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The Rarita-Schwinger formalism for fermion fields is brought to a Lagrangian form in the
case of arbitrary spin. The requirement that all differential equations of the field should
follow from the variation of an action integral necessitates the introduction of additional
fields in the theory. By demanding that these auxiliary variables vanish in the case of no
interaction, an explicit form is obtained for the Lagrangian. The resulting theory is found
to reproduce the usual formalism in the case of spin 3, and turns out to be in agreement
with results obtained by Chang for spin values § and%. The Galilean limit of the minimally
coupled equations yields the minimal Galilean-invariant theory of Hagen and Hurley. The g
factor turns out to be 1/s, in accordance with a long-standing conjecture.

I. INTRODUCTION

In the preceding paper’ a Poincaré-invariant
Lagrangian theory was presented for a massive
boson field of arbitrary spin. The spin-s boson
field was taken to be a symmetric traceless tensor
of rank s, which, along with symmetric traceless
tensors of ranks s—-2,s-3,...,0,allowed the con-
struction of the second-order Lagrangian. This
Lagrangian was then brought to first-order form
and some simple aspects of the resulting theory
were studied. In this paper? the corresponding
program is carried out for a massive arbitrary-
spin fermion field. )

Following the Rarita-Schwinger scheme?® we
select the spin-s fermion field to be a symmetric
tensor-spinor ™ of rank n (=s —1) which satis-
fies the spinor trace condition*

yry . =0. (1

Thus zp(") transforms according to the Lorentz-

group representation D(3(n +1), 3n) @D (3n,3(n +1))
and satisfies

(~iya+mp..., =0 (2a)
and
e yim . =0. (2b)

Our aim is to write down a set of Lorentz-invari-
ant first-order differential equations which yield
(2) and are obtainable from a Lagrangian.® Note
that since Eq. (2b) follows from (2a) and (1), it
would appear that one has only to obtain Eq. (2a).
The latter, however, is not a Lagrange equation
since it does not consist of traceless terms,
whereas an equation obtained from a Lagrangian
by varying it with respect to a symmetric trace-

9

less field such as ™ should consist only of sym-
metric traceless terms.® The correct Lagrange
equation corresponding to (2a).is

i e (n)
(=iy-a+m)Pin’. .y,

i n
* (n+1) Z Yy (31[)("))"1,“‘9_1"“1'__u":o, (3)
i=1

a result which reduces to (2a) provided (2b) is
satisfied. However, the latter result is not ob-
tainable from (3), and more equations and con-
sequently more fields are needed. The resulting
equations should be such as to imply that all the
auxiliary fields vanish, and in addition (2b) should
be obtained.

In Sec. II we consider the question as to what
types of auxiliary fields are to be used. The ar-
guments and procedure are similar to those used
in the preceding paper. Since the number of
auxiliary-field components should be kept to a
minimum, we restrict ourselves to tensor-spinors
of rank less than n. In view of the fact that these
can couple only to (azp‘")), one can restrict con-
sideration to symmetric, traceless objects. We
start by analyzing the situation for some lower
spin values. A pattern emerges which is then
used to construct the Lagrangian for the general
case. In Sec. IIl minimal electromagnetic inter-
actions are introduced and the Galilean limit of
the resulting equations is obtained. The result
is found to coincide with the Galilean-invariant
theory of Hagen and Hurley.”

II. THE FREE FIELD

As noted in the previous section, the Lagrange
equation (3) does not reduce to (2a) unless (2b) is

910
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satisfied. The problem is thus seen to be that of
eliminating (8%™)—a tensor-spinor of rank n-1.
It is natural to try an equation involving tensor-
spinors of that rank. We therefore introduce a
symmetric traceless tensor-spinor =2 of rank
n-1. In the spin-3 case, then, the most general
Lagrange equations involving zp(‘) and zp(°) are®

(=i o +mpP +5iv, (0p@)=c[a, +17, (v+2)]p@ (4)

and

(V) =—Gysa+am)p® . (5)

The real coefficients c and a are to be determined
from the requirement that (4) and (5) yield y@=0

=(8y?). Contracting (4) with 8" and subsequently
eliminating (8y‘?) with the help of (5), one obtains

[(1-2 ¢)8% + (2-a)(~imy+8)-2am?]p @ =0 .

This will imply $©@=0 [hence (8 $?)=0 from (5)]
if and only if the coefficients of the derivative
terms vanish and that of the last term is nonzero.
The coefficients ¢ and a are thus uniquely de-
termined to be % and 2, respectively, thereby
leading to the Lagrangian

£=3yO8B(iye 0-m)pP -5 3 play®)
-39 BGy-a+2my.

Introducing a new vector-spinor ¢, (which is not
traceless) by

=P -3 +DTHO, wr-d
this is seen to reduce to the one-parameter family
of Lagrangians used in the usual formulation of
the spin-3 field.®

In the general case, the analogs of Eqs. (4) and
(5) are®

(=i y*0+m)p™ —Tr = C{alp("ﬂ)}s.‘r. )
and
(09™) =~ y=0 +a,mpp® D -Tr . ™

These imply y® P =0= (9™ ) only when c =2n?/
(2rn+1), a;=(m+1)/n, and

(3¢(n-9)=(aa¢(n))=0 . (8)

The latter result cannot be obtained from Eqs. (6)
and (7) if the above values for ¢ and a, are used,
so more equations are needed in order to obtain

(8). Again the obvious choice is the introduction
of a symmetric traceless tensor-spinor x=2 of
rank n-2.

The most general equations for the spin-3 case,
in view of the above discussion, are

(~iyo+mpp® —Tr=2{opW} 1 | (9)

@ @) =={Gy+0 +3m)p® = Tr} + ¢, {8xO}sy. ,
(10)

and
(D)= (=i y-d+d,m)x@, (11)

where the values of ¢ and a, obtained above have
been substituted. A simple calculation convinces
one of the fact that these equations cannot be
adjusted to yield x‘?=0, and the introduction of
only x(“) is consequently not sufficient. The simp-
lest choice is to add another scalar-spinor zp(°),
yielding

£'=(c,x 9+ c!yp@)(ap®)
—1cx© B(~idly+o +dm)x©
-3¢,5,9 BGal, y+d +a,m)pp@
—c,xB(-ie, 8 +b,m)yp®

as the most general form (up to an over-all con-
stant) for that part of the spin-3 Lagrangian which
involves x(® and . Since the auxilary fields are
required to vanish, the results should not be
altered by the replacement

(4) = (55).

where R is an arbitrary real, nonsingular 2X2
matrix. Consequently one can fix any four of the
coefficients in £’ at will without any loss of
generality. We set c/=e¢,=0, d;=a;=1. The re-
sulting Lagrange equations are (9), (10),

(azp(‘)) =(-iy*d +d,m) x(°)+b2mzp(°), (13)
and
mx@=—@Gy+9+a,myp@. (14)

Now it is straightforward to verify that the nec-
essary and sufficient conditions for these equa-
tions to imply 3 =0 [hence x@=0=(ayp )= (30yp@)]
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are
d2=a2=3,
c;, = Jgﬂ.,

|©

and
by==-%.

The resulting Lagrangian is

&= % ¢(2)"”B(iy- 3-7”)4’,52,), + §‘lﬁmuﬁ(3¢(2))u + %‘p(nu By a +%m)zpf,‘)

+ () x OBy D)-3 xOB(~iv-8+ 3m)x O+ & m(x @Y +3@BxD) + OBl y-0+ 3m) O

the formalism is invariant under the transforma-
tions

@~ constyp(V

and (12).

The same procedure can be carried out for
spin Z. It turns out that in addition to $®, @,
9@, and x, one must introduce two “scalar-
spinors” $©@ and x©. We omit the details here
and pass on to the general case.

One can discern the following pattern: The re-
sult (sz"”)= 0 can be obtained by introducing a
symmetric traceless traceless tensor-spinor
$@1 of rank n -1, provided that Eq. (8) is satis-
fied. The latter situation can be achieved by succes-
ively obtaining ™™ =0=y®-+» for A=n,n-1,
n=2,..., 2, where

BN,y = OM g
and

£=3y™ Gy o-mpy™

r

lp(" =1,N)

=gh2o ¢ « g¥Ay(m =D
u)d-l"'"'n_az b lel‘z'

Cen,
are symmetric traceless tensor-spinors of rank
n—-X. At each stage one needs to introduce two
symmetric traceless tensor-spinors each of the
same rank as 9™, j.e., two symmetric trace-
less tensor-spinors of ranks 0,1,2, ..., n-2
have to be introduced in addition to 2. Thus
one has a % (n+1)(n® +2n +3)-component theory
involving the representations

D(3(m+1), 37)DD (37, 3(n+1))

PD(3n,3(n-1))P D(3(n-1), 37)

n-2

@23 [DGG+1), 3 @ DG, 3 +1)]
i=o

of the Lorentz group.
The most general Lagrangian involving these
fields is

+ C{Zp("-l) ,3(3lp(") )+31 IP(" -0 BEy-0d+ a1m)¢(n L c, x(n -2)3(341(" -1)) + 0{¢(" -2) B<a¢(n -1)
-, [3x" 2 B(=idfy- 0 + dym) X" 7 —x "2 Blie, v+ 9-b,m)y " =D
+1b, zp(" =2) BGaly-d + azm)ll)(" =2) ~(c! ¢(n -3) +ch! x(n —3))5(3 x(n ~2) 4 e ¢(n -3) ﬁ(3¢(" —2))]}

+ CCI{ z": (_)«(ﬁ ¢ b,> [x(n ‘«’ﬁ(a;p(" -¢+1)) +(C;¢,(n -q"l)_'_cél x(n —«-D)B(ax(u -)

a=3 j=2

+c:" zp(" =q=1) 3(a¢(n "a)) +%X(" —")B(idq"y' 9 +dq m)x(n -a)

+ x(n -G)B(ieq ye 3—b¢m)z[)(" -q) _%bc ZP(" -a) ﬁ(ia;y' 9 +aqm)¢(n -q)]} .

The coefficients are to be so adjusted that the
equations imply Eq. (8) and y®’=x® =0, 0<p
<n-2.

Before embarking on the program the following
fact should be noted: Since all the auxiliary fields
are required to vanish as the end result, the
transformations

-

lp(n-l) -’pd)(" —l),
@) ) (15)
(fzm) ~R® 3;(»)> , 0<ps<n-2

should not affect the procedure; p is an arbitrary
nonzero real number and R® is any real non-
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singular 2X 2 matrix. Using this freedom one can
set!!

and (16)
al=dl=1, cl'=cl”"=0for2<g<n

without any loss of generality. With these sub-
stitutions the equations are

(~iyea+m)p™ -Tr=c{op® V}s . , (7, 1)
©@p™) =[Gy 2 +a,my"=? -Tr]
+c,{ox™d}sr. , (17,2)

(0@ =V=[(~iy+8 + d,m)x " ~? —Tr]

+b,mp@ D+ ct{opt g, (17,3a)
mx®2=—_[Gy-8+a,mpp®" 2 -Tr]
+c;m{ox ™" }sy., (117, 3b)
(0@~ V) =[(ciy-0+ d,m)x® -0
+ (~iyede,+ bym)yp™~®) —Tr]
+ci{opm =D}y, (17,q+1a)
?
(b—c‘zc’— (ax™=e* V) 4 [(~ie, v+d +b,m)x™ "9 -Tr]
q=1¥q¢=1

=-b,[Gy-8+a,myp®=2-Tr]+ b c {ox" " V}ss.

g=3,4,5,...,n-1 (17, q+1D)
(0pW) = (—y+8 + d;m)x @+ (~ie,y 8 + b,mip @,

(17,n+1a)
and

!
—La=t ) (o @) +(-ie,y*8 +b,m)x®
bl =1¥*n=-1
==b,(iy+0 +a,m)py"®.
(17,7 +1Db)
As seen above, one proceeds step by step in the
following way: Given
‘p(b) = x()) =0, p<m-A
and (18)
‘p(’. A D x().l+1)=0, p=n-2
for any integer A, 2 <A <n, where'?

lp(n =qsN)

=9P1e o o gPA=q y{n=d)
Bl 1° ® *ligmg =0 100+ 8 A= I 0¢,

Pp=q

(x(’ N ig defined in a similar fashion), one obtains
the conditions for Eqs. (17,1), ..., (17,A+1) to
imply =N =0. Contracting Egs. (17, q) with

81 o+ 8FA-a+1 g=1,2, ..., A+1, and using (18)
one obtains

(—i n-A+l y+d +m> lp(n.l) =cg(0, A)&qu("""n ,

n+1
(19,1)
zp('")‘) - (i ”—: +1 o0 +alm> P12
+c,8(1, )a2x ™ =20 (19, 2)
(p(n—l-X): (_,' m yed + d,m) x(n-z.l)
n-1
+mbp 2N + ¢f g(2, 1)a%Y(n 3N
(19, 3a)
mx('"'z')‘)= —(i M yed + a2m> ¢(n-2.k)
n-1
+c,8(2, )97 "N, (19, 3b)

n-a+1

(n=a+1,N) _ (_- . (n=a,N)

n-A+1
g AT . (n=q,\)
+( i P | e,y 8+b¢m)zp

+ ¢l glg, N)aZyr=em1 N (19,g+1a)

(_Cé;;l._) MUEIRERY
bﬂ‘lcd"l

(. n-i+1
+(-te, ——

. (n=q,N)
“a—g+l Y a+b¢m) X

h,,q(,- n=A+1

.9 (n=q,N)
n-q+1 L4 +a,m) v

+ b, c glg, a2y LN

q=3,4,5,..., A, (19,g+1Db)

where
glg, ) =3 (A-q)2n-r~q +2)(n—q)"*(n +1-¢)71.

Next the fields $(** and x**V (with p=>n-r+1)
and x®~" are eliminated from Egs. (19). The
necessary and sufficient conditions for the re-
sulting equation to yield ¥~ =0 are obtained by
requiring that the coefficient of each of the de-
rivative terms in that equation vanish, and the
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coefficient of the term with no derivatives be non-
zero.

As seen above, this procedure for A=1 yields
c=2n%(2n+1), a,=(n +1)/. Using these values,
one obtains for A=2

_2(m+1)
“= Tona1

L. P. S. SINGH AND C. R. HAGEN

9
n+l
4 =4 = n-1"
and
2n+1
b=~ n=1 -

Next consider A=3. The necessary and sufficient
conditions to obtain zp"’ ~9=0, after some simpli-
fication, are found to be

byc,(by—agdy) #0, (20)
-9)2
o[t 222l ] 0, (21)
(n-2)(2n-1) ( n+l ]
’ - ! | =
K [czes 2@+ D) \ Bz )21 =0 (22)
(n+1)@2n-1) , J < bycy? n’ 2,5 )
[”302’“ 2-1)2n +1) 2] Ge)en +1) ¥ 8n-1F ~ dm-17@n-1) =% 5 =0, (23)
n+1
aa-n_z =0’ (24)
(n+1)(2n-1) , ] ch
["302 T 2m-DEn+1) =% dp-1)m-2)
2 2 2
a nc. a 4n 2:]_(n+1)bc o
T ) | Oomaslbs * gy Osves) |- Gty =0, (29)
and
€= 22n’:21 ’ @7, 1)
2e3-a; +d,=0. (26)

As shown in Appendix A, these conditions uniquely a,=d;= n':_zl_ , (27,2)

determine c} to be zero, i.e., ¥~ does not ?

couple to any field of rank higher than itself. (g-1)(2n—-q +3)

Therefore a replacement by =- el 2n-2q +q3 , (27,3)
X (=) -.R(n-a)(x(n-S) c¢'= €, =0, (27, 4)
(ph-s) ‘P(n -3)

and
with R%,~9=0 does not affect any part of the La- 3 -
grangian determined so far. Thus one can, using Cqm1=2(n-q +3)*(2n-2¢ +5) (27,5)

the above transformation, set e,=0 without any
loss of generality; the remaining coefficients
are uniquely determined as

n+1
= 2n?
2" op—1’
_ dn
bs——2n—3

We can now proceed to a general value of A. We
prove the following: Let

for g <A-1. Then the requirement that Eqs. (19)
imply x®V=y®N=0 for p>n-x determines the
coefficients cy-,, ck-;, @), b, dy, and e, unique-
ly [up to the arbitrariness implied by transfor-
mations (15)] to be as given by Egs. (27, 2)-(27, 5)
with g=A. From the values of the coefficients
determined so far it can be seen that Eqs. (27) are
satisfied for g <3. It follows by induction, then,
that all the coefficients are given by (27).

Proof. One can easily verify that the elimination
of p® =9+ 1N angd x =N from Eqs. (19, g +1a) and
(19, g+1b), and
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{:82 . _(g=1@n-g+3)
A=q+1)(2n-r—q +3

with the use of (27), results in (28,¢+1), i.e., the
equation obtained from (28, g) by the replacement
g~q+1. Now, eliminating ™" from Egs. (19, 1)
and (19, 2), one obtains Eq. (28, 2), i.e., Eq.

(28, q) with ¢=2. It follows by induction that the
elimination of ®*1*M and x®» (p>p-xr+2) from
Egs. (19, 1)-(19, A-2b) with the use of Eqs. (27)
results in (28, A-1). Further elimination of
lp(n—)\-vz,)\), zp(n--)‘+1.)~)’ x(n-k+1.k), and X("_)‘) with

the help of Eqgs. (19, A-1a)-(19, A +1Db) yields

mz] pim—er 1 n+l
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_; n-A+l (n=a)
— [ 1 78+m]x ) (28, q)
—

6
S A (-iyea)limipnN=0.

i=o

The necessary and sufficient conditions for this
to imply z,b("")"=0 are

Ag#0; A;=0 for j<5.

In terms of the coefficients ay, dy,cy-;,ch-;,d),
and e, these conditions are

—
b)\C)\-l(b)\—axd)\)¢0, (29)
2(n—A+1)2J
2 —_— =
Cx=1 [c)\-x + (2n—-2x+3) o, (30)
ot [c _ (n=2+1)2n-21+5)ci., __n+l ]_0
AL O T a2 mA+2)@n-A+4) \ PN aoa+1 /)T (31)
cly [b,c , B+ D@n=21+5)ch_ dy ] _=x+3)ca_, (byte,®) | baea-? -0
A=2)n=x+1)2n-a+4) L M7 2(A-2)n-r +2)2n-x +4) 4n-r+2)2(2n-21 +5)  8(nm-A+2)2
(32)
n+l
O aa+l (33)
choy [b - (n+1)(2n-2)1 +5)ch ., dx ]
4n-r+1)(n-a+2) L 2217 2(0=2) (-2 +2)(2n-2r +4)
(n=)x+3)cy-, [ (A-=1)(2n-X+3) 2] (m+1Pbycr-®
T 4(n-x+2)*(2n-21 +5) (br—ardy)by + (2n-21 + 3) Br+ex?)] - 8-r+1P-r+2F O
(34)

and

22)\4- d)\—a)\=0 . (35)

As shown in Appendix A, these conditions yield
c4-,=0. Thus ™ does not couple to fields of
rank higher than its own. Consequently one can
make a transformation

(=2 (n=2)
X - X
(w‘"-”)”R(" ’ (zp""*))

r

with R({;' M= 0 without altering any part of the La-
grangian determined so far, i.e., without changing
Eqgs. (16) or (27) for g <A-1. Thus one can set

e =0 without any loss of generality. The re-
maining coefficients are then uniquely obtained to
be as given by Eqgs. (27) with g=X.

Thus it has been demonstrated that, in order
that Eqs. (17) reduce to (2) along with p®=x®P=0
for 0 <p<m-1, the coefficients appearing in the
Lagrangian are as given by (27). The minimal®
Lagrangian for a spin-(n +3) field is thus
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|©

£ =_lz_ ¢(n) BGy- 8—m)([)(") + Clp("-") B(alp(")) + % Clﬁ("-l)ﬁ(i‘)" 9 +a1m)zp("")
* ccl{x@’” BOY" )= X (=i 0 + dym)X ™D ~Fmb, (x " By + (2 px ()

-1, 9™ I8Gy+0 + a,m)y™?

n a1
+) (=) ( II < b,) [x"=9B(ay @ =e* D) ~ 3 x ™9 B(=iy+ 8 + dgm)x *~
e=3 =2

i

the coefficients are given by (27).

As noted earlier, the formalism is invariant
under the transformations (15),. so different
choices of p and R® yield different Lagrangians
which are completely equivalent.!* Appropriate
values of p and R are seen to yield the Lagran-
gians obtained by Chang®® for the spin values 3,

3, and £.

In view of the fact that all auxiliary fields vanish
in the absence of interactions, many of the free-
field properties can be obtained without the knowl-
edge of the full Lagrangian. The free-field La-
grangian becomes

£ =3y Bliy-o-mpy®,

the field equations being (1) and (2). Using these
and the action principle’ the free-field anti-
commutators have been found by Chang!® to be

{Ipﬂl' . 'p" (x), ¢y1° LI v" (x')B}
==i(iY*8 + MOy 1) (5) [02- m2 Alx-x',m?),

where O(s) is a spin projection operator intro-
duced by Fronsdal!” and subsequently used by
Chang,'® and A(x-x’, m?) is the invariant function

A(x—x',m2)=if dp UL e(p)d (p? +m?).

(2m)3

The positive-definiteness of the anticommutator
is readily verified; the reader is referred to
Chang’s paper (Ref. 15) for details.

III. ELECTROMAGNETIC INTERACTIONS

One readily introduces minimal electromagnetic
interactions by doubling the number of field com -
ponents and making the replacement

8, =Dy =8, -ieqA,

in the field equations, ¢ being the two-dimensional
matrix

_% bq "'L(x("-')ﬁll) (n=a) o ¢(n-¢) Bx(n-c)) _% b, ¢(n-¢) Bliy+d +a, m)zp(--c)]} ;

r

( 0 —i

i 0 >

In the presence of interactions the auxiliary vari-
ables do not necessarily vanish, so in order for
the formalism to be consistent the resulting equa-
tions should be such that 2(2s +1) field components
satisfy equations of motion (i.e., equations in-
volving time derivatives) while all remaining
components are to be determined in terms of the
aforementioned ones through equations of con-
straints (equations involving no time derivatives).
Because of the enormous complexity of the equa-
tions in the presence of interactions a consistency
proof has not been worked out for the arbitrary-
spin case, and the discussion here is consequently
limited to a consideration of the Galilean limit.
For this purpose it is convenient to use complex
fields (i.e., a representation of the charge space
in which q is diagonal) and the standard repre-
sentation of the Dirac matrices. We introduce the
following conventions: The factors of c are to be
written explicitly, e.g., m=mc, x°~ct. The rest
energy is separated by writing

[ E e
Do-—z(? +mc+ EA°) ,

E =i8/8t being the “nonrelativistic” energy. Un-
less otherwise specified, trace in the following
means the three-dimensional spinor trace (i.e.,
contraction with ¥* for four-component spinors
and with ¢* for two-component ones). We also
define

lp(") _ ik!...k"
LI T (]
cn.l...."
and
Ric e ok
@) =Tr =y .e.pn=(1 ",
Dirye s by Un, &, Ex*x"‘*n

where &, 7, ¢, and x are two-component objects
in the spinor space. In view of 7”4)(,}'2 ..=0, one
has, then,
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1

1)
c o nhkl" ‘kp—1

Wi,
R
=0 Carye e ohpey

1

Z Ekl. LI Yy

E' coep
Ry n—-1

It is shown in Appendix B that for A <n-2

9o, e =0( Sx y), (36)

where p®*V (x®V) is the component of $® (x@),
with A nonzero tensor indices. It is also shown
that?®

¢("’1'"“1)=O(c'21p) (37)
and

E'=0(c'¢). (38)

It follows from (36) and (38) that, to order c¢7?,
¢=¢and

O‘.E....=0. (39)

)

ie
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Thus the tensor-spinors ¢, x, and £ are all sym-
metric and traceless in the Galilean limit.

Using Egs. (36)-(39), the traceless part of Eq.
(17, 1) with all tensor indices nonzero yields, to

order ¢!,

1 (E +er)¢k1° ok

= 2
={(’-D)x,1...," +(§-’£T) Dh1§k2""n} )

S.T.

(40)
and

2mxk1...,n=—i{(5"5)¢h...,n—Tr} . (41)

Similarly the traceless part of Eq. (17, 1) with one
tensor index zero yields

mE.I .o '*n-1=_iD" ¢kk1‘ " kp—y * (42)

Equations (39)-(41) are the desired set. One can
immediately see that the (6s +1)-component
Galilean-invariant theory of Hagen and Hurley” has
been reproduced. Substituting for the dependent
fields x and £ into (40), one obtains

D2 n
(E Toem * eA,,) Prict b= GmDme O {Z €rmutys Oyt Onata” " " O e O 1, * O } Prpeeei,
B=1 /

e
* 22n+1)mc

or

D’ ) 1 e
(E'f‘ 2m+er (’b'l"'kn:? Ime

which yields the valne 1/s for the g factor.

IV. SUMMARY

The Fierz-Pauli program of constructing the
Lagrange functions for higher-spin fields by using
auxiliary variables has been brought to a con-
clusion in this and the preceding paper. Although
a prescription for this process was suggested by
Fronsdal and was later used by Chang to obtain
the Lagrangians for spin values less than or equal
to 4, the method failed to yield a closed form for
the Lagrangian in the general case. In the present
papers the auxiliary fields needed in the general
case have in fact been determined. It turns out
that in the case of a spin-s boson field represented
by a symmetric traceless tensor of rank s, one
has to introduce symmetric traceless tensors of
ranks s-2,s-3,...,0 in order to obtain a second-
order formalism; still more variables are re-

(-B..-a)(pkl. . .."

(_é.g)kl' LY 3 ..1'¢;l-..1n ’

quired to bring the theory to a first-order form.!
In the case of a spin-s fermion field, a symmetric
traceless tensor-spinor of rank s -2 and two each
of ranks s-3, s~1,..., 0are needed. Using
these the explicit form for the Lagrangian of an
arbitrary-spin field has been obtained, thereby
enabling one to discuss higher-spin fields in a
unified fashion. Although the complicated nature
of the minimally coupled equations has prevented,
for the time being, a complete proof of their con-
sistency,' it has been possible to demonstrate
that the theory has a consistent Galilean limit.

In particular the g factor has been determined to
be 1/s (as has been anticipated for some time),
and it has now been made possible, using the
formalism presented here, to obtain all higher
electromagnetic moments of an arbitrary-spin
particle.
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APPENDIX A

Here we prove the assertions made in Sec. II to
the effect that conditions (29)-(35) imply c4-,=0.
Since conditions (20)-(26) are same as conditions
(29)-(35) with A=3, it follows that the former set
implies ¢;=0.

Equation (30) has two solutions: ¢y{-,=0 or

2(n-1+1)?
Cr-17 7 gp_an+3 Ay
We show that the assumption cy{_,#0 with con-
ditions (29)-(35) leads to inconsistencies. Equa-
tions (31), (33), and (35) yield

(n=A+1)(2r—2X +5) , }=0

22*{“-1 T2 mr+2)2n-nr +4) A1

(A2)

e\)\= 0 (A2a.)

or

(n—h+3) 4(n +1)(n-r+2)? ]2
I: n-x+2 )" (=X +1)(z=X +3)(2n-2X +3)

4(A-1)n=r +2)(2n—21 + 5)

, _ (A=2)m-2+2)2n-2+4)
CX=1%7 "X +1)(2n-2X +5)

Cr-;- (A2Db)
Let us consider (A2a) first. Equations (33) and
(35) yield

n+l
n-a+1°

Using (A2a), (A1), (A3), (32), and (34), one
readily obtains

n+l1 2
b)‘—(n—)wl) ’

in clear violation of (29), which with (A3) reads

n+1 \?2
br(n—)wl > #0.
Thus (A2a) cannot be true. Let us try (A2b).

Elimination of (b +e,2) from Egs. (32) and (34)
and subsequent use of (29) results in

An=2 +2)%(22-1 +2)(2n-2X +5)
(n=A +3)2(2n-2X +3)? ’

Using (A1), (A2Db), (A4), (33), and (35), Eq. (32)
becomes after some manipulations,

ax=d)\= (A3)

bx=— (A4)

(n=x +3)*(2n—21 +3)?

This clearly is absurd, since the left-hand side is

" a positive-definite quantity. Thus it has been
shown that cX{_, =0 is the only value that can satis-
fy conditions (29)-(35).

APPENDIX B

Here the relations (36)-(38) are obtained. We
begin by proving (36), i.e., for A<n-2, $® M and
x®* M are at most of order ¢™"**y.

Consider the field equations (17) with minimal
coupling, i.e., with

. e
9, -Du=8”—z ?A#.
In view of the fact that
D,=—-i <mc+£ + EA0>
c ¢
and

-

—i'y"D,,=-ﬁ(mc+% + %Ao) +y+D,

[2(n-A +2) (=2 +3)% + (A=1)(n-1 +1)2]=0.

P

the highest-order terms (in powers of ¢) involving
a certain field component are the ones with either
D, or y"D,, acting on the component. Separating
these in the minimally coupled equations (17) with
A nonzero tensor indices and using (27), one ob-
tains after some simplification

; =N +r+2)

(2n+1) YN +oT,

(A5,1)

P zp"'""= -

gD Ep a1,y
n

(m+1Pm-A+1)m+A+1) (pn
T nm-1)2n+ 1) X

+0.T., (A5,2)
Grn ot ®.%
gt = p+1 P-x
iln-p-1)n+p+3) ®,N
@p+3) P +0.T.

(A5,n-p+1,a)
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and
x@V=- 1 p 4o
p+1 77
_ 1(1) +2)2(p-)\)(p +A +2) (p=1,\)
po+D@p+y X TOTe
(A5, n—-p +1,b)
where

p=n-2,n-3,..., X,
P,={(n+1)x(x+1)8},

and O.T. stands for “other terms” which are of
order A= yEA=D y(rdh=2) L @X2) apg
c—1(‘p(r,k+1)’ x(y.Mx), IP(")‘), X(r'»)-

We proceed to show that Egs. (A5) yield
w(’. N X(P.X) =0 (c-l(lp(r,)d- 1)’ x(r, A+ D) )’
‘p(r.)x—z)’ x(r.X-z)’ w(r.x-u, x(r .X-l))

(A6)

The following assertion is easily verified: The
elimination of ®*1*» and x®'» from Egs.
(A5,n-p+1) and

peruN - i(p=A+1)(p+r+3)
(p+1)n=N)(m +1 +2)

P_y®V+0.T.

(A7, )

results in (A7, p—1), which is the equation obtained
from (A7, p) by the substitution p~p-1. Since the
elimination of ™+ from Egs. (A5, 1) and (A5, 2)
yields (A7,n-2), i.e., Eq. (A7, p) with p=n-2, it
follows by induction that subsequent elimination

of p®*+1:M and @M (p=n-2,7-3,...,2) results
in (A7, A-1), that is,

4,()\.)\):0(6-1(4,&. A+ v x(r.xn))’ ¢(r.k-2)’ xTr-2

z[)(")‘-l), x(r.l-l)) ,

whence Eqs. (A5) immediately yield (A6). Now
for A=0, this reads

ap("°), x("°’=0(0"(¢"'”, x(r.l))) ,
that is

zp("x), x(")‘)=0(c"(zp(")‘+°, x(r.kﬂ))) (A8)

is true for A=0. Using this, (A6) reduces to (A8)
for A=1. Also, if (A8) is true for A=2, and
A=2,+1, (A6) becomes (A8) for A=2,+2. Con-
sequently, it follows by induction that (A8) is true
for all A, whence (36) is immediately obtained.

In order to get (37) and (38), one contracts
(17, 1) with D*». In view of (36) the resulting equa-
tion with all tensor indices nonzero is

[=inysD+n+1)mc] (sz(")),,l. —

=n D% +0(cy®=0 iy,

| TRRIY P

Also, Eq. (17, 2) can be written, using (36), as

(D w(n) )“1' N GY'D + n"+1 mc) lb(:l:lz -
+0@Rp"D),

The elimination of (Dyp™ Ja,* + + &y, from these two
equations results in

mictpl.,  =0(p™),

whence 72, _1=O(c’2¢(")), which is (37). Using
this, Eq. (1A5, 13 with A=n-1 immediately yields

P e, =0(cTY),

whence Eq. (38), i.e.,

0'. §,,,,l. LY S =O(C_1§)

follows.
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The aim of this paper is to investigate a specific example of the two-point—function expres-
sion, as proposed in source theory by Schwinger, which represents the inverse modified
propagation function as a spectral form. Since this expression for the propagation function
most naturally (but not exclusively) refers to spin-1 particles, our program is explicitly
carried out in the context of spin-1 electrodynamics, with the progagation function refer-
ring to the charged particle. The two-point transverse and longitudinal spectral weight
functions are calculated in lowest order. We find that the inclusion of those contributions
due to source radiation leads to spectral forms which are infrared-convergent and have
non-negative spectral weight functions. Furthermore, the spectral integrals are explicitly
evaluated and we see the expected rate of falloff, faster than 1/p2, of the propagation function
at large p2. The complex p? poles of the propagation function are large and shown to be
physically acceptable within the framework of source theory. We also demonstrate that
these results remain unaffected when magnetic and quadrupole couplings are present.

I. INTRODUCTION

By general source-theoretical arguments,
Schwinger® has shown that the spin-1 propagation
function has an asymptotic decrease at least as

rapid as (1/p%)? and can approach (1/p%)®. This is
the case if the spectral weight function A(M?)
associated withthe G*” G, coupling, where G*” isthe
usual antisymmetric spin-1 tensor field, increases
less rapidly than M? as M? approaches infinity.



