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We study the pion leading-twist distribution amplitude (DA) within the framework of Shifman-Vainshtein-
Zakharov sum rules under the background field theory. To improve the accuracy of the sum rules, we expand

both the quark propagator and the vertex (z - B)" of the correlator up to dimension-six operators in the
background field theory. The sum rules for the pion DA moments are obtained, in which all condensates up to
dimension-six have been taken into consideration. Using the sum rules, we obtain (£2)]; goy = 0.338 +
0.032, (&%) gev = 0.211 £0.030 and (&%), Gey = 0.163 & 0.030. It is shown that the dimension-six
condensates shall provide sizable contributions to the pion DA moments. We show that the first Gegenbauer
moment of the pion leading-twist DA is a3 |, g.v = 0.403 £ 0.093, which is consistent with those obtained in
the literature within errors but prefers a larger central value as indicated by lattice QCD predictions.
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I. INTRODUCTION

The pion distribution amplitude (DA) is an important
element for applying the QCD factorization theory and
QCD light-cone sum rules (LCSR) to exclusive processes
involving pion. For examples, it is important for under-
standing the semileptonic decays B — zlv and D — zlv,
the pion-photon transition form factor (TFF) F,,(Q?), the
exclusive process B — 7z, etc. Inversely, one can make use
of all those processes to obtain stringent constraints on the
pion DA [1,2]. Because of its simplest structure, the pion
leading-twist DA has attracted much attention after the
pioneering works done by Refs. [3—5]. Unfortunately, at
present, there is no definite conclusion on the behavior of
pion leading-twist DA. For example, the BABAR measure-
ment for the pion-photon TFF [6] supports the Chernyak-
Zhitnitsky (CZ)-like [5] behavior; while the corresponding
data by the Belle Collaboration [7] supports the asymptotic-
like behavior [3].

The pion leading-twist DA at the scale p can be
expanded into a Gegenbauer polynomial as [8],

o) = 6x(1 =) 1+ 3 a0 G o= 1) ()

n=2

where the C/ *(2x — 1) are Gegenbauer polynomials and
the af(u) are Gegenbauer moments. Theoretically, the
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Gegenbauer moments have been calculated by QCD sum
rules [9-13] and the lattice gauge theory [14-17].
Phenomenologically, the Gegenbauer moments have also
been estimated from the pion-photon transition form factor
[18-21], the pion electromagnetic form factor [22,23], the
B — n TFFs [24,25], etc. Most of those estimations are
consistent with each other within errors. It is noted that the
central values of them are different from each other,
especially the lattice QCD estimations are bigger than
those of QCD sum rules. Due to the forthcoming more
accurate data, it is helpful to provide a more accurate
theoretical prediction on the pion DA for a better com-
parison with the data.

Since its invention [26], the Shifman-Vainshtein-
Zakharov (SVZ) sum rules has been widely adopted for
dealing with the hadron phenomenology. In addition, the
background field theory provides a systematic description
for its key components, i.e. the vacuum condensates, from
the viewpoint of QCD field theory [27-32]. It assumes that
the quark and gluon fields are composed of the background
fields and the quantum fluctuations around them. Thus, to
take the background field theory as the foundation for the
QCD sum rules, it not only has a distinct physical picture,
but also greatly simplifies the calculation due to its
capability of adopting different gauges for quantum fluc-
tuations and background fields. The QCD sum rules within
the background field theory has already been adopted to
study the meson properties, cf. Refs. [33-38].

Previous sum rule estimations for the pion DA moments
are usually done up to dimension-four condensates, or
including part of the dimension-six condensates’

© 2014 American Physical Society
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contributions. In the present paper, we shall adopt the
SVZ sum rules under the background field theory to
make a detailed study on the pion leading-twist DA up
to dimension-six operators. For the purpose, as the first
time, we shall expand both the quark propagator and the

<>

vertex operator (z-D)" up to a more complex form with
full dimension-six operators’ contributions so as to achieve
an accurate QCD sum rule estimation. We shall show that
those dimension-six operators will result in new dimension-
six condensates that provide sizable contributions and
should be taken into consideration for a sound estimation,
i.e. they shall bring sizable changes in our previous
predictions on the pion DA behavior.

The remaining parts of the paper are organized as
follows. In Sec. II, we first present a brief introduction
of the QCD sum rules and then provide the quark

<>

propagator and the vertex (z-D)" up to dimension-six
operators under the background field theory. In Sec. III, we
present the calculation technology for deriving the sum
rules for pion leading-twist DA moments. Numerical
results are given in Sec. IV. Section V is reserved for a
summary. For convenience, formulas for the propagators
and the vacuum matrix elements in D-dimension space are
presented in the Appendices.

II. QUARK PROPAGATOR, VERTEX OPERATOR
UNDER THE BACKGROUND FIELD THEORY

Within the SVZ sum rules, the hadrons are represented
by their interpolating quark currents taken at large virtual-
ities. The correlator of those currents can be treated within
the operator product expansion, whose short-distance
coefficients are calculated using QCD perturbation theory,
whereas its long-distance parts are written according to the
nonperturbative but universal vacuum condensates, such as
the quark condensate (gq), the gluon condensate (G?), etc.
Furthermore, under the background field theory, the quark
and gluon fields are composed of background fields and
quantum fluctuations around them. Because of the influ-
ence from background fields, the quark and gluon propa-
gators shall include nonperturbative component inevitably,
which however can be treated via a systematic way.

Within the background field theory, the gluon field
Af(x) and quark field y(x) in the QCD Lagrangian or
Green function should be replaced by

A (x) — A% (x) + ¢ (x), (2)

w(x) = w(x) +n(x), (3)

where in the right-hand side of the arrow, A}(x) with
(A=1,...,8) and w(x) indicate the background fields of
the gluon and quark, respectively. ¢ (x) and #(x) stand for
the gluon and quark’s quantum field, i.e. the quantum
fluctuation on the background fields. The Lagrangian with
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the background field theory can be found in Ref. [31].
Usually, the background quark and gluon fields satisfy the
following equations of motion

(i = m)y(x) = 0.

DG (x) = gop (x)r Ty (x). (4)
where D, =09, —ig,T*A}(x) and DyP =% -
g f*8€ AC(x) indicate the fundamental and adjoint repre-
sentations of the gauge covariant derivatives, respectively.
As an advantage of the background field theory, one can
take different gauges for dealing with the quantum fluc-

tuations and background fields. More specifically, one can
adopt the “background gauge” [27-30]

Dyf P (x) =0, (5)

for the gluon quantum field, the Schwinger gauge or the
“fixed-point gauge” [39]

x"Aﬁ (x) =0, (6)
for the background field.

A. Quark propagator under background field theory
Within the framework of the background field theory, the

quark propagator would be affected by the background
quark and/or gluon fields, which satisfies the equation
(i = m)Sp(x.0) = 8*(x). (7)
If taking
Sp(x,0) = (iD + m)D(x,0), (8)
Eq. (7) can be changed as
(O-P,0" — Q+m?)D(x,0) = §*(x), 9)
where [J = 92, and

P, =2iA,(x),
Q=rrrA,(x)A,(x) + iy'rd,A,(x).

Moreover, using the “fixed-point gauge” as shown in
Eq. (6), the gluon background field can be expressed by the
gauge invariant G, . 4 as

1 1 1
A, (x) = 2x'Gyy + 535Gy + —x”x“xﬂGW;aﬂ

2 3 8
1
+ g XX Gy
1
+ mxyxax/}xyxﬁGyp;aﬂyé + e, (10)
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where G4, .o, is a notation for (D, ...D, G,,)(0), where
the indexes «...a, indicate the covariant derivative up to
nth order. G, =GAT* with Gi, =09,A} —9,A) +
g5 S*BCABAS stands for the gluon field strength tensor
and fABC€(A,B,C = 1,2,...,8) is the structure constant of
SU(3) group.

Substituting Eq. (10) into Eq. (9), we obtain the
expressions for D(x,0). By further using Eq. (8), we can
obtain the required quark propagator in the background
field, which can be expressed as

Sp(x,0) = $%(x.0) + $(x.0) + S}(x.0)

2 3
+ 358700+ 537 (x,0)
=1 i=1

+ 25352(")(;6,0). (11)

The quark propagators with various gauge invariant
tensors G,.,, . 4, that shall result in up to dimension-six
operators are presented in Appendix A. The Feynman
diagrams for the quark propagators (A2-A14) that with
various gauge invariant tensors are shown in Fig. 1, where
thirteen figures, ie. Figs. (la—1m), correspond to

S(}(x, 0),..., Sfp(s) (x,0), respectively. The cross (x) attached
to the gluon line indicates the tensor of the local gluon
background field with “n” stands for nth order covariant
derivative.

Because the “fixed-point gauge,” as indicated by Eq. (6),
violates the translation invariance, the quark propagator
from x to 0, Sg(0,x), cannot be directly obtained by
applying the replacement x — —x in Eq. (11). It can be
related with Sg(x,0) via the relation [40]

HOE" 'E’] | I%I HOE" "%
(b) () (d)

"0" "1 "" "0" "3"
(f) (@) (h)
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Sp(0, x| A) = CST(x, 0] — AT)C, (12)

where C stands for the charge conjugation matrix and the
symbol T indicates transpose of both the Dirac and the
color matrices. The gluon background field A indicates
the explicit dependence of Sg(x,0) on the background
field. Then, Eq. (12) shows how A should be transformed
so as to get the correct relation between Sy(x,0)
and S;(0,x).

B. Vertex operator under
background field theory

When applying the SVZ sum rules to calculate the
moments of meson, one would encounter the vertex

operator, ['(z-D)", where I' indicates some kind of
Dirac matrices, e.g., I' = Zys for the pion leading-twist
DA, T = ys or 0,75 for the pion twist-3 DAs, etc. We have

(z-D)”:(z~l3—z-l3)”=(z-<5+z’B)”+---,
(13)

where the - - - stands for the higher-order terms which are
irrelevant for our present analysis and

z-B==2iz- A

2i
— i YG = S xHyp Y
= —ix'z"G,, 3xszﬂ,,;p

i i
o U O AU
— Zx”x/’x ZGuype — Bx"x”x X'2°Guyper
i
- ﬁx"xpx"x’lx’z”Gmpah R (14)

TOETOEK S
 YOUTTEEX S
TEEETEX S

=
=
=
=

" "t " "o "4"
(k) 0] (m)

FIG. 1 (color online).

Feynman diagrams for the quark propagator within the background field theory which shall result in operators

up to dimension-six. The cross attached to the gluon line indicates the tensor of the local gluon background field, in which “n” stands for

nth order covariant derivative.
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<~
We can expand the operator (z - D)" into a series with

operators (z-0)" and G, . For the purpose, we first

expand (z - B)” as

(z-D)° =1,

(z-D)'=z-0+17-B,

(z-DP = (z- 0 +2(z- 9)(z- B) + (z- B,
(z-DP = (z- ) +3(z- 9)2(z- B) + [(z - 9)( - B)

<>

+3(z- 9)(z-B)> + (z- B)?,

where the “underline” below B (or the latter x) indicates

<>
that the operation 0 does not act on it. In deriving those
equations, the following equation has been adopted,

(z-9)'(z-B) = Xn:k,(n"iik!)(z ) H[(z- ) (z - B)).

By keeping only those terms that shall lead to operators up
to dimension-six, we obtain

(z-D) = (z- 9)".

(¢ Y = =i x n(z- D) 142Gy,
< 2i <
(z-D)t = -3 n(z- )" 'x'x"z*G,,.,.

3 n n(n - 1) A n— UV -0
(e Dy = =" (e D)2 GGy,

—1L2n(n —)(n=2)(z- By

X EﬂZﬂZ”zy] G;w;pm

3_ U (z 3)"‘2

)
X XX x' 772Gl G e

(z- DY) = _n(n3_ U 5y

X XX X2 2°G i G o
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X X (X207 + x4 22701 2] G por

(z- B)g(]) = én(n - 1)(n=2)(z- 3):1—3

X X xP x4 2 2°2°G G o G

8

=D =D =3)

< -1 <
(z- Do) = {_n(n Lz By diarzven

X x”z”leTZ”Z”} GG poiies

< 2 a
(2 D) = —gn(n =)z )
% E”XPKAETZUZ”GW;AGPG;T’
nn—1)
8

X zﬂlﬂzll‘[zl/zo' Gﬂy;ﬂ,‘[Gﬂo- )

(¢ D)y =~ (z- )2

- ﬁn(n ~D)(n-2)(z- )"

X (227X + XX+ X

+£pzazl£‘r + &”Z”&’lzf + EI)KGZ)LZT)ZD

—ﬁn(n — 1) (n=2)(n—3)(n—4)
<~

X (2 0)" X2 2272 | Gypoies

where the subscript k(m) with k = (1, ..., 6) stands for the
dimension of the operator, in which (m) stands for the mth
type of the operator with same dimension. For example,
there is two type of dimension four operators, three type of
dimension five operators and five type of dimension-six
operators. Figure 2 represents the Feynman diagrams for

the vertex operator I'(z - D)" under the background field
theory, where thirteen figures, i.e. Figs. (2a—2m), corre-

spond to I'(z - B)’l’, LIz 8)2@’ respectively. The cross
attached to the gluon line indicates the tensor of the local

gluon background field with “n” stands for the nth order
covariant derivative.
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FIG. 2 (color online). Feynman diagrams for the vertex operator I'(z - B)” under the background field theory up to dimension-six. The
cross attached to the gluon line indicates the tensor of the local gluon background field, in which “n” stands for n-th order covariant

derivative.

III. PION LEADING-TWIST DA WITHIN
THE QCD SUM RULES

Considering the definition
(01(0)2rs iz - DY'u(0)|z(q)) = i(z- )" f4(&".  (15)

where f, is the pion decay constant and the nth order
moments of the pion DA are defined as

(&) = / du(2u— 1) (). (16)

Especially, the Oth moment satisfies the normalization
condition

(&) = / ' ducpy(u) = 1. (17)

0

To derive the sum rules for the pion leading-twist DA
moments (£"), we introduce the following correlation
function (correlator),

) = 1 [ atxee 01710, 010
~(z- q)n+215rn.0) (). (18)

where n = (0,2,4, ...), 72 = 0 and the currents

J,(x) = d(x)éys(iz - D) u(x), (19)

J§(0) = @(0)2ysd(0). (20)

In the physical region, the correlator (18) can be treated
by inserting a complete set of intermediate hadronic states,
which can be simplified with the help of Eq. (15) as

1m0 (%) = 76(g> = m3) F2(&")
+7z 3
4z’(n+1)(n+3)

0(q* —sz).  (21)

where the quark-hadron duality has been adopt and s,
stands for the continuum threshold.

On the other hand, we apply the operator product
expansion (OPE) for the correlator (18) in deep
Euclidean region. Substituting the replacement rules (2),
(3) into the correlator (18) and applying the corresponding
Feynman rules, we obtain

H(ﬂn,O)(Z’ C]) _ l-/d4xeiq~x
x {=Tr(0]SE(0. x)2s(iz - D) S (x. 0)2y5]0)
+ Tr(0]d(x)d(0)<ys(iz - D)"S(x. 0)¢50)
+ Tr(0]SE(0.x)275(iz - D)"a(0)u(x)érs[0)}

N (22)

The Feynman diagrams for the correlator (22) are
showed in Fig. 3, whose details are further presented
in Figs. 4,5. The solid and helical lines are for the quark
and gluon propagators, respectively. The cross symbol
stands for the background quark field. The left big dot and
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(a) (b)

FIG. 3 (color online). Schematic Feynman diagrams for the
pion leading-twist DA moments, where the cross stands for the
background quark field. The left big dot and the right big
dot stand for the vertex operators Zys(z-D)" and Zys in the
correlator, respectively. The full Feynman diagrams can be
found in Figs. 4, 5.

g
the right big dot are the vertex operators Zys(z - D)" and
Zys, respectively. Figure 3(a) corresponds to the first term
in Eq. (22), Fig. 3(b) and its permutation-diagrams
correspond to the second and third terms of Eq. (22),
respectively.
As for Fig. 4, we observe
(1) Figs. 4(1), 4(p), 4(q), 4(s) contribute zero because
their quark loop has Tr[---] = 0. The contribution
from Fig. 4(g) is negligible due to strong suppres-
sion from small u/d-quark current masses.

g

(n

FIG. 4 (color online).
diagrams have been omitted.

(t)

(i)

(iii)

PHYSICAL REVIEW D 90, 016004 (2014)

Fig. 4(a) provides the perturbative contribution,
Figs. 4(b), 4(r) provide the contribution propor-
tional to the dimension-four condensate (G?),
Figs. 4(c), 4(h), 4(m), 4(u) provide the contri-
bution proportional to the dimension-six con-
densate (g}fG>) and Figs. 4(e), 4(j), 4(0), 4(t)
provide the contribution proportional to the
dimension-six condensate g7y, 4, (gs%w)?. Here
(G*) and (gfG’) are abbreviations for
(G, G and (g3 fABCGAwGBGE,G,).

The remaining diagrams involve the contribu-
tions proportional to the dimension-six conden-
sate cither (g3fG*) or @Y, 4. (9.7w)?%, where

uds = y=u.d,s"

As for Fig. 5, we observe that

®

(i)

016004-6

Fig. 5(a) provides the contribution proportional
to the dimension-three condensate (gg) and
the dimension-five condensate  (g,GgoTGq).
Figure 5(b) provides the contribution proportional
to either the dimension-five condensate (g,G6TGq)
or the dimension-six condensate {g,Gq)>.

The remaining three diagrams 5(c),5(d),5(e) provide
the contribution proportional to the dimension-six
condensate {g,Gq)>, where g = u, d.

wn

(u) (v)

The sub-diagrams of Fig. 3(a), where those diagrams that can be obtained by permutation from the asymmetrical
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oy
M/vi W@/\/\ N/\ﬁ\/v ’V\/é i ; ;; 'O'}/V\/ ’\/\/6 1 '>/\/\/
(a) (c) (d) (e)

(b)

FIG. 5 (color online).

We adopt the MS-scheme to deal with the infrared
divergences emerged in Fig. 4, whose divergent terms
shall be absorbed into the pion DA following the way
suggested by Ref. [41]. During the calculation, we shall
meet with the following matrix elements:

The subdiagrams of Fig. 3(b).

remaining vacuum matrix elements under the D-dimensional
space, D = 4 — 2¢, are presented in Appendix B.

As a combination the correlator within different regions,
the sum rules for the pion DA moments can be derived by
the dispersion relation

(01g&(x)gp(»)10).  (01ga(x)q}(y)Gi0), léidwmem@:gMMﬁ,<m
b2
(0175(x)q5(»)Gpusl0).  (01GLGPo10),
A ~B ~C where M is the Borel parameter and the Borel trans-
<0|G G/m'G |0> <0|Gﬂyl po; T|O> formation OperatOr
<0|GA G,fﬂﬂr|0>’ <O|Gm/ At /m|0> (23) i lim 1 ( 2)n< d >n (25)
M= -_— —q e .
The formulas relating the first three vacuum matrix —¢*.n = © (n=1)! d(~q%)
elements with the conventional condensates can be found —¢*/n = M?
in Ref. [37], and the corresponding formulas for the
|
Our final result reads
ey — M2 emi/M? 3 (1 = /) + mg(dd) + m, (iu) n 1 {a,G?)
12 4z’(n+1)(n+3) Mm* 12z M*
_ 8n+1 md<gxaGTGd> +m, <gSIT£O'TGM> A <g§fG3> + B g?Zu,d,s <gsli/l//>2
18 M°® (47)> M6 (47)? M5
2(2n + 1) {g,dd)? + (g,iau)?
81 M° ’ (26)
where
n+7 n._ (M? Tn-3 n = —2k2+2nk 2k +3n
A=——-—In O(n—-2 -
72 24 ( >+ (n ){ 7 ( >+n:0 24(n—k )(n—k—l)}
_ 8(165n% +323n+131)  8(51n+ 44) +o(n—2) 4(16n° — 891 — 39n — 30) 392nln %2
729(n + 1) 243 /,t 729n(n + 1) 243 u?
n — 2 64n(k+ 1) _8(10k2— 10nk + 58k — 7n + 48) n 8(8k —5n—-2)
k:O 243 (n+1)(n—k) 243(n—k)(n—k—1) 243(k+1)(n—k+1)] )"

As a final remark, we can obtain the Gegenbauer moments of the pion leading-twist DA with the help of (¢"). That is, by

substituting Eq. (1) into Eq. (16), we have

7
a5 =5 (5(8) - 1), 27)
a5 =~ (14(8) ~21(8) 1) (23)
ar = 2 (135(82) — 495 (&%) + 429(25) — 5). (29)

64
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IV. NUMERICAL ANALYSIS

To do the numerical calculation, we adopt [42]: m, =
139.57018 0.00035 MeV and f, = 130.41 £+ 0.20 MeV.
As for the condensates,

(1) We adopt

m,, () + my{dd)

2 02
Mz

= (1.656 4 0.005) x 107* GeV*, (30)

which is derived from the current algebra [43] and the
partially conserved axial current [44].
(i) We adopt [45],

m,(g,icTGu) + my{g,deTGd)
= (1.325 £0.033) x 107 GeV*, (31)

which is derived by using (g,g6TGq) = m3{gq) with
m} = 0.80 £ 0.02 GeV? [46].
(iii) As suggested in Ref. [47], we adopt [48,49]

% = (106 £ 12) GeV=2,  (32)

where p = 2-3 [49-52]. More definitely, we take [53]
(aSG2> =0.038 £ 0.011 GeV*, (33)

and (gq) = (—0.24 +0.01)> GeV>. And we take
(9,49)* = (1.8 £0.7) x 107> GeVS.
(iv) Combining (B3) with (32), together with the ratio
(5s)/{(gq) = 0.74 £ 0.03 [45], we obtain

<g§’fG3) =0.013 £ 0.007 GeV® (34)
and

G (gpw) = 0.044 £0.024 GeV®.  (35)

u,d,s

The leading-order «; is fixed by a,(M,) =0.1184 +
0.0007 [54] and the renormalization scale is taken as
u = M. Usually, the continuum threshold s, is taken as
the square of the first exciting state of pion, i.e. z(1300),
which however may underestimate some continuum
states’ contributions. At present, we determine the value
of s, from the sum rules of the Oth moment (£°) together
with its normalization condition (17), which leads to
s, =1.1 GeV?.

We adopt the usual criteria to fix the Borel window for
the moments (£"), i.e. the continuum state’s contribution is
less than 40% of the total dispersion integration and the
dimension-six condensate’s contribution does not exceed
15%, 20% and 25% for the second, fourth and sixth

PHYSICAL REVIEW D 90, 016004 (2014)

TABLE I. The moments (£”) of the pion leading-twist DA
at the scale y = M and various condensates’ contributions over
the total dispersion integration. (gGq) and > (g2yw)?* are
abbreviations for (9,g6TGq) and g2, 4 (gsw)*.

n 2 4 6

M? (GeV?) [1.231, 1.490] [1.697, 1.824] [2.066, 2.187]
(&m) 0.331 £0.009 0.198 +0.005 0.146 + 0.004
m,(qq) -(1.2-1.6)% —(1.7-1.8)%  —(1.9-2.0)%
(a,G?) (7.5-9.9)% (10-11)% (12-12)%
m,(gGq) (0.6-1.0)% (1.4-1.6)% (1.9-2.2)%
(g3 fG3) (0.2-0.4)% (0.5-0.6)% ~0.7%

S {gHpy)? (6.9-11)% (12-19)% (15-17)%
(9,39)> (2.2-3.6)% (4.4-5.2)% (6.1-6.8)%

moments, respectively. We present the moments (£")
together with their Borel windows in Table I. From
Table I, we observe that the dimension-six condensates,
such as ¢?>,, 4 (g;ww)?, do provide sizable contributions
to (&), i.e. they are comparable to the lower dimensional
condensates’ contributions.

Figure 6 shows that the first three moments of the pion
leading-twist DA versus the Borel parameter M 2 where the
solid, the dashed and the dotted lines are for second, fourth
and sixth moments, respectively. By taking all uncertainty
sources into consideration, and adding the uncertainties in
quadrature, we obtain

(E)],-1 Gev = 0.338 £ 0.032, (36)
(E et Gev = 0211 £0.030, (37)
()21 Gev = 0.163 = 0.030, (38)

whose errors are dominated by the uncertainties of the
condensates (a,G2), (9,qq)? and @23, 4, (g,w). The

0.6

0.5+

0.4l 7

Sp 031 SSUs -

0.2 SITmeeal :

MZ(GeV?)

FIG. 6 (color online). The first three moments for the pion
leading-twist DA versus the Borel parameter M>.
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TABLE II.  The second Gegenbauer moment a% (1 GeV) under
the QCD sum rules and the lattice QCD, respectively. When a7 is
given with different scale other than 1 GeV, it shall be evolved to
1 GeV by using the pion DA leading-order running behavior [3].

as(1 GeV) Reference

QCD SR 0.403 £ 0.093 This paper
0.56 [5]
0.267 2 [11]
0.28 £0.08 [12]
0.19 £ 0.06 [13]
LQCD 0.381 +0.2347 0013 [16]
0.364 £0.126 [17]

present results for 4 = 1 GeV are obtained by first get the
DA behavior with the help of the moments at 4 = M and
apply the pion DA running equation [3] to run the DA from
u=M to u=1GeV, and then get the moments
at y =1 GeV.

Using those moments (36),(37),(38), together with the
formulas (27),(28),(29), we can obtain the Gegenbauer
moments a5, af and af. For example, we obtain aj|| .y =
0.403 £+ 0.093 and af|; gey = 0.320 = 0.083. We present a
comparison of a5 (1 GeV) under the SVZ sum rules and the
lattice QCD in Table II. Phenomenologically, a LCSR
analysis on the pion electromagnetic form factor gives
aj(1 GeV) =0.24+0.14 £0.08 [22] and 0.20 £0.03
[23]. A LCSR analysis on the pion transition form factor
gives a%(1 GeV) = 0.24 £0.14 + 0.08 [22], 0.19 £ 0.05
[18], 0.32 [19], 0.44 [20] and 0.27 [21]. A LCSR analysis
on the B — znlv gives a5(1 GeV) = 0.267 £ 0.228 [1],
0.19 & 0.19 + 0.08 [24] and 0.177313 [25]. Tt shows that
our present estimation of aj agrees with most of the
estimations within errors derived in the literature.
Especially, our central value is close to the lattice QCD
estimations [16,17].

Following the idea of Ref. [1], by including the corre-
lation effect from the transverse distribution, we can
construct a pion DA model as

PHYSICAL REVIEW D 90, 016004 (2014)

0.35

BaBar data

CLEO data
CELLO data ]
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0.3t
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0.25

0.2

Q2 (GeV)

% o015}

Q°F

0.1F

0.05

0 5 10 15 20 25 30 35 40
Q2 (GeV?)

FIG. 7 (color online). Q%F,,(Q*) by varying the second and
four Gegenbauer moments within their reasonable region, i.e.
a5l gev = 0403 £0.093 and af|; gey = 0.320 £0.083. The
solid line stands for the central values for Q°F,, (Q?) and
the shaded band stands for the theoretical uncertainties caused
by the Gegenbauer moments.

where the light constitute quark m, = 0.30 GeV, the error
function Erf(x) = % I e~"dt, and the longitudinal part
can be constructed as

0.(x) = [14+ B, x C*(2x = 1) + B, x CY/*(2x = 1)).

The parameters A, 3, B, and B, can be fixed by the pion
DA normalization, the constraint from 7z — yy [55] and the
above determined Gegenbauer moments a3 and aj. Several
typical values for those parameters are presented in
Table III.

V. SUMMARY

The background field theory provides an unambiguous
physical picture for both the QCD physical vacuum and the
SVZ sum rules. Under this framework, the OPE of the
correlator can be calculated systematically. For the first

b (x) = \/§Aﬂmqﬁn’ =)0, (x) time, we provide the quark propagator and the vertex up to
Mo X) = 212 f Px dimension-six operators under the background field theory.
S 5 It is noted that those newly dimension-six terms for the
« 4 Erf mg+p —Exf my quark propagator are important for a sound estimation of a
82x(1—x) 862x(1—x)| [ physics process up to dimension-six condensates. Because
the mass terms are kept explicitly in the quark propagator, it
(39) is applicable for both the massless and massive cases.
TABLE III. Typical pion DA parameters at u = 1 GeV.

a’ 0.310 0.403 0.496
aj 0.237 0.320 0.403 0.237 0.320 0.403 0.237 0.320 0.403
A, 19.297 18.874 18.477 18.291 17.912 17.545 17.348 17.003 16.666
B, 0.211 0.195 0.176 0.290 0.271 0.251 0.371 0.351 0.329
By 0.248 0.322 0.394 0.239 0.313 0.385 0.229 0.303 0.376
B.(GeV) 0.708 0.725 0.741 0.730 0.746 0.762 0.750 0.766 0.783
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In the present paper, we have studied the pion leading-
twist DA within the QCD sum rules under the background
field theory. The resultant sum rules for the DA moments
up to dimension-six condensates have been presented. It
has been found that the dimension-six condensates can
provide sizable contributions to the DA moments in
comparison to contributions from the lower dimension
condensates. Within errors, our estimation of af|;g.y =
0.403 + 0.093 agrees with most of the estimations derived
in the literature. Its central value is larger than those
determined by previous QCD sum rules, which is mainly
caused by the contribution from the dimension-six con-
densate @23, 4, (9,2

As an application of the suggested pion DA model (39),
we redraw the pion-photon TFF F,,(Q?) in Fig. 7. All the
formulas for F,,(Q?) can be found in our previous paper
[1], one only needs to change the pion DA used there to be
our present model. Figure 7 indicates that in the large Q2
region, the pion-photon TFF F, (Q?%) lies in between
the Belle data and the BABAR data, which is consistent
with the recent k; factorization estimation with the joint
resummation [56].
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APPENDIX A: THE FULL QUARK
PROPAGATOR IN THE
BACKGROUND FIELD

Within the framework of the background field theory, the
full quark propagator with various gauge invariant tensors
that shall result in up to dimension-six operators can be
written as

Sr(.0) = $2(x.0) + S3(x.0) + S} (x.0)
2 3
+3°8577x.0) + > 577 (x,0)
i=1 i=1
5 .
+ 5 (x,0)
i—1

in which the propagators with various gauge invariant
tensors are

(A1)

I
S2(x,0) = i / (62{1})74 e—fp-x{—%y(”’i’;’ - ;’2))7; G,,y}, (A3)
§3(r.0) = i / (621;1)?4 ip { % {(7"17”(; 7"_19’;) (;1 -») (ng_""pz)z} 7me/;p}’ (A4)
st =i [ gher{ (SR -2 )

A o)

SO (x,0) = i/ (‘2111)’4 e-i,,.x{i' [g{lzZ:}_(n;z_)f) 5 (nili"il’;ip y{”i);lj‘i(;)—“ﬁ)} nymm}’ (A6)

5300 =i [ Sl [ (ST E (4 ) L)

+4<(7:1(2m f)l o 4 2( g{w ;)}4 +6 (y;zm _pf))s Ppop ) }GWG,,M}, (A7)

016004-10



REVISITING THE PION LEADING-TWIST ... PHYSICAL REVIEW D 90, 016004 (2014)

d*p 2i g 6p* p*
S5( ) x.0 / e—lpx{ |:< + >}, v'y°
(x.0) = m)* 3 \(m?=p?)?  (m?—p?)*

(2
7 (m — p) oy prgvopt  yi(m—p)
2 ftr 2 e o B )G Y
" 0) i/ d*p e—ip»x{4 [g{/"’pﬂy”}(m -7 , gtre p pit N 6y{ﬂpppap/1}(m -7) B glupoh) }ny /1}
(2 4 15 (m2 _ p2)4 (mZ _ p2)4 (m2 _ p2>5 (mz _ p2)3 HV;po.
(A9)
i b [ 7" (m = p) p*
X 0) = l/ ipx _ {|: -4 :|yvypyayiyr
)= <zn> 8\ [ = p?)" <m2 )
w" m HO T | HT 0’
4 )
6(2) [ dp . 1 r(m=p)y r(m—py A r A
Sg 7 (x,0 :l/ e ’P"<——>{{37 {’7/’}—&-167;/@1) p—d——— g UpTyrt|y
P 0= [ g 8) 1 2= ) (o~ )5 = P
m—l—pf voT. m—f—ﬂ V6 4T m+ﬂ UG AT
+4 [—(m T gwo) 4 67(m2 — gtve pTptt4+48 7(’"2 - p2)6p P°p pl] 7,#;,/7}(;/“/(;/}6;% (A1)
4 M — {ud 7} 1A T
6(3) (4P i 2 (m=p) . g*p 4ptptpt ]
st 000 [ e () (e ey 00
m—i—ﬁ A +p/ A ‘hﬁ i
+ (ued.pot )y‘”r 4 {49(” o)+ 6———==g“p°pT + 48— p PP PP (1Y £ GriG e
L [y LN Tk (=) i
(A12)
S6(4>(x O)i/ d'p emipx <—l> { [4m+pf g(ufln)+6 m+y g{l/‘[p/lpa}
e (27)* 2) | [(m*=p?)* (m*—p?)°
mty oo gipth  8prp’ p »
95 (x.0) = i / d'p i) 1[8N m—p) g +6g{""p1p’7"}(m—ﬁ)
g (27)* 18| (m*=p?)* (m* = p*)* (m* = p?)
{po i T it P poptptyht (g —
g p'pp pYpp'pTytt(m—p)]
—12 (m2 _ p2)5 148 (m2 _ p2)6 :|}’ G;w;pml‘r}7 (A14)

where

GH0) = ggpo 1 oo 4 o,
e i) — gluwpo) ph 4 gaupe) pin 4 glwipa) pr 4 gluwia) pp L glupd) o
g{ﬂv pﬂ} = ¢ pP + ¢ p¥ + ¢ pH,
g pPpoh = g pPp° + ¢ p¥p° + ¢ ptp” + ¢’ P p° + ¢ Pt P’ + ¢ Pt p?
g pPpeptt = ¢ pP popt + ¢ p* ppt + ¢ pP Pt p* + ¢ pP oY + ¢ p" PPt + ¢ p’ p* pt
+ ¢ p ot + ¢ prpt + ¢ pTpt + o P
gyt = ¢y + ¢y + gorr,
gttt = pr g0t (p < p) + (<> 0) + (> 2) + (> 1),
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gl ptyt = yrglee ph + (uep) + (o) + (i),
gttt = gl pipT 4 (uep) + (ueo) + (ued) + (uor),
yWprp®t =y pp® + 1 php” + ¥ prpP,
yWprpept =y pP pept + (uep) + (ue0) + (ued).
rWpP peptp™h =y p poptpT + (nep) + (o) + (ued) + (uo),
Gyt = ¢UpTY” + ¢+ 9P+ 9P+ 9PN+ 9y

In those expressions, the mass terms are kept explicitly, which are appropriate not only for the light-quark case but also
for the heavy-quark one.

APPENDIX B: VACUUM MATRIX ELEMENTS IN THE D-DIMENSION SPACE

The vacuum matrix elements in the D-dimension space are

0lGA G j0) = — ) _gn -
< | 122 /)0'| >_ _]) (guﬂgwr g;mgyﬂ)’

8D(D
2n 5
Tre <O|G/wGpa|O> = m <asG >(gﬂpgl/0' - g/mgup)’
2 - 25AB
<O| uv; /1 po; T| > = _Wl)_l) Z<gsll"//> [2911' (gypgva - g/wgup) + Yap (gmgm/ - grygaﬂ)_g/lo' (gmgpv - g‘tl/gpﬂ)} ’
u,d,s
8 _
Tre (016G |0) = = mﬁz (959?292 (9p G0 = Guo9up) + 9ip(Geu9or = 9r1901) =930 (GeuFpw = Gev G
ud.s
(fG6%)

(0/G4,G5,G5.10) = DD -1)(D-2) S22 (90 (90290t = 902902) = G (9029 pe = GueGps)]

- [gl/ﬂ (g/ulgaf - g/u'gml) - gut)'(g,ulgpr - gﬂrgpl)]}’
TrC <O|G G/)GG/11|O>

1
4D( ])(D _ 2) <g§fG3>{[gW)(gw1.go'r - gm'go'l) - .g/m'(gl//lgpf - gm’g/)/l)]

- [gvp (gﬂ/lgm: - g/ngml) - gwf(gﬂigpr - g/ngpl)]}’

<O|GA Gf{; ﬂr|0> = 5AB{ <a X Z<95V7V/>2 —bx <ngG3>> [2gif(guogup - gypglm) + gpf(gﬂo‘gu/l - gyigun)
u,d,s

—oe(Guin — Gt} + ( X S g+ b <gstS>)

u,d,s

X [gu‘r(gpugo% - gplgmf) + gw(gpllgay - gpygall)]}’

TrC<O|G G/}{S ﬁ‘r|0 =4 (a X g\Z QJI/II/ b x <g%fG3>> [zgﬂr(gﬂﬂgy/) - gﬂ/)gy(i) + g/n'(g;mgy}, - gﬂ/lgv(r)
u.d,s

_gm'(gﬂlgup - gﬂpQﬂl)] +4 (Cl X gsz gsl//l// + b x < ng3>>

u,d.,s

X [gyr(g/wgo'/l - gp/lguﬂ) + gw(gpllgzw - gpy.%/l)]’
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where

-2 3
= N b :—’
9D*(D - 1)(D +2) 32D*(D - 1)

a

and the symbol Tr stands for tracing to the color matrixes.
Obviously,

(0162, GAJ0) = (OIGAGE,,,

0).

Our results agree with those of Refs. [57-59], except for
the matrix element (0|G;,G5 ;. [0). The result for
(0G;,GP, ,.10) given Ref. [59] is incorrect. It is noted
that the correct equation for DZG,*}U is

PHYSICAL REVIEW D 90, 016004 (2014)

~ 3
DZG;?U = ngfABC[GB GS;I - Gll/;(lG[il] + G/é(l;(ll/ -

A
pa Gua;(m s

(B1)
while in Ref. [59], the coefficient of the first term has been

taken as 1.
As a final remark, by making use of the equation

[Dw DD}AB = _gszBCGgw (BZ)
we can obtain a useful relation
8 _
(RIG) = 5503 o5y (B3)
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