 0 for δ; ϵ ≠ 0.

In (55) one can interchange the Feynman parameter
integrations, observing that 1

2
− ϵ < α < 1

2
þ ϵ, 1 − α − δ <

γ < 1 − α is equivalent to 1
2
− ϵ − δ < γ < 1

2
þ ϵ,

1 − γ − δ < α < 1 − γ.
The singularity of (47) is next determined also with

nonvanishing momentum components ~k⊥, ~q⊥
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perpendicular to the magnetic field lines. The singularity arises for τ → −i∞, α≃ γ ≃ 1
2
. In this limit the quantity δ2ðk; qÞ is

given by (B35), which is nonlinear in the Feynman parameters α and γ, and the calculation is therefore more complicated
than (55). Approximating δ2ðk; qÞ by the following expression,

δ2;appðk; qÞ ¼ iτ

�
αγðM2

H þ ð~q⊥ þ ~k⊥Þ2Þ þ
1

2
ð1 − α − γÞð~k2⊥ þ ~q2⊥Þ

�
−

1

2eB
ð~k⊥ þ ~q⊥Þ2

−
e−iθ

2eB
ðe−2ið1−α−γÞτeB − 1Þ∣~q⊥∣∣~k⊥∣; ð56Þ

with θ the angle between ~k⊥ and ~q⊥ as defined in (B36), one gets, instead of (55),

−
e3gMWB

8π2
εμðkÞενðqÞðqμkν − ημνq · kÞ

×
Z

∞

0

τdτ
Z

1
2
þϵ

1
2
−ϵ

dα
Z

1−α

1−α−δ
dγe−iτðM2

W−eBÞðeδ2;appðk;qÞ þ ðk → qÞÞ

¼ e2gMW

8π2
εμðkÞενðqÞðqμkν − ημνq · kÞ exp

�
−
ð~k⊥ þ ~q⊥Þ2

2eB

�

×
Z 1

2
þϵ

1
2
−ϵ

dα
Z

1−α

1−α−δ
dγ

�
exp

�
e−iθ

2eB
∣~q⊥∣∣~k⊥∣

�X∞
n¼0

1

n!

�
−
e−iθ∣~q⊥∣∣~k⊥∣

2eB

�
n

×
eB

ðM2
W − eB − αγðM2

H þ ð~q⊥ þ ~k⊥Þ2Þ − ð1 − α − γÞð1
2
ð~k2⊥ þ ~q2⊥Þ − 2neBÞÞ2

þ ðθ → −θÞ
�
: ð57Þ

The power ser ies expansion has been carried out in order to make the τ integration possible. Next the Feynman parameter
integrations are also carried out as in (55):

e2gMW

2π2
εμðkÞενðqÞðqμkν − ημνq · kÞ exp

�
−
ð~k⊥ þ ~q⊥Þ2

2eB

�

×
Z

1
2
þϵ

1
2

dα
eB

M2
W − eB − 1

4
ðM2

H þ ð~k⊥ þ ~q⊥Þ2Þ þ ðα − 1
2
Þ2ðM2

H þ ð~k⊥ þ ~q⊥Þ2Þ
× ðFð0; θÞ þ Fð0;−θÞÞ

≃ e2gMW

4π
εμðkÞενðqÞðqμkν − ημνq · kÞ exp

�
−
ð~k⊥ þ ~q⊥Þ2

2eB

�

×
eBffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðM2
H þ ð~k⊥ þ ~q⊥Þ2ÞðM2

W − eB − 1
4
ðM2

H þ ð~k⊥ þ ~q⊥Þ2ÞÞ
q ðFð0; θÞ þ Fð0;−θÞÞ; ð58Þ

with the definition

Fðj; θÞ ¼ exp

�
e−iθ

2eB
∣~q⊥∣∣~k⊥∣

�X∞
n¼0

1

n!

�
−
e−iθ∣~q⊥∣∣~k⊥∣

2eB

�
n 1

M2
H þ 2~q⊥ · ~k⊥ þ 4ðnþ jÞeB

: ð59Þ

Equation (58) is singular at M2
W − eB − 1

4
ðM2

H þ ð~k⊥ þ ~q⊥Þ2Þ≃ 0, with

M2
H þ ð~k⊥ þ ~q⊥Þ2 ¼ p2

0 − p2
1; ð60Þ

where p0 is the energy and p1 the momentum along the magnetic field of the Higgs boson. One also notices the presence of

an exponential damping factor expð− ð~k⊥þ~q⊥Þ2
2eB Þ.

Substituting in (47) the whole expression δ2ðk; qÞ as given by (B35), one gets, in addition to (57),
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e2gMW

4π2
εμðkÞενðqÞðqμkν − ημνq · kÞ exp

�
−
ð~k⊥ þ ~q⊥Þ2

2eB

�

×
Z 1

2
þϵ

1
2
−ϵ

dα
Z

1−α

1−α−δ
dγð1 − α − γÞ

��
α −

1

2

�
~k2⊥ þ

�
γ −

1

2

�
~q2⊥

�

× ðexp
�
e−iθ

2eB
∣~q⊥∣∣~k⊥∣

�X∞
n¼0

1

n!

�
−
e−iθ∣~q⊥∣∣~k⊥∣

2eB

�
n

×

�Z
1

0

dt
eB

ðM2
W − eB − αγðM2

H þ ð~q⊥ þ ~k⊥Þ2Þ þ ð1 − α − γÞð2neB − tððα − 1
2
Þ~k2⊥ þ ðγ − 1

2
Þ~q2⊥ÞÞÞ3

þ ðθ → −θÞ
�
: ð61Þ

Equation (61) is finite atM2
W − eB − 1

4
ðM2

H þ ð~k⊥ þ ~q⊥Þ2Þ≃0, as seen by changing to polar coordinates in the
Feynman parameter space with the origin at α ¼ γ ¼ 1

2
.

Consequently, the singularity of (58) is not modified
by (61).
It has been demonstrated that the singular behavior

found in (53) or (55) persists when the two photons
produced in the decay also have momentum components
orthogonal to the magnetic field, with the square-root

denominator modified as seen from (58) and with
an exponential damping factor. For the sake of complete-
ness, we now show that the singularity, as well as the
exponential damping factor, found in (58), occur in the
complete expressions (44), (45) and (46), as well as in (50)
and (52).
The singular part of (44) in its totality, in a homogeneous

magnetic field, is in this approximation by (56), and also
(B32), (B33) and (B38), found from

−
e2gMWeB

8π2
εμðkÞενðqÞ exp

�
−
ð~k⊥ þ ~q⊥Þ2

2eB

�Z
∞

0

τdτe−iτðM2
W−eBÞ

Z 1
2
þϵ

1
2
−ϵ

dα
Z

1−α

1−α−δ
dγ

×

�
eδ2;appðk;qÞ

�
q − i

�
0; 0;

1

B
~B × ~k

�
− ð1 − e−2ið1−α−γÞτeBÞð0; 0; ~q⊥Þ − ie−2ið1−α−γÞτeB

�
0; 0;

1

B
~B × ~q

��
μ

×
�
kþ i

�
0; 0;

1

B
~B × ~q

�
− ð1 − e−2ið1−α−γÞτeBÞð0; 0; ~k⊥Þ þ ie−2ið1−α−γÞτeB

�
0; 0;

1

B
~B × ~k

��
ν

þ ðk↔ q; μ↔ νÞ
�
; ð62Þ

which produces the following singular terms in addition to those already contained in (58):

e2gMW

4π
εμðkÞενðqÞ exp

�
−
ð~k⊥ þ ~q⊥Þ2

2eB

�
eBffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðM2
H þ ð~k⊥ þ ~q⊥Þ2ÞðM2

W − eB − 1
4
ðM2

H þ ð~k⊥ þ ~q⊥Þ2ÞÞ
q

×

�
Fð0; θÞ

�
−qμ

�
ð0; 0; ~k⊥Þ − i

�
0; 0;

1

B
~B × ~q

��
ν

−
�
ð0; 0; ~q⊥Þ þ i

�
0; 0;

1

B
~B × ~k

��
μ

kν

þ
�
ð0; 0; ~q⊥Þ þ i

�
0; 0;

1

B
~B × ~k

��
μ

�
ð0; 0; ~k⊥Þ − i

�
0; 0;

1

B
~B × ~q

��
ν

�

þ Fð1; θÞ
�
q − ð0; 0; ~q⊥Þ − i

�
0; 0;

1

B
~B × ~k

��
μ

�
ð0; 0; ~k⊥Þ þ i

�
0; 0;

1

B
~B × ~k

��
ν

þ
�
ð0; 0; ~q⊥Þ − i

�
0; 0;

1

B
~B × ~q

��
μ

�
k − ð0; 0; ~k⊥Þ þ i

�
0; 0;

1

B
~B × ~q

��
ν

�

þ Fð2; θÞ
�
ð0; 0; ~q⊥Þ − i

�
0; 0;

1

B
~B × ~q

��
μ

�
ð0; 0; ~k⊥Þ þ i

�
0; 0;

1

B
~B × ~k

��
ν

þ ðk↔ q; μ↔ νÞ
�
: ð63Þ
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Also, Eq. (45) is in the same approximation by (56) combined with (B38), (B39) and (B40):

e2gMW

2π
εμðkÞενðqÞ exp

�
−
ð~k⊥ þ ~q⊥Þ2

2eB

�
e2B2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðM2
H þ ð~k⊥ þ ~q⊥Þ2ÞðM2

W − eB − 1
4
ðM2

H þ ð~k⊥ þ ~q⊥Þ2ÞÞ
q

×

�
Fð1; θÞ

�
0 0

0 1 − σ2

�
μν

þ ðμ↔ ν; k↔qÞ
�
: ð64Þ

Finally, the singular terms of (46) that are not included in (58) are found by (48) and (56) combined with (B38) and (B39):

−
e2gMW

4π
εμðkÞεμðqÞ exp

�
−
ð~k⊥ þ ~q⊥Þ2

2eB

�
eBffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðM2
H þ ð~k⊥ þ ~q⊥Þ2ÞðM2

W − eB − 1
4
ðM2

H þ ð~k⊥ þ ~q⊥Þ2ÞÞ
q

× ð~q⊥ · ~k⊥Fð0; θÞ − ∣~q⊥∣∣~k⊥∣e−iθFð1; θÞ þ ðk↔qÞÞ: ð65Þ

In summary, we have isolated from (44), (45) and (46)
the terms (58), (63), (64) and (65) of theH → γγ amplitude
in a homogeneous background magnetic field with the
singular factor eBffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

M2
W−eB−

1
4
ðM2

Hþð~k⊥þ~q⊥Þ2Þ
p and the damping

factor expð− ð~k⊥þ~q⊥Þ2
2eB Þ. The sum is invariant under gauge

transformations of the polarization vectors; this is demon-
strated explicitly in Appendix C.
Using the second term of the factor sinðτeBÞ which

occurs in the integrands of (44), (45) and (46) in a
homogeneous background magnetic field, one obtains
amplitude terms with the opposite sign and where the

square-root factor is eBffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

WþeB−1
4
ðM2

Hþð~k⊥þ~q⊥Þ2Þ
p , cf. the last

term of (53). From (39), (41) and (42), from the remaining
parts of (21) and from (24), one also obtains similar
amplitude terms with this square-root factor.
Defining

η∥ ¼ ð1;−1; 0; 0Þ ð66Þ

one finds (50) in a pure magnetic field, approximated
in the same way as (57) and (58) and using (B38)
and (B39):

−
e2gMW

4π
ðkσερðkÞ − kρεσðkÞÞðqϵεωðqÞ − qωεϵðqÞÞ exp

�
−
ð~k⊥ þ ~q⊥Þ2

2eB

�

×
eBffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðM2
H þ ð~k⊥ þ ~q⊥Þ2ÞðM2

W − eB − 1
4
ðM2

H þ ð~k⊥ þ ~q⊥Þ2ÞÞ
q

×

��
Fð0; θÞ

�
0 0

0 1þ σ2

�
σω

�
0 0

0 1þ σ2

�
ϵρ

þ 2Fð1; θÞη∥;σω
�
0 0

0 1þ σ2

�
ϵρ

�
þ ðk↔qÞ

�
: ð67Þ

Also, Eq. (52) is approximately by means of (B32), (B33), (B38), and (B39):

e2gMW

4π
εμðkÞενðqÞexp

�
−
ð~k⊥þ ~q⊥Þ2

2eB

�
eBffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðM2
Hþð~k⊥þ ~q⊥Þ2ÞðM2

W −eB− 1
4
ðM2

Hþð~k⊥þ ~q⊥Þ2ÞÞ
q

×

��
0 0

0 σ2

�
σρ

ðδρμkσ −δσμkρÞ
�
Fð0;θÞ

�
k− ð0;0; ~k⊥Þþ i

�
0;0;

1

B
~B× ~q

��
ν

þFð1;θÞ
�
ð0;0; ~k⊥Þþ i

�
0;0;

1

B
~B× ~k

��
ν

�
−
�
0 0

0 σ2

�
ϵω

ðδωνqϵ−δϵνqωÞ
�
Fð0;θÞ

�
q− ð0;0; ~q⊥Þ− i

�
0;0;

1

B
~B× ~k

��
μ

þFð1;θÞ
�
ð0;0; ~q⊥Þ− i

�
0;0;

1

B
~B× ~q

��
μ

�
þðμ↔ν;k↔qÞ

�
: ð68Þ
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The expressions (67) and (68) again have the same
singular factor as (58); Eq. (67) is manifestly invariant
under gauge transformations of the polarization vectors,
and in Appendix C it is shown that (68) shares this property.

V. QUARK CONTRIBUTIONS

Quarks are coupled to the Higgs boson and photon fields
through the interaction Lagrangian:

−QeAμψ̄γ
μψ − yHψ̄ψ ð69Þ

with Q ¼ 2
3
, − 1

3
, y the Yukawa coupling constant and ψ the

quark field, leading to the Higgs boson decay effective
action

− yQ2e2
Z

d4x
Z

d4y
Z

d4xHðxÞAμðyÞAνðzÞ

× trðhTψðxÞψ̄ðyÞiγμhTψðyÞψ̄ðzÞiγνhTψðzÞψ̄ðxÞiÞ: ð70Þ

In an external field the quark propagator is

hTψðxÞψðx0Þi¼ hx∣ i
iγ ·D−yv

∣x0i

¼ hx∣ð−γ ·ΠþyvÞ
Z

∞

0

dτeiτðΠ2þeF·σ−y2v2Þ∣x0i
ð71Þ

with γμ the Dirac matrices and

ðγ ·DÞ2 ¼ D2 − eFμνσμν ¼ D2 − eF · σ;

σμν ¼
1

4
i½γμ; γν�: ð72Þ

Equation (70) is, in the presence of an external field,
conveniently reformulated by means of the identity

trhx∣H i
−γ · Π − yvþ iϵ

γ ·A
i

−γ · Π − yvþ iϵ
γ ·A

i
−γ · Π − yvþ iϵ

∣xi

¼ −iyvtrhx∣H i
ðγ · ΠÞ2 − y2v2 þ iϵ

A2
i

ðγ · ΠÞ2 − y2v2 þ iϵ
∣xi

þ yvtrhx∣H i
ðγ · ΠÞ2 − y2v2 þ iδ

fγ · Π; γ ·Ag i
ðγ · ΠÞ2 − y2v2 þ iϵ

fγ · Π; γ ·Ag

×
i

ðγ · ΠÞ2 − y2v2 þ iϵ
∣xi ð73Þ

where

fγ · Π; γ ·Ag ¼ 2AμΠμ − F μνσμν: ð74Þ

Equation (70) is, in this symbolic notation (including a color factor 3),

− 3yQ2e2trhx∣H i
−γ · Π − yvþ iδ

γ ·A
i

−γ · Π − yvþ iδ
γ ·A

i
−γ · Π − yvþ iδ

∣xi; ð75Þ

and after using (73), one gets the quark contribution to the amplitude as the sum of four terms, two of which are

6iy2Q2e2vεμðkÞεμðqÞ
Z

d4xeipx
Z

∞

0

τdτe−iτy
2v2 trðeiτeF·σÞ

×
Z

1

0

dαhx∣eið1−αÞτΠ2

e−iðkþqÞXeiατΠ2 ∣xi

− 12y2Q2e2vεμðkÞενðqÞ
Z

d4xeipx
Z

∞

0

τ2dτe−iτy
2v2 trðeiτeF·σÞ

Z
1

0

dαdβdγδð1 − α − β − γÞ

× ðhx∣eiατΠ2

e−ik·XΠμeiβτΠ
2

e−iq·XΠνeiγτΠ
2 ∣xi þ ðμ↔ν; k↔qÞÞ; ð76Þ
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which are found from (36) and (38) by the replacements 2λe2v → −3y2Q2e2v and e−iτM
2
W → e−iτy

2v2 and by insertion of a
factor trðeiτeF·σÞ in the τ integral. The final two terms of the quark contribution to the amplitude are

12y2Q2e2vεμðkÞενðqÞ
Z

d4xeipx
Z

∞

0

τ2dτe−iτy
2v2

Z
1

0

dαdβdγδð1 − α − β − γÞ

× ðtrðeiðαþγÞτeF·σσμρkρeiβτeF·σσνσqσÞhx∣eiατΠ2

e−ik·XeiβτΠ
2

e−iq·XeiγτΠ
2 ∣xi þ ðμ↔ν; k↔qÞÞ ð77Þ

and

12iy2Q2e2vεμðkÞενðqÞ
Z

d4xeipx
Z

∞

0

τ2dτe−iτy
2v2

Z
1

0

dαdβdγδð1 − α − β − γÞ

× ðtrðeiτeF·σσμλkλÞhx∣eiατΠ2

e−ik·XeiβτΠ
2Πνe−iq·XeiγτΠ

2 ∣xi
þ trðeiτeF·σσνρqρÞhx∣eiατΠ2

e−ik·XΠμeiβτΠ
2

e−iq·XeiγτΠ
2 ∣xiÞ þ ðμ↔ν; k↔qÞ

�
ð78Þ

which are similar to (49) and (51) and can be evaluated in
the same way.
If the background field is a magnetic field B in the

positive 1-direction, one estimates the singular behavior of
(76), (77) and (78) in the same way as for (44), (45), (46),
(50) and (52). In this case one finds

eiτeF·σ ¼ cosðτeBÞ1 − sinðτeBÞγ2γ3 ð79Þ

which should be compared with (B25). Having in (79) only
cosðτeBÞ and sinðτeBÞ compared to cosð2τeBÞ and
sinð2τeBÞ in (B25) means that, taking over the estimates
(58), (63), (64), (65), (67) and (68), one finds no singularity
of the type found in Sec. IV, the square-root factor being, in
this case, eBffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

y2v2−1
4
ðM2

Hþð~k⊥þ~q⊥Þ2Þ
p .

VI. HIGGS BOSON SELF-ENERGY

The Higgs boson self-energy is given by the effective
action

−
1

2

Z
d4x

Z
d4yHðxÞΣðx − yÞHðyÞ: ð80Þ

The function Σðx − yÞ has, by (2) and (9), several terms; we
concentrate on

Σðx − yÞ≃ −ig2M2
WGvec

μνðx; yÞGvec;νμðy; xÞ ð81Þ

where the Feynman gauge is used. It turns out that (81) has
a similar singularity as the H → γγ amplitude, where the
singular term is gauge parameter independent.
From (81) one gets, by Fourier transformation and use of

(B11) and (B15),

ΣðpÞ ¼ −ig2M2
W

Z
∞

0

τdτe−iτM
2
W trðe−2τeFÞ

Z
1

0

dαeipxhx∣eið1−αÞτΠ2

e−ip·XeiατΠ
2 ∣xi

¼ −ig2M2
W

Z
∞

0

τdτe−iτM
2
W trðe−2τeFÞhx; τ∣x; 0i

Z
1

0

dαeδ1ðα;pÞ: ð82Þ

The Higgs boson should be on shell, i.e., p2 ¼ M2
H. The

self-energy is evaluated in a constant homogeneous mag-
netic field along the positive 1-axis and with the Higgs
boson having the momentum component ~p⊥ orthogonal to
the magnetic field. In this particular case, Eq. (82) is, by
(B24) and (B25),

ΣðpÞ ¼ −
g2M2

W

4π2

Z
∞

0

dτ
eB

sinðτeBÞ ð1 − sin2ðτeBÞÞ

× e−iτM
2
W

Z
1

0

dαeδ1ðα;pÞ: ð83Þ

With the Higgs boson momentum parallel to the magnetic
field, one isolates in (83)

−
i

8π2
g2M2

WeB
Z

∞

0

dτe−iτðM2
W−eBÞ

Z
1

0

dαeiαð1−αÞτM2
H

¼ −
1

4π2
g2M2

WeB
MH

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

W − eB − 1
4
M2

H

q arcsin
MH

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

W − eB
p

ð84Þ
which is singular at eB ¼ M2

W − 1
4
M2

H.
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One can obtain the singularity of (84) also at nonvanishing ~p⊥ by means of (B37), proceeding as in (57) and (58), with
1
2
− ϵ < α < 1

2
þ ϵ, 0 < ϵ ≪ 1:

ΣðpÞ≃ −
i

8π2
g2M2

WeBe
−

~p2⊥
2eB

Z
∞

0

dτe−iτðM2
W−eBÞ

Z
1
2
þϵ

1
2
−ϵ

dαeiαð1−αÞτðM2
Hþ~p2⊥Þ

≃ −
1

8π
g2M2

WeBe
−

~p2⊥
2eB

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðM2

H þ ~p2⊥ÞðM2
W − eB − 1

4
ðM2

H þ ~p2⊥ÞÞ
q ; ð85Þ

where in the last step the limiting caseM2
W − eB − 1

4
ðM2

H þ
~p2⊥Þ≃ 0 with ϵ kept fixed has been considered.
Equation (85) reduces to (84) in this limit for vanishing
~p⊥, and it has thus been established that the Higgs boson
self-energy is singular here. No other contributions to the
one-loop Higgs self-energy shows this behavior, and
neither does the one-loop correction to the Higgs boson
field vacuum expectation value.

VII. CONCLUSION AND COMMENTS

The H → γγ decay amplitude has been found to have a
singularity where it diverges [see (58), (63), (64), (65), (67)
and (68)] in a strong stationary and homogeneous magnetic
field, and this phenomenon was shown to be invariant
under gauge transformations of the photon polarization
vectors. The singularity was also observed for the Higgs
boson self-energy [Eq. (85)], and in both cases it was found
to be caused by the unstable mode discussed in [8,9].
It would clearly be of interest to investigate whether this

behavior of the amplitude also holds in a more realistic
situation, where the magnetic field is time dependent and

inhomogeneous with cylindrical symmetry. For such an
investigation a gauge-independent regularization method
should be formulated, which is possible by the tools
developed in the present paper.
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APPENDIX A: REDUCTION OF THE H → γγ
DECAY EFFECTIVE ACTION

The effective action terms describing Higgs boson decay
to two photons are, apart from (20),

SII ¼ −igMW

Z
d4x

Z
d4yHðxÞGvec

μνðx; yÞHð2Þ
νλ ðyÞGvec;

λ
μðy; xÞ

− gMW

Z
d4x

Z
d4y

Z
d4zHðxÞGvec

μνðx; yÞHð1Þ
νλ ðyÞGvec

λρðy; zÞHð1Þ
ρσ ðzÞGvec

σ
μðz; xÞ; ðA1Þ

SIII ¼ −
1

2
iegMW

Z
d4x

Z
d4y

Z
d4zGvec

μνðx; yÞHð1Þ
νλ ðyÞGvec

λρðy; zÞAρðzÞGscðz; xÞð ⃖Dμ − ∂μÞHðxÞ

þ 1

2
iegMW

Z
d4x

Z
d4y

Z
d4zHðxÞðDμ − ⃖∂μÞGscðx; yÞAνðyÞGvec

νλðy; zÞHð1Þ
λρ ðzÞGvec

ρμðz; xÞ; ðA2Þ

SIV ¼ 2e2gMW

Z
d4x

Z
d4y

Z
d4zHðxÞðDμ − ⃖∂μÞGscðx; yÞAνDνGscðy; zÞAλðzÞGvec

λμðz; xÞ; ðA3Þ

SV ¼ −e2gM3
W

Z
d4x

Z
d4y

Z
d4zHðxÞGvec

μνðx; yÞAνðyÞGscðy; zÞAλðzÞGvec;λμðz; xÞ; ðA4Þ

SVI ¼ ie2gMW

Z
d4x

Z
d4yHðxÞAμðxÞGvec

μνðx; yÞAνðyÞGscðy; xÞ: ðA5Þ

HIGGS BOSON DECAY INTO TWO PHOTONS IN AN … PHYSICAL REVIEW D 90, 016010 (2014)

016010-15



There is also a term of the effective action arising from the Faddev-Popov ghost term (9):

SVII ¼ e2gMW

Z
d4x

Z
d4y

Z
d4zHðxÞGscðx; yÞAνðyÞDνGscðy; zÞAλðyÞDλGscðz; xÞ; ðA6Þ

where the ghost propagator was replaced by the Goldstone boson propagator since the masses are equal. The following term
of the effective action involves the scalar coupling λ:

SVIII ¼ 2λe2M2
Wv

Z
d4x

Z
d4y

Z
d4zHðxÞGscðx; yÞAνðyÞGvec;νλðy; zÞAλðzÞGscðz; xÞ: ðA7Þ

SII − SVIII have the Feynman diagram representation shown in Fig. 2.
The second term of (A1) contains, apart from (21), (22) and (23), two terms that are reformulated by the Ward identities

(18); they are

− iegMW

Z
d4x

Z
d4y

Z
d4zHðxÞAμðyÞGvec;λρðx; yÞð−δρμDσ þ δσμ ⃖D

ρÞGvec;σωðy; zÞðHð1ÞÞωϵðzÞGvec;ϵ
λðz; xÞ

− iegMW

Z
d4x

Z
d4y

Z
d4zHðxÞAνðzÞGvec;λρðx; yÞðHð1ÞÞρσðyÞGvec;σωðy; zÞð−δωνDϵ þ δϵν ⃖D

ωÞGvec;ϵ
λðz; xÞ ðA8Þ

and

−e2gMW

Z
d4x

Z
d4y

Z
d4zHðxÞAμðyÞAνðzÞGvec;λρðx;yÞð−δρμDσ þδσμ ⃖D

ρÞGvec;σωðy;zÞð−δωνDϵþδϵν ⃖D
ωÞGvec;ϵ

λðz;xÞ:

ðA9Þ
Equation (A8) contains, by (7),

− e2gMW

Z
d4x

Z
d4y

Z
d4zHðxÞAμðyÞAνðzÞðGvec;λμðx; yÞGscðy; zÞðηνωD2 − 2ieFνωðzÞ −DνDωÞGvec

ωλðz; xÞ

þ Gvec;λ
ρðx; yÞð ⃖D2ηρμ − 2ieFρμðyÞ − ⃖Dρ

⃖DμÞGscðy; zÞGvec;ν
λðz; xÞÞ: ðA10Þ

The rest of (A8) is added to (A2), and the sum is, by (7) and (18),

1

2
e2gMW

Z
d4x

Z
d4y

Z
d4zHðxÞGscðx; yÞAμðyÞðημλD2 − 2ieFμλðyÞ −DμDλÞGvec

λνðy; zÞAνðzÞGscðz; xÞ

þ 1

2
e2gMW

Z
d4x

Z
d4y

Z
d4zHðxÞGscðx; yÞAμðyÞGvec

μλðy; zÞðηλν ⃖D2 − 2ieFλνðzÞ − ⃖Dλ
⃖DνÞAνðzÞGscðz; xÞ: ðA11Þ

Equation (A10) is, by (13) and (18), the sum of

−2ie2gMW

Z
d4x

Z
d4yHðxÞAμðxÞGvec;μνðx; yÞ

×AνðyÞGscðy; xÞ ðA12Þ
and also

2e2gM3
W

Z
d4x

Z
d4y

Z
d4zHðxÞGvec;λμðx; yÞ

×AμðyÞGscðy; zÞAνðzÞGvec;ν
λðz; xÞ ðA13Þ

and

e2gMW

Z
d4x

Z
d4y

Z
d4zHðxÞAμðyÞAνðzÞ

× ðGvec;λμðx; yÞGscðy; zÞDνGscðz; xÞ ⃖Dλ

þDλGscðx; yÞ ⃖DμGscðy; zÞGvec;ν
λðz; xÞÞ: ðA14Þ

(a) (b)

(c) (d) (e)

(f) (g)

FIG. 2. Feynman diagram representation of the effective action
obtained from (2).
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Also, Eq. (A11) contains the first term of (24), as well as

−e2gM3
W

Z
d4x

Z
d4y

Z
d4zHðxÞGscðx; yÞ

×AμðyÞGvec
μνðy; zÞAνðzÞGscðz; xÞ ðA15Þ

and also

e2gMW

Z
d4x

Z
d4y

Z
d4zHðxÞGscðx; yÞ

×AμðyÞDμGscðy; zÞAνðzÞDνGscðz; xÞ: ðA16Þ

From (A9) one gets, again by (18),

e2gMW

Z
d4x

Z
d4y

Z
d4zHðxÞAμðyÞAνðzÞ

× ðGvec;λμðx; yÞGscðy; xÞDνGscðz; xÞ ⃖Dλ

þDλGscðx; yÞ ⃖DμGscðy; zÞGvec;ν
λðz; xÞÞ ðA17Þ

which is identical to (A14), and

e2gMW

Z
d4x

Z
d4y

Z
d4zHðxÞ

×DλGscðx; yÞAμðyÞGvec;μνðy; zÞAνðzÞGscðz; xÞ ⃖Dλ

ðA18Þ

and also

e2gMW

Z
d4x

Z
d4y

Z
d4zHðxÞ

×Gvec;λμðx; yÞAμðyÞD2Gscðy; zÞAνðzÞGvec;ν
λðz; xÞ:

ðA19Þ

Equations (A14), (A16) and (A17) are added to (A3) and
(A6); again using (18) one obtains the second term of (24).
Also, Eq. (A18) is, by the background Higgs boson field
on-shell condition and (11), the sum of

−2λe2M2
Wv

Z
d4x

Z
d4y

Z
d4zHðxÞGscðx; yÞ

×AμðyÞGvec;μνðy; zÞAνðzÞGscðz; xÞ ðA20Þ

which cancels with (A7), as well as

ie2gMW

Z
d4x

Z
d4yHðxÞ

×AμðxÞGvec;μνðx; yÞAνðyÞGscðy; xÞ ðA21Þ

and

e2gM3
W

Z
d4x

Z
d4y

Z
d4zHðxÞGscðx; yÞ

×AμðyÞGvec;μνðy; zÞAνðzÞGscðz; xÞ ðA22Þ

which cancels with (A15). Finally, Eq. (A19) is, by (11),
the sum of

−ie2gMW

Z
d4x

Z
d4yHðxÞGvec;λμðx; yÞ

×AμðyÞAνðyÞGvec;ν
λðy; xÞ ðA23Þ

which cancels the remainder of the first term of (A1), and

−e2gM3
W

Z
d4x

Z
d4y

Z
d4zHðxÞGvec;λμðx; yÞ

×AμðyÞGscðy; zÞAνðzÞGvec;ν
λðz; xÞ: ðA24Þ

Equations (A12) and (A21) cancel with (A5), and (A13)
and (A24) cancel with (A4).
In summary, Eqs. (A1), (A2), (A3), (A4), (A5), (A7) and

(A6) have been reduced to (21), (22), (23) and (24), which
are invariant under gauge transformations of the radiation
field Aμ as shown in Appendix C.
Using proper-time regularization one finds additional

terms from (A10) and (A19) by the methods developed
in [16]:

− ie2gMW

Z
∞

0

dτ
∂
∂τ

�
τ2
Z

1

0

dαdβdγδð1 − α − β − γÞ

×
Z

d4x
Z

d4y
Z

d4zHðxÞhvec;λμðx; y; ατÞ

×AμðyÞhscðy; z; βτÞAνðzÞhvec;νλðz; x; γτÞ
�

≃ 1

32π2
e2gMW

Z
d4xHðxÞAμðxÞAμðxÞ; ðA25Þ

while the corresponding additional terms from (A11) and
(A18) cancel out. Equation (A25) is not invariant under a
gauge transformation of the radiation field AμðxÞ and
should be discarded. It seems to be a general deficiency
of the proper-time regularization method that such expres-
sions occur and should be eliminated either by hand or by
use of dimensional regularization [16].

APPENDIX B: PROPAGATORS AND KERNELS
IN A HOMOGENEOUS BACKGROUND

ELECTROMAGNETIC FIELD

1. The scalar kernel in a homogeneous
electromagnetic field

The starting point for finding propagators in a homo-
geneous background field is the scalar kernel determined
by Schwinger [5]:
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hx; τ∣x0; 0i ¼ hx∣e−iτH∣x0i; hx; τ∣ ¼ hx∣e−iτH; ðB1Þ

with the quasi-Hamiltonian

H ¼ −Π2 ¼ −ημνΠμΠν; ðB2Þ

where Πμ ¼ −iDμ ¼ −ið∂μ − ieAμÞ. A position operator
Xμ is introduced, with

Xμ∣xi ¼ xμ∣xi ðB3Þ

such that

½Πμ;Xν� ¼−iημν; ½Xμ;Xν� ¼ 0; ½Πμ;Πν� ¼ ieFμν: ðB4Þ

The field strength Fμν is assumed to be homogeneous.
Xμ and Πμ can be considered to be operators in a quasi-

Heisenberg picture [5]. Thus their proper-time development
is governed by

dXμ

dτ
¼ −i½Xμ; H� ¼ −2Πμ ðB5Þ

and

dΠμ

dτ
¼ −i½Πμ; H� ¼ −2eFμ

νΠν ðB6Þ

or, in a matrix notation,

dX
dτ

¼ −2Π;
dΠ
dτ

¼ −2eFΠ; ðB7Þ

with solutions

ΠðτÞ¼ e−2τeFΠð0Þ; XðτÞ¼Xð0Þ−DðτÞΠð0Þ; ðB8Þ

where

DðτÞ ¼ 1 − e−2τeF

eF
: ðB9Þ

From (B4) and (B8), we get

hx; τ∣Πμ∣x; 0i ¼ 0;

hx; τ∣ΠμΠν∣x; 0i ¼ iðD−1ðτÞÞμνhx; τ∣x; 0i: ðB10Þ

The scalar and vector propagators in the Feynman gauge
are, cf. (10) and (14),

Gscðx; x0Þ ¼
Z

∞

0

dτe−iτM
2
W hx; τ∣x0; 0i;

Gvec;μνðx; x0Þ ¼ −
Z

∞

0

dτe−iτM
2
W ðexpð−2τeFÞÞμνhx; τ∣x0; 0i;

ðB11Þ

using a matrix notation for the background field strength.
The kernel determined by Schwinger is, at coinciding
points,

hx;τ∣x;0i¼−
i

16π2τ2
exp

�
−
1

2
tr log

sinhðτeFÞ
τeF

�
: ðB12Þ

Also, one finds from (B8)

XðατÞ ¼ ð1 − DðατÞD−1ðτÞÞXð0Þ þ DðατÞD−1ðτÞXðτÞ:
ðB13Þ

The Baker-Campbell-Hausdorff identity

eaþb ¼ eaebe−
1
2
½a;b�; ðB14Þ

which is valid when ½a; b� commutes with a and b,
combined with (B13), implies [6], [7]

expðik · XðατÞÞ ¼ expðik · DðατÞD−1ðτÞXðτÞÞ
expðik · ð1 −DðατÞD−1ðτÞÞXð0ÞÞeδ1ðα;kÞ; ðB15Þ

where

δ1ðα; kÞ ¼
1

2
ik · DðατÞDðð1 − αÞτÞD−1ðτÞk: ðB16Þ

Using again (B14) and (B15) one gets

expðik · Xðð1 − αÞτÞ expðiq · XðγτÞÞ
¼ expðiQ · XðτÞÞ expðiðkþ q −QÞ · Xð0ÞÞeδ2ðk;qÞ;

ðB17Þ

with

δ2ðk; qÞ ¼
1

2
ik ·Dðð1 − αÞτÞDðατÞD−1ðτÞk

þ 1

2
iq ·Dðð1 − γÞτÞDðγτÞD−1ðτÞq

þ iq ·DðατÞDðγτÞD−1ðτÞk; ðB18Þ
where

δ2ðk; qÞ∣γ¼1−α ¼ δ1ðα; kþ qÞ: ðB19Þ

For a vanishing background field one gets

δ2ðk; qÞ ¼ iταγM2
H ðB20Þ

with k2 ¼ q2 ¼ 0; 2kq ¼ M2
H. Also, we have defined

Q¼ðDðð1−αÞτÞD−1ðτÞÞTkþðDðγτÞD−1ðτÞÞTq; ðB21Þ
where the superscript T denotes the transposed matrix, and
with
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e2ατeFQ ¼ k − ðDðατÞDðτÞ−1ÞTk
þ ððDððαþ γÞτÞ −DðατÞÞDðτÞ−1ÞTq ðB22Þ

and

e−2γτeFðkþ q −QÞ ¼ q − DðγτÞDðτÞ−1q
þ ðDððαþ γÞτÞ − DðγτÞÞDðτÞ−1k:

ðB23Þ

2. A pure magnetic field

In a pure homogeneous magnetic field B, which for
simplicity is taken along the positive 1-axis, one gets
F2

3 ¼ −F3
2 ¼ −B;F ¼ −iBσ2, with σ2 the second Pauli

matrix, and here (B12) is [5]

hx; τ∣x; 0i ¼ −
i

16π2τ2
τeB

sinðτeBÞ : ðB24Þ

The apparent singularity at τ ¼ nπ
eB ; nϵZ is spurious since τ

is an integration variable and the integration path can be
deformed to run below the real axis or along the negative
imaginary axis.
Here one also gets

e−2τeF ¼
�
1 0

0 cosð2τeBÞ1þ i sinð2τeBÞσ2

�
: ðB25Þ

From (B25) we get

DðτÞ ¼
�
2τ1 0

0 1
eB ðsinð2τeBÞ1 − iðcosð2τeBÞ − 1Þσ2Þ

�
:

ðB26Þ

One also finds

e−2ð1−α−γÞτeFD−1ðτÞ ¼
�

1
2τ 1 0
0 eB

2 sinðτeBÞ ðcosðð1 − 2ðαþ γÞτeBÞ1þ i sinðð1 − 2ðαþ γÞÞτeBÞÞσ2Þ
�

ðB27Þ

and

DðατÞD−1ðτÞ ¼
�
α1 0
0 sinðατeBÞ

sinðτeBÞ ðcosðð1 − αÞτeBÞ1 − i sinðð1 − αÞτeBÞσ2
�

ðB28Þ

and thus

DðγτÞDðατÞD−1ðτÞ ¼
�
2αγτ1 0

0 X

�
ðB29Þ

where

X ¼ 2 sinðατeBÞ sinðγτeBÞ
eB sinðτeBÞ ðcosðð1 − α − γÞτeBÞ1 − i sinðð1 − α − γÞτeBÞσ2Þ: ðB30Þ

From (B28) it follows that, at τ → −i∞; α≃ γ ≃ 1
2
,

DðατÞD−1ðτÞ≃ 1

2

�
1 −

�
0 0

0 σ2

��
;

Dððαþ γÞτÞD−1ðτÞ≃ 1 −
1

2
ð1 − e−2ið1−α−γÞτeBÞ

�
0 0

0 1þ σ2

�
ðB31Þ

and (B22) and (B23) are in this limit for a pure magnetic field:

e2ατeFQ≃ 1

2

�
kþ q − i

�
0; 0;

1

B
~B × ~k

�
− ð1 − e−2ið1−α−γÞτeBÞð0; 0; ~q⊥Þ − ie−2ið1−α−γÞτeB

�
0; 0;

1

B
~B × ~q

��
ðB32Þ

and

e−2γτeFðkþ q −QÞ≃ 1

2

�
kþ qþ i

�
0; 0;

1

B
~B × ~q

�
− ð1 − e−2ið1−α−γÞτeBÞð0; 0; ~k⊥Þ þ ie−2ið1−α−γÞτeB

�
0; 0;

1

B
~B × ~k

��
:

ðB33Þ
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Here the exponentials are kept in their present form; they
vanish at αþ γ ≠ 1; τ → −i∞, but are equal to 1
at αþ γ ¼ 1.
In the same limit one gets, from (B30),

X≃−
i

2eB
ðð1þ e−2ið1−α−γÞτeBÞ1þ ðe−2ið1−α−γÞτeB − 1Þσ2Þ;

ðB34Þ

and thus from (B18),

δ2ðk; qÞ≃ iαγτðM2
H þ ð~q⊥ þ ~k⊥Þ2Þ

þ ið1 − α − γÞτðα~k2⊥ þ γ~q2⊥Þ

−
1

2eB
ð~q⊥ þ ~k⊥Þ2

−
e−iθ

2eB
ðe−2ið1−α−γÞτeB − 1Þ∣~q⊥∣∣~k⊥∣; ðB35Þ

with k2 ¼ q2 ¼ 0; 2q · k ¼ M2
H and with

~q⊥ · ~k⊥ ¼ ∣~q⊥∣∣~k⊥∣ cos θ;
1

B
~B · ð~q × ~kÞ ¼ ∣~q⊥∣∣~k⊥∣ sin θ; ðB36Þ

where ~k⊥ and ~q⊥ denote the spatial parts of k and q
orthogonal to the magnetic field. With the applications in
Sec. IV in mind, one can, in (B32) and (B33), take α ¼
γ ¼ 1

2
in the nonexponential terms in contrast to (B35).

Also, Eq. (B16) is, in this limit,

δ1ðα; kÞ≃ iαð1 − αÞτðk2 þ ~k2⊥Þ −
~k2⊥
2eB

: ðB37Þ

At τ → −i∞ one gets, from (B24),

hx; τ∣x; 0i≃ 1

8π2τ
eBe−iτeB; ðB38Þ

and (B25) is, for τ → −i∞, approximately

e−2τeF ≃
�
1 0
0 0

�
þ 1

2
e2iτeB

�
0 0
0 1þ σ2

�
: ðB39Þ

From (B27) one finally gets, in this approximation,

e−2ð1−α−γÞτeFD−1ðτÞ≃
� 1

2τ1 0

0 1
2
ieBe−2ið1−α−γÞτeBð1−σ2Þ

�
:

ðB40Þ

APPENDIX C: INVARIANCE OF THE H → γγ
DECAY AMPLITUDE UNDER GAUGE

TRANSFORMATIONS OF THE RADIATION
FIELD

1. A general background field

After gauge fixing the radiation field AμðxÞ has a
residual gauge freedom under the gauge transformation
AμðxÞ → AμðxÞ þ ∂μΛðxÞ, ∂2ΛðxÞ ¼ 0. Doing this gauge
transformation on (20), one gets, at first order in Λ,

− 4iλe2v
Z

d4x
Z

d4yHðxÞGscðx; yÞ∂νðAνðyÞΛðyÞÞGscðy; xÞ

− 8λe2v
Z

d4x
Z

d4y
Z

d4zHðxÞGscðx; yÞð∂νΛÞðyÞDνGscðy; zÞAρðzÞDρGscðz; xÞ

− 8λe2v
Z

d4x
Z

d4y
Z

d4zHðxÞGscðx; yÞAνðyÞDνGscðy; zÞð∂ρΛÞðzÞDρGscðz; xÞ; ðC1Þ

which cancel by partial integration and use of (11). Equations (21) and (24) are invariant under gauge transformations of the
radiation field by the same argument. Equation (22) is manifestly invariant. From (23) one gets, by a gauge transformation,

2ie2gMW

Z
d4x

Z
d4y

Z
d4z

Z
d4pHðpÞeipx

Z
d4kAμðkÞeiky

Z
d4qΛðqÞeiqz

×Gvec;λρðx; yÞðδρμkσ − δσμkρÞGvec;σωðy; zÞðD2 − ⃖D2ÞGvec;
ωλðz; xÞ

þ 2ie2gMW

Z
d4x

Z
d4y

Z
d4z

Z
d4pHðpÞeipx

Z
d4kΛðkÞeiky

Z
d4qAνðqÞeiqz

×Gvec;λρðx; yðD2 − ⃖D2ÞGvec;
ρ
ωðy; zÞðδωνqϵ − δϵνqωÞGvec;ϵ

λðz; xÞÞ
¼ 0 ðC2Þ

by (13). Using a proper-time representation in the last two terms of (C1), by (10) one finds that the additional term
corresponding to (A25) vanishes in this case. The additional term from (C2) also vanishes.
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2. Singular terms in a homogeneous magnetic field

It is not obvious that the sum of the singular terms of the amplitude (63), (64) and (65) and also the singular term (68) are
invariant under gauge transformations of the photon polarization vectors, and the approximation procedure used to obtain
these expressions means that the result of the preceding subsection does not apply automatically. It is verified below that the
approximation procedure indeed respects gauge invariance.
From (63) one first gets, through εμðkÞ → ikμΛðkÞ,

−
ie2gMW

4π
ΛðkÞενðqÞ exp

�
−
ð~k⊥ þ ~q⊥Þ2

2eB

�

×
eBffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðM2
H þ ð~k⊥ þ ~q⊥Þ2ÞðM2

W − eB − 1
4
ðM2

H þ ð~k⊥ þ ~q⊥Þ2ÞÞ
q

×
�
ð0; 0; ~k⊥Þν þ e−iθ∣~q⊥∣∣~k⊥∣Fð1; θÞ

�
ð0; 0; ~k⊥Þ − i

�
0; 0;

1

B
~B × ~q

��
ν

þ eiθ∣~q⊥∣∣~k⊥∣Fð1;−θÞ
�
ð0; 0; ~k⊥Þ þ i

�
0; 0;

1

B
~B × ~q

��
ν

�
ðC3Þ

by the following identity, which is a consequence of the definition (59):

ðq · kþ ~q⊥ · ~k⊥ÞFðj; θÞ ¼
1

2
þ e−iθ∣~q⊥∣∣~k⊥∣Fðjþ 1; θÞ − 2jeBFðj; θÞ ðC4Þ

and also

ie2gMW

4π
ΛðkÞkνενðqÞ~q⊥ · ~k⊥ exp

�
−
ð~k⊥ þ ~q⊥Þ2

2eB

�

×
eBffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðM2
H þ ð~k⊥ þ ~q⊥Þ2ÞðM2

W − eB − 1
4
ðM2

H þ ð~k⊥ þ ~q⊥Þ2ÞÞ
q

× ðFð0; θÞ þ Fð0;−θÞÞ: ðC5Þ

Using, again, (59) one also gets, from (63),

ie2gMWeB
4π

ΛðkÞενðqÞ exp
�
−
ð~k⊥ þ ~q⊥Þ2

2eB

�

×
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðM2
H þ ð~k⊥ þ ~q⊥Þ2ÞðM2

W − eB − 1
4
ðM2

H þ ð~k⊥ þ ~q⊥Þ2ÞÞ
q

×

�
ð0; 0; ~k⊥Þν þ e−iθ∣~q⊥∣∣~k⊥∣Fð2; θÞðð0; 0; ~k⊥Þ þ i

�
0; 0;

1

B
~B × ~k

��
ν

þ eiθ∣~q⊥∣∣~k⊥∣Fð2;−θÞðð0; 0; ~k⊥Þ − i

�
0; 0;

1

B
~B × ~k

��
ν

− 2eBFð1; θÞ
�
ð0; 0; ~k⊥Þ þ i

�
0; 0;

1

B
~B × ~k

��
ν

− 2eBFð1;−θÞ
�
ð0; 0; ~k⊥Þ − i

�
0; 0;

1

B
~B × ~k

��
ν

�
; ðC6Þ
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and the final terms obtained from (63) are

−
ie2gMWeB

4π
∣~q⊥∣∣~k⊥∣ΛðkÞενðqÞ exp

�
−
ð~k⊥ þ ~q⊥Þ2

2eB

�

×
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðM2
H þ ð~k⊥ þ ~q⊥Þ2ÞðM2

W − eB − 1
4
ðM2

H þ ð~k⊥ þ ~q⊥Þ2ÞÞ
q

×

�
e−iθFð1; θÞ

�
k − ð0; 0; ~k⊥Þ þ i

�
0; 0;

1

B
~B × ~q

��
ν

�
þ eiθFð1;−θÞ

�
k − ð0; 0; ~k⊥Þ − i

�
0; 0;

1

B
~B × ~q

��
ν

��
ðC7Þ

and also

−
ie2gMWeB

4π
ΛðkÞενðqÞ∣~q⊥∣∣~k⊥∣ exp

�
−
ð~k⊥ þ ~q⊥Þ2

2eB

�

×
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðM2
H þ ð~k⊥ þ ~q⊥Þ2ÞðM2

W − eB − 1
4
ðM2

H þ ð~k⊥ þ ~q⊥Þ2ÞÞ
q

×

�
e−iθFð2; θÞ

�
ð0; 0; ~k⊥Þ þ i

�
0; 0;

1

B
~B × ~k

��
ν

þ eiθFð2;−θÞ
�
ð0; 0; ~k⊥Þ − i

�
0; 0;

1

B
~B × ~k

��
ν

�
: ðC8Þ

Also, one gets, from (64),

ie2gMWe2B2

2π
ΛðkÞενðqÞ exp

�
−
ð~k⊥ þ ~q⊥Þ2

2eB

�

×
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðM2
H þ ð~k⊥ þ ~q⊥Þ2ÞðM2

W − eB − 1
4
ðM2

H þ ð~k⊥ þ ~q⊥Þ2ÞÞ
q

×

�
Fð1; θÞ

�
ð0; 0; ~k⊥Þ þ i

�
0; 0;

1

B
~B × ~k⊥

��
ν

þ Fð1;−θÞ
�
ð0; 0; ~k⊥Þ − i

�
0; 0;

1

B
~B × ~k⊥

��
ν

�
ðC9Þ

and from (65),

−
ie2gMWeB

4π
ΛðkÞkνενðqÞ exp

�
−
ð~k⊥ þ ~q⊥Þ2

2eB

�

×
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðM2
H þ ð~k⊥ þ ~q⊥Þ2ÞðM2

W − eB − 1
4
ðM2

H þ ð~k⊥ þ ~q⊥Þ2ÞÞ
q

× ð~q⊥ · ~k⊥Fð0; θÞ − ∣~q⊥∣∣~k⊥∣e−iθFð1; θÞ þ ~q⊥ · ~k⊥Fð0;−θÞ − ∣~q⊥∣∣~k⊥∣eiθFð1;−θÞÞ: ðC10Þ

The sum of (C3) and (C5)-(C10) vanishes.
From (68) one gets, through εμðkÞ → ikμΛðkÞ by (C4),

−
ie2gMW

4π
ΛðkÞενðqÞ

�
0 0

0 σ2

�
ϵω

ðδωνqϵ − δϵνqωÞ exp
�
−
ð~k⊥ þ ~q⊥Þ2

2eB

�

×
eBffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðM2
H þ ð~k⊥ þ ~q⊥Þ2ÞðM2

W − eB − 1
4
ðM2

H þ ð~k⊥ þ ~q⊥Þ2ÞÞ
q

× ððq · kþ ~q⊥ · ~k⊥ÞFð0; θÞ − e−iθ∣~q⊥∣∣~k⊥∣Fð1; θÞ − ðq · kþ ~q⊥ · ~k⊥ÞFð0;−θÞ þ eiθ∣~q⊥∣∣~k⊥∣Fð1;−θÞÞ
¼ 0: ðC11Þ
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APPENDIX D: HEISENBERG-EULER
AMPLITUDE

The decay amplitude obtained from the Heisenberg-
Euler effective action [15] and involving a W� loop can
also be found from (2), (B11) and (B12):

gMWhW−μðxÞWþ
μ ðxÞi ¼

igMW

16π2

Z
∞

0

dτ
τ2

e−iτM
2
W trðe−2eFτÞ

× exp

�
−
1

2
tr log

sinhðτeFÞ
τeF

�
;

ðD1Þ
where the field strength F, which is assumed to be
homogeneous, is split according to (4), with the momentum
of the radiation field A going to zero, and only terms of
second order in A are kept. Introducing [5]

F ¼ 1

4
FμνFμν; G ¼ 1

8
ϵμνλρFμνFλρ; ðD2Þ

with ϵμνλρ the standard antisymmetric symbol, and the
eigenvalues of the matrix F

ðFð1Þ; Fð2ÞÞ ¼ iffiffiffi
2

p ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F þ iG

p
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F − iG

p
Þ; ðD3Þ

one finds

exp

�
−
1

2
tr log

sinhðτeFÞ
τeF

�
¼ τeFð1Þ

sinhðτeFð1ÞÞ
τeFð2Þ

sinhðτeFð2ÞÞ
ðD4Þ

and

trðe−2eFτÞ ¼ 2 coshð2τeFð1ÞÞ þ 2 coshð2τeFð2ÞÞ: ðD5Þ
With the background field being a homogeneous mag-

netic field and with the photons emitted along the field

lines, the quantity G also vanishes after the splitting (4), and
F will not contain terms where the radiation field multi-
plies the background field (this will not be the case for
general directions of emission). Inserting (D4) and (D5)
into (D1) one gets

igMW

4π2

Z
∞

0

dτ
τ2
e−iτM

2
W

τe
ffiffiffiffiffiffiffi
2F

p

sinðτe ffiffiffiffiffiffiffi
2F

p Þð1− sin2ðτe
ffiffiffiffiffiffiffi
2F

p
ÞÞ:

ðD6Þ

This expression gets, through the splitting F → F þ δF ,
the additional terms at first order in δF :

igMW

8π2
δF
F

Z
∞

0

dτ
τ2

e−iτM
2
W

τe
ffiffiffiffiffiffiffi
2F

p

sinðτe ffiffiffiffiffiffiffi
2F

p Þ
× ð1 − τe

ffiffiffiffiffiffiffi
2F

p
cotðτe

ffiffiffiffiffiffiffi
2F

p
ÞÞÞ ðD7Þ

and also

−
igMW

8π2
δF
F

Z
∞

0

dτ
τ2

e−iτM
2
W τe

ffiffiffiffiffiffiffi
2F

p
sinðτe

ffiffiffiffiffiffiffi
2F

p
Þ

× ð1 − τe
ffiffiffiffiffiffiffi
2F

p
cotðτe

ffiffiffiffiffiffiffi
2F

p
ÞÞÞ ðD8Þ

and

−
igMW

4π2
δF
F

Z
∞

0

dτ
τ2

e−iτM
2
W ðτe

ffiffiffiffiffiffiffi
2F

p
Þ2 cosðτe

ffiffiffiffiffiffiffi
2F

p
Þ: ðD9Þ

Only (D8) and (D9) are affected by the quasitachyonic
field component. They are compared with the relevant part
of the decay amplitude determined previously in the limit
where the photon momenta and thus the Higgs boson mass
go to zero, with the photons emitted along the field lines.
The polarization vectors are orthogonal to the field lines in
this case. Then it follows from (B22) and (B23) combined
with (B26) that (44) vanishes, while (45) is, by (B18) with
(B26) as well as (B24), (B25) and (B27),

−
e3gMWB

π2
εμðkÞεμðqÞ

Z
∞

0

τdτe−iτM
2
W sinðτeBÞ

Z
1

0

dαdβdγδð1 − α − β − γÞeiταγM2
H

×

�
eB cosðð1 − 2βÞτeBÞ

sinðτeBÞ −
1

τ

�
ðD10Þ

which, at lowest nontrivial order in M2
H, is

−
ie4gMWB2

π2
M2

Hε
μðkÞεμðqÞ

Z
∞

0

τ2dτe−iτM
2
W

×

�
1

24

1

τeB
sinðτeBÞ þ 1

8

1

ðτeBÞ3 ðτeB cosðτeBÞ − sinðτeBÞÞ
�
; ðD11Þ

which when added to (54) is precisely (D8) for this particular case.
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From (50) one gets in the same limit, by (B24) and (B25),

ie2gMW

4π2

Z
∞

0

dτe−iτM
2
W

τeB
sinðτeBÞ

Z
1

0

dβð1 − βÞ

×

��
1 0

0 cosð2ð1 − βÞτeBÞ1þ i sinð2ð1 − βÞτeBÞσ2

�
ϵρ

F ρσðkÞ

×

�
1 0

0 cosð2ðβτeBÞ1þ i sinð2βτeBÞσ2

�
σω

FωϵðqÞ

þ
�
1 0

0 cosð2ð1 − βÞτeBÞ1þ i sinð2ð1 − βÞτeBÞσ2

�
ϵρ

F ρσðqÞ

×

�
1 0

0 cosð2ðβτeBÞ1þ i sinð2βτeBÞσ2

�
σω

FωϵðkÞ
�

ðD12Þ

using the Fourier transform of the radiation field strength (6). With the photons emitted along the field lines and their
polarization vectors thus orthogonal to the field lines, Eq. (D12) reduces to

ie2gMW

4π2

Z
∞

0

dτe−iτM
2
W cosðτeBÞ

×

�
FωϵðkÞ

�
1 0

0 0

�
ϵρ

F ρσðqÞ
�
0 0

0 1

�
σω

þ FωϵðqÞ
�
1 0

0 0

�
ϵρ

F ρσðkÞ
�
0 0

0 1

�
σω

�
; ðD13Þ

which is a special case of (D9).
The square-root singularity of (1) is not obtained from (D8) or (D9).
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