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The mass spectra of the Ds meson is obtained in the framework of the relativistic independent quark
model using a Martin-like potential for the quark confinement. The predicted excited states are in good
agreement with the experimental results as well as with the lattice and other theoretical predictions.
The spectroscopic parameters are employed further to compute the decay constant, electromagnetic
transition and leptonic decay widths. The present result for its decay constant, fP (252.82 MeV) is in
excellent agreement with the value 252.6� 11.1 MeV reported by CLEO-c. The predicted branching
ratios for ðDs → τν̄τ; μν̄μÞ (5.706 × 10−2; 5.812 × 10−3) are in close agreement with the values
[ð5.43� 0.31Þ × 10−2; ð5.90� 0.33Þ × 10−3] reported in Particle Data Group. The Cabibbo favored
semileptonic branching ratio of ½Ds → ϕeþνeð2.01%Þ� and that of the hadronic decay ½Ds → ϕπþð4.62%Þ�
are in very good agreement with the respective Particle Data Group values, and the branching ratio
½Ds → K0πþð2.16 × 10−3Þ� is in very good agreement with the branching ratio of ð2.40� 0.18Þ × 10−3

reported by Belle collaboration.
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I. INTRODUCTION

Having played a major role in the foundation of QCD,
heavy hadron spectroscopy has witnessed in the past few
years a renewal of interest due to many new states observed
in recent years. The remarkable progress at the experi-
mental [1] side, with various high energy machines at
BABAR, BELLE, BES-III, B-factories, Tevatron, ARGUS
collaborations, CLEO, CDF, SELEX, DØ etc., for the study
of hadrons has opened up new challenges in the theoretical
understanding of hadrons containing one or more heavy
flavor quarks. Many of the newly discovered states in the
heavy flavor sector do not really fit into our understanding
of the conventional mesons. Thus, understanding the
structure of these exotic states, particularly the new states
Zcð3900Þ [2], Yð4260Þ [2] etc. above the DK (D�K)
threshold attracted considerable interest in the field of
hadron spectroscopy very recently. Apart from the chal-
lenges posed by the exotics, there are also many states
which are the radial and orbital excited states of the known
hadrons or admixtures of their nearby states. Particularly,
the discoveries of new resonances of Ds states such as
Dsð2638Þ [3], Dsð2710Þ [4], Dsð2860Þ [5], Dsð3040Þ [5]
etc., have further generated considerable interest towards
the spectroscopy of this double open flavor mesons. Study
of the Ds meson carries special interest as it is a hadron
with two open flavors (c; s̄) that restricts its decay via
strong interactions. These particles thus provide us a clean

laboratory to study electromagnetic and weak interactions.
The masses of low-lying 1S and 1PJ states of Ds mesons
are recorded both experimentally [1] and theoretically
[6–15]. However, the existing results on excited heavy-
light mesons are partially inconclusive and even contra-
dictory in several cases.
Thus, any attempts towards the understanding of these

newly observed states become very important for better
understanding the quark-antiquark dynamics within theQq̄
bound state. So, a successful theoretical model can provide
important information about the quark-antiquark inter-
actions and the behavior of QCD within the doubly open
flavor hadronic system. Though there exist many theoreti-
cal models [6–9] to study the hadron properties based on its
quark structure, the predictions for low-lying states are off
by 60–90 MeV with respect to the respective experimental
values. Moreover, the issues related to the hyperfine and
fine structure splitting of the mesonic states; their intricate
dependence with the constituent quark masses and the
running strong coupling constant are still unresolved.
Though the validity of nonrelativistic models is very well
established and significantly successful for the description
of heavy quarkonia, disparities exist in the description of
meson containing light flavor quarks or antiquarks.
Apart from the successful predictions of the mass

spectra, validity of any phenomenological model depends
also on the successful predictions of their decay properties.
For better predictions of the decay widths, many models
have incorporated additional contributions such as radiative
and higher order QCD corrections [14,16–19]. Thus, in this
paper we make an attempt to study properties like mass
spectrum, decay constants and other decay properties of the
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Ds meson based on a relativistic Dirac formalism. We
investigate the heavy-light mass spectra of the Dsðcs̄Þ
meson in this framework with Martin-like confinement
potential.
Along with the mass spectra, the pseudoscalar decay

constants of the heavy-light mesons have also been
estimated in the context of many QCD-motivated approx-
imations. The predictions of such methods cover a wide
range of values [20,21]. It is important to have a reliable
estimate of the decay constant as it is an important
parameter in many weak processes such as quark mixing,
CP violation, etc. The leptonic decay of charged meson
is another important annihilation channel through the
exchange of the virtual W boson. Though this annihilation
process is rare, they have clear experimental signatures due
to the presence of highly energetic leptons in the final state.
There exist experimental observations of the leptonic
decays of Ds meson. The leptonic decays of mesons entail
an appropriate representation of the initial state of the
decaying vector mesons in terms of the constituent quark
and antiquark with their respective momenta and spin. The
bound constituent quark and antiquark inside the meson
are in definite energy states having no definite momenta.
However, one can find out the momentum distribution
amplitude for the constituent quark and antiquark inside
the meson immediately before their annihilation to a
lepton pair. Thus, it is appropriate to compute the leptonic
branching ratio here and compare our result with the
experimental values as well as with the predictions based
on other models.

II. THEORETICAL FRAMEWORK

The quark confining interaction of meson is considered
to be produced by the nonperturbative multigluon mecha-
nism and this mechanism is unfeasible to estimate theo-
retically from first principles of QCD. On the other hand,
there exists ample experimental support for the quark
structure of hadrons. This is the origin of phenomenologi-
cal models which are proposed to understand the properties
of hadrons and quark dynamics at the hadronic scale. In this
context for the present study, we assume that the constituent
quarks inside a meson are independently confined by an
average potential of the form [22]

VðrÞ ¼ 1

2
ð1þ γ0Þðλr0.1 þ V0Þ: ð1Þ

To first approximation, the confining part of the interaction
is believed to provide the zeroth-order quark dynamics
inside the meson through the quark Lagrangian density,

L0
qðxÞ ¼ ψ̄qðxÞ

�
i
2
γμ ~∂μ − VðrÞ −mq

�
ψqðxÞ: ð2Þ

In the stationary case, the spatial part of the quark wave
functions ψð~rÞ satisfies the Dirac equation given by

½γ0Eq − ~γ ~P−mq − VðrÞ�ψqð~rÞ ¼ 0: ð3Þ

The solution of the Dirac equation can be written in two
component (positive and negative energies in the zeroth
order) form as

ψnljðrÞ ¼
�
ψ ðþÞ
nlj

ψ ð−Þ
nlj

�
; ð4Þ

where

ψ ðþÞ
nlj ð~rÞ ¼ Nnlj

�
igðrÞ=r

ðσr̂ÞfðrÞ=r
�
Yljmðr̂Þ; ð5Þ

ψ ð−Þ
nlj ð~rÞ ¼ Nnlj

�
iðσr̂ÞfðrÞ=r

gðrÞ=r
�
ð−1Þjþmj−lYljmðr̂Þ ð6Þ

and Nnlj is the overall normalization constant. The
normalized spin angular part is expressed as

Yljmðr̂Þ ¼
X
ml;ms

�
l; ml;

1

2
; msjj; mj

�
Yml
l χms

1
2

: ð7Þ

Here the spinor χ1
2
ms

are eigenfunctions of the spin
operators,

χ1
2
1
2
¼

�
1

0

�
; χ1

2
−1
2
¼

�
0

1

�
: ð8Þ

The reduced radial part gðrÞ of the upper component and
fðrÞ of the lower component of Dirac spinor ψnljðrÞ are the
solutions of the equations given by

d2gðrÞ
dr2

þ
�
ðED þmqÞ½ED −mq − VðrÞ� − κðκ þ 1Þ

r2

�
gðrÞ

¼ 0 ð9Þ

and

d2fðrÞ
dr2

þ
�
ðED þmqÞ½ED −mq − VðrÞ� − κðκ − 1Þ

r2

�
fðrÞ

¼ 0: ð10Þ

It can be transformed into a convenient dimensionless
form given as [23]

d2gðρÞ
dρ2

þ
�
ϵ − ρ0.1 −

κðκ þ 1Þ
ρ2

�
gðρÞ ¼ 0 ð11Þ

and

d2fðρÞ
dρ2

þ
�
ϵ − ρ0.1 −

κðκ − 1Þ
ρ2

�
fðρÞ ¼ 0: ð12Þ
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In terms of dimensionless variable ρ ¼ ðr=r0Þ with the
arbitrary scale factor chosen conveniently as

r0 ¼
�
ðmq þ EDÞ

λ

2

�
−10
21

; ð13Þ

and a corresponding dimensionless energy eigenvalue
defined as

ϵ ¼ ðED −mq − V0Þðmq þ EDÞ 1
21

�
2

λ

�20
21

: ð14Þ

Here, it is suitable to define a quantum number κ by

κ ¼
�−ðlþ 1Þ ¼ −ðjþ 1

2
Þ for j ¼ lþ 1

2

l ¼ þðjþ 1
2
Þ for j ¼ l − 1

2
:

ð15Þ

Equations (11) and (12) now can be treated similar to the
radial Schrödinger equation with a potential ρν which can
be solved numerically [24].
The solutions gðρÞ and fðρÞ are normalized to getZ

∞

0

ðf2qðrÞ þ g2qðrÞÞdr ¼ 1: ð16Þ

The wave function for a Dsðcs̄Þ meson now can be
constructed using Eqs. (5) and (6) and the corresponding
mass of the quark-antiquark system can be written as

MQq̄ ¼ EQ
D þ Eq̄

D; ð17Þ

where EQ=q̄
D are obtained using Eqs. (14) and (15). For

the spin triplet (vector) and spin singlet (pseudoscalar)
state, the choices of (j1, j2) are ððl1 þ 1

2
Þ; ðl1 þ 1

2
ÞÞ and

ððl1 þ 1
2
Þ; ðl1 − 1

2
ÞÞ respectively. The previous work of

independent quark model within the Dirac formalism by
[22] has been extended here by incorporating the spin-spin,
spin-orbit and tensor interactions of the confined one-gluon
exchange potential (COGEP) [25,26], in addition to the
j − j coupling of the quark-antiquark. Finally, the mass of
the specific 2Sþ1LJ states of the Qq̄ system is expressed as

M2Sþ1LJ
¼MQq̄ðn1l1j1;n2l2j2ÞþhVj1j2

Qq̄ iþhVLS
Qq̄iþhVT

Qq̄i:
ð18Þ

The spin-spin part is defined here as

hVj1j2
Qq̄ ðrÞi ¼

σhj1j2JMjĵ1 ĵ2 jj1j2JMi
ðEQ þmQÞðEq̄ þmq̄Þ

; ð19Þ

where σ is the j − j coupling constant. The expectation
value of hj1j2JMjĵ1 ĵ2 jj1j2JMi contains the (j1j2) cou-
pling and the square of Clebsch-Gordan coefficients. The
tensor and spin-orbit parts of the confined one-gluon
exchange potential (COGEP) [25,26] are given by

VT
Qq̄ðrÞ ¼ −

αs
4

N2
QN

2
q̄

ðEQ þmQÞðEq̄ þmq̄Þ

⊗ λQλq̄

��
D″

1ðrÞ
3

−
D0

1ðrÞ
3r

�
SQq̄

�
; ð20Þ

where SQq̄ ¼ ½3ðσQ~̂rÞðσq̄~̂rÞ − σQσq̄� and ~̂r ¼ ~̂rQ − ~̂rq̄ is the
unit vector in the direction of ~r and

VLS
Qq̄ðrÞ ¼

αs
4

N2
QN

2
q̄

ðEQ þmQÞðEq̄ þmq̄Þ
λQλq̄
2r

⊗ ½½r × ðp̂Q − p̂qÞðσQ þ σqÞ�ðD0
0ðrÞ þ 2D0

1ðrÞÞ
þ ½r × ðp̂Q þ p̂qÞðσQ − σqÞ�ðD0

0ðrÞ −D0
1ðrÞÞ�;

ð21Þ

where αs is the strong coupling constant and it is
computed as

αs ¼
4π

ð11 − 2
3
nfÞ logð E2

Q

Λ2
QCD

Þ
ð22Þ

with nf ¼ 3 and ΛQCD ¼ 0.150 GeV. In Eq. (21) the
spin-orbit term has been split into symmetric ðσQ þ σqÞ
and antisymmetric ðσQ − σqÞ spin-orbit terms.
We have adopted the same parametric form of the

confined gluon propagators which are given by [25,26]

D0ðrÞ ¼
�
α1
r
þ α2

�
expð−r2c20=2Þ ð23Þ

and

D1ðrÞ ¼
γ

r
expð−r2c21=2Þ ð24Þ

with α1 ¼ 0.036, α2 ¼ 0.056, c0 ¼ 0.1017 GeV,
c1 ¼ 0.1522 GeV, γ ¼ 0.0139. Other optimized model
parameters employed in the present study are listed in
Table I. The computed S-wave masses and other P-wave
and D-wave masses of Ds meson states are listed in
Tables II and III respectively. A statistical analysis of the
sensitivity of the model parameters [i.e., potential strength

TABLE I. The fitted model parameters for the Ds systems.

System parameters Ds

Quark mass (in GeV) ms ¼ 0.1 and mc ¼ 1.27
Potential strength (λ) 2.2655þ B GeVνþ1

V0 −2.6155 GeV
Centrifugal parameter (B) ðn � 0.153Þ GeV−1 for l ¼ 0

ððnþ lÞ � 0.1267Þ GeV−1 for l ≠ 0
σ (j − j coupling strength) 0.0055 GeV3 for l ¼ 0

0.2696 GeV3 for l ≠ 0
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(λ) and j − j coupling strength σ in the present case] shows
about 0.76% variations in the binding energy with 5%
changes in the parameters λ and σ. Figure 1 shows the
energy level diagram of Ds meson spectra along with
available experimental results.

III. MAGNETIC (M1) TRANSITIONS OF OPEN
CHARM MESON

Spectroscopic studies led us to compute the decay widths
of energetically allowed radiative transitions of the type

A → Bþ γ among several vector and pseudoscalar states of
Ds meson. The magnetic transition corresponds to spin flip
and hence the vector meson decay to pseudoscalar V → Pγ
represents a typical M1 transition. Such transitions are
experimentally important to the identification of newly
observed states. Assuming that such transitions are single
vertex processes governed mainly by photon emission from
independently confined quark and antiquark inside the
meson, the S-matrix elements in the rest frame of the initial
meson are written in the form

TABLE II. S-wave Ds (cs̄) spectrum (in MeV).

Experiment

nL JP State MQq̄ hVj1j2
Qq̄ i Present Meson Mass [1] [27]a [28]b [15]c [29]d

1S 1− 13S1 2113.2 0.73 2113.9 D�
s 2112.3� 0.5 2111 2117 2107

0− 11S0 1970.1 −1.84 1968.3 Ds 1968.49� 0.32 1969 1970 1969
2S 1− 23S1 2717.3 0.46 2717.8 D�

sð2710Þ 2710þ12
−7 [30,31] 2728 2731 2723 2714

0− 21S0 2634.6 −1.06 2633.5 Dsð2632Þ 2632.5� 1.7 [3] 2656 2688 2684 2640
3S 1− 33S1 3263.5 0.33 3263.8 3200 3242 3180

0− 31S0 3203.2 −0.75 3202.4 3140 3219 3158
4S 1− 43S1 3781.4 0.25 3781.6 3669 3571

0− 41S0 3732.7 −0.57 3732.1 3652 3556
aSemirelativistic model.
bQuasipotential approach.
cRelativistic quark-antiquark potential (Coulomb plus power) model.
dNonrelativistic constituent quark model.

TABLE III. P-wave and D-wave Ds (cs̄) spectrum (in MeV).

Experiment

nL JP State MQq̄ hVj1j2
Qq̄ i hVTi hVLSi Present Meson Mass [1] [27] [28] [15] [29]

1P 2þ 13P2 2520.9 19.24 −3.71 48.23 2584.7 Ds2ð2573Þ 2571.9� 0.8 2571 2566 2559
1þ 13P1 2520.9 25.65 18.54 −48.23 2516.9 Ds1ð2536Þ 2535.12� 0.13 2536 2540 2510
0þ 13P0 2520.9 −38.47 −37.08 −96.46 2349.0 Ds0ð2317Þ 2317.8� 0.6 2509 2444 2344
1þ 11P1 2421.7 13.84 0 0 2435.6 Ds1ð2460Þ 2459.6� 0.6 2574 2530 2488

2P 2þ 23P2 3018.3 13.87 −6.28 81.75 3107.6 3045 3142 3048 3040
1þ 23P1 3018.3 18.50 31.40 −81.75 2986.4 DsJð3040Þ 3044þ30

−9 [5] 3040 3067 3019 2958
0þ 23P0 3018.3 −27.75 −62.8 −163.51 2764.3 2970 3054 2947 2830
1þ 21P1 2949.4 9.64 0 0 2959.0 3020 3154 3023 2995

3P 2þ 33P2 3479.7 10.76 −8.53 111.06 3593.0 3580
1þ 33P1 3479.7 14.34 42.64 −111.06 3425.6 3519
0þ 33P0 3479.7 −21.51 −85.27 −222.13 3150.9 3513
1þ 31P1 3426.0 7.37 0 0 3433.4 3618

1D 3− 13D3 2952.7 −21.79 −0.03 0.49 2931.4 D�
sJð2860Þ 2862þ6

−3 [5] 2840 2971 2834 2811
2− 13D2 2952.7 −64.74 0.11 −0.25 2887.8 2885 2961 2816 2788
1− 13D1 2952.7 −109.81 −0.11 −0.75 2842.0 2870 2913 2873 2804
2− 11D2 2874.3 −2.65 0 0 2871.6 2828 2931 2896 2849

2D 3− 23D3 3423.7 −15.72 −0.03 0.52 3408.4 3285 3469 3263 3240
2− 23D2 3423.7 −46.71 0.11 −0.26 3376.8 3456 3248 3217
1− 23D1 3423.7 −79.23 −0.11 −0.79 3343.5 3290 3383 3292 3217
2− 21D2 3363.7 −1.87 0 0 3361.8 3403 3312 3260

3D 3− 33D3 3870.9 −12.06 −0.04 0.60 3859.4
2− 33D2 3870.9 −35.85 0.13 −0.30 3834.9
1− 33D1 3870.9 −60.80 −0.13 −0.91 3809.1
2− 31D2 3821.7 −1.42 0 0 3820.3
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SBA ¼
�
Bγj − ie

Z
d4xT

�X
q

eqψ̄qðxÞγμψqðxÞAμðxÞ
�
jA
�
:

ð25Þ

The common choice of the photon field AμðxÞ is made here
in Coulomb gauge with ϵðk; λÞ as the polarization vector of
the emitted photon having energy momentum ðk0 ¼ jkj;kÞ
in the rest frame of A. The quark field operators find
possible expansions in terms of the complete set of positive
and negative energy solutions given by Eqs. (5) and (6) in
the form

ΨqðxÞ ¼
X
ζ

½bqζψ ðþÞ
qζ ðrÞ expð−iEqζtÞ

þb†qζψ
ð−Þ
qζ ðrÞ expðiEqζtÞ�; ð26Þ

where the subscript q stands for the quark flavor and ζ

represents the set of Dirac quantum numbers. Here bqζ and
b†qζ are the quark annihilation and the antiquark creation
operators corresponding to the eigenmodes ζ. After some
standard calculations (the details of calculations can be
found in Refs. [32–34]), the S-matrix elements can be
expressed as

SBA ¼ i

ffiffiffiffiffiffiffiffiffiffi�
α

k

�s
δðEB þ k − EAÞ

X
q;m;m0

hBj½Jqm0mðk; λÞb†qm0bqm

−~J ~q
mm0 ðk; λÞ ~b†qm0 ~bqm�jAi: ð27Þ

Here EA ¼ MA, EB ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þM2

B

p
and (m;m0) are the

possible spin quantum numbers of the confined quarks
corresponding to the ground state of the mesons. We have

Jqm0mðk; λÞ ¼ eq

Z
d3r expð−i~k ~rÞ½ψ̄qm0 ðrÞ~γ ~ϵðk; λÞψqmðrÞ�;

ð28Þ

~J ~q
mm0 ðk; λÞ ¼ eq

Z
d3r expð−i~k ~rÞ½ϕ̄qmðrÞ~γ ~ϵðk; λÞϕqm0 ðrÞ�:

ð29Þ

One can reduce the above equations to simple forms as

Jqm0mðk; λÞ ¼ −iμqðkÞ½χ†mð~σ ~KÞχm� ð30Þ

and

~J ~q
mm0 ðk; λÞ ¼ iμqðkÞ½~χ†mð~σ ~KÞ~χm�; ð31Þ

where ~K ¼ ~k × ~ϵðk; λÞ. Equation (27) further simplified to
get

SBA ¼ i

ffiffiffiffiffiffiffiffiffiffi�
α

k

�s
δðEB þ k − EAÞ

×
X
q;m;m0

hBjμqðkÞ½χ†m0 ~σ ~K χmb
†
qm0bqm

þ ~χ†m~σ ~K ~χm0 ~b†qm0 ~bqm�jAi; ð32Þ

where μqðkÞ is expressed as

μqðkÞ ¼
2eq
k

Z
∞

0

j1ðkrÞfqðrÞgqðrÞdr; ð33Þ

where j1ðkrÞ is the spherical Bessel function and the energy
of the outgoing photon in the case of a vector meson
undergoing a radiative transition to its pseudoscalar state,
for instance, D�

s → Dsγ is given by

k ¼ M2
D�

s
−M2

Ds

2MD�
s

: ð34Þ

The relevant transition magnetic moment is expressed as

μD�
sDs

ðkÞ ¼ 1

3
½2μcðkÞ − μsðkÞ�: ð35Þ

Now, the magnetic (M1) transition width of D�
s → Dsγ can

be obtained as

ΓD�
s→Dsγ ¼

4α

3
k3jμD�

sDs
ðkÞj2: ð36Þ

The computed transition widths of low-lying S-wave states
are tabulated in Table VI and are compared with other
model predictions.

FIG. 1 (color online). Ds meson spectra.

MASS SPECTRA AND DECAY PROPERTIES OF Ds … PHYSICAL REVIEW D 90, 014009 (2014)

014009-5



IV. DECAY CONSTANT OF DS MESON

The decay constant of a meson is an important parameter
in the study of leptonic or nonleptonic weak decay
processes. The decay constant (fp) of the pseudoscalar
state is obtained by parametrizing the matrix elements of
weak current between the corresponding meson and the
vacuum as [35]

h0jq̄γμγ5cjPμi ¼ ifpPμ: ð37Þ

It is possible to express the quark-antiquark eigenmodes
in the ground state of the meson in terms of the corre-
sponding momentum distribution amplitudes. Accordingly,
eigenmodes, ψ ðþÞ

A in the state of definite momentum p and
spin projection s0p can be expressed as

ψ ðþÞ
A ¼

X
s0p

Z
d3pGqðp; s0pÞ

ffiffiffiffiffiffi
m
Ep

r
Uqðp; s0pÞ expði~p ~rÞ;

ð38Þ

where Uqðp; s0pÞ is the usual free Dirac spinors.
In the relativistic quark model, the decay constant can be

expressed through the meson wave function GqðpÞ in the
momentum space [33,36]

fP ¼
�

3jIpj2
2π2MpJp

�1
2

: ð39Þ

Here Mp is mass of the pseudoscalar meson and Ip and Jp
are defined as

Ip ¼
Z

∞

0

dpp2AðpÞ½Gq1ðpÞG�
q2ð−pÞ�

1
2; ð40Þ

Jp ¼
Z

∞

0

dpp2½Gq1ðpÞG�
q2ð−pÞ�; ð41Þ

respectively, where

AðpÞ ¼ ðEp1 þmq1ÞðEp2 þmq2Þ − p2

½Ep1Ep2ðEp1 þmq1ÞðEp2 þmq2Þ�12
ð42Þ

and Epi
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ki2 þm2

qi

q
.

The computed decay constants of the Ds meson from 1S
to 4S states are tabulated in Table VII. The present result for
the 1S state is compared with experimental as well as other
model predictions. There are no model predictions avail-
able for comparison of the decay constants of the 2S to 4S
states.

V. LEPTONIC DECAY OF DS MESON

Charged mesons produced from a quark and antiquark
can decay to a charged lepton pair when these objects

annihilate via a virtualW� boson as given in Fig. 2. Though
the leptonic decays of open flavor mesons belong to rare
decay [38,39], they have clear experimental signatures due
to the presence of highly energetic leptons in the final state.
Such decays are very clean due to the absence of hadrons in
the final state [40]. The leptonic width of the Ds meson is
computed using the relation given by

ΓðDþ
s → lþνlÞ ¼

G2
F

8π
f2Ds

jVcsj2m2
l

�
1 −

m2
l

M2
Ds

�
2

MDs
ð43Þ

in complete analogy to πþ → lþν. These transitions are
helicity suppressed; i.e., the amplitude is proportional
to ml, the mass of the lepton l. The leptonic widths of
theDs (11S0 state) meson are obtained from Eq. (43) where
the predicted values of the pseudoscalar decay constant fDs

along with the masses of MDs
and the PDG value for

Vcs ¼ 1.006 are used. The leptonic widths for the separate
lepton channel are computed for the choices of ml¼τ;μ;e.
The branching ratio (BR) of these leptonic widths is then
obtained as

BR ¼ ΓðDs → lþνlÞ × τ; ð44Þ

where τ is the experimental lifetime of the Ds meson. The
respective leptonic widths are tabulated in Table VIII along
with other model predictions as well as with the exper-
imental values. Our results are found to be in accordance
with the available experimental values.

VI. EXCLUSIVE SEMILEPTONIC AND
HADRONIC DECAYS OF DS MESON

The exclusive decays of heavy flavor hadrons play an
important role in the determination of fundamental param-
eters of the electroweak standard model and in the develop-
ment of a deeper understanding of QCD. Exclusive decays
into few-body final states are often easier to measure, but
the theory of exclusive processes is more demanding and
hence still underdeveloped. The semileptonic and hadronic
decays in exclusive modes are particularly important for
testing the dynamics of heavy flavors. The Cabibbo favored
semileptonic and hadronic decays of the Ds meson and
their form factors are computed here. The form factors
relevant to semileptonic and hadronic decays are related to
the Isgur-Wise function ξðωÞ in heavy flavor symmetry.

FIG. 2. Feynman diagram for leptonic decay (M → lν̄l).
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ThesemileptonicdecayofDsmeson is throughc → qlþν,
where q ¼ d; s. The Cabibbo favored semileptonic decay
widths ΓðDs → ϕþ lþ þ νlÞ and ΓðDs → K0 þ lþ þ νlÞ
are calculated using the expression given by [41]

ΓðDs → ϕþ lþ þ νlÞ ¼
G2

FM
5
Ds

768π3
jVcsj2fðxÞjf2þðq2Þj;

ð45Þ

ΓðDs → K0 þ lþ þ νlÞ ¼
G2

FM
5
Ds

768π3
jVcdj2fðxÞjf2þðq2Þj;

ð46Þ

where fðxÞ is the phase space correction [35] and is defined
as fðxÞ¼1−8xþ8x3−x4−12x2 logx, and x is expressed
as, x ¼ ðMðϕ;K0Þ=MDs

Þ2.
Studies of flavor changing decays of heavy flavor quarks

are useful for determining the parameters of the standard
model and for testing phenomenological models which
include strong effects. The interpretation of the hadronic
decays of cmeson within a hadronic state is complicated by
the effects of strong interaction and by its interplay with the
weak interaction. The hadronic decays of heavy mesons
can be understood in this model and we assume that
Cabibbo favored hadronic decays proceed via the basic
process (c → qþ uþ d̄; q ∈ s; d) and the decay widths are
given by [35,42]

ΓðDs → ϕπþÞ ¼ Cf
G2

FjVcsj2jVudj2f2π
32πM3

Ds

× ½λðM2
Ds
;M2

ϕ;M
2
πÞ�32jf2þðq2Þj ð47Þ

for q ¼ s and

ΓðDs → K0πþÞ ¼ Cf
G2

FjVcdj2jVudj2f2π
32πM3

Ds

× ½λðM2
Ds
;M2

K0 ;M2
πÞ�32jf2þðq2Þj ð48Þ

for q ¼ d. Here, Cf is the color factor and
ðjVcsj; jVcdj; jVudjÞ are the Cabibbo-Kobayashi-Maskawa
(CKM) mixing matrices. fπ is the decay constant of the π
meson and its value is taken as 0.130 GeV. Here, fþðq2Þ is
the form factor and the factor λðM2

Ds
;M2

K0 ;M2
πÞ can be

computed as

λðx; y; zÞ ¼ x2 þ y2 þ z2 − xy − yz − zx: ð49Þ

The renormalized color factor without the interference
effect due to QCD is given by (C2

A þ C2
B). The coefficients

CA and CB are further expressed as [35]

CA ¼ 1

2
ðCþ þ C−Þ; ð50Þ

CB ¼ 1

2
ðCþ − C−Þ; ð51Þ

where

Cþ ¼ 1 −
αs
π
log

�
MW

mc

�
ð52Þ

and

C− ¼ 1þ 2
αs
π
log

�
MW

mc

�
; ð53Þ

where MW is the mass of W meson.
Consequently, the form factors f�ðq2Þ corresponding

to the Ds final state are related to the Isgur-Wise function
as [35]

f�ðq2Þ ¼ ξðωÞ MDs
�Mϕ

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
MDs

Mϕ

p : ð54Þ

The Isgur-Wise function ξðωÞ can be evaluated according
to the relation given by [42]

ξðωÞ ¼ 2

ω − 1

�
j0

�
2Eq

ffiffiffiffiffiffiffiffiffiffiffiffi
ω − 1

ωþ 1

r
r

��
; ð55Þ

where Eq is the binding energy of decaying meson and ω is
given by

ω ¼ M2
Ds

þM2
ϕ − q2

2MDs
Mϕ

: ð56Þ

For a good approximation the form factor f−ðq2Þ
does not contribute into the decay rate, so we have
neglected it here. The heavy flavor symmetry provides
model-independent normalization of the weak form factors
f�ðq2Þ either at q ¼ 0 or q ¼ qmax and we have applied
q ¼ qmax in Eqs. (45) and (46) for exclusive semileptonic
decay and q ¼ 0 in Eqs. (47) and (48) for hadronic decay.
From the computed exclusive semileptonic and hadronic
decay widths, the branching ratios of the Ds meson are
obtained from the relation

BR ¼ Γ × τ: ð57Þ

The lifetime of Ds (τDs
¼ 0.5 ps−1) is taken as the world

average value reported by Particle Data Group (PDG-2012)
[1]. The decay widths and their branching ratios are listed
in Table IX along with the known experimental and other
theoretical predictions for comparison.
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VII. RESULTS AND DISCUSSION

We have studied here the mass spectra and decay
properties of the Ds meson in the framework of relativistic
independent quark model. Our computed Ds meson spec-
tral states are in good agreement with the reported PDG
values of known states. Though there are many excited
1− states ofDs meson known experimentally, most of them
beyond 1S states are still not understood completely. In the
case of P-wave states only 13PJ, 11P1, and 21P1 of the
Ds meson are known experimentally. Our results are also
compared with other theoretical model predictions.
The predicted masses of S-wave Ds meson state 23S1

(2717.8 MeV) and 21S0 (2633.5 MeV) are in very good
agreement with the experimental result of 2710þ12

−7 MeV by
BABAR [30] and Belle [31] collaborations and 2638 MeV

for 21S0 by the SELEX collaboration [3], respectively.
The expected results of other S-wave excited states of
the Ds meson are also in good agreement with other
reported values [15,27–29]. The predicted P-wave Ds
meson states, 13P2 (2584.7 MeV), 13P1 (2516.9 MeV),
13P0 (2349.0 MeV) and 11P1 (2435.6 MeV), are in good
agreement with experimental [1] results of 2571.9�
0.8 MeV, 2535.12� 0.13 MeV, 2317.8� 0.6 MeV and
2459.6� 0.6 MeV, respectively. The 23P1 (2986.4 MeV)
and 3D3 (2931.4) are nearly 50–60 MeV off with the
experimental results of 3044þ30

−9 MeV [5] and 2862þ6
−3 MeV

[5]. However, their JP values are not yet exactly confirmed.
We consider them here as mixed states. Accordingly, D�

sJ
(2860) is found to be a mixed state of 13D3 (2931.4) and
13D1 (2842.0) with a mixing probability given by cos2 θ ¼
0.2013 and that for DsJ (3040) as a mixed state of (13P2

(3107.6) and 23P0 (2764.3) with a mixing probability given
by cos2 θ ¼ 0.8030.
In the relativistic Dirac formalism, the spin degeneracy is

primarily broken therefore, to have spin average masses of
the different spectral states we employ the spin averaging
procedure as

MCW ¼
P

Jð2J þ 1ÞMJP
Jð2J þ 1Þ : ð58Þ

The spin average or the center of weight masses MCW are
calculated from the known values of the different meson
states and are compared with other model prediction [28]
and those predicted by lattice QCD [LQCD] [37] in
Table IV. It also helps us to know the different spin
dependent contributions for the observed state.
The precise experimental measurements of the masses of

Ds meson states provided a real test for the choice of the
hyperfine and the fine structure interactions adopted in the
study ofDs meson spectroscopy. Recent study ofDs meson
mass splittings in lattice QCD [LQCD] [37] using 2� 1
flavor configurations generated with the Clover-Wilson
fermion action by the PACS-CS collaboration [37] has been
used for comparison. Present results as seen in Table V are
in very good agreement with the respective experimental
values over the lattice results [37]. In this Table, the present
results on an average, are in agreement with the available
experimental value within 6% of variations, while the
lattice QCD predictions [37] show 20% of variations.

TABLE IV. Comparison of center of mass in the Ds meson in
MeV.

MCW Present [37] [28] Experiment

1S 2077.5 2045.4� 0.215� 0.293 2075.5 2076.3
2S 2696.7 2720.2 2690.6
3S 3248.4 3236.2
4S 3769.2 3664.7
13PJ 2535.9 2552.4 2531.4
1P 2510.8 2557.8 2513.4
23PJ 3029.0 3107.2
2P 3011.5 3118.9

TABLE V. Mass splitting in Ds meson in MeV.

Splitting Present [37] [28] Experiment

13S1 − 11S0 145.6 133.1� 1.0� 1.9 143 143.8� 0.4
23S1 − 21S0 84.3 72� 24� 1 43
33S1 − 31S0 61.4 23
43S1 − 41S0 49.5 17
Ds0(2317)-1S 271.5 341.2� 7.7� 4.8 433.5 241.5� 0.8
Ds1(2460)-1S 358.1 459.8� 6.4� 6.4 498.5 383.2� 0.8
Ds1(2536)-1S 439.4 494.6� 9.2� 6.9 460.5 459.0� 0.5
Ds2(2573)-1S 507.2 536.7� 9.2� 7.5 495.5 496.3� 1.0
21S0 − 1S 556.0 654.4� 26.7� 9.2 612.5
23S1 − 1S 640.3 726.4� 20.8� 10.2 655.5 632:7þ9

−6

TABLE VI. Magnetic (M1) transition of open charm meson.

k (MeV) Γ (keV)

Process Present [15] Present PDG [1] [15] [43] [44] [45]

(1S)D�
s → Dsγ 141.24 403 0.3443 < 4500 5.98 0.13 0.48 1.12

(2S)D�
s → Dsγ 83.48 152 0.0134 0.35

(3S)D�
s → Dsγ 61.21 91 0.0030 0.08

(3S)D�
s → Dsγ 49.47 65 0.0010 0.03
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The magnetic transitions (M1) can probe the internal
charge structure of hadrons, and therefore they will likely
play an important role in determining the hadronic struc-
tures of the Ds meson. The present M1 transition widths
of Ds meson states as listed in Table VI are in accordance
with the model prediction of [44] while the upper bound
provided by PDG [1] is very wide. We do not find any
theoretical predictions for M1 transition width of excited
states for comparison. Thus we only look forward to see
future experimental support to our predictions.

The calculated pseudoscalar decay constant (fP) of theDs
meson is listed inTableVIIalongwithothermodelpredictions
as well as experimental results. The value of fDs

ð1SÞ ¼
252.81 MeV obtained in our present study is in very good
agreement with the experimental values provided by Belle
[46], BABAR [47] and CLEO-c [48,49]. The present value is
also in accordancewith other theoretical predictions for the 1S
state. The predicted fDs

for higher S-wave states are found to
increase with energy. However, there are no experimental or
theoreticalvaluesavailableforcomparison.Anotherimportant
propertyofDsmesonstudied in thepresent case is the leptonic
decay widths. The present branching ratios for Ds → τν̄τ
(5.706 × 10−2) andDs → μν̄μ (5.812 × 10−3) are in excellent
agreement with the experimental results ð5.43� 0.31Þ ×
10−2 and ð5.90� 0.33Þ × 10−3 respectively over other theo-
retical predictions vide Table VIII. Large experimental uncer-
tainty in the electron channel make it difficult for any
reasonable conclusion.
The Cabibbo favored semileptonic branching ratios

BRðDs → ϕeþνeÞ and BRðDs → ϕπþÞ obtained respec-
tively as 2.01% and 4.62% listed in Table IX are in very
good agreement with PDG values of 2.49� 0.14% and
4.5� 0.4% respectively. The BRðDs → K0πþÞ; 2.16 ×
10−3 is also in good accord with the branching ratio of
2.40� 0.18 × 10−3 reported by Belle collaboration [60].
While BRðDs → K0eþνeÞ; 6.6 × 10−3 is about 30% off with
respect to the experimental [1] value of 3.7 × 10−3. However,
by incorporating the first order QCD correction to the phase
space factor fðxÞ as [35] fðxÞ → ðfðxÞ − αs

π gðxÞÞ in Eq. (46),
we obtained the BR ðDs → K0eþνeÞ, 4.05 × 10−3 which is
comparable with the PDG value of ð3.7� 1.0Þ × 10−3.
Finally we look forward to see future experimental

support in favor of many of our predictions on the spectral
states and decay properties of the open charm-strange
meson. We would also like to extend the present scheme
to study other heavy flavor hadrons.

TABLE VII. Pseudoscalar decay constant (fP) of Ds systems
(in MeV).

fP

1S 2S 3S 4S

Present 252.81 336.56 391.74 433.16
PDG [1] 260.0� 5.4
Belle [46] 255.5� 4.2� 5.1
BABAR [47] 258.6� 6.4� 7.5
CLEO-c [48] 259.0� 6.2� 3.0
CLEO-c [49] 252.6� 11.1� 5.2
½QCDSR�a [50] 246� 6

½RPM�b [51] 256� 26

½QCDSR� [52] 245.3� 15.7
½LQCD�c [53] 244� 8

½LQCD� [54,55] 248.0� 2.5
½LQCD� [56] 260.1� 10.8
½LFQM�d [57] 264.5� 17.5
½QCDSR� [58] 241� 12

½RBSM�e [20] 248� 27

aQCD sum rule.
bRelativistic potential model.
cLattice QCD.
dLight front quark model.
eRelativistic Bethe-Salpeter method.

TABLE IX. The exclusive semileptonic and hadronic decay width and branching ratio (BR) of the Ds meson.

ΓðDsÞ (keV) BR

Process Present Present [59] Experiment [1]

Ds → ϕeþνe 2.646 × 10−8 2.01% ð2.49� 0.14Þ%
Ds → K0eþνe 8.694 × 10−9 6.60 × 10−3 ð3.7� 1.0Þ × 10−3

Ds → ϕπþ 4.724 × 10−8 4.62% 4.38� 0.35 ð4.5� 0.4Þ%
Ds → K0πþ 2.216 × 10−9 2.16 × 10−3 ð2.73� 0.26Þ × 10−3 ð2.40� 0.18Þ × 10−3 [60]

TABLE VIII. The leptonic decay width and leptonic branching ratio (BR) of the Ds meson.

ΓðDs → lν̄lÞ (keV) BR

Process Present [36] Present [15] [36] Experiment [1]

Ds → τν̄τ 7.508 × 10−8 6.090 × 10−8 5.706 × 10−2 4.22 × 10−2 4.3 × 10−2 ð5.43� 0.31Þ × 10−2

Ds → μν̄μ 7.648 × 10−9 6.240 × 10−9 5.812 × 10−3 4.25 × 10−3 4.41 × 10−3 ð5.90� 0.33Þ × 10−3

Ds → eν̄e 1.792 × 10−13 1.362 × 10−7 1.00 × 10−7 < 1.2 × 10−4
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