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We study the pion leading-twist distribution amplitude (DA) within the framework of Shifman-Vainshtein-
Zakharov sum rules under the background field theory. To improve the accuracy of the sum rules, we expand

both the quark propagator and the vertex ðz ·D↔Þn of the correlator up to dimension-six operators in the
background field theory. The sum rules for the pion DAmoments are obtained, in which all condensates up to
dimension-six have been taken into consideration. Using the sum rules, we obtain hξ2ij1 GeV ¼ 0.338�
0.032, hξ4ij1GeV ¼ 0.211� 0.030 and hξ6ij1GeV ¼ 0.163� 0.030. It is shown that the dimension-six
condensates shall provide sizable contributions to the pion DA moments. We show that the first Gegenbauer
moment of the pion leading-twist DA is aπ2j1 GeV ¼ 0.403� 0.093, which is consistent with those obtained in
the literature within errors but prefers a larger central value as indicated by lattice QCD predictions.
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I. INTRODUCTION

The pion distribution amplitude (DA) is an important
element for applying the QCD factorization theory and
QCD light-cone sum rules (LCSR) to exclusive processes
involving pion. For examples, it is important for under-
standing the semileptonic decays B → πlν and D → πlν,
the pion-photon transition form factor (TFF) FπγðQ2Þ, the
exclusive process B → ππ, etc. Inversely, one can make use
of all those processes to obtain stringent constraints on the
pion DA [1,2]. Because of its simplest structure, the pion
leading-twist DA has attracted much attention after the
pioneering works done by Refs. [3–5]. Unfortunately, at
present, there is no definite conclusion on the behavior of
pion leading-twist DA. For example, the BABAR measure-
ment for the pion-photon TFF [6] supports the Chernyak-
Zhitnitsky (CZ)-like [5] behavior; while the corresponding
data by the Belle Collaboration [7] supports the asymptotic-
like behavior [3].
The pion leading-twist DA at the scale μ can be

expanded into a Gegenbauer polynomial as [8],

ϕπðμ; xÞ ¼ 6xð1 − xÞ
�
1þ

X∞
n¼2

aπnðμÞC3=2
n ð2x − 1Þ

�
; ð1Þ

where the C3=2
n ð2x − 1Þ are Gegenbauer polynomials and

the aπnðμÞ are Gegenbauer moments. Theoretically, the

Gegenbauer moments have been calculated by QCD sum
rules [9–13] and the lattice gauge theory [14–17].
Phenomenologically, the Gegenbauer moments have also
been estimated from the pion-photon transition form factor
[18–21], the pion electromagnetic form factor [22,23], the
B → π TFFs [24,25], etc. Most of those estimations are
consistent with each other within errors. It is noted that the
central values of them are different from each other,
especially the lattice QCD estimations are bigger than
those of QCD sum rules. Due to the forthcoming more
accurate data, it is helpful to provide a more accurate
theoretical prediction on the pion DA for a better com-
parison with the data.
Since its invention [26], the Shifman-Vainshtein-

Zakharov (SVZ) sum rules has been widely adopted for
dealing with the hadron phenomenology. In addition, the
background field theory provides a systematic description
for its key components, i.e. the vacuum condensates, from
the viewpoint of QCD field theory [27–32]. It assumes that
the quark and gluon fields are composed of the background
fields and the quantum fluctuations around them. Thus, to
take the background field theory as the foundation for the
QCD sum rules, it not only has a distinct physical picture,
but also greatly simplifies the calculation due to its
capability of adopting different gauges for quantum fluc-
tuations and background fields. The QCD sum rules within
the background field theory has already been adopted to
study the meson properties, cf. Refs. [33–38].
Previous sum rule estimations for the pion DA moments

are usually done up to dimension-four condensates, or
including part of the dimension-six condensates’
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contributions. In the present paper, we shall adopt the
SVZ sum rules under the background field theory to
make a detailed study on the pion leading-twist DA up
to dimension-six operators. For the purpose, as the first
time, we shall expand both the quark propagator and the

vertex operator ðz ·D↔Þn up to a more complex form with
full dimension-six operators’ contributions so as to achieve
an accurate QCD sum rule estimation. We shall show that
those dimension-six operators will result in new dimension-
six condensates that provide sizable contributions and
should be taken into consideration for a sound estimation,
i.e. they shall bring sizable changes in our previous
predictions on the pion DA behavior.
The remaining parts of the paper are organized as

follows. In Sec. II, we first present a brief introduction
of the QCD sum rules and then provide the quark

propagator and the vertex ðz ·D↔Þn up to dimension-six
operators under the background field theory. In Sec. III, we
present the calculation technology for deriving the sum
rules for pion leading-twist DA moments. Numerical
results are given in Sec. IV. Section V is reserved for a
summary. For convenience, formulas for the propagators
and the vacuum matrix elements in D-dimension space are
presented in the Appendices.

II. QUARK PROPAGATOR, VERTEX OPERATOR
UNDER THE BACKGROUND FIELD THEORY

Within the SVZ sum rules, the hadrons are represented
by their interpolating quark currents taken at large virtual-
ities. The correlator of those currents can be treated within
the operator product expansion, whose short-distance
coefficients are calculated using QCD perturbation theory,
whereas its long-distance parts are written according to the
nonperturbative but universal vacuum condensates, such as
the quark condensate hq̄qi, the gluon condensate hG2i, etc.
Furthermore, under the background field theory, the quark
and gluon fields are composed of background fields and
quantum fluctuations around them. Because of the influ-
ence from background fields, the quark and gluon propa-
gators shall include nonperturbative component inevitably,
which however can be treated via a systematic way.
Within the background field theory, the gluon field

AA
μ ðxÞ and quark field ψðxÞ in the QCD Lagrangian or

Green function should be replaced by

AA
μ ðxÞ → AA

μ ðxÞ þ ϕA
μ ðxÞ; ð2Þ

ψðxÞ → ψðxÞ þ ηðxÞ; ð3Þ

where in the right-hand side of the arrow, AA
μ ðxÞ with

(A ¼ 1;…; 8) and ψðxÞ indicate the background fields of
the gluon and quark, respectively. ϕA

μ ðxÞ and ηðxÞ stand for
the gluon and quark’s quantum field, i.e. the quantum
fluctuation on the background fields. The Lagrangian with

the background field theory can be found in Ref. [31].
Usually, the background quark and gluon fields satisfy the
following equations of motion

ðiD −mÞψðxÞ ¼ 0;

~DAB
μ GBνμðxÞ ¼ gsψ̄ðxÞγνTAψðxÞ; ð4Þ

where Dμ ¼ ∂μ − igsTAAA
μ ðxÞ and ~DAB

μ ¼ δAB −
gsfABCAC

μ ðxÞ indicate the fundamental and adjoint repre-
sentations of the gauge covariant derivatives, respectively.
As an advantage of the background field theory, one can
take different gauges for dealing with the quantum fluc-
tuations and background fields. More specifically, one can
adopt the “background gauge” [27–30]

~DAB
μ ϕBμðxÞ ¼ 0; ð5Þ

for the gluon quantum field, the Schwinger gauge or the
“fixed-point gauge” [39]

xμAA
μ ðxÞ ¼ 0; ð6Þ

for the background field.

A. Quark propagator under background field theory

Within the framework of the background field theory, the
quark propagator would be affected by the background
quark and/or gluon fields, which satisfies the equation

ðiD −mÞSFðx; 0Þ ¼ δ4ðxÞ: ð7Þ

If taking

SFðx; 0Þ ¼ ðiDþmÞDðx; 0Þ; ð8Þ

Eq. (7) can be changed as

ð□ − Pμ∂μ −Qþm2ÞDðx; 0Þ ¼ δ4ðxÞ; ð9Þ

where □ ¼ ∂2, and

Pμ ¼ 2iAμðxÞ;
Q ¼ γνγμAνðxÞAμðxÞ þ iγνγμ∂νAμðxÞ:

Moreover, using the “fixed-point gauge” as shown in
Eq. (6), the gluon background field can be expressed by the
gauge invariant Gμν;α1…αn as

AμðxÞ ¼
1

2
xνGνμ þ

1

3
xνxαGνμ;α þ

1

8
xνxαxβGνμ;αβ

þ 1

30
xνxαxβxγGνμ;αβγ

þ 1

144
xνxαxβxγxδGνμ;αβγδ þ � � � ; ð10Þ
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whereGμν;α1…αn is a notation for ðDα1…DαnGμνÞð0Þ, where
the indexes α1…αn indicate the covariant derivative up to
nth order. Gμν ¼ GA

μνTA with GA
μν ¼ ∂μAA

ν − ∂νAA
μ þ

gsfABCAB
μAC

ν stands for the gluon field strength tensor
and fABCðA;B;C ¼ 1; 2;…; 8Þ is the structure constant of
SUð3Þ group.
Substituting Eq. (10) into Eq. (9), we obtain the

expressions for Dðx; 0Þ. By further using Eq. (8), we can
obtain the required quark propagator in the background
field, which can be expressed as

SFðx; 0Þ ¼ S0Fðx; 0Þ þ S2Fðx; 0Þ þ S3Fðx; 0Þ

þ
X2
i¼1

S4ðiÞF ðx; 0Þ þ
X3
i¼1

S5ðiÞF ðx; 0Þ

þ
X5
i¼1

S6ðiÞF ðx; 0Þ: ð11Þ

The quark propagators with various gauge invariant
tensors Gμν;α1…αn that shall result in up to dimension-six
operators are presented in Appendix A. The Feynman
diagrams for the quark propagators (A2–A14) that with
various gauge invariant tensors are shown in Fig. 1, where
thirteen figures, i.e. Figs. (1a–1m), correspond to

S0Fðx; 0Þ;…; S6ð5ÞF ðx; 0Þ, respectively. The cross (×) attached
to the gluon line indicates the tensor of the local gluon
background field with “n” stands for nth order covariant
derivative.
Because the “fixed-point gauge,” as indicated by Eq. (6),

violates the translation invariance, the quark propagator
from x to 0, SFð0; xÞ, cannot be directly obtained by
applying the replacement x → −x in Eq. (11). It can be
related with SFðx; 0Þ via the relation [40]

SFð0; xjAÞ ¼ CSTFðx; 0j −ATÞC−1; ð12Þ

where C stands for the charge conjugation matrix and the
symbol T indicates transpose of both the Dirac and the
color matrices. The gluon background field A indicates
the explicit dependence of SFðx; 0Þ on the background
field. Then, Eq. (12) shows how A should be transformed
so as to get the correct relation between SFðx; 0Þ
and SFð0; xÞ.

B. Vertex operator under
background field theory

When applying the SVZ sum rules to calculate the
moments of meson, one would encounter the vertex

operator, Γðz ·D↔Þn, where Γ indicates some kind of
Dirac matrices, e.g., Γ ¼ zγ5 for the pion leading-twist
DA, Γ ¼ γ5 or σμνγ5 for the pion twist-3 DAs, etc. We have

ðz ·D↔Þn ¼ ðz · ~D − z · D⃖Þn ¼ ðz · ∂↔ þ z · BÞn þ � � � ;
ð13Þ

where the � � � stands for the higher-order terms which are
irrelevant for our present analysis and

z · B ¼ −2iz ·A

¼ −ixμzνGμν −
2i
3
xμxρzνGμν;ρ

−
i
4
xμxρxσzνGμν;ρσ −

i
15

xμxρxσxλzνGμν;ρσλ

−
i
72

xμxρxσxλxτzνGμν;ρσλτ þ � � � : ð14Þ

(a) (b) (c) (d) (e)

(f) (g) (h) (i) (j)

(k) (l) (m)

FIG. 1 (color online). Feynman diagrams for the quark propagator within the background field theory which shall result in operators
up to dimension-six. The cross attached to the gluon line indicates the tensor of the local gluon background field, in which “n” stands for
nth order covariant derivative.
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We can expand the operator ðz ·D↔Þn into a series with

operators ðz · ∂↔Þn and Gμν;ρ…. For the purpose, we first

expand ðz ·D↔Þn as

ðz ·D↔Þ0 ¼ 1;

ðz ·D↔Þ1 ¼ z · ∂↔ þ z · B;

ðz ·D↔Þ2 ¼ ðz · ∂↔Þ2 þ 2ðz · ∂↔Þðz · BÞ þ ðz · BÞ2;
ðz ·D↔Þ3 ¼ ðz · ∂↔Þ3 þ 3ðz · ∂↔Þ2ðz · BÞ þ ½ðz · ∂Þ2ðz · BÞ�

þ 3ðz · ∂↔Þðz · BÞ2 þ ðz · BÞ3;
� � � � � � ;

where the “underline” below B (or the latter x) indicates

that the operation ∂↔ does not act on it. In deriving those
equations, the following equation has been adopted,

ðz · ∂↔Þnðz · BÞ ¼
Xn
k¼0

n!
k!ðn − k!Þ ðz · ∂

↔
Þn−k½ðz · ∂Þkðz · BÞ�:

By keeping only those terms that shall lead to operators up
to dimension-six, we obtain

ðz ·D↔Þn0 ¼ ðz · ∂↔Þn;
ðz ·D↔Þn2 ¼ −i × nðz · ∂↔Þn−1xμzνGμν;

ðz ·D↔Þn3 ¼ −
2i
3
× nðz · ∂↔Þn−1xμxρzνGμν;ρ;

ðz ·D↔Þn
4ð1Þ ¼ −

nðn − 1Þ
2

ðz · ∂↔Þn−2xμxρzνzσGμνGρσ;

ðz ·D↔Þn
4ð2Þ ¼

�
−
i
4
× nðz · ∂↔Þn−1xμxρxσzν

−
i
12

nðn − 1Þðn − 2Þðz · ∂↔Þn−3

× xμzρzσzν
�
Gμν;ρσ;

ðz ·D↔Þn
5ð1Þ ¼ −

nðn − 1Þ
3

ðz · ∂↔Þn−2

× xμxρxλzνzσGμνGρσ;λ;

ðz ·D↔Þn
5ð2Þ ¼ −

nðn − 1Þ
3

ðz · ∂↔Þn−2

× xμxρxλzνzσGμν;λGρσ;

ðz ·D↔Þn
5ð3Þ ¼

�
−

i
15

× nðz · ∂↔Þn−1xμxρxσxλzν

−
i
45

nðn − 1Þðn − 2Þðz · ∂↔Þn−3

× xμðxρzσzλ þ zρxσzλ þ zρzσxλÞzν�Gμν;ρσλ;

ðz ·D↔Þn
6ð1Þ ¼

i
6
nðn − 1Þðn − 2Þðz · ∂↔Þn−3

× xμxρxλzνzσzτGμνGρσGλτ;

ðz ·D↔Þn
6ð2Þ ¼

�
−
nðn − 1Þ

8
ðz · ∂↔Þn−2xμxρxλxτzνzσ

−
nðn − 1Þðn − 2Þðn − 3Þ

12
ðz · ∂↔Þn−4

× xμxρzλzτzνzσ
�
GμνGρσ;λτ;

ðz ·D↔Þn
6ð3Þ ¼ −

2

9
nðn − 1Þðz · ∂↔Þn−2

× xμxρxλxτzνzσGμν;λGρσ;τ;

ðz ·D↔Þn
6ð4Þ ¼ −

nðn − 1Þ
8

ðz · ∂↔Þn−2

× xμxρxλxτzνzσGμν;λτGρσ;

ðz ·D↔Þn
6ð5Þ ¼

�
−

i
72

× nðz · ∂↔Þn−1xμxρxσxλxτzν

−
i

216
nðn − 1Þðn − 2Þðz · ∂↔Þn−3

× xμðzρzσxλxτ þ zρxσzλxτ þ zρxσxλzτ

þ xρzσzλxτ þ xρzσxλzτ þ xρxσzλzτÞzν

−
i

360
nðn − 1Þðn − 2Þðn − 3Þðn − 4Þ

× ðz · ∂↔Þn−5xμzρzσzλzτzν
�
Gμν;ρσλτ;

where the subscript kðmÞ with k ¼ ð1;…; 6Þ stands for the
dimension of the operator, in which (m) stands for the mth
type of the operator with same dimension. For example,
there is two type of dimension four operators, three type of
dimension five operators and five type of dimension-six
operators. Figure 2 represents the Feynman diagrams for

the vertex operator Γðz ·D↔Þn under the background field
theory, where thirteen figures, i.e. Figs. (2a–2m), corre-

spond to Γðz ·D↔Þn1;…;Γðz ·D↔Þn
6ð5Þ, respectively. The cross

attached to the gluon line indicates the tensor of the local
gluon background field with “n” stands for the nth order
covariant derivative.
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III. PION LEADING-TWIST DA WITHIN
THE QCD SUM RULES

Considering the definition

h0jd̄ð0Þzγ5ðiz ·D
↔Þnuð0ÞjπðqÞi ¼ iðz · qÞnþ1fπhξni; ð15Þ

where fπ is the pion decay constant and the nth order
moments of the pion DA are defined as

hξni ¼
Z

1

0

duð2u − 1ÞnϕπðuÞ: ð16Þ

Especially, the 0th moment satisfies the normalization
condition

hξ0i ¼
Z

1

0

duϕπðuÞ ¼ 1: ð17Þ

To derive the sum rules for the pion leading-twist DA
moments hξni, we introduce the following correlation
function (correlator),

Πðn;0Þ
π ðz; qÞ ¼ i

Z
d4xeiq·xh0jTfJnðxÞJ†0ð0Þgj0i

¼ ðz · qÞnþ2Iðn;0Þπ ðq2Þ; ð18Þ

where n ¼ ð0; 2; 4;…Þ, z2 ¼ 0 and the currents

JnðxÞ ¼ d̄ðxÞzγ5ðiz ·D
↔ÞnuðxÞ; ð19Þ

J†0ð0Þ ¼ ūð0Þzγ5dð0Þ: ð20Þ

In the physical region, the correlator (18) can be treated
by inserting a complete set of intermediate hadronic states,
which can be simplified with the help of Eq. (15) as

ImIðn;0Þπ;hadðq2Þ ¼ πδðq2 −m2
πÞf2πhξni

þ π
3

4π2ðnþ 1Þðnþ 3Þ θðq
2 − sπÞ; ð21Þ

where the quark-hadron duality has been adopt and sπ
stands for the continuum threshold.
On the other hand, we apply the operator product

expansion (OPE) for the correlator (18) in deep
Euclidean region. Substituting the replacement rules (2),
(3) into the correlator (18) and applying the corresponding
Feynman rules, we obtain

Πðn;0Þ
π ðz; qÞ ¼ i

Z
d4xeiq·x

× f−Trh0jSdFð0; xÞzγ5ðiz ·D
↔ÞnSuFðx; 0Þzγ5j0i

þ Trh0jd̄ðxÞdð0Þzγ5ðiz ·D
↔ÞnSuFðx; 0Þzγ5j0i

þ Trh0jSdFð0; xÞzγ5ðiz ·D
↔Þnūð0ÞuðxÞzγ5j0ig

þ � � � : ð22Þ
The Feynman diagrams for the correlator (22) are

showed in Fig. 3, whose details are further presented
in Figs. 4,5. The solid and helical lines are for the quark
and gluon propagators, respectively. The cross symbol
stands for the background quark field. The left big dot and

(a) (b) (c) (d) (e)

(f) (g) (h) (i) (j)

(k) (l) (m)

FIG. 2 (color online). Feynman diagrams for the vertex operator Γðz ·D↔Þn under the background field theory up to dimension-six. The
cross attached to the gluon line indicates the tensor of the local gluon background field, in which “n” stands for n-th order covariant
derivative.
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the right big dot are the vertex operators zγ5ðz ·D
↔Þn and

zγ5, respectively. Figure 3(a) corresponds to the first term
in Eq. (22), Fig. 3(b) and its permutation-diagrams
correspond to the second and third terms of Eq. (22),
respectively.
As for Fig. 4, we observe
(i) Figs. 4(l), 4(p), 4(q), 4(s) contribute zero because

their quark loop has Tr½� � �� ¼ 0. The contribution
from Fig. 4(g) is negligible due to strong suppres-
sion from small u=d-quark current masses.

(ii) Fig. 4(a) provides the perturbative contribution,
Figs. 4(b), 4(r) provide the contribution propor-
tional to the dimension-four condensate hG2i,
Figs. 4(c), 4(h), 4(m), 4(u) provide the contri-
bution proportional to the dimension-six con-
densate hg3sfG3i and Figs. 4(e), 4(j), 4(o), 4(t)
provide the contribution proportional to the
dimension-six condensate g2s

P
u;d;shgsψ̄ψi2. Here

hG2i and hg3sfG3i are abbreviations for
hGA

μνGAμνi and hg3sfABCGAμνGBGB
νρG

Cρ
μ i.

(iii) The remaining diagrams involve the contribu-
tions proportional to the dimension-six conden-
sate either hg3sfG3i or g2s

P
u;d;shgsψ̄ψi2, whereP

u;d;s¼
P

ψ¼u;d;s.
As for Fig. 5, we observe that
(i) Fig. 5(a) provides the contribution proportional

to the dimension-three condensate hq̄qi and
the dimension-five condensate hgsq̄σTGqi.
Figure 5(b) provides the contribution proportional
to either the dimension-five condensate hgsq̄σTGqi
or the dimension-six condensate hgsq̄qi2.

(ii) The remaining three diagrams 5(c),5(d),5(e) provide
the contribution proportional to the dimension-six
condensate hgsq̄qi2, where q ¼ u, d.

(a) (b) (c) (d) (e) (f)

(l) (m) (n) (o) (p) (q)

(g) (h) (i) (j) (k)

(r) (s) (t) (u) (v)

FIG. 4 (color online). The sub-diagrams of Fig. 3(a), where those diagrams that can be obtained by permutation from the asymmetrical
diagrams have been omitted.

(a) (b)

FIG. 3 (color online). Schematic Feynman diagrams for the
pion leading-twist DA moments, where the cross stands for the
background quark field. The left big dot and the right big
dot stand for the vertex operators zγ5ðz ·D

↔Þn and zγ5 in the
correlator, respectively. The full Feynman diagrams can be
found in Figs. 4, 5.
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We adopt the MS-scheme to deal with the infrared
divergences emerged in Fig. 4, whose divergent terms
shall be absorbed into the pion DA following the way
suggested by Ref. [41]. During the calculation, we shall
meet with the following matrix elements:

h0jq̄aαðxÞqbβðyÞj0i; h0jq̄aαðxÞqbβðyÞGA
μνj0i;

h0jq̄aαðxÞqbβðyÞGA
μν;ρj0i; h0jGA

μνGB
ρσj0i;

h0jGA
μνGB

ρσGC
λτj0i; h0jGA

μν;λG
B
ρσ;τj0i;

h0jGA
μνGB

ρσ;λτj0i; h0jGA
μν;λτG

B
ρσj0i: ð23Þ

The formulas relating the first three vacuum matrix
elements with the conventional condensates can be found
in Ref. [37], and the corresponding formulas for the

remaining vacuummatrix elements under theD-dimensional
space, D ¼ 4 − 2ϵ, are presented in Appendix B.
As a combination the correlator within different regions,

the sum rules for the pion DA moments can be derived by
the dispersion relation

1

π

1

M2

Z
dse−s=M

2

ImIhadðsÞ ¼ L̂MIqcdðq2Þ; ð24Þ

where M is the Borel parameter and the Borel trans-
formation operator

L̂M ¼ lim
−q2; n → ∞
−q2=n ¼ M2

1

ðn − 1Þ! ð−q
2Þn

�
−

d
dð−q2Þ

�
n
: ð25Þ

Our final result reads

hξni ¼ M2em
2
π=M2

f2π

�
3

4π2ðnþ 1Þðnþ 3Þ ð1 − e−sπ=M
2Þ þmdhd̄di þmuhūui

M4
þ 1

12π

hαsG2i
M4

−
8nþ 1

18

mdhgsd̄σTGdi þmuhgsūσTGui
M6

þ A
ð4πÞ2

hg3sfG3i
M6

þ B
ð4πÞ2

g2s
P

u;d;shgsψ̄ψi2
M6

þ 2ð2nþ 1Þ
81

hgsd̄di2 þ hgsūui2
M6

�
; ð26Þ

where

A ¼ 6nþ 7

72
−

n
24

ln

�
M2

μ2

�
þ θðn − 2Þ

�
7n − 3

72
−
n
8
ln

�
M2

μ2

�
þ
Xn−2
n¼0

ð−1Þk −2k
2 þ 2nk − 2kþ 3n

24ðn − kÞðn − k − 1Þ
�
;

B ¼ 8ð165n2 þ 323nþ 131Þ
729ðnþ 1Þ þ 8ð51nþ 44Þ

243
ln

�
M2

μ2

�
þ θðn − 2Þ

�
−
4ð16n3 − 89n2 − 39n − 30Þ

729nðnþ 1Þ þ 392n
243

ln

�
M2

μ2

�

þ
Xn−2
k¼0

ð−1Þk
�

64nðkþ 1Þ
243ðnþ 1Þðn − kÞ −

8ð10k2 − 10nkþ 58k − 7nþ 48Þ
243ðn − kÞðn − k − 1Þ þ 8ð8k − 5n − 2Þ

243ðkþ 1Þðn − kþ 1Þ
��

:

As a final remark, we can obtain the Gegenbauer moments of the pion leading-twist DAwith the help of hξni. That is, by
substituting Eq. (1) into Eq. (16), we have

aπ2 ¼
7

12
ð5hξ2i − 1Þ; ð27Þ

aπ4 ¼ −
11

24
ð14hξ2i − 21hξ4i − 1Þ; ð28Þ

aπ6 ¼
5

64
ð135hξ2i − 495hξ4i þ 429hξ6i − 5Þ. ð29Þ

(a) (b) (c) (d) (e)

FIG. 5 (color online). The subdiagrams of Fig. 3(b).

REVISITING THE PION LEADING-TWIST … PHYSICAL REVIEW D 90, 016004 (2014)

016004-7



IV. NUMERICAL ANALYSIS

To do the numerical calculation, we adopt [42]: mπ ¼
139.57018�0.00035MeV and fπ ¼ 130.41� 0.20 MeV.
As for the condensates,

(i) We adopt

muhūui þmdhd̄di

≃ −
f2πm2

π

2
¼ ð1.656� 0.005Þ × 10−4 GeV4; ð30Þ

which is derived from the current algebra [43] and the
partially conserved axial current [44].

(ii) We adopt [45],

muhgsūσTGui þmdhgsd̄σTGdi
¼ ð1.325� 0.033Þ × 10−4 GeV4; ð31Þ

which is derived by using hgsq̄σTGqi ¼ m2
0hq̄qi with

m2
0 ¼ 0.80� 0.02 GeV2 [46].

(iii) As suggested in Ref. [47], we adopt [48,49]

hαsG2i
ραshūui2

¼ ð106� 12Þ GeV−2; ð32Þ

where ρ≃ 2–3 [49–52]. More definitely, we take [53]

hαsG2i ¼ 0.038� 0.011 GeV4; ð33Þ

and hq̄qi ¼ ð−0.24� 0.01Þ3 GeV3. And we take
hgsq̄qi2 ¼ ð1.8� 0.7Þ × 10−3 GeV6.

(iv) Combining (B3) with (32), together with the ratio
hs̄si=hq̄qi ¼ 0.74� 0.03 [45], we obtain

hg3sfG3i ¼ 0.013� 0.007 GeV6 ð34Þ

and

g2s
X
u;d;s

hgsψ̄ψi ¼ 0.044� 0.024 GeV6: ð35Þ

The leading-order αs is fixed by αsðMZÞ ¼ 0.1184�
0.0007 [54] and the renormalization scale is taken as
μ ¼ M. Usually, the continuum threshold sπ is taken as
the square of the first exciting state of pion, i.e. πð1300Þ,
which however may underestimate some continuum
states’ contributions. At present, we determine the value
of sπ from the sum rules of the 0th moment hξ0i together
with its normalization condition (17), which leads to
sπ ≃ 1.1 GeV2.
We adopt the usual criteria to fix the Borel window for

the moments hξni, i.e. the continuum state’s contribution is
less than 40% of the total dispersion integration and the
dimension-six condensate’s contribution does not exceed
15%, 20% and 25% for the second, fourth and sixth

moments, respectively. We present the moments hξni
together with their Borel windows in Table I. From
Table I, we observe that the dimension-six condensates,
such as g2s

P
u;d;shgsψ̄ψi2, do provide sizable contributions

to hξni, i.e. they are comparable to the lower dimensional
condensates’ contributions.
Figure 6 shows that the first three moments of the pion

leading-twist DAversus the Borel parameterM2, where the
solid, the dashed and the dotted lines are for second, fourth
and sixth moments, respectively. By taking all uncertainty
sources into consideration, and adding the uncertainties in
quadrature, we obtain

hξ2ijμ¼1 GeV ¼ 0.338� 0.032; ð36Þ

hξ4ijμ¼1 GeV ¼ 0.211� 0.030; ð37Þ

hξ6ijμ¼1 GeV ¼ 0.163� 0.030; ð38Þ

whose errors are dominated by the uncertainties of the
condensates hαsG2i, hgsq̄qi2 and g2s

P
u;d;shgsψ̄ψi. The

TABLE I. The moments hξni of the pion leading-twist DA
at the scale μ ¼ M and various condensates’ contributions over
the total dispersion integration. hq̄Gqi and

P hg2s ψ̄ψi2 are
abbreviations for hgsq̄σTGqi and g2s

P
u;d;shgsψ̄ψi2.

n 2 4 6

M2 (GeV2) [1.231, 1.490] [1.697, 1.824] [2.066, 2.187]
hξni 0.331� 0.009 0.198� 0.005 0.146� 0.004
mqhq̄qi −ð1.2–1.6Þ% −ð1.7–1.8Þ% −ð1.9–2.0Þ%
hαsG2i (7.5–9.9)% (10–11)% (12–12)%
mqhq̄Gqi (0.6–1.0)% (1.4–1.6)% (1.9–2.2)%
hg3sfG3i (0.2–0.4)% (0.5–0.6)% ∼0.7%P hg2s ψ̄ψi2 (6.9–11)% (12–14)% (15–17)%
hgsq̄qi2 (2.2–3.6)% (4.4–5.2)% (6.1–6.8)%

1 1.5 2 2.5
0

0.1

0.2

0.3

0.4

0.5

0.6

M2(GeV2)

<
ξn >

<ξ2>

<ξ4>

<ξ6>

FIG. 6 (color online). The first three moments for the pion
leading-twist DA versus the Borel parameter M2.
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present results for μ ¼ 1 GeV are obtained by first get the
DA behavior with the help of the moments at μ ¼ M and
apply the pion DA running equation [3] to run the DA from
μ ¼ M to μ ¼ 1 GeV, and then get the moments
at μ ¼ 1 GeV.
Using those moments (36),(37),(38), together with the

formulas (27),(28),(29), we can obtain the Gegenbauer
moments aπ2 , a

π
4 and a

π
6 . For example, we obtain aπ2j1GeV ¼

0.403� 0.093 and aπ4j1GeV ¼ 0.320� 0.083. We present a
comparison of aπ2ð1 GeVÞ under the SVZ sum rules and the
lattice QCD in Table II. Phenomenologically, a LCSR
analysis on the pion electromagnetic form factor gives
aπ2ð1 GeVÞ ¼ 0.24� 0.14� 0.08 [22] and 0.20� 0.03
[23]. A LCSR analysis on the pion transition form factor
gives aπ2ð1 GeVÞ ¼ 0.24� 0.14� 0.08 [22], 0.19� 0.05
[18], 0.32 [19], 0.44 [20] and 0.27 [21]. A LCSR analysis
on the B → πlν gives aπ2ð1 GeVÞ ¼ 0.267� 0.228 [1],
0.19� 0.19� 0.08 [24] and 0.17þ0.15

−0.17 [25]. It shows that
our present estimation of aπ2 agrees with most of the
estimations within errors derived in the literature.
Especially, our central value is close to the lattice QCD
estimations [16,17].
Following the idea of Ref. [1], by including the corre-

lation effect from the transverse distribution, we can
construct a pion DA model as

ϕπðμ;xÞ¼
ffiffiffi
3

p
Aπmqβπ

2π3=2fπ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xð1−xÞ

p
φπðxÞ

×

(
Erf

" ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

qþμ2

8β2πxð1−xÞ

s #
−Erf

" ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

q

8β2πxð1−xÞ

s #)
;

ð39Þ

where the light constitute quark mq ≃ 0.30 GeV, the error
function ErfðxÞ ¼ 2ffiffi

π
p

R
x
0 e

−t2dt, and the longitudinal part
can be constructed as

φπðxÞ ¼ ½1þ B2 × C3=2
2 ð2x − 1Þ þ B4 × C3=2

4 ð2x − 1Þ�:

The parameters Aπ , βπ , B2 and B4 can be fixed by the pion
DA normalization, the constraint from π → γγ [55] and the
above determined Gegenbauer moments aπ2 and a

π
4 . Several

typical values for those parameters are presented in
Table III.

V. SUMMARY

The background field theory provides an unambiguous
physical picture for both the QCD physical vacuum and the
SVZ sum rules. Under this framework, the OPE of the
correlator can be calculated systematically. For the first
time, we provide the quark propagator and the vertex up to
dimension-six operators under the background field theory.
It is noted that those newly dimension-six terms for the
quark propagator are important for a sound estimation of a
physics process up to dimension-six condensates. Because
the mass terms are kept explicitly in the quark propagator, it
is applicable for both the massless and massive cases.

TABLE III. Typical pion DA parameters at μ ¼ 1 GeV.

aπ2 0.310 0.403 0.496

aπ4 0.237 0.320 0.403 0.237 0.320 0.403 0.237 0.320 0.403

Aπ 19.297 18.874 18.477 18.291 17.912 17.545 17.348 17.003 16.666
B2 0.211 0.195 0.176 0.290 0.271 0.251 0.371 0.351 0.329
B4 0.248 0.322 0.394 0.239 0.313 0.385 0.229 0.303 0.376
βπðGeVÞ 0.708 0.725 0.741 0.730 0.746 0.762 0.750 0.766 0.783

TABLE II. The second Gegenbauer moment aπ2ð1 GeVÞ under
the QCD sum rules and the lattice QCD, respectively. When aπ2 is
given with different scale other than 1 GeV, it shall be evolved to
1 GeV by using the pion DA leading-order running behavior [3].

aπ2ð1 GeVÞ Reference

QCD SR 0.403� 0.093 This paper
0.56 [5]

0.26þ0.21
−0.09 [11]

0.28� 0.08 [12]
0.19� 0.06 [13]

LQCD 0.381� 0.234þ0.114
−0.062 [16]

0.364� 0.126 [17] 0 5 10 15 20 25 30 35 40
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

Q2 (GeV2)

Q
2  F

πγ
(Q

2 ) 
(G

eV
)

BaBar data
CLEO data
CELLO data
Belle

FIG. 7 (color online). Q2FπγðQ2Þ by varying the second and
four Gegenbauer moments within their reasonable region, i.e.
aπ2j1GeV ¼ 0.403� 0.093 and aπ4j1GeV ¼ 0.320� 0.083. The
solid line stands for the central values for Q2FπγðQ2Þ and
the shaded band stands for the theoretical uncertainties caused
by the Gegenbauer moments.
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In the present paper, we have studied the pion leading-
twist DAwithin the QCD sum rules under the background
field theory. The resultant sum rules for the DA moments
up to dimension-six condensates have been presented. It
has been found that the dimension-six condensates can
provide sizable contributions to the DA moments in
comparison to contributions from the lower dimension
condensates. Within errors, our estimation of aπ2j1GeV ¼
0.403� 0.093 agrees with most of the estimations derived
in the literature. Its central value is larger than those
determined by previous QCD sum rules, which is mainly
caused by the contribution from the dimension-six con-
densate g2s

P
u;d;shgsψ̄ψi2.

As an application of the suggested pion DA model (39),
we redraw the pion-photon TFF FπγðQ2Þ in Fig. 7. All the
formulas for FπγðQ2Þ can be found in our previous paper
[1], one only needs to change the pion DA used there to be
our present model. Figure 7 indicates that in the large Q2

region, the pion-photon TFF FπγðQ2Þ lies in between
the Belle data and the BABAR data, which is consistent
with the recent kT factorization estimation with the joint
resummation [56].
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APPENDIX A: THE FULL QUARK
PROPAGATOR IN THE
BACKGROUND FIELD

Within the framework of the background field theory, the
full quark propagator with various gauge invariant tensors
that shall result in up to dimension-six operators can be
written as

SFðx; 0Þ ¼ S0Fðx; 0Þ þ S2Fðx; 0Þ þ S3Fðx; 0Þ

þ
X2
i¼1

S4ðiÞF ðx; 0Þ þ
X3
i¼1

S5ðiÞF ðx; 0Þ

þ
X5
i¼1

S6ðiÞF ðx; 0Þ; ðA1Þ

in which the propagators with various gauge invariant
tensors are

S0Fðx; 0Þ ¼ i
Z

d4p
ð2πÞ4 e

−ip·x
�
−

mþ p
m2 − p2

�
; ðA2Þ

S2Fðx; 0Þ ¼ i
Z

d4p
ð2πÞ4 e

−ip·x
�
−
i
2

γμðm − pÞγν
ðm2 − p2Þ2 Gμν

�
; ðA3Þ

S3Fðx; 0Þ ¼ i
Z

d4p
ð2πÞ4 e

−ip·x
�
−
2

3

�ðγμpρ þ γρpμÞðm − pÞ
ðm2 − p2Þ3 −

gμρ

ðm2 − p2Þ2
�
γνGμν;ρ

�
; ðA4Þ

S4ð1ÞF ðx; 0Þ ¼ i
Z

d4p
ð2πÞ4 e

−ip·x
��

1

4

�
γμðm − pÞ
ðm2 − p2Þ3 − 2

pμ

ðm2 − p2Þ3
�
γνγργσ

þ 1

2

�ðmþ pÞγμ
ðm2 − p2Þ3 g

νσ þ 4
γμðm − pÞ
ðm2 − p2Þ4 p

νpσ

�
γρ
�
GμνGρσ

�
; ðA5Þ

S4ð2ÞF ðx; 0Þ ¼ i
Z

d4p
ð2πÞ4 e

−ip·x
�
i
4

�
gfμργσgðm − pÞ
ðm2 − p2Þ3 − 2

gfμρpσg

ðm2 − p2Þ3 þ 4
γfμpρpσgðm − pÞ

ðm2 − p2Þ4
�
γνGμν;ρσ

�
; ðA6Þ

S5ð1ÞF ðx; 0Þ ¼ i
Z

d4p
ð2πÞ4 e

−ip·x
�
−
i
3

��
3
γμðm − pÞγν
ðm2 − p2Þ4 ðpλγρ þ pργλÞ − γνðgμλγρ þ gμργλÞ

ðm2 − p2Þ3
�
γσ

þ4

�
γμðm − pÞ
ðm2 − p2Þ4 g

fνσpλg þ 2
pμgfνσpλg

ðm2 − p2Þ4 þ 6
γμðm − pÞ
ðm2 − p2Þ5 p

νpσpλ

�
γρ
�
GμνGρσ;λ

�
; ðA7Þ
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S5ð2ÞF ðx; 0Þ ¼ i
Z

d4p
ð2πÞ4 e

−ip·x
�
2i
3

��
gμλ

ðm2 − p2Þ3 þ
6pμpλ

ðm2 − p2Þ4
�
γνγργσ

−2
�
γμðm − pÞ
ðm2 − p2Þ4 g

fνσpλg þ 2
pμgfνσpλg

ðm2 − p2Þ4 þ 6
γμðm − pÞ
ðm2 − p2Þ5 p

νpσpλ

�
γρ
�
Gμν;λGρσ

�
; ðA8Þ

S5ð3ÞF ðx; 0Þ ¼ i
Z

d4p
ð2πÞ4 e

−ip·x
�
4

15

�
gfρσpλγμgðm − pÞ

ðm2 − p2Þ4 − 2
gfρσpλpμg

ðm2 − p2Þ4 þ 6
γfμpρpσpλgðm − pÞ

ðm2 − p2Þ5 −
gðμρσλÞ

ðm2 − p2Þ3
�
γνGμν;ρσλ

�
;

ðA9Þ

S6ð1ÞF ðx; 0Þ ¼ i
Z

d4p
ð2πÞ4 e

−ip·x i
8

��
γμðm − pÞ
ðm2 − p2Þ4 − 4

pμ

ðm2 − p2Þ4
�
γνγργσγλγτ

þ2

�
3
γμðm − pÞ
ðm2 − p2Þ4 g

στ þ 16
γμðm − pÞ
ðm2 − p2Þ5 p

σpτ − 4
gμσpτ þ gμτpσ

ðm2 − p2Þ4
�
γνγργλ

�
GμνGρσGλτ; ðA10Þ

S6ð2ÞF ðx; 0Þ ¼ i
Z

d4p
ð2πÞ4 e

−ip·x
�
−
1

8

���
3
γμðm − pÞγν
ðm2 − p2Þ4 gfλτγρg þ 16

γμðm − pÞγν
ðm2 − p2Þ5 γfρpλpτg − 4

γν

ðm2 − p2Þ4 g
μfλpτγρg

�
γσ

þ 4

�
mþ p

ðm2 − p2Þ4 g
ðνστλÞ þ 6

mþ p
ðm2 − p2Þ5 g

fνσpτpλgþ48
mþ p

ðm2 − p2Þ6 p
νpσpτpλ

�
γμγρ

�
GμνGρσ;λτ; ðA11Þ

S6ð3ÞF ðx;0Þ¼ i
Z

d4p
ð2πÞ4e

−ip·x
�
−
2

9

��
3

��
2
γμðm−pÞ
ðm2−p2Þ5p

λpτ−
gfμλpτg

ðm2−p2Þ4−
4pμpλpτ

ðm2−p2Þ5
�
γνγρþðμ↔ λÞþðρ↔ τÞ

þ ðμ↔λ;ρ↔τÞ
�
γσþ 4

�
mþp

ðm2−p2Þ4g
ðνλστÞ þ 6

mþp
ðm2−p2Þ5g

fνλpσpτgþ 48
mþp

ðm2−p2Þ6p
νpλpσpτ

�
γμγρ

�
Gμν;λGρσ;τ;

ðA12Þ
S6ð4ÞF ðx;0Þ¼ i

Z
d4p
ð2πÞ4e

−ip·x
�
−
1

2

���
mþp

ðm2−p2Þ4g
ðντλσÞþ6

mþp
ðm2−p2Þ5g

fντpλpσg

þ 48
mþp

ðm2−p2Þ6p
νpτpλpσ

�
γμγρ−3

�
gfμλpτg

ðm2−p2Þ4þ
8pμpλpτ

ðm2−p2Þ5
�
γνγργσ

�
Gμν;λτGρσ; ðA13Þ

S6ð5ÞF ðx; 0Þ ¼ i
Z

d4p
ð2πÞ4 e

−ip·x
�
−

i
18

�
g½ρσλτγμ�ðm − pÞ
ðm2 − p2Þ4 − 4

g½ρσλτpμ�

ðm2 − p2Þ4 þ 6
gfρσpλpτγμgðm − pÞ

ðm2 − p2Þ5

−12
gfρσpλpτpμg

ðm2 − p2Þ5 þ 48
pfρpσpλpτγμgðm − pÞ

ðm2 − p2Þ6
�
γνGμν;ρσλτ

�
; ðA14Þ

where

gðμνρσÞ ¼ gμνgρσ þ gμρgνσ þ gμσgνρ;

g½μνρσpλ� ¼ gðμνρσÞpλ þ gðλνρσÞpμ þ gðμλρσÞpν þ gðμνλσÞpρ þ gðμνρλÞpσ;

gfμνpρg ¼ gμνpρ þ gμρpν þ gνρpμ;

gfμνpρpσg ¼ gμνpρpσ þ gμρpνpσ þ gμσpνpρ þ gνρpμpσ þ gνσpμpρ þ gρσpμpν;

gfμνpρpσpλg ¼ gμνpρpσpλ þ gμρpνpσpλ þ gμσpρpνpλ þ gμλpρpσpν þ gνρpμpσpλ þ gνσpρpμpλ

þ gνλpρpσpμ þ gρσpμpνpλ þ gρλpμpσpν þ gσλpρpμpν

gfμργσg ¼ gμργσ þ gμσγρ þ gρσγμ;

g½ρσλτγμ� ¼ γμgðρσλτÞ þ ðμ↔ ρÞ þ ðμ↔ σÞ þ ðμ↔ λÞ þ ðμ↔ τÞ;

REVISITING THE PION LEADING-TWIST … PHYSICAL REVIEW D 90, 016004 (2014)

016004-11



gfρσpλγμg ¼ γμgfρσpλg þ ðμ↔ρÞ þ ðμ↔σÞ þ ðμ↔λÞ;
gfρσpλpτγμg ¼ γμgfρσpλpτg þ ðμ↔ρÞ þ ðμ↔σÞ þ ðμ↔λÞ þ ðμ↔τÞ;

γfμpρpσg ¼ γμpρpσ þ γρpμpσ þ γσpμpρ;

γfμpρpσpλg ¼ γμpρpσpλ þ ðμ↔ρÞ þ ðμ↔σÞ þ ðμ↔λÞ;
γfμpρpσpλpτg ¼ γμpρpσpλpτ þ ðμ↔ρÞ þ ðμ↔σÞ þ ðμ↔λÞ þ ðμ↔τÞ;

gμfλpτγρg ¼ gμλpτγρ þ gμτpλγρ þ gμρpτγλ þ gμτpργλ þ gμρpλγτ þ gμλpργτ:

In those expressions, the mass terms are kept explicitly, which are appropriate not only for the light-quark case but also
for the heavy-quark one.

APPENDIX B: VACUUM MATRIX ELEMENTS IN THE D-DIMENSION SPACE

The vacuum matrix elements in the D-dimension space are

h0jGA
μνGB

ρσj0i ¼
hG2i

8DðD− 1Þ δ
ABðgμρgνσ − gμσgνρÞ;

TrCh0jGμνGρσj0i ¼
2π

DðD− 1Þ hαsG
2iðgμρgνσ − gμσgνρÞ;

h0jGA
μν;λG

B
ρσ;τj0i ¼ −

2

27D2ðD− 1Þ
X
u;d;s

hgsψ̄ψi2δAB½2gλτðgμρgνσ − gμσgνρÞ þ gλρðgτμgσν − gτνgσμÞ−gλσðgτμgρν − gτνgρμÞ�;

TrCh0jGμν;λGρσ;τj0i ¼ −
8

27D2ðD− 1Þ g
2
s

X
u;d;s

hgsψ̄ψi2½2gλτðgμρgνσ − gμσgνρÞ þ gλρðgτμgσν − gτνgσμÞ−gλσðgτμgρν − gτνgρμÞ�;

h0jGA
μνGB

ρσGC
λτj0i ¼

hfG3i
24DðD− 1ÞðD− 2Þf

ABCf½gμρðgνλgστ − gντgσλÞ− gμσðgνλgρτ − gντgρλÞ�

− ½gνρðgμλgστ − gμτgσλÞ − gνσðgμλgρτ − gμτgρλÞ�g;

TrCh0jGμνGρσGλτj0i ¼
i

4DðD− 1ÞðD− 2Þ hg
3
sfG3if½gμρðgνλgστ − gντgσλÞ− gμσðgνλgρτ − gντgρλÞ�

− ½gνρðgμλgστ − gμτgσλÞ − gνσðgμλgρτ − gμτgρλÞ�g;

h0jGA
μνGB

ρσ;λτj0i ¼ δAB
��

a×
X
u;d;s

hgsψ̄ψi2 − b× hgsfG3i
�
½2gλτðgμσgνρ − gμρgνσÞ þ gρτðgμσgνλ − gμλgνσÞ

−gστðgμλgνρ − gμρgνλÞ� þ
�
a×

X
u;d;s

hgsψ̄ψi2 þ b× hgsfG3i
�

× ½gμτðgρνgσλ − gρλgνσÞ þ gντðgρλgσμ − gρμgσλÞ�g;

TrCh0jGμνGρσ;λτj0i ¼ 4

�
a× g2s

X
u;d;s

hgsψ̄ψi2 − b× hg3sfG3i
�
½2gλτðgμσgνρ − gμρgνσÞ þ gρτðgμσgνλ − gμλgνσÞ

−gστðgμλgνρ − gμρgνλÞ� þ 4

�
a× g2s

X
u;d;s

hgsψ̄ψi2 þ b× hg3sfG3i
�

× ½gμτðgρνgσλ − gρλgνσÞ þ gντðgρλgσμ − gρμgσλÞ�;
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where

a ¼ −2
9D2ðD − 1ÞðDþ 2Þ ; b ¼ 3

32D2ðD − 1Þ ;

and the symbol TrC stands for tracing to the color matrixes.
Obviously,

h0jGB
ρσ;λτG

A
μνj0i ¼ h0jGA

μνGB
ρσ;λτj0i:

Our results agree with those of Refs. [57–59], except for
the matrix element h0jGA

μνGB
ρσ;λτj0i. The result for

h0jGA
μνGB

ρσ;λτj0i given Ref. [59] is incorrect. It is noted
that the correct equation for ~D2GA

μν is

~D2GA
μν ¼

3

4
gsfABC½GB

μαGC
να −GB

ναGC
μα� þ GA

μα;αν −GA
να;αμ;

ðB1Þ
while in Ref. [59], the coefficient of the first term has been
taken as 1.
As a final remark, by making use of the equation

½ ~Dμ; ~Dν�AB ¼ −gsfABCGC
μν; ðB2Þ

we can obtain a useful relation

hg3sfG3i ¼ 8

27
g2s
X
u;d;s

hgsψ̄ψi2: ðB3Þ
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