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Metastable excited states 3P2; 3P0 of heavy alkaline earth atoms of even isotopes are studied for parity
violating (PV) effects in radiative emission of neutrino pair (RENP). PV terms arise from interference
between two diagrams containing neutrino pair emission of valence spin current and nuclear electroweak
charge density proportional to the number of neutrons in nucleus. This mechanism gives large PV effects,
since it does not suffer from the suppression of 1=ðelectronmassÞ usually present for nonrelativistic atomic
electrons. A controllable magnetic field is crucial to identify RENP process by measuring PVobservables.
Results of PV asymmetries under the magnetic field reversal and the photon circular polarization reversal
are presented for an example of Yb atom.
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I. INTRODUCTION

A hint of new physics beyond the standard gauge theory
of SUð3Þ × SUð2Þ ×Uð1Þ has been found in neutrino
oscillation experiments, establishing finite neutrino masses
with mixing. The first stage of oscillation experiments has
been able to determine two mass squared differences and
three mixing angles [1]. The next important steps are to
determine (1) the mass difference pattern, the normal vs
inverted mass hierarchical pattern, (2) the absolute neutrino
mass scale or the smallest neutrino mass, and (3) determi-
nation of the nature of mass terms, Majorana (M) or Dirac
(D) mass, along with their CP properties. Besides the
oscillation experiments decay processes of nuclear targets
are main tools of ongoing experiments [2,3].
We proposed a new method towards a future neutrino

physics; the use of atoms. The atomic process we use is
the macrocoherent radiative emission of neutrino pair
(RENP), jei → jgi þ γ þ νν from metastable atomic state
jei [4], [5]. For an unambiguous test of the weak nature of
interaction that involves radiation γ and invisible neutrinos
νν, it is crucial to directly observe odd quantities under
parity operation, since all possible QED background
processes of radiation to be rejected conserve parity.
Parity violation in atomic transitions has also been one
of the key steps towards verification of the neutral current
structure in electron interaction with nucleus. Mixture of
different parity states in heavy atoms [6] is caused by
Z-boson exchange interaction with nucleus and its
existence has been verified in atomic parity violation
experiments [7], [8], [9].
We advanced a step forward towards this direction, and

studied parity violating (PV) effects in alkaline earth atoms
of odd isotopes [10]. Alkaline earth atoms are excellent for

the purpose of PV effects, since two low lying metastable
states of 3P2; 3P0 for the initial RENP jei state have
different parity from the ground jgi state, which is required
for PV effects. PV arises from interference between parity
odd (PO) and parity even (PE) amplitudes. In the scheme
of [10] hyperfine interaction with nucleus of odd isotopes
has been used in the PE amplitude. In the present work we
shall examine alkaline earth atoms of even isotopes where
hyperfine interaction is absent.
We rely on an external magnetic field for even isotopes

to mix J ¼ 2; 0 state with J ¼ 1 state necessary for PE
amplitude of intermediate transition 3P2;0 → �P1 → 1S0
(�P1 is the mixture of 3P1 and 1P1 caused by spin-orbit
interaction). The mixing amplitude by the magnetic field
is of order μBB ∼ 50 μeVB=T divided by energy difference
of levels, to be compared with hyperfine mixing ofOðμeVÞ
[10]. The advantage of the external magnetic field in
alkaline earth atoms of even isotopes has been demon-
strated in another context, the clock transition of Yb atom
[11]. It turns out that the required Coulomb interaction with
nucleus for RENP PE amplitude gives rise to a large
amplitude in accordance with discussion in [12]. Thus, the
magnetic field application may also be important to achieve
a large enhancement for alkaline earth atoms of odd
isotopes, but we shall discuss only even isotopes in order
to avoid unnecessary complications of the mechanism.
Another merit of the applied magnetic field in even isotopes
is its controllability of magnitudes and direction in meas-
urement of PV observables. It should thus help much in
identification of RENP process in experiments.
In a series of theoretical papers we developed and

gradually refined a new, systematic experimental method
to probe the neutrino mass matrix using RENP. Following
the initial idea [4], we first discussed how to enhance
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otherwise small neutrino pair emission rates [13], [5], and
then how to extract neutrino parameters from the photon
energy spectrum [14], [5]. In the most recent work we
pointed out how to obtain a much larger RENP rate [12]
using a coherent neutrino pair emission from nucleus where
the zeroth component of vector current operates much like
the enhanced admixture of different parity states in atomic
PV experiments. Our experimental efforts towards RENP
are briefly described in [5]. Clearly, rejection of QED
background events is experimentally important, and inves-
tigation of PV effects is the next important step in RENP.
The rest of this work is organized as follows. In Sec. II

how PVobservables may arise in the standard electroweak
theory (with finite neutrino masses) by listing all PO
and PE pair emission vertices to the leading and the next
subleading orders of 1=mass. Some technical details on the
phase space integral of neutrino pair variables (helicities
and momenta) that have a direct relevance to emergence of
parity odd quantities are relegated to Appendix A. We then
calculate in Sec. III amplitudes of RENP, emphasizing how
the magnetic field dependence is disentangled. In Sec. IV
RENP rates, both parity conserving (PC) and PV, are
calculated. PC rates and PV asymmetries are given in
analytic forms using explicitly known elementary func-
tions: dependences on parameters of the neutrino mass
matrix elements are thereby clearly worked out. We then
illustrate results of numerical computations on PV observ-
ables and its asymmetry under the magnetic field and the
photon circular polarization reversals, taking the example
of the Yb J ¼ 2 → 0 transition. [PV effects are found to
vanish for 3P0. This is due to that available intermediate
states of ðJ;MÞ are much limited.] The rates have an overall
uncertain factor subject to detailed numerical simulations
dependent on experimental conditions. The spectral shape
is however determined unambiguously as function of
neutrino parameters. We are able to present spectral shapes
and PVasymmetries assuming a single unknown parameter
of smallest neutrino mass and taking other parameters
consistent with the present oscillation data [1]. Rates
related to PV are insensitive to Majorana CP phases, but
PV observables can measure the smallest mass, and make
distinction of normal and inverted hierarchical mass pat-
tern, and distinction of Majorana and Dirac neutrino. The
rest of this work consists of summary and Appendices.
We are bound to calculate amplitudes using perturbation

theory in nonrelativistic quantum mechanics, hence the
time ordering in higher orders of perturbation should be
treated with care.
Throughout this work we use the natural unit of

ℏ ¼ c ¼ 1.

II. CANDIDATE SEARCH FOR PARITY
ODD AND EVEN AMPLITUDES

Typical RENP experiments use several (at least four)
lasers for trigger and excitation. For instance, two

continuous wave lasers of different frequencies ωi; i ¼
1; 2 where 0 < ω1 < ω2;ω1 þ ω2 ¼ ϵeg and ϵeg is the
energy difference between the initial jei state and the
final jgi state, are used as triggers in counter propagating
directions (taken along z axis), while two excitation lasers
of two-photon excitation type of frequencies, ωp þ ωp0 ¼
ϵeg (all ωi’s are defined as positive) are irradiated in pulses.
Measured variables at the time of excitation pulse irradi-
ation are the number of events at each trigger frequency ω1.
By repeating measurements at different trigger frequency
combinations, one obtains the photon energy spectrum at
different frequencies ω ¼ ω1 accompanying the invisible
neutrino pair. We illustrate the experimental concept in
Fig. 1. If PV effects are large, measurements of PV
asymmetries help reject QED backgrounds, the largest
being two-photon emission. As is made clear in calcula-
tions below, one needs a large excited target number
density close to the Avogadro number per cm3 in order
to measure parity violating observables. This points
towards target atoms in a solid environment. We thus need
to study how to suppress relaxation effects on target atoms
in solid environments for a definite experimental proposal
of measuring PV quantities in RENP.
The macrocoherent three-body RENP process jei →

jgi þ γ þ νν conserves both the energy and the momentum,
giving continuous photon energy spectrum with thresholds.
Note that the spontaneous decay of dipole transition from
excited atoms conserves the energy alone, hence their
angular distribution is isotropic reflecting that atomic
recoil is not measured. In RENP there are six photon
energy thresholds at ωij ¼ ϵeg=2 − ðmi þmjÞ2=2ϵeg with
mijði; j ¼ 1; 2; 3Þ three neutrino masses of mass eigen-
states. Decomposition into six different threshold regions is
made possible by excellent energy resolution of trigger
laser frequencies.
PV effects arise from interference of two RENP ampli-

tudes of PE and PO. Note that both rates arising from the
squared PO and the squared PE amplitudes give PC rates.
There are two types of neutrino pair emission amplitudes
with regard to spatial behavior, A0ν

†
i νj, and ~A · ν†i ~σνj,

where A0 is atomic matrix element relevant to the nuclear
monopole current of neutrino pair emission, and ~A is the
one relevant to the spin current from valence electron. Each
of Aα; α ¼ 0; 1; 2; 3 contains product of E1 matrix ele-
ments, couplings and energy denominators in perturbation
theory. We use two component notation for electron
operators in the neutrino emission vertex of Aα, following

FIG. 1 (color online). Experimental concept and irradiated
lasers.
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the γ5-diagonal representation of [4]. Relevant leading
terms for PO and PE terms for pair emission of mass
eigenstates ij are given by

A0 ∝ e†
�
bij þ δij2sin2θw~σ ·

~p
me

þO

�
1

m2
e

��
eþ δijj0q;

j0q ¼ −
1

2
j0n þ

1

2
ð1 − 4sin2θwÞj0p; ð1Þ

~A ∝ e†
�
aij~σ þ δij2sin2θw

1

me
ð~p − i~σ × ~pÞ þO

�
1

m2
e

��
e;

ð2Þ

aij ¼ −U�
eiUej þ

1

2
δij;

bij ¼ U�
eiUej −

1

2
δijð1 − 4sin2θwÞ; ð3Þ

where necessary neutrino mixing matrix elements Uei have
been determined experimentally [1] whose values we use in
our following analysis. The weak mixing angle is deter-
mined experimentally; sin2 θw ∼ 0.238. The term j0q is the
nuclear monopole current contribution which gives rise to
coherently added constituent numbers [12]. We disregarded
terms of orders of 1=m2

e and 1=mN ,
In order to calculate PC and PV rates, added amplitudes

are squared, and one proceeds to calculate summation
over neutrino helicities and momenta, since neutrino
variables are impossible to measure under usual circum-
stances. Thus, using formulas in [4], we find that PV parts
of rates are proportional toZ

dPν

X
hk

ℜðA0
~A�Þ ∝

Z
dPν

X
hk

�
~pi

Ei
þ ~pj

Ej

�
¼ ~k

JijðωÞ
ω

;

ð4Þ

dPν¼
d3pid3pj

ð2πÞ2 δðωþEiþEj−ϵegÞδð~kþ ~piþ ~pjÞ: ð5Þ

The photon momentum vector ~k is thus multiplied to give
PV operator of the form, ~k · ~σ where ~σ is the electron spin
operator ×2. The explicit form of function JijðωÞ is given in
Eq. (A8) of Appendix A.
This conclusion is consistent with the ordinary view that

PV effects must arise from interference of parity odd
combination of V · A in the product of electron and quark
4-currents. The spin current of electron ∝ ~σ arises from the
spatial component of 4-axial vector A ∝ γαγ5 in the non-
relativistic limit, while the nuclear monopole current ∝ j0q
arises from the time component of 4-vector current V ∝ γα.
It is the unique combination of electron and nuclear current
operators that gives rise to large PV terms without the
suppression of 1=mass order, which became possible only
with the advent of nuclear monopole contribution given
in [12].

Alkaline earth atoms are two-electron system of the
angular momentum combination of parity odd orbitals,
sp. This combination of angular momenta appears as the
first excited group of levels in alkaline earth atoms. Two
electrons may be either in the spin triplet or the spin singlet
state in the terminology of the LS coupling scheme. Thus,
one has four different states (with the usual magnetic
degeneracy of energies), 3P2;3 P1;3 P0;1 P1, the atomic
notation of 2Sþ1LJ being used [15].
Another important consideration is that it is better to use

heavy (large atomic number) atoms for large RENP rates
[12]. This poses a problem of state mixing in the LS
scheme, which requires the use of intermediate coupling
scheme [16]. The LS coupling scheme is based on the
assumption that electrostatic interaction between electrons
is much larger than the spin-orbit interaction

P
iξðriÞ~li · ~si,

which however becomes larger for heavier atoms. In the
heaviest atoms such as Pb the jj coupling scheme becomes
a better description [16], but most of heavy atoms is well
described by the intermediate coupling scheme using the
LS basis.
In the intermediate coupling scheme applied to heavy

alkaline earth atoms one considers the mixing among states
of the same total angular momentum, since the total angular
momentum is conserved under the presence of the spin-
orbit interaction. These are 3P1 and 1P1 in the LS scheme.
Energy eigenstates are given in terms of the LS basis [17],

jþP1i ¼ cos θj1P1i þ sin θj3P1i;
j−P1i ¼ cos θj3P1i − sin θj1P1i; ð6Þ

(with � denoting larger/smaller energy state) where the
angle θ is determined by the strength of spin-orbit inter-
action in the system and is related to experimental data of
level energies. In the Yb case sin θ ∼ 0.16 [10]. Dipole
moments dðj�P1i → j1S0i needed for RENP calculation
are induced by a nonvanishing value of θ.
We now turn to a concrete explanation of how PO

amplitude arises, corresponding to the left diagram of
Fig. 2. An electron in the ns1 level of the two-electron
system of excited ns1; n0p state first makes a virtual
transition to a vacant level in ns2 by neutrino pair emission
operator ∝ e†~σe · ν†i ~σνj. Another electron in the excited
level n0p then fills the hole in ns1 by a photon emission,
completing the transition jns1n0pi → jns2ns1i þ γ þ νiνj.

np

ns1 ns1

ns2
P

3
2 S1

0

np

ns1 ns1

ns2
P

3
2 S1

0

FIG. 2 (color online). Parity odd contribution of valence
electron exchange. Neutrino pair emission contains the PE part
of vertex, as described in the text.
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One might think that another, equally contributing pos-
sibility is a process in which the neutrino pair emission and
the photon emission vertices are interchanged in the time
sequence. This is the diagram in the right of Fig. 2, but the
quantum numbers of two-electron system changes accord-
ing to 3P2 → �P1 → 1S0, thus this contribution is highly
forbidden both by E1 and the spin operators involved.
We next consider PE amplitude that may have a large

interference with this PO amplitude. In a recent work [12]
we discussed a possibility of largest PC rate using the
nuclear monopole current (time component of 4-vector
part) for neutrino pair emission. A candidate set of PE
amplitude might arise from diagrams of Figs. 3 and 4. The
neutrino pair emission proportional to the nuclear monop-
ole charge occurs from the nuclear line, and the rest consists
of the Coulomb interaction ∝ Zα=r and E1 emission. The
quantum numbers of atomic transition, 3P2 → �P1 → 1S0,
dictate the time sequence of the Coulomb interaction first
and E1 emission next, thus rejecting the possibility of Fig. 3.
Contribution from Fig. 4 is calculated as follows.

Combined with the time of nuclear pair emission, there
are three types of diagrams giving different energy denom-
inators. Each of these contain numerator factors of the form,

h1S0j~E · ~dj�P1i
�

�P1

����Zαr
����3P2

�
¼ � sin θ cos θh1S0j~E · ~dj1P1i

�
3P1

����Zαr
����3P2

�
≡�N 0:

ð7Þ

Amplitudes consist of six terms, considering different j�P1i
intermediate states. Three contributions from each of j�P1i,
using the energy conservation ϵð3P2Þ ¼ E2ν þ ω, add to a
common factor �N 0 times

1

ðϵ3−ωÞðϵ�−ωÞ−
1

ðϵ�−ϵ3Þðϵ3−ωÞþ
1

ðϵ�−ϵ3Þðϵ�−ωÞ¼0;

ð8Þ

where ϵ3 ¼ ϵð3P2Þ − ϵð1S0Þ with the energy origin defined
by ϵð1S0Þ ¼ 0 and ϵ� ¼ ϵð�P1Þ. Thus, we conclude that the
lowest order contribution given by Figs. 3 and 4 to PE
amplitude vanishes and the magnetic field assistance as
described in the next section is required for nonvanishing
contribution.
We shall not apply external static electric field, because

it may induce an instrumental parity mixture difficult to
disentangle from the intrinsic parity violation of funda-
mental theory [18].

III. ZEEMAN MIXING AND
MAGNETIC FACTORS

The Zeeman mixing caused by the magnetic field is
described by the interaction vertex μBð2~Sþ ~LÞ · ~B [15].
This Zeeman mixing applied to our problem gives per-
turbed states,

jei0 ¼ jei þ δþejþP1i þ δ−ej−P1i;

δ�e ¼
h�P1jμBð2~Sþ ~LÞ · ~Bjei

ϵ�e
; ð9Þ

with ϵ�e ¼ ϵð�P1Þ − ϵð3P2Þ. The mixing amplitude δ�e,
with μBB ∼ 5.8 × 10−5 eV=T, gives a small, but important
transition between different J states. With the Zeeman
mixing inserted in diagrams of Fig. 3 and Fig. 4, the
product of atomic matrix elementsN 0 above is modified to

�N ; N ¼ sin θ cos θh1S0j~E · ~dj1P1i

× h3P1jμBð2~Sþ ~LÞ · ~Sj3P2i
�
nP

����Zαr
����nP�:
ð10Þ

The last factor ∝ Zα=r of Coulomb energy is estimated
using Thomas-Fermi model as done in [12], giving
∼31 eVZ4=3.
We now turn to detailed description of this unique

candidate for PV effect. There are five vertices to be
considered and we shall treat these basic interaction units
as shown in Fig. 5 on an equal footing. Five types of
interactions have to be considered; valence transition by
Zeeman field μBð2Sþ LÞ · B of Fig. 5(a), E1 photon
emission d · E Fig. 5(b), neutrino pair emission from
valence electron which leads to parity violation Fig. 5(c),

A

P
3

2
S

1
0

A

P
3

2
S

1
0

A

P
3

2
S

1
0

FIG. 3 (color online). Rejected PE diagrams that give vanishing
contribution.
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+
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+
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1
0

P1
+

FIG. 4 (color online). Candidate PE diagrams.

v

(a)

v

(b)

v

(c)

A

(d)

A

v

(e)

FIG. 5 (color online). Five basic units of interaction. Cross is
for Zeeman field, dotted line for instantaneous Coulomb inter-
action. v means the valence electron line and A is atomic nucleus.
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neutrino pair emission from nucleus (by the monopole
current as described in [12]) Fig. 5(d), and Coulomb
interaction between valence electron and nucleus VC
Fig. 5(e).
Five units of interaction along the valence electron line

are given by five vertex matrix elements of operators,

μBð2~Sþ ~LÞ · ~B; ~d · ~E; aij~σeν
†
i ~σνj;

Qwν
†
i νj; ðQw ≡ N − 0.044ZÞ; Zα

r
: ð11Þ

RENP amplitudes consist of factors of these basic units,
energy denominators in perturbation theory, and coupling
factors. Neutrino pair emission gives rise to weak product
of two plane wave functions of definite helicities. For
Majorana pair emission the wave function of two neutrinos
must be antisymmetrized, since Marjorana particles are
identical to their own antiparticles and effects of identical
fermions work, to give rise to the principle of Majorana-
Dirac distinction [4].
It is important, and experimentally useful, to work out

effects of magnetic field directional dependence. This
magnetic field dependence of amplitudes and rates is called
the magnetic factor generically in the following. We
consider the experimental setup in which a static magnetic
field is applied in a general direction tilted by an angle θm
from the trigger z axis (which is also the direction of
emitted photon). Magnetic quantum numbers M of states
are defined as components of ~J along the quantization axis,
namely the magnetic field direction. To emphasize direc-
tionality we denote states by the notation of tilde, hence

gjJ;Mi ¼ e−iθmJy jJ;Mi ¼
X
M0

dJM;M0 ðθmÞjJ;M0i; ð12Þ

where dJM;M0 ðθmÞ is the Wigner d function or the rotation
matrix in the terminology of [19].
Let us first work out the magnetic factor associated with

the PE amplitude. The magnetic factor for emission of the
photon circular polarization h ¼ � is given byX
M

h1S0jerY1;�1
gj�P1Mih�P1

~Mjð2~Sþ ~LÞz gj3P2M0i; ð13Þ

X
M

h1S0jerY1;�1
gj�P1Mi gh�P1Mjð2~Sþ ~LÞz gj3P0M0i: ð14Þ

The operator erY1;� is the atomic dipole transition operator
for emission of the specified photon circular polarization
h ¼ �. Since summation over magnetic quantum numbers
in intermediate states can be taken along any axis, we took
the axis along the magnetic field, which makes calculations
easier. (The magnetic quantum number in the initial state
is taken along with the magnetic field, which is dictated
in the experimental setup.)
The magnetic field mixes states of 3P2;0 and �P1 by the

atomic operator 2~Sþ ~L ¼ ~J þ ~S. The total angular
momentum ~J here does not contribute since ΔJ ≠ 0 in
two involved states. This implies that only 3P1 components
of �P1 have nonvanishing matrix element of

gh3P1;MJjð2~~Sþ ~~LÞq gj3P2ih3P1;MJjð2~Sþ ~LÞqj3P2i

¼
ffiffiffi
5

2

r
ð−1Þ1−MJ

�
1 1 2

−MJ q MJ − q

�
: ð15Þ

A similar relation exists for the transition from 3P0.

Reduced matrix element h3P1jj~Sjj3P2i ¼
ffiffiffiffiffiffiffiffi
5=2

p
was used.

Thus, the magnetic factor associated with PE amplitude is
given byX
M

h1S0jY1;�1
gj�P1Mi gh�P1Mjð2~Sþ ~LÞz gj3P0M0i

¼ �
ffiffiffi
5

2

r
h1S0jerj1P1i sin θ cos θd1M0;∓1

ð−1Þ1−M0

×

�
1 1 2

−M0 0 M0

�
; ð16Þ

X
M

h1S0jY1;�1
gj�P1Mi gh�P1Mjð2~Sþ ~LÞz gj3P0M0i

¼ �
ffiffiffi
5

2

r
h1S0jerj1P1i sin θ cos θd1M0;∓1

ð−1Þ1−M0
δM0;0

×

�
1 1 0

0 0 0

�
: ð17Þ

We may define the magnetic factors for amplitudes by
extracting out dipole matrix element h1S0jerj1P1i sin θ
cos θ, which is related to measured A-coefficient and

v

A

(a)

1 2 3 4

v

A

(d)

1 2 3 4

v

A

(b)

1 2 3 4

v

A

(e)

1 2 3 4

v

A

(c)

1 2 3 4

v

A

(f)

1 2 3 4

FIG. 6 (color online). 24 PC RENP diagrams. Along the
nuclear line neutrino pair emission may occur in four places
in time sequence relative to three vertices along the valence line,
four different nuclear vertex locations giving different ampli-
tudes. In our 3-level approximation only (a) and (c) contribute.
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energy difference of atomic levels. The magnetic factor
for 3P2 is

WM
1;�ðxÞ ¼

ffiffiffi
5

2

r
ð−1Þ1−M

�
1 1 2

−M 0 M

�
d1M;∓1ðxÞ: ð18Þ

Similar magnetic factor for PO amplitude is defined by
taking into account of the neutrino phase space integration
which gives ~k, the wave vector of emitted photon. It is for
3P2 RENPX
M

h1S0jY1;�1
gj�P1Mi gh�P1M jð2Sþ LÞz gj3P2M0i: ð19Þ

Note that the definite field direction along the trigger axis
(fixed as parallel to z axis) is selected, hence no tilde
operation in this formula of angular momenta. Thus, the
magnetic factor for PO is more complicated;

WM
2;�ðxÞ ¼ −

ffiffiffi
5

2

r X
M1;M2

ð−1Þ1−M1

�
1 1 2

−M1 0 M1

�
× d2M;M1

ðxÞd1M2;M1
ðxÞd1M2;�1ðxÞ: ð20Þ

Explicit forms of these functions are given in Appendix B.
They are simple linear combinations of sinusoidal
functions.
PV odd rates are given by differences of the product of

magnetic factors for PO and PE amplitudes. It turns out that
the PO product magnetic factor for 3P0 RENP vanishes,
and we shall work out quantities for 3P2 RENP in the
following. There are two kinds of PV asymmetries one can
calculate from these magnetic factors: the first one is PV
asymmetry under the magnetic field reversal, x → π − x,
and the other is the asymmetry under the reversal of the
photon circular polarization, h ¼ � → ∓, for which all
angle dependences may be integrated out. PV asymmetry
under field reversal is dictated by the magnetic factor,

MMðxÞ≡X
�
MM

� ðxÞ;

MM
� ðxÞ ¼ WM

1;�ðxÞWM
2;�ðxÞ −WM

1;�ðπ − xÞWM
2;�ðπ − xÞ:

ð21Þ
Explicitly worked out, these are

M�1ðxÞ ¼ −
1

2
cos3x; M0ðxÞ ¼ sin2x cos x: ð22Þ

Nonvanishing values at various angles may be taken as
indication of parity violation in RENP. The simplest PV
asymmetry of this kind is the forward-backward asymmetry
given by M0

1ð0Þ ¼ 0 and M�
1 ð0Þ ¼ − 1

2
. For normalized

asymmetries rate differences should be divided by PE
combinations of angular factors,

MM
1 ðxÞ≡

X
�
ðWM

1;�ðxÞÞ2 þ ðWM
1;�ðπ − xÞÞ2; ð23Þ

MM
2 ðxÞ≡

X
�
WM

1;�ðxÞWM
2;�ðxÞ þWM

1;�ðπ − xÞWM
2;�ðπ − xÞ:

ð24Þ
Explicit forms of these are listed in Appendix B.
The other PVasymmetry under the reversal of the photon

circular polarization is given byZ
π

−π
dxðM�1þ ðxÞ −M�1

− ðxÞÞ ¼ �0.39;Z
π

−π
dxðM0þðxÞ −M0

−ðxÞÞ ¼ 0: ð25Þ

These magnetic factors are plotted for magnetic quantum
numbers ofM ¼ �1; 0 in Fig. 7. Directional dependence of
PV asymmetries is large and should help much in proving
the weak origin of RENP process.

IV. PV INTERFERENCE, PC RATE
AND PV ASYMMETRY

RENP spectral rates may be expressed by two formulas
Γ�
2νγðωÞ which are interchanged by reversal of instrumental

polarity; the magnetic field direction and the direction of
circular polarizations. Rates may be written as

Γ�
2νγðωÞ ¼ ΓPC1

2νγ ðωÞ þ ΓPC2
2νγ ðωÞ � ΓPV

2νγðωÞ: ð26Þ

The last term is the interference term arising from the
product of PE and PO amplitudes, while the first two terms
result from the squared PE and PO amplitudes. We
decompose these three spectral rates, both PC and PV,
into an overall factor denoted by Γ0, various spectral shape
functions of kinematical nature, atomic factors, and the

3 2 1 1 2 3
B direction

0.15

0.10

0.05

0.05

0.10

0.15

arbitrary unit
PV asymmetry under field reversal

FIG. 7 (color online). 3P2 →1 S0 PV asymmetry under field
reversal for the sum of two circular polarizations vs B direction
measured from the trigger axis. Initial magnetic quantum number
of M ¼ �1 (the degenerate case) is depicted in solid red and
dash-dotted green, and M ¼ 0 in dashed blue.
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dynamical factor ηωðtÞ. We shall use a unit of 100 MHz
for A-coefficients (decay rates) and eV for all energies.
We give rates appropriate for Yb J ¼ 2 → 0 RENP.
The conversion factor in our natural unit is ℏc ¼
1.97 × 10−5 eV cm.
The overall rate is given by

Γ0 ¼
3

4
G2

Fϵegn
3V

γþg

ϵ3þg
ðsin θ cos θÞ2ηωðtÞ ð27Þ

∼ 54 mHz

�
n

1021 cm−3

�
3 V
102 cm3

ϵeg
eV

×
γpgeV3

ϵ3pg100 MHz
ðsin θ cos θÞ2ηωðtÞ: ð28Þ

The factor sin θ cos θ reflects the strength of the spin-orbit
interaction in heavy atoms. As representative values of
atomic data we may take the dominant dipole strength

dpg ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3πγpg=ϵ3pg

q
, of state jpi ¼þ P1 for Yb. Electric

field strength of emitted photons has been written as jEj2 ¼
ϵegnηωðtÞwhere ϵegn is the maximum energy density stored
in the upper level jei. Thus, one may regard ηωðtÞ as the
fraction of extractable energy density within the target [20].
This quantity may be computed numerically using the PSR
master equation (5).
Individual contributions are given as follows. We present

results for PV asymmetry under field reversal using
Mi ¼

P
MM

M
i ðθmÞ for the magnetic factor. For the

asymmetry under polarization reversal this function should
be replaced by the integrated quantity (25).
(1) PC rate from squared PE amplitudes is given by

ΓPC1
2νγ ¼ Γ0Q2

wV2
C

 X
p¼�

ϵpeδpeFCðω; ϵpÞ
!

2

× IðωÞM1ðθmÞ;
IðωÞ ¼

X
i

IiiðωÞθðωii − ωÞ; ð29Þ

IiiðωÞ ¼
1

2
ðCiiðωÞ þ AiiðωÞ þ δMm1m2DiiðωÞÞ;

VC ∼ 31 eVZ4=3; Qw ¼ N − 0.044Z; ð30Þ

FCðω; ϵpÞ ¼
1

ðϵeg − ωÞðϵpg − ωÞ2 þ
1

ϵpeðϵpg − ωÞ2

þ 1

ϵ2peðϵpg − ωÞ þ
1

ϵ2peðϵpe þ ωÞ : ð31Þ

We refer to Appendix A for all spectral shape
functions here and in the following, AiiðωÞ; BiiðωÞ;
CiiðωÞ; DiiðωÞ; JiiðωÞ that arise from the neutrino
phase space integration.

(2) PC rate arising from squared valence PO
amplitude is

ΓPC2
2νγ ¼ Γ0f2vcHðω; θmÞM2ðθmÞ;

Hðω; θmÞ ¼
X
i

a2iiHiiðωÞθðωii − ωÞ; ð32Þ

HiiðωÞ¼
1

2
ðCiiðωÞ−AiiðωÞ−δMm2

i DiiðωÞÞþ
BiiðωÞ
ω2

;

fvðωÞ¼−
1

ϵþg−ω
−
γ−gϵ

3þg

γþgϵ
3
−g

1

ϵ−g−ω
: ð33Þ

(3) Interference term between PO and PE amplitudes is
given by

ΓPV
2νγ ¼ Γ0QwfvðωÞVC

 X
p¼�

ϵpeδpeFCðω; ϵpÞ
!

× JðωÞMðθmÞ; ð34Þ

JðωÞ ¼
X
i

aiiJiiðωÞθðωii − ωÞ;

JiiðωÞ ¼ −
ΔiiðωÞ
4π

ω

�
ϵeg −

4

3
ωþ 4ðϵeg − ωÞm2

i

3ϵegðϵeg − 2ωÞ
�
:

ð35Þ
Note that three different magnetic factors,M;M1;2, appear
in three terms.
PV asymmetry is defined by

AðωÞ ¼ 2ΓPV
2νγ

ΓPC1
2νγ þ ΓPC2

2νγ

: ð36Þ

This is a quantity to be compared with the experimental
asymmetry obtained by taking the ratio of the difference to
the sum of two rates when reversal of experimental setup
variables is made to change instrumental parity. The PV
asymmetry AðωÞ of Eq. (36) is a function of M (the initial
magnetic quantum number of 3P2 state) and h the circular
polarization.

V. NUMERICAL CALCULATION OF RENP
SPECTRAL RATES

A-coefficients we need for computations of 70174Yb RENP
are γþg¼176;γ−g¼1.1MHz and ϵþg¼3.108; ϵ−g¼
2.2307; ϵð3P2Þ¼2.4438 eV. The contribution of inter-
mediates state þP1 dominates over −P1 with these
parameters due to larger values of d2 ¼ 3πγ=ϵ3;
γ−gϵ

3þg=ðγþgϵ
3
−gÞ ∼ 0.017 for Yb. sin θ cos θ ∼ 0.158 has

been estimated for Yb [10]. The dominant Zeeman mixing
is given by δþe with energy difference ϵþe ∼ 0.664 eV.
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Hence the magnetic mixing δþe ¼ 5 × 10−6 corresponds to
a magnetic field strength ∼57 mT. The nuclear electroweak
charge is taken for even isotope 174Yb, giving Qw ∼ 101.
It is convenient to define a quantity which may be

called figure of merits; the product of squared asymmetry
times PC rates. This measures a statistical significance of
asymmetry measurements. The figure of merits is plotted
against the magnetic mixing δ ∼ 5 × 10−5 T=eV, in Fig. 9.
The magnitude of PV asymmetry under the reversal of
circular polarization is shown in Fig. 8. These results
indicate that there is an optimal choice of the magnetic
field strength, implying that a largest field strength is not
necessarily the best choice. Based on this result we shall
choose for the following figures an optimal Zeeman mixing
of ∼5 × 10−6 which gives an optimal magnetic field
strength ∼60 mT.
In Figs. 10, 11, and 12 we illustrate results of calculation

for RENP PV spectrum differences and PV asymmetry,
assuming the smallest neutrino mass of 5 meV in which
other neutrino parameters are taken consistently with

existing oscillation data. In these and other figures a target
number density n ¼ 1022 cm−3 and the target volume
V ¼ 102 cm3 and the dynamical factor ηωðtÞ ¼ 1 are taken,
rates scaling with n3VηωðtÞ. Except in Fig. 11 where two
different PV asymmetries are compared, all other diagrams
exhibit PVasymmetry under the reversal of photon circular
polarization. Distinction of the normal hierarchical (NH)
and the inverted hierarchical (IH) mass patterns is easier for
PV than PC as seen in Fig. 10, the difference being a factor
larger than 3 in some photon energy region. Overall PV
rates for an optimal magnetic field are typically of order 103

10 7 10 6 10 5 10 4
Zeeman mixing

10 5

10 4

0.001

0.01

Hz
Yb PV asymmetrŷ 2 PC rate

FIG. 9 (color online). Yb PV asymmetry squared × PC rate
(figure of merits) plotted against the Zeeman mixing parameter
δþg, corresponding to Fig. 8.

0.2 0.4 0.6 0.8 1.0 1.2
w eV

0.05

0.10

0.15

Hz
Yb PVC rates MD:NH,IH 5meV

FIG. 10 (color online). 3P2; J ¼ 2;MJ ¼ 1YbPC rates, PV rate
differences. Zeemanmixing amplitude 5 × 10−6 (corresponding to
the magnetic field ∼60 mT), ηωðtÞ ¼ 1, n ¼ 1022 cm−3, and a
target volume 102 cm3 are assumed. Majorana NH PV in solid
red, M-IH PV in dashed blue, M-NH PC rate divided by 50 in
dash-dotted green, and M-IH/50 in dotted black (degenerate with
M-NH PC).

0.2 0.4 0.6 0.8 1.0 1.2
w eV

0.2

0.1

0.1

0.2

Yb PV asymmetries MD:NH,IH 5meV

FIG. 11 (color online). 3P2Yb PV asymmetries vs photon
energy. Zeeman mixing amplitude 5 × 10−6, ηωðtÞ ¼ 1, n ¼
1022 cm−3, and a target volume 102 cm3 assumed. In the positive
side the Majorana case of PV asymmetry under polarization
reversal for NH is depicted in solid red, M-IH case in dashed blue,
D-NH in dash-dotted green and the Dirac case for IH in dotted
black. In the negative side PVasymmetry under the field reversal is
plotted; M-NH and D-NH in solid red, and M-IH and D-IH in
dashed blue, all assuming the smallest neutrino mass 5 meV.

10 7 10 6 10 5 10 4
Zeeman mixing

0.01

0.02

0.05

0.10

0.20

0.50

Yb PV asymmetry

FIG. 8 (color online). Yb PV asymmetry under the reversal
of photon circular polarization plotted against the Zeeman mixing
parameter δþg, assuming a single neutrino of mass 50 meV,
the target number density 1022 cm−3, and the target volume
102 cm3. Assumed photon energies are the level spacing of Yb
2.44 eV × 0.1 in solid red, 0.2 in dashed blue, 0.3 in dash-dotted
green, and 0.4 in dotted black.
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larger than hyperfine mixing in alkaline earth atoms of odd
isotopes given in [10].
Dependence on the magnetic quantum number M of

J ¼ 2 levels are as follows. The magnitudes of PV
asymmetries for M ¼ �1 are the same, while they vanish
for M ¼ �2; 0.
Distinction of Majorana and Dirac neutrinos is of great

interest. Parity violating asymmetries do distinguish these
two cases when measurements by appropriate choice of
magnetic field ≈ 100 mT are made in the low photon
energy region as evident in Fig. 11 even for a smallest
neutrino mass of 5 meV. The highest sensitivity on the
Majorana/Dirac distinction appears in the asymmetry
parameters ðRþ − R−Þ=ðRþ þ R−Þ where R� are related
by parity operation. PV quantities Rþ − R− and PC
quantities Rþ þ R− are illustrated in Fig. 9 for the
Majorana case. A notable feature of this plot is in their
difference (PV=PC) of the photon energy dependence.

Reflecting this energy dependence, the asymmetry has a
structure in the low photon energy side, and there is no
wonder why this structure may be different in the two cases
of Majorana and Dirac. In all cases of Fig. 10, distinction
between the normal vs inverted hierarchy is the clearest,
while the Majorana/Dirac distinction is relatively easy for
the asymmetry under the polarization reversal (except the
small difference between D-IH and M-NH). On the other
hand, this distinction cannot be seen in the resolution of
Fig. 10 for the asymmetry under the field reversal. For
precise measurements of PC quantities that appear in the
asymmetry factor, one needs to maximally reject QED two-
photon backgrounds. This may be achieved by formation
of soliton condensates at rest, which is and shall be
extensively examined [21].
Figure 13 shows dependence of PVasymmetry shapes on

the magnetic field strength for a few choices of measured
photon energies, which clearly indicates the importance of
the field magnitude in actual experiments.
Although parity violation effects do not exist for 3P0 Yb

RENP, it is of interest to compare its PC rates with 3P2 case.
This is shown in Fig. 14. In both cases even NH and IH
differences are small, and difficult to resolve their
differences in this figure.
Finally, we note that our method of computation is

readily applicable to other alkaline-earth-like atoms,
including an electron-hole system such as Xe excited states
of 6s6p having the same quantum numbers 3P2.

VI. SUMMARY

We examined how parity violating asymmetry and PV
rate difference in RENP may be observed in atomic
deexcitation. Our proposed mechanism uses interference
terms of parity even and odd amplitudes that do not suffer

1.212 1.214 1.216 1.218 1.220 1.222
w eV

0.010

0.015

0.020

0.025

0.030

Yb PV asymmetry MD:NH,IH 5meV

FIG. 12 (color online). 3P2; J ¼ 2;MJ ¼ 1 Yb PV asymmetry
in the threshold regions corresponding to Fig. 11.

0.2 0.4 0.6 0.8 1.0 1.2
w eV

0.05

0.10

0.15

0.20

0.25

0.30

0.35

Yb PV asymmetry MD 5meV,B

FIG. 13 (color online). 3P2; J ¼ 2;MJ ¼ 1 Yb PVasymmetries
under the reversal of photon circular polarization for a few
choices of magnetic fields, B ¼ 10 mT in solid red, 100 mT in
dashed blue, 1 T in dotted black, in the case of Majorana NH, and
the Dirac NH case of 100 mT in dot-dashed green. The assumed
smallest neutrino mass is 5 meV.

0.2 0.4 0.6 0.8 1.0 1.2
w eV

5

10

15

Hz
Yb J 2,0 PC rates MD:NH,IH 5meV

FIG. 14 (color online). Comparison of rates from 3P2; J ¼
2;MJ ¼ 1 and 3P0 Yb PC rates, ηωðtÞ ¼ 1, n ¼ 1022 cm−3, and a
target volume 102 cm3 are assumed. Majorana NH PC rate from
3P2 in solid red, M-IH PC in dashed blue, while Majorana NH PC
rate from 3P0 in dot-dashed green and M-IH in dotted black.
Dirac cases are indistinguishable from Majorana cases.
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from the usual atomic velocity suppression v=c, since we
use for the neutrino pair emission the spin current con-
tribution from the valence electron and the nuclear monop-
ole contribution from nucleus. Large PV interference and
PV asymmetry may occur in transitions among different
parity states, which suggests alkaline earth atoms as good
targets. Necessary state mixing between different J states
occurs by an external magnetic field for alkaline earth
atoms of even isotopes. Fundamental formulas applicable
when magnetic sublevels are energetically resolved are
derived and used for numerical computations. The PV
asymmetry may readily reach of order several tenths of
unity in the examined case of Yb. Spectral shapes and PV
asymmetries are sensitive to the smallest neutrino mass,
difference of the hierarchical mass patterns, the Majorana-
Dirac distinction. Sensitivity to the applied magnetic field
strength may greatly help identification of RENP process.
A further systematic search for better target atoms of
number density close to the Avogadro number per cm3,

in particular ions implanted in transparent crystals, is
indispensable for realistic RENP experiments along with
extensive numerical simulations of the time dependent
dynamical factor [ηωðtÞ].
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APPENDIX A: NEUTRINO PHASE
SPACE INTEGRAL

Using the helicity summation formula of [4] and dis-
regarding irrelevant T-odd terms, one has

X
hi

jjν0 · A0 þ ~jν · ~Aj2

¼ 1

2

�
1þ ~p1 · ~p2

E1E2

þ δM
m1m2

E1E2

�
jA0j2 þ

1

2

�
1 −

~p1 · ~p2

E1E2

− δM
m1m2

E1E2

�
j~Aj2 þℜð~p1 · ~A~p2 · ~A

�Þ
E1E2

− 2

�
~p1

E1

þ ~p2

E2

�
ℜðA0

~A�Þ;

ðA1Þ
where ðEi; ~piÞ are neutrino 4-momenta. In the phase space integral of neutrino momenta,Z

dPνð� � �Þ ¼
Z

d3p1d3p2

ð2πÞ2 δðE1 þ E2 þ ω − ϵegÞδð~p1 þ ~p2 þ ~kÞð� � �Þ ðA2Þ

one of the momentum integration is used to eliminate the delta function of the momentum conservation. The resulting
energy conservation is used to fix the relative angle factor cos θ between the photon and the remaining neutrino
momenta, ~p1 · ~k ¼ p1ω cos θ. Noting the Jacobian factor E2=pω from the variable change to the cosine angle, one obtains
one dimensional integral over the neutrino energy E1:

1

2πω

Z
Eþ

E−

dE1E1E2

1

2
ð� � �Þ; E2 ¼ ϵeg − ω − E1: ðA3Þ

The angle factor constraint j cos θj ≤ 1 places a constraint on the range of neutrino energy integration,

E� ¼ 1

2

�
ðϵeg − ωÞ

�
1þ m2

i −m2
j

ϵegðϵeg − 2ωÞ
�
� ωΔijðωÞ

�
; ðA4Þ

ΔijðωÞ ¼
��

1 −
ðmi þmjÞ2
ϵegðϵeg − 2ωÞ

��
1 −

ðmi −mjÞ2
ϵegðϵeg − 2ωÞ

��
1=2

: ðA5Þ

We record for completeness all four important integrals over the neutrino pair momenta:Z
dPν

1

E1E2

¼ Δ12ðωÞ
2π

≡D12ðωÞ; ðA6Þ
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Z
dPν1 ¼ Δ12ðωÞ

2π

�
1

4
ðϵeg − ωÞ2 − ω2

12
þ ω2ðm2

1 þm2
2Þ

6ϵegðϵeg − 2ωÞ −
ω2ðm2

1 −m2
2Þ2

12ϵ2egðϵeg − 2ωÞ2 −
ðϵeg − ωÞ2ðm2

1 −m2
2Þ2

2ϵ2egðϵeg − 2ωÞ2
�
≡ C12ðωÞ;

ðA7ÞZ
dPν

�
~p1

E1

þ ~p2

E2

�
¼ −

Δ12ðωÞ
4π

~k

�
ϵeg −

4

3
ωþ 2ðϵeg − ωÞðm2

1 þm2
2Þ

3ϵegðϵeg − 2ωÞ −
4

3

ðϵeg − ωÞðm2
1 −m2

2Þ2
ϵ2egðϵeg − 2ωÞ2

�
≡ ~k

J12ðωÞ
ω

; ðA8Þ

Z
dPν

pi
1p

j
2 þ pj

1p
i
2

2E1E2

¼ 1

2

�
δij −

kikj

ω2

�
A12ðωÞ þ

1

2ω2

�
3
kikj

ω2
− δij

�
B12ðωÞ; ðA9Þ

A12ðωÞ ¼
Z

dPν
~p1 · ~p2

E1E2

¼ Δ12ðωÞ
2π

�
−
1

4
ðϵeg − ωÞ2 þ 5

12
ω2 þ 1

2
ðm2

1 þm2
2Þ þ

ω2ðm2
1 þm2

2Þ
6ϵegðϵeg − 2ωÞ −

1

12

ðm2
1 −m2

2Þ2
ϵ2egðϵeg − 2ωÞ2 ðω

2 þ 3ðϵeg − ωÞ2Þ
�
;

ðA10Þ

B12ðωÞ ¼
Z

dPν

~k · ~p1
~k · ~p2

E1E2

¼ −
Δ12ðωÞ
2π

ω2

12
ðϵ2eg − 2ωϵeg − 2ω2Þ: ðA11Þ

APPENDIX B: MAGNETIC FACTORS

It is important to clarify the magnetic field dependence
of PV observables, since this should help much to identify
RENP events in actual experiments. In two types of
diagrams of Figs. 2 and 6 the magnetic field dependence
is in atomic matrix elements of the form,

NM
PO;� ¼

X
MJ

h1S0jY1;�1
gj1P1;MJi gh3P1;MJj Sz gj3P2;Mi;

ðB1Þ

NM
PE;� ¼

X
MJ

h1S0jY1;�1
gj1P1;MJi gh3P1;MJj ~Sz gj3P2;Mi;

ðB2Þ

where gjJ;Mi ¼ e−iθmJy jJ;Mi is the rotated state of a
magnetic state, as described in the text. We need these
functions for two circularly polarized trigger of �1 for E1
emission as distinguished by the spherical harmonics Y1;�1.
Difference in two cases is in the spin component, either
along the fixed trigger axis in the PO case or along the
magnetic field in the PE case.
PE case is easier to work out, since

gh3P1;MJj ~Sz gj3P2;Mi ¼ h3P1;MJjSzj3P2;Mi: ðB3Þ

The result is given using 3j symbols,

NM
PE;�ðxÞ¼−

ffiffiffi
5

2

r
ð−1Þ1−M

�
1 1 2

−M 0 M

�
d1M;∓1ðxÞ: ðB4Þ

More explicitly,

N∓1
PE;�ðxÞ ¼

1

12
ffiffiffi
2

p ð1� cos xÞ;

N�1
PE;0ðxÞ ¼ � 1

6
ffiffiffi
3

p sin x: ðB5Þ

This gives −WM
1;�ðxÞ in the text.

On the other hand, PO magnetic factors are written in
terms of the product of three Wigner d functions, and the
final result is summarized by

NM
�1;z ¼ −

ffiffiffi
5

2

r X
jMJ;M1j≤1

ð−1Þ1−M1

�
1 1 2

−M1 0 M1

�

d1MJ;∓1d
1
MJ;M1

d2M;M1
¼ −

1

18

ffiffiffi
5

2

r
WM

2;�: ðB6Þ

The final function is the one in the text. Explicit forms are
worked out:

W�
2;∓ ¼ 1

4
ðcos xþ cosð2xÞÞ;

W�
2;� ¼ 1

4
ðcos x − cosð2xÞÞ;

W�
2;0 ¼ � 1

4

ffiffiffi
3

2

r
sinð2xÞ: ðB7Þ

On the other hand, magnetic factors of PE amplitudes are
given by ðWM

1;�Þ2 for PE and WM
1;�W

M
2;� for PO. Their

explicit forms are
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PE squared amplitudes; ðMhÞ¼ð1;1Þ;ð−1;−1Þ; 1

10
cos4

x
2
;

ðB8Þ

ðMhÞ ¼ ð1;−1Þ; ð−1; 1Þ; 1

10
sin4

x
2
; ðB9Þ

ðMhÞ ¼ ð0;�1Þ; 1

15
sin2x ðB10Þ

PO squared amplitudes; ðMhÞ ¼ ð1; 1Þ; ð−1;−1Þ;
1

4
sin4

x
2
ð1þ 2 cos xÞ2; ðB11Þ

ðMhÞ¼ð1;−1Þ;ð−1;1Þ; 1

4
cos4

x
2
ð1−2cosxÞ2 ðB12Þ

ðMhÞ ¼ ð0;�1Þ; 3

32
sin2ð2xÞ: ðB13Þ

Multiplying PO and PE amplitudes, one obtains PV
observables. The magnetic factor for PV observable thus
derived is given by

PV observables; ðMhÞ ¼ ð1; 1Þ; ð−1;−1Þ;
1

2
ffiffiffiffiffi
10

p cos4
x
2
ð1 − 2 cos xÞ; ðB14Þ

ðMhÞ ¼ ð1;−1Þ; ð−1; 1Þ; −
1

2
ffiffiffiffiffi
10

p sin4
x
2
ð1þ 2 cos xÞ;

ðB15Þ

ðMhÞ ¼ ð0;�1Þ; 1

2
ffiffiffiffiffi
10

p cos xsin2x: ðB16Þ
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