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We study the spectrum of heavy-light mesons within a model with linear instantaneous confining
potential. The single-quark Green function and spontaneous breaking of chiral symmetry are obtained from
the Schwinger-Dyson (gap) equation. For the meson spectrum we derive a Bethe-Salpeter equation. We
solve this equation numerically in the heavy-light limit and obtain effective restoration of chiral and Uð1ÞA
symmetries at large spins.
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I. INTRODUCTION

Confinement and chiral symmetry belong to the most
important properties of low-energy QCD. On the classical
level the massless QCD Lagrangian is invariant under the
Uð2ÞL×Uð2ÞR¼SUð2ÞR×SUð2ÞL×Uð1ÞA×Uð1ÞV group
of chiral symmetry [1]. However, the SUð2ÞA and Uð1ÞA
parts of chiral symmetry are dynamically broken. The
Uð1ÞA symmetry is also broken by a quantum anomaly
[2–4].
Dynamical symmetry breaking is responsible for the

mass generation of low-lying hadrons. For instance, from
the chiral symmetry point of view the pion is a pseudo-
Goldstone boson associated with the spontaneous broken
axial part of chiral symmetry [5]. On the other hand, recent
lattice simulations demonstrated the existence of hadrons,
even when chiral symmetry is artificially restored [6–8].
This implies that it is not only the breaking of chiral
symmetry that contributes to the hadron masses. At the
same time excited hadrons can be arranged in the approxi-
mate multiplets of chiral and Uð1ÞA groups [9–15] and this
may be considered as an indication of effective restoration
of chiral symmetry [16]. However, such effective restora-
tion still requires further experimental confirmation, which
involves a discovery of missing hadronic states.
In the case of effective restoration, the system does not

undergo a phase transition and the chiral order parameter
does not vanish. This means that the quark condensate of
the vacuum still persists, but becomes unimportant. This
may be understood considering the quarks in the meson rest
frame. In hadrons with large spins the quarks have a little
probability to be in a state with low momentum and thus
they decouple from the quark condensate.
The phenomenon of effective chiral symmetry restora-

tion has been illustrated in [17] within the chirally
symmetric confined model [18,19]. This effect has been

proven analytically and by the direct calculations of the
meson spectra in the heavy-light case for the quadratic
potential [20] and in the light-light case for the linear
potential [21,22]. The effective restoration has also been
discussed within different approaches in [23–29]. In this
work we consider the heavy-light limit of the system of two
quarks with masses m1 and m2, confined by a linear
potential. Such potential is observed in Coulomb gauge
lattice simulations [30] and can be considered as the most
realistic one from the phenomenological point of view. In
the case of massless quarks, the Hamiltonian (3) obeys
SUð2ÞL × SUð2ÞR ×Uð1ÞA ×Uð1ÞV symmetry.
When the mass of the heavy quarkm2 → ∞, the spin and

the isospin of the heavy quark and the total angular
momentum jl of the light quark are separately conserved
[31–34]. Heavy quark symmetry, which unifies the heavy
spin and heavy flavor symmetries, leads to independent
dynamics of the light quark with respect to the isospin and
spin of the heavy quark. All mesonic states can be classified
by quantum numbers of the light quark. For the fixed total
angular momentum jl ≠ 0, heavy spin symmetry implies
the existence of degenerate states with total spin J ¼ jl � 1

2
.

In Fig. 1 we present a general view of the spectrum
respecting heavy spin symmetry. The heavy flavor sym-
metry leads to a doubling of all states in the spectrum,
because of the two possible orientations of the heavy quark
isospin, i.e., each line in Fig. 1 should be considered as
an isospin doublet. The bare interaction in the model (3) is
isospin independent. It is also isospin independent in all
orders of perturbation theory, since we perform all com-
putations in the large Nc approximation, where all fermion
loops are suppressed. This leads to a doubling of all states
in the spectrum also with respect to the light quark isospin
projections.
In the case of the heavy-light system m1 ¼ 0, m2 → ∞,

at large angular momenta the restoration of chiral and
Uð1ÞA symmetries of the light quark is expected. The chiral
properties of mesons are defined by the representations of
the parity-chiral group [16], consistent with left and right
isospins ðIL; IRÞ and with JP quantum numbers. The
isospin of the heavy quark doesn’t influence the dynamics
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of the light quark, so the only possible representation of the
parity-chiral group for the heavy-light mesons is

ðIL; IRÞ ⊕ ðIR; ILÞ ¼ ð1=2; 0Þ ⊕ ð0; 1=2Þ; ð1Þ

where 1=2 is the isospin of the light quark, and the
direct sum of two irreducible representations forms a state
of well-defined parity. The possible mesons for this
representations are

Ilight ¼ 1=2; JP ¼ ðjl � 1=2Þþ
↔ Ilight ¼ 1=2; JP ¼ ðjl � 1=2Þ−: ð2Þ

The sign ↔ connects the states which must be degenerate
in the chirally symmetric mode. Therefore, the restoration
of chiral symmetry implies the appearance of parity
doublets. The general view of the meson spectrum with
restored chiral symmetry is shown in Fig. 2. Combining the
heavy spin and chiral symmetry one comes to the expected
spectrum for the heavy-light system in the chiral
mode, Fig. 3.
In the following sections within a framework of the

chirally symmetric model with the linear confining poten-
tial [18,19] we study the aspects of effective restoration of
chiral symmetry in heavy-light mesons.
The paper is organized as follows. In Sec. II we describe

the model Hamiltonian and the confining potential.
Section III is dedicated to chiral symmetry breaking in
the vacuum in the considered model. We derive the Bethe-
Salpeter equation for heavy-light mesons and show the
appearance of the heavy spin symmetry in Sec. IV. In
Sec. V we demonstrate the cancellations of the infrared
divergences in the Bethe-Salpeter equation. Numerical
results for the meson spectrum and for the corresponding
wave functions are presented in Secs. VI and VII,

respectively. In Sec. VIII we discuss effective restoration
of chiral symmetry and properties of the BSE without the
spontaneous breaking of chiral symmetry. We conclude
in Sec. IX.

II. CHIRALLY SYMMETRIC MODEL
WITH CONFINEMENT

To study effective restoration of chiral symmetry, one has
to choose a confining model with spontaneously broken
chiral symmetry in 3þ 1 dimensions. The latter remark is
of great importance, since effective chiral symmetry resto-
ration doesn’t appear in 1þ 1 dimensions, because of the
absence of rotational motion and spin. Here we consider a
model [18,19] which may be viewed as a straight-forward

0 1 2

FIG. 1. Expected spectrum for heavy spin symmetry.

0+ 0− 1−1+ 2+ 2−

FIG. 2. Expected spectrum given chiral symmetry restoration
for the light quark.

0+ 1+ 2+0− 1− 2−

FIG. 3. Expected spectrum for heavy spin symmetry and chiral
symmetry.
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generalization to the 3þ 1 dimensional case of the 1þ 1
dimensional ’t Hooft model [35,36]. It was intensively
studied in the context of chiral symmetry breaking [37] and
chiral properties of hadronic states [20,21,24].
The Hamiltonian of the model is based on the instanta-

neous current-current interaction with linear potential of the
Coulomb type,

Ĥ ¼
Z

d3xψ̄ ið~x; tÞð−i~γ · ~∇þmiÞψ ið~x; tÞ

þ 1

2

Z
d3xd3yJaμð~x; tÞKab

μνð~x − ~yÞJbνð~y; tÞ; ð3Þ

where i ¼ 1; 2 represents a summation over two different
quark masses and quark fields ψ i ¼ ðui; diÞ. The quark
current is Jaμð~x; tÞ ¼ ψ̄ ið~x; tÞγμ λa

2
ψ ið~x; tÞ and the potential

looks like

Kab
μνð~x − ~yÞ ¼ gμ0gν0δabVðj~x − ~yjÞ; ð4Þ

where a, b and μ, ν are color and Lorentz indices,
respectively.
In the case of two massless quarks, the Hamiltonian

obeys SUð2ÞL × SUð2ÞR ×Uð1ÞA ×Uð1ÞV symmetry for
both quarks. When m1 ¼ 0 and m2 ≠ 0 the symmetry
SUð2ÞL × SUð2ÞR ×Uð1ÞA ×Uð1ÞV is applicable only to
the first quark. For further calculations we absorb the color
Casimir factor in the string tension σ

λaλa

4
VðrÞ ¼ σr: ð5Þ

The Fourier transformation of the linear potential is ill
defined and requires an infrared regularization. The regu-
larization should be removed, or equivalently the infrared
limit should be taken in the final result. All physical
observables must be finite in this limit and independent
of how the potential was regularized. At the same time, the
single quark Green function can be divergent in the infrared
limit, which demonstrates that a single quark cannot be
observed within the framework of the considered and
manifestly confined model.
There exists an infinite amount of physically equivalent

regularizations. Following [38], we define the potential as

VðpÞ ¼ 8πσ

ðp2 þ μ2IRÞ2
: ð6Þ

With the given prescription one can solve the Schwinger-
Dyson (gap) and Bethe-Salpeter equations, since all inte-
grals in them are well defined. In the case of the linear
potential there are no ultraviolet divergences. For other
kinds of potentials the ultraviolet regularization and
renormalization might be necessary. For instance, this is
the case if the Coulomb interaction is added. In the
following we restrict ourselves only to the linear potential.

III. CHIRAL SYMMETRY BREAKING
AND THE GAP EQUATION

The interaction with gluon fields (or in our case self
interaction via confining potential) leads to the dressing of
the Dirac operator,

Dðp0; ~pÞ ¼ iS−1ðp0; ~pÞ ¼ D0ðp0; ~pÞ − Σðp0; ~pÞ; ð7Þ

where Σðp0; ~pÞ is the quark self-energy and the bare Dirac
operator is

D0ðp0; ~pÞ ¼ p0γ0 − ~p · ~γ −m: ð8Þ

For an instantaneous interaction the self-energy,

iΣð~pÞ ¼
Z

d4q
ð2πÞ4 Vðj~p − ~qjÞγ0

1

iS−10 ðq0; ~qÞ − Σð~qÞ γ0;

ð9Þ

is independent of the energy p0. Representing the self-
energy in terms of Lorentz-invariant amplitudes,

Σð~pÞ ¼ AðpÞ −mþ ~γ · p̂ðBðpÞ − pÞ; ð10Þ

and combining Eqs. (7) and (9) we arrive at a system of two
coupled integral equations

AðpÞ ¼ mþ 1

2

Z
d3q
ð2πÞ3 Vðj~p − ~qjÞAðqÞ

ωq
;

BðpÞ ¼ pþ 1

2

Z
d3q
ð2πÞ3 Vðj~p − ~qjÞBðqÞ

ωq
p̂ · q̂; ð11Þ

where

ωp ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
AðpÞ2 þ BðpÞ2

q
ð12Þ

is the single quark energy. Introducing a Bogoliubov
(chiral) angle

sinφp ≡ AðpÞ
ωp

; cosφp ≡ BðpÞ
ωp

ð13Þ

one can reduce the system (11) to a single integral equation,

p sinφp −m cosφp

¼ 1

2

Z
d3q
ð2πÞ3 fVðj~p − ~qjÞ

· ðsinφq cosφp − p̂ · q̂ sinφp cosφqÞg: ð14Þ

Then the expressions for the amplitudes AðpÞ and BðpÞ
become
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AðpÞ ¼ mþ 1

2

Z
d3q
ð2πÞ3 Vðj~p − ~qjÞ sinφq; ð15Þ

BðpÞ ¼ pþ 1

2

Z
d3q
ð2πÞ3 Vðj~p − ~qjÞp̂ · q̂ cosφq ð16Þ

and the single quark energy can be determined via

ωp ¼ p cosφp þm sinφp

þ 1

2

Z
d3q
ð2πÞ3 fVðj~p − ~qjÞ

· ðsinφq sinφp þ p̂ · q̂ cosφp cosφqÞg: ð17Þ
The single quark energy

ωp ¼ σ

2μIR
þ ωf

p ð18Þ

as the energy of any color state is infinite in the infrared
limit. The energies of all color-singlet states are finite and
well defined. This is the manifestation of confinement
within the considered model.
At the same time, the integral in (14) converges at p ¼ q,

since the infrared divergence of the potential exactly
cancels in the sum of the two integrand terms.
Consequently, the chiral angle and the dynamical mass

MðpÞ ¼ p tanφp ð19Þ

are finite and can be found by the numerical solution of the
gap equation (14). This solution leads to the nonzero quark
condensate,

hq̄qi ¼ −
Nc

π2

Z
∞

0

dpp2 sinφp ¼ −0.012σ3=2; ð20Þ

which signals spontaneous breaking of chiral symmetry. As
seen from the Fig. 4 and Fig. 5, the effect of chiral

symmetry breaking is large at low momenta. At large
momenta these functions both approach zero. This property
of the chiral angle is crucial for the understanding of
effective chiral symmetry restoration.

IV. BETHE-SALPETER EQUATION FOR
THE HEAVY-LIGHT SYSTEM

To describe a bound state of quarks and antiquarks we
use the homogeneous Bethe-Salpeter equation (BSE) in the
meson rest frame

χðP; pÞ ¼ −i
Z

d4q
ð2πÞ4 KðP; p; qÞS1

�
qþ P

2

�

· χðP; qÞS2
�
q −

P
2

�
; ð21Þ

where P is the mesons total momentum, p is the relative
momentum and q is the loop momentum that has to be
integrated over, S1 and S2 are the propagators for the quark
and anti-quark. KðP; p; qÞ is the Bethe-Salpeter kernel and
finally χ is the meson vertex function. In the rest frame of
the meson the total momentum becomes

Pν ¼ ðm; 0; 0; 0Þ; ð22Þ
withmbeing themass of the bound-state. For themodelwith
instantaneous interaction, the amplitude is energy indepen-
dent and in the ladder approximation the equation reads

χðm; ~qÞ ¼ −i
Z

d4q
ð2πÞ4 Vðj~p − ~qjÞγ0S1

�
q0 þ

m
2
; ~q

�

· χðm; ~qÞS2
�
q0 −

m
2
; ~q

�
γ0: ð23Þ

To solve the Bethe-Salpeter equation (23) we expand the
meson vertex function χðm; ~qÞPJM into a set of all possibleFIG. 4 (color online). Chiral angle solution for m ¼ 0.

FIG. 5 (color online). Dynamical mass function, momentum in
units of

ffiffiffi
σ

p
.
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independent Poincaré invariant amplitudes consistent with
JP quantum numbers (see Appendix A). The mesons
constructed from two quarks with different masses can
be grouped in two categories:

A∶
�
J−; J ¼ 2n

Jþ; J ¼ 2nþ 1
B∶
�
Jþ; J ¼ 2n

J−; J ¼ 2nþ 1.

In Appendix B we rewrite the BSE for two different quark
massesm1 andm2 as systems of coupled integral equations,
where each system corresponds to a certain category of
mesons. For each value of J the categories A and B contain
chiral partners, hence when chiral symmetry is effectively
restored, the equations for both categories must coincide.
To derive the Bethte-Salpeter equations for the heavy-

light mesons we assume m1 ¼ 0 and m2 → ∞. The latter
limit means that the heavy quark chiral angle becomes
constant φ2 →

π
2
. To shorten notations we denote the light

quark chiral angle φ1 as φ and

rþ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ sinφðpÞÞð1þ sinφðqÞÞ

p
r− ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − sinφðpÞÞð1 − sinφðqÞÞ

p
Z
q
≔

1

2

Z
d3q
ð2πÞ3 VðkÞ

~ψðpÞ ¼ ðψ1ðpÞ;ψ2ðpÞÞ: ð24Þ

The mass of the whole meson can be splitted into the mass
of the heavy quark and the binding energy ϵ ¼ m −m2.
The heavy quark energy is replaced by ω2ðpÞ → m2 þ σ

2μIR
,

where the last term is the corresponding infrared diver-
gence. All wave functions, propagating backwards in time,
vanish in the heavy-light limit, when the interaction is
instantaneous [20]. The remaining wave functions for the
forward motion in time are identified as ψ i;þ ≡ ψ i (see
Appendix C).
Equations for category A for J > 0 become

�
ωðpÞ þ σ

2μIR
− ϵ

�
ψ1ðpÞ ¼

Z
q

��
rþPJðp̂ · q̂Þ þ r−

ðJ þ 1ÞPJþ1ðp̂ · q̂Þ þ JPJ−1ðp̂ · q̂Þ
2J þ 1

�
ψ1ðqÞ

þ r−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JðJ þ 1Þp
2J þ 1

½PJþ1ðp̂ · q̂Þ − PJ−1ðp̂ · q̂Þ�ψ2ðqÞ
�
;�

ωðpÞ þ σ

2μIR
− ϵ

�
ψ2ðpÞ ¼

Z
q

��
rþPJðp̂ · q̂Þ þ r−

JPJþ1ðp̂ · q̂Þ þ ðJ þ 1ÞPJ−1ðp̂ · q̂Þ
2J þ 1

�
ψ2ðqÞ

þ r−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JðJ þ 1Þp
2J þ 1

½PJþ1ðp̂ · q̂Þ − PJ−1ðp̂ · q̂Þ�ψ1ðqÞ
�
; ð25Þ

and for J ¼ 0 there is only one equation,�
ωðpÞ þ σ

2μIR
− ϵ

�
ψ1ðpÞ ¼

Z
q
½rþ þ r−p̂ · q̂�ψ1ðqÞ: ð26Þ

Equations for category B for J > 0 become�
ωðpÞ þ σ

2μIR
− ϵ

�
ψ1ðpÞ ¼

Z
q

��
r−PJðp̂ · q̂Þ þ rþ

JPJþ1ðp̂ · q̂Þ þ ðJ þ 1ÞPJ−1ðp̂ · q̂Þ
2J þ 1

�
ψ1ðqÞ

þ rþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JðJ þ 1Þp
2J þ 1

½PJþ1ðp̂ · q̂Þ − PJ−1ðp̂ · q̂Þ�ψ2ðqÞ
�
; ð27Þ

�
ωðpÞ þ σ

2μIR
− ϵ

�
ψ2ðpÞ ¼

Z
q

�
½r−PJðp̂ · q̂Þ þ rþ

ðJ þ 1ÞPJþ1ðp̂ · q̂Þ þ JPJ−1ðp̂ · q̂Þ
2J þ 1

�
ψ2ðqÞ

þ rþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JðJ þ 1Þp
2J þ 1

½PJþ1ðp̂ · q̂Þ − PJ−1ðp̂ · q̂Þ�ψ1ðqÞ
�

ð28Þ

and for J ¼ 0 the equation is �
ωðpÞ þ σ

2μIR
− ϵ

�
ψ2ðpÞ ¼

Z
q
½r− þ rþp̂ · q̂�ψ2ðqÞ: ð29Þ
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The given heavy-light equations exhibit heavy-quark
spin symmetry, which involves a degeneration of states
with fixed parity and J ¼ jl � 1

2
. To prove heavy spin

symmetry, we diagonalize the Eqs. (25)–(29).
Symbolically, the matrix equations for categories A and
B read

C~ψðpÞ ¼ D~ψðqÞ; ð30Þ

with C already being in diagonal form for both categories,

C ¼ CA ¼ CB ¼
�

ωðpÞ þ σ
2μIR

− ϵ 0

0 ωðpÞ þ σ
2μIR

− ϵ

�
:

ð31Þ

Matrix D is different for categories A and B and given by

DA ¼

0
BB@

R
q

�
rþPJ þ r−

ðJþ1ÞPJþ1ðp̂·q̂ÞþJPJ−1ðp̂·q̂Þ
2Jþ1

	 R
q

�
r−

ffiffiffiffiffiffiffiffiffiffiffi
JðJþ1Þ

p
2Jþ1

½PJþ1ðp̂ · q̂Þ − PJ−1ðp̂ · q̂Þ�
	

R
q

�
r−

ffiffiffiffiffiffiffiffiffiffiffi
JðJþ1Þ

p
2Jþ1

½PJþ1ðp̂ · q̂Þ − PJ−1ðp̂ · q̂Þ�
	 R

q

�
rþPJ þ r−

JPJþ1ðp̂·q̂ÞþðJþ1ÞPJ−1ðp̂·q̂Þ
2Jþ1

	
1
CCA

DB ¼

0
BB@

R
q

�
r−PJ þ rþ

JPJþ1ðp̂·q̂ÞþðJþ1ÞPJ−1ðp̂·q̂Þ
2Jþ1

	 R
q

�
rþ

ffiffiffiffiffiffiffiffiffiffiffi
JðJþ1Þ

p
2Jþ1

½PJþ1ðp̂ · q̂Þ − PJ−1ðp̂ · q̂Þ�
	

R
q

�
rþ

ffiffiffiffiffiffiffiffiffiffiffi
JðJþ1Þ

p
2Jþ1

½PJþ1ðp̂ · q̂Þ − PJ−1ðp̂ · q̂Þ�
	 R

q

�
r−PJ þ rþ

ðJþ1ÞPJþ1ðp̂·q̂ÞþJPJ−1ðp̂·q̂Þ
2Jþ1

	
1
CCA: ð32Þ

DA and DB can be transformed into diagonal form

DA ¼
 R

q ðr−PJ−1 þ rþPJÞ 0

0
R
q ðr−PJþ1 þ rþPJÞ

�
DB ¼

 R
q ðrþPJ−1 þ r−PJÞ 0

0
R
q ðrþPJþ1 þ r−PJÞ

!
: ð33Þ

For the case J ¼ 0 the matrices C are

CJ¼0
A ¼ CJ¼0

B ¼ ωðpÞ þ σ

2μIR
− ϵ ð34Þ

and the matrices D are

DJ¼0
A ¼

Z
q
ðrþP0 þ r−P1Þ

DJ¼0
B ¼

Z
q
ðrþP1 þ r−P0Þ: ð35Þ

For each J > 0 the spectrum of J− consists of one part
that coincides with ðJ − 1Þ− and one part that coincides
with ðJ þ 1Þ−. The same is true for positive parity
solutions, what finishes the proof of the heavy quark spin
symmetry.

V. INFRARED PROPERTIES OF THE
BETHE-SALPETER EQUATION

It is crucially to note that all infrared divergences,
appearing in functions AðpÞ, BðpÞ and ωðpÞ in the limit
μIR → 0, exactly cancel in all BS equations. This ensures
the existence of finite solutions for the binding energy
spectrum and meson wave functions. Here we demonstrate
the cancellation on the example of the J ¼ 0 equation for
category A (26).

Using the representation for the Dirac delta function,

lim
μIR→0

μIR
π2

Z
d3q

1

ðð~p − ~qÞ2 þ μ2IRÞ2
fð~qÞ

¼
Z

d3qδð~p − ~qÞfð~qÞ ¼ fð~pÞ; ð36Þ

for μIR → 0 from Eq. (26) we obtain

FIG. 6 (color online). Heavy-light meson binding energy in
units of

ffiffiffi
σ

p
.
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σ

μIR
ψ1ðpÞ ¼

1

2

Z
d3q
ð2πÞ3 8πσ

π2δð~p − ~qÞ
μIR

· ½ð1þ sinφðpÞÞ
þ ð1 − sinφðpÞÞp̂ · p̂�ψ1ðpÞ: ð37Þ

The relation (37) is an identity and proofs the cancellation
of infrared divergences in the BSE.

VI. NUMERICAL RESULTS FOR THE SPECTRUM

The diagonalized equations (33) may be solved numeri-
cally (see Appendix D). In Fig. 6 we present results for the
binding energy spectrum of the heavy-light mesons.
Collecting the values for the heavy-quark spin multiplets,
in Table I we show explicitly the orbital and spin quantum
numbers for the light quark jl ¼ lþ s, as well as the
corresponding heavy-spin multiplet for the meson.
The energy gap between opposite parity members of the

same chiral multiplet, generated by chiral symmetry break-
ing, goes rapidly to zero with increasing angular momen-
tum, see Table II. In Fig. 7 the angular Regge trajectories
for the ground states of chiral partners are shown. The
trajectories exhibit asymptotically linear behavior and
coincide with each other. These numerical results prove
the effective chiral symmetry restoration for the heavy-light
mesons at large angular momenta for the considered model.
On the contrary the radial Regge trajectories do not
coincide, see Fig. 8. This demonstrates that the phenome-
non of effective chiral restoration is strongly related to the
angular momentum. For instance, it cannot appear in 1þ 1
dimensions [39] because of the absence of the rotational
motion.

VII. WAVE FUNCTIONS

Since the spectrum exhibits the effective restoration of
chiral symmetry, it must be seen also at the level of wave
functions. Continuing the classification of the states with
respect to the total angular momentum of the light quark,

we compare the chiral partners’ ground state wave func-
tions for different values of jl. As can be seen from the
respective plots, the ground state multiplets with jl ¼ 1

2
have different wave function shapes, while for jl ¼ 3

2
the

wave functions are much closer to each other and they
practically coincide for jl ¼ 7

2
, see Figures 9–11.

TABLE I. Orbital, jl, heavy-light meson binding energy.

0þ 1
2

1 − 1
2

2 − 1
2

1þ 1
2

2þ 1
2

3 − 1
2

4 − 1
2

3þ 1
2

4þ 1
2

5 − 1
2f0−; 1−g f0þ; 1þg f1−; 2−g f1þ; 2þg f2−; 3−g f2þ; 3þg f3−; 4−g f3þ; 4þg f4−; 5−g f4þ; 5þg

1.84 2.04 2.84 2.82 3.47 3.48 4.02 4.02 4.49 4.49
2.87 3.08 3.67 3.63 4.18 4.19 4.65 4.65 5.07 5.07
3.71 3.91 4.38 4.32 4.80 4.82 5.23 5.22 5.60 5.60
4.42 4.61 5.01 4.94 5.37 5.39 5.76 5.75 6.09 6.10

FIG. 7 (color online). Angular Regge trajectories for the ground
states, ε2 in units of σ.

FIG. 8 (color online). Radial Regge trajectories for chiral
partners 0þ 1

2
and 1 − 1

2
, ε2 in units of σ.

TABLE II. Energy gap between opposite parity members of the
same chiral multiplet.

Spin multiplet f0; 1g f1; 2g f2; 3g f3; 4g f4; 5g
Ground state gap 0.20 0.02 0.01 0.00 0.00
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VIII. EFFECTIVE RESTORATION OF
CHIRAL SYMMETRY FOR MESONS

In the previous sections we discussed numerical aspects
of the effective restoration of chiral symmetry, here we
perform some more analytical considerations. The increase

of the light quark total angular momentum causes the
growth of the quark relative momentum inside the meson.
This can be also seen from the wave function plots, where
the wave function’s peaks shift to the right with the increase
of jl. Then, effectively, for high jl only the high momenta
contribute to the integrals in the Bethe-Salpeter equation.
The dynamical massMðpÞ and chiral angle φðpÞ approach
zero rather fast for p → ∞ and effectively vanish in the
BSE. Here we consider the consequences of such a
vanishing.
In terms of notations (25)–(32) the diagonalized version

of Eqs. (25)–(29) can be written as

A∶C~ψðpÞ ¼
 R

q ðr−PJ−1þ rþPJÞ 0

0
R
q ðr−PJþ1þ rþPJÞ

!

× ~ψðpÞ;

B∶C~ψðpÞ ¼
 R

q ðrþPJ−1þ r−PJÞ 0

0
R
q ðrþPJþ1þ r−PJÞ

!

× ~ψðpÞ; ð38Þ

where the first and second equations describe categories A
and B of mesons, respectively. When the chiral angle is set
to zero, the coefficients rþ and r− are rþðφ ¼ 0Þ ¼ 1,
r−ðφ ¼ 0Þ ¼ 1, therefore the equations for categories A
and B from (38) become identical. And the masses of the
states with opposite parities must coincide, which is the
direct signal of chiral restoration.
Analogous considerations are applicable to the case,

where m1 ¼ 0 and m2 is an arbitrary finite constant.
Therefore, in such kind of mesons the effective restoration
of chiral symmetry is also expected.

IX. CONCLUSIONS

Within a model with the linear instantaneous Coulomb-
like confining potential between quark currents we have
demonstrated a fast effective restoration of chiral symmetry
in the spectrum of heavy-light mesons. Effective chiral
restoration leads to degenerate masses of chiral partners
(mesons with opposite parity) and to the corresponding
degeneration in the wave functions.
Chiral symmetry breaking appears in this model in the

standard way through the nonperturbative quark self-
interaction, generating a nonzero dynamical mass of the
light quark. The dynamical mass is momentum-dependent
and vanishes at large momenta. For the heavy-light mesons
with large J the typical momentum of the light quark is
high, therefore it has a small effective dynamical mass and
all quantum (loop) effects are suppressed in this limit.
To describe bound states of the heavy-light system we

derived the Bethe-Salpeter equation for two quarks with
different masses, which corresponds to a system of coupled
integral equations. Then, by taking the limitm1 → 0,m2 →
∞ we obtained a heavy-light version of the equations and

FIG. 9 (color online). Chiral partners for jl ¼ 1
2
, n ¼ 0.

FIG. 10 (color online). Chiral partners for jl ¼ 3
2
, n ¼ 0.

FIG. 11 (color online). Chiral partners for jl ¼ 7
2
, n ¼ 0.
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proved the existence of heavy spin symmetry in this limit.
When the dynamical mass is zero these equations form
exact chiral multiplets (parity doublets). This is effective
chiral restoration. Since the main physics is the same, the
system of one quark with finite, not zero mass and one
massless quark must also provide effective restoration of
chiral symmetry.
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APPENDIX A

When the light-light mesons are constructed, they can be
classified with respect to JPC quantum numbers and fall
into four categories [22]:

I∶
�
J−þ; J ¼ 2n

Jþ−; J ¼ 2nþ 1
II∶
�
Jþþ; J ¼ 2n

J−−; J ¼ 2nþ 1

III∶
�
J−−; J ¼ 2n

Jþþ; J ¼ 2nþ 1
IV∶
�
Jþ−; J ¼ 2n

J−þ; J ¼ 2nþ 1:

In the case of mesons built from the quarks with different
masses, the charge parity C is not a well-defined quantum
number. The classification of states should be done
according only to the parity P and to the angular momen-
tum J. Then to form states with definite parity and
undefined charge parity the categories I and III mix
and produce category A; categories II and IV produce
category B.

A∶
�
J−; J ¼ 2n

Jþ; J ¼ 2nþ 1
B∶
�
Jþ; J ¼ 2n

J−; J ¼ 2nþ 1:

As it is pointed out in [22], the instantaneous interaction in
the Bethe-Salpeter equation leads to the absence of the
states of category IV in the spectrum. However, this doesn’t
affect the case with different quark masses and category B
should be still considered as a union of categories II and IV.
The parametrizations for the vertex functions of catego-

ries A and B follow from their construction and are the
sums of corresponding parametrizations of categories I, III
and II, IV. Then using the formulas (A9), (A12), (A15),
(A18) from [22] one can obtain the meson rest frame vertex
functions for the instantaneous interaction.

The vertex function of category A is

χPJMðm; ~pÞ ¼ γ5YJMðp̂Þχ1ðpÞ þmγ0γ5YJMðp̂Þχ2ðpÞ
þmγ0γ5fYJþ1ðp̂Þ ⊗ ~γgJMχ3ðpÞ
þmγ0γ5fYJ−1ðp̂Þ ⊗ ~γgJMχ4ðpÞ
þmfYJðp̂Þ ⊗ ~γgJMχ5ðpÞ
þ γ5fYJþ1ðp̂Þ ⊗ ~γgJMχ6ðpÞ
þ γ5fYJ−1ðp̂Þ ⊗ ~γgJMχ7ðpÞ
þ γ0fYJðp̂Þ ⊗ ~γgJMχ8ðpÞ; ðA1Þ

where f~aJ1 ⊗ ~bJ2gJM is the coupling of two spherical
tensors of rank J1 and J2 to a spherical tensor of rank J,
YJMðp̂Þ are spherical harmonics and we denote p ¼ j~pj.
For J ¼ 0 the components 4, 5, 7, 8 are absent.
The vertex function of category B is

χPJMðm; ~pÞ ¼ YJMðp̂Þχ1ðpÞ þ fYJþ1ðp̂Þ ⊗ ~γgJMχ2ðpÞ
þ fYJ−1ðp̂Þ ⊗ ~γgJMχ3ðpÞ
þmγ5fYJðp̂Þ ⊗ ~γgJMχ4ðpÞ
þmγ0fYJþ1ðp̂Þ ⊗ ~γgJMχ5ðpÞ
þmγ0fYJ−1ðp̂Þ ⊗ ~γgJMχ6ðpÞ
þmγ0YJMðp̂Þχ7ðpÞ
þ γ0γ5fYJðp̂Þ ⊗ ~γgJMχ8ðpÞ: ðA2Þ

For J ¼ 0 the components 3, 4, 6, 8 are absent.

APPENDIX B

Here we sketch the the derivation of the coupled integral
Bethe-Salpeter equations for category A, since the equa-
tions for category B may be treated in the same way.
The vertex function in the rest frame doesn’t depend on

p0 and it is easy to take the p0 integral in the Bethe-Salpeter
equation (23)

χðm; ~pÞ¼
Z

d3q
ð2πÞ3VðkÞγ0

�
γ0ω1ðqÞþA1ðqÞ−~γ · q̂B1ðqÞ

2ω1ðqÞ

×χðm;~qÞγ0ðω1ðqÞ−mÞþA2ðqÞ−~γ · q̂B2ðqÞ
ðω1ðqÞ−mÞ2−ω2

2ðqÞ

þγ0ðω2ðqÞþmÞþA1ðqÞ−~γ · q̂B1ðqÞ
ðω2ðqÞþmÞ2−ω2

1ðqÞ

×χðm;~qÞγ0ω2ðqÞþA2ðqÞ−~γ · q̂B2ðqÞ
2ω2ðqÞ

�
γ0; ðB1Þ

where k ¼ j~p − ~qj. Then we substitute the vertex meson
functions χPJMðm; ~pÞ from (A1) and (A2) to the BSE. The
interaction kernel mixes the initial Dirac structures. To
match left hand side BSE Dirac structures with right hand
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side ones, we project out the functions χiðpÞ on the left hand side. The projection involves taking the traces of Dirac
matrices and can be done by using of formulas (B1–B6) from [22]. This leads to a system of eight coupled integral
equations for the basis elements χi. However, not all of these equations are linear independent. Introducing new functions

A1ðqÞ ¼ cosφ−ðqÞχ1ðqÞ −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J þ 1

2J þ 1

r
sinφ−ðqÞχ6ðqÞ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J

2J þ 1

r
sinφ−ðqÞχ7ðqÞ; ðB2Þ

A2ðqÞ ¼ A1ðqÞ þ 2ωþðqÞ
�
sinφþðqÞχ2ðqÞ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J þ 1

2J þ 1

r
cosφ−ðqÞχ3ðqÞ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J

2J þ 1

r
cosφþðqÞχ4ðqÞ

�
; ðB3Þ

A3ðqÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

J
2J þ 1

r
cosφþðqÞχ6ðqÞ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J þ 1

2J þ 1

r
cosφþðqÞχ7ðqÞ þ sinφþðqÞχ8ðqÞ; ðB4Þ

A4ðqÞ ¼ A3ðqÞ þ 2ωþðqÞ
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

J
2J þ 1

r
sinφ−ðqÞχ3ðqÞ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J þ 1

2J þ 1

r
sinφ−ðqÞχ4ðqÞ þ cosφ−ðqÞχ5ðqÞ

�
; ðB5Þ

we end up with four coupled integral equations,

A1ðpÞ ¼
1

2

Z
d3q
ð2πÞ3 VðkÞ

��
cosφ−ðpÞ cosφ−ðqÞPJðp̂ · q̂Þ þ sinφ−ðpÞ sinφ−ðqÞ

ðJ þ 1ÞPJþ1ðp̂ · q̂Þ þ JPJ−1ðp̂ · q̂Þ
2J þ 1

�

×

�
A1ðqÞ
ωþðqÞ

þ m2

4ωþðqÞ
A2ðqÞ
ω2þ − m2

4

�
− sinφ−ðpÞ cosφþðqÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JðJ þ 1Þp
2J þ 1

½PJþ1ðp̂ · q̂Þ − PJ−1ðp̂ · q̂Þ�

×

�
A3ðqÞ
ωþðqÞ

þ m2

4ωþðqÞ
A4ðqÞ
ω2þ − m2

4

��
ðB6Þ

A2ðpÞ ¼ A1ðpÞ þ
ωþðpÞ

2

Z
d3q
ð2πÞ3 VðkÞ

��
sinφþðpÞ sinφþðqÞPJðp̂ · q̂Þ

þ cosφþðpÞ cosφþðqÞ
ðJ þ 1ÞPJþ1ðp̂ · q̂Þ þ JPJ−1ðp̂ · q̂Þ

2J þ 1

�
×

A2ðqÞ
ω2þ − m2

4

− cosφþðpÞ sinφ−ðqÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JðJ þ 1Þp
2J þ 1

× ½PJþ1ðp̂ · q̂Þ − PJ−1ðp̂ · q̂Þ� A4ðqÞ
ω2þ − m2

4

�
ðB7Þ

A3ðpÞ ¼
1

2

Z
d3q
ð2πÞ3 VðkÞ

��
sinφþðpÞ sinφþðqÞPJðp̂ · q̂Þ þ cosφþðpÞ cosφþðqÞ

JPJþ1ðp̂ · q̂Þ þ ðJ þ 1ÞPJ−1ðp̂ · q̂Þ
2J þ 1

�

×

�
A3ðqÞ
ωþðqÞ

þ m2

4ωþðqÞ
A4ðqÞ
ω2þ − m2

4

�
− cosφþðpÞ sinφ−ðqÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JðJ þ 1Þp
2J þ 1

½PJþ1ðp̂ · q̂Þ − PJ−1ðp̂ · q̂Þ�

×

�
A1ðqÞ
ωþðqÞ

þ m2

4ωþðqÞ
A2ðqÞ
ω2þ − m2

4

��
ðB8Þ

A4ðpÞ ¼ A3ðpÞ þ
ωþðpÞ

2

Z
d3q
ð2πÞ3 VðkÞ

��
cosφ−ðpÞ cosφ−ðqÞPJðp̂ · q̂Þ

þ sinφ−ðpÞ sinφ−ðqÞ
JPJþ1ðp̂ · q̂Þ þ ðJ þ 1ÞPJ−1ðp̂ · q̂Þ

2J þ 1

�

×
A4ðqÞ
ω2þ − m2

4

− sinφ−ðpÞ cosφþðqÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JðJ þ 1Þp
2J þ 1

× ½PJþ1ðp̂ · q̂Þ − PJ−1ðp̂ · q̂Þ� A2ðqÞ
ω2þ − m2

4

�
; ðB9Þ

where ωþðpÞ ¼ 1
2
ðω1ðpÞ þ ω2ðpÞÞ and φ�ðpÞ ¼ 1

2
ðφ1ðpÞ � φ2ðpÞÞ.
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The equations above lead to the equations for heavy-
light mesons if we define a wave function as (see
Appendix C)

ψ i;�ðpÞ ¼
1

2

�
hiðpÞ �

m
2

�
1� m

2ωþðpÞ
�
giðpÞ

�
; ðB10Þ

where

h1ðpÞ ¼
A1ðpÞ
ωþðpÞ

; ðB11Þ

g1ðpÞ ¼
A2ðpÞ

ω2þðpÞ − m2

4

; ðB12Þ

h2ðpÞ ¼
A3ðpÞ
ωþðpÞ

ðB13Þ

g2ðpÞ ¼
A4ðpÞ

ω2þðpÞ − m2

4

: ðB14Þ

APPENDIX C

We derive the rest frame wave function and its projec-
tions on the components propagating backward and for-
ward in time [40].
The wave function in the rest frame is

ψP
JMðm; ~pÞ ¼ i

Z
dp0

2π
S1

�
p0 þ

m
2
; ~p

�

× χPJMðm; ~pÞS2
�
p0 −

m
2
; ~p

�
:

The quark propagator can be splitted into

Sðp0; ~pÞ ¼ Sþðp0; ~pÞ þ S−ðp0; ~pÞ; ðC1Þ

where

S�ðp0; ~pÞ ¼ i
TpP�T

†
pγ0

p0 ∓ ωðpÞ � iϵ
; ðC2Þ

Tp ¼ exp

�
−
1

2
~γ · p̂

�
π

2
− φp

��
ðC3Þ

and projectors are

P� ¼ 1� γ0
2

: ðC4Þ

The integration over p0 may be performed with the help of
equalities P�γ0 ¼ �P�, T

†
pγ0 ¼ γ0Tp and leads to

ψP
JMðm; ~pÞ ¼ Tp;1PþTp;1χ

P
JMðm; ~pÞTp;2P−Tp;2

2ωþðpÞ −m

þTp;1P−Tp;1χ
P
JMðm; ~pÞTp;2P−Tp;2

2ωþðpÞ þm
: ðC5Þ

Since T†
p ¼ T−1

p , the Foldy transformation of the wave
function ~ψP

JMðm; ~pÞ ¼ T†
p;1ψ

P
JMðm; ~pÞT†

p;2 is

~ψP
JMðm; ~pÞ ¼ PþψP

þJMðm; ~pÞP− þ P−ψ
P
−JMðm; ~pÞPþ;

ðC6Þ
where ‘þ’ and ‘−’ components correspond to the propa-
gation forward and backward, respectively. The result for
the forward and backward propagating wave function for
category A is

ψP
�JMðm; ~pÞ ¼ ψ1;�ðpÞγ5YJðp̂Þ

� ψ2;�ðpÞfYJðp̂Þ × ~γgJM: ðC7Þ

For category B, the wave functions obey

ψP
�JMðm; ~pÞ ¼

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J

2J þ 1

r
ψ1;�ðpÞ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J þ 1

2J þ 1

r
ψ2;�ðpÞ

�
× fYJþ1ðp̂Þ × ~γgJM

þ
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

J þ 1

2J þ 1

r
ψ1;�ðpÞ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J

2J þ 1

r
ψ2;�ðpÞ

�
× fYJ−1ðp̂Þ × ~γgJM: ðC8Þ

The wave function components for both categories ψ i;�ðpÞ
are defined as

ψ i;�ðpÞ ¼
1

2

�
hiðpÞ �

m
2

�
1� m

2ωþðpÞ
�
giðpÞ

�
: ðC9Þ

APPENDIX D

Here we present a procedure for the numerical solution
of the heavy-light BSE. The binding energy spectrum and
meson wave functions were calculated for three different
values of the infrared regulator μIR ¼ 0.01

ffiffiffi
σ

p
, μIR ¼

0.005
ffiffiffi
σ

p
and μIR ¼ 0.001

ffiffiffi
σ

p
. The final results were

obtained by extrapolation to the infrared limit μIR → 0,
see Fig. 12.
The chiral angle and the single quark energy, inputs to

the BSE, are obtained from the iterative solution of the gap
equation.
Taking into account the diagonalization (Sec. IV), the

Bethe-Salpeter equation for an arbitrary Jmay be viewed as

ðHðpjωðpÞÞ þ ϵÞψðpÞ ¼
Z

dqFðp; qjφðpÞ;φðqÞÞψðqÞ;
ðD1Þ
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where φðpÞ is the chiral angle, ωðpÞ is the single quark
energy and ψðpÞ is the wave function. We solve equations
of this kind by expanding the unknown wave function in
the basis

ψðpÞ ¼
XN
i¼1

CiξiðpÞ: ðD2Þ

To match the appropriate boundary conditions, we choose

ξiðpÞ ¼ pJ expð−αip2Þ ðD3Þ
for the mesons of category A and

ξiðpÞ ¼ pjJ−1j expð−αip2Þ ðD4Þ

for the mesons of category B. It is enough to use a relatively
small number of Gaussians for a sufficient accuracy of the
expansion. Then the truncated equation (D1) becomes a
system of linear equations,

ðHðpjωðpÞÞ þ ϵÞ
XN
i¼1

CiξiðpÞ

¼
Z

dqFðp; qjφðpÞ;φðqÞÞ
XN
i¼1

CiξiðqÞ: ðD5Þ

Multiplying (D5) by ξjðpÞ and integrating over p, we end
up with the generalized eigenvalue problem,

ϵD~C ¼ ðAþ BÞ~C; ðD6Þ

where

Dij ¼
Z

dpξiðpÞξjðpÞ;

Aij ¼
Z

dpξiðpÞξjðpÞHðpjωðpÞÞ;

Bij ¼
Z

dp
Z

dqξiðpÞξjðqÞFðp; qjφðpÞ;φðqÞÞ:

The solution of the problem (D6) leads to the spectrum
of binding energies and to the corresponding meson wave
functions.
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