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Note that the transmission-coefficient formula is
the same for zeroth- and first-order approxima-
tions. However, the parameter E in Eq. (14) sat-
isfies the first-order approximation given by Eq.
(7) rather than the zeroth-order approximation
given by Eq. (6).
The calculated transmissions coefficients to

zeroth and first orders for the Eckart potential
are shown in Table I along with the exact results.

|©

We see a remarkable improvement in the results
by including the first-order terms 72,
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An explicit form is obtained for the Lagrangian of an arbitrary-spin boson field. This is
achieved by introducing auxiliary field variables which are required to vanish in the free-
field limit. For s =4 the results are found to be in agreement with those obtained by Chang.
Canonical commutation rules are derived and the equations of motion are brought to first-
order form, thereby facilitating the introduction of minimal electromagnetic coupling. It is
found that, upon taking the Galilean limit, the (6s +1)-component Galilean-invariant theory
of Hagen and Hurley results. The g factor is found to be 1/s, thereby confirming a long-

standing conjecture.

I. INTRODUCTION

The long-standing problem of how to construct a
theory of higher-spin fields was first undertaken
by Dirac' as a generalization of his celebrated
spin-3 equation. In that paper he wrote that “the
underlying theory is of considerable mathematical
interest.” And so it has turned out to be. After
more than three decades of intensive investigations
the problem is still only partially solved, and has
turned out to be among the most intriguing and
challenging in theoretical physics. It touches upon
some of the most basic ingredients of present-day
physical theory—causality and the positive-defi-
niteness of the Hilbert-space metric.

Various approaches have been tried—equations
describing many masses and spins, non-Lagran-
gian theories, and theories with indefinite metric.?
In this paper® we consider the “simplest” formula-
tion, namely a Lagrangian formalism for fields of
unique mass and spin. At present Lagrangian field

theory is the only formalism which provides a
unified framework for the study of all aspects of
the operator formalism of a given theory (e.g.,
equations of motion, canonical commutators,
Green’s functions, and the energy-momentum ten-
sor).

All relativistic field theories are based on in-
variance under the full Poincaré group (including
reflections).* Thus an “elementary” free field is
taken to transform according to an irreducible
representation of this group.> The two group in-
variants

P?=p, P*
and

P%s?=3J,, J*P?-J*J, P, P
define the two basic quantum numbers, mass and
spin, respectively, of the field through

(i) P2=-m?
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and
(ii) S2=s(s+1).

In this paper we restrict ourselves to massive
boson fields, i.e., to fields with »®>0 and integer
S.

It is important to note that even the specification
of (i) and (ii) does not determine uniquely the
transformation properties of the field under the
Lorentz group, inasmuch as one can choose a set
of functions transforming according to any of the
representations D(s - 37, 3n) @ D(3n, s - 3n),
0<nss, of thé (proper orthochronous) Lorentz
group. However, we make the usual choice by
selecting the representation D(3s, 3s), for which
case the field ¢’ is a symmetric traceless ten-
sor of rank s, which by condition (i) is seen to
satisfy the Klein-Gordon equation with mass m,
i.e.,

(=02 +m?)¢$s) ., =0. (1a)

s

Under the subgroup 0(3.) of spatial rotations, the
representation D(3s, 3s) is reducible:

S
D(3s,3s)= 2, D(j),
ji=0

that is, all spin values from O to s are present,
However, (ii) implies that all lower spin values
should be eliminated, a result which is well known
to be accomplished by imposing the “Lorentz con-
dition”

amip). .., =0. (1b)

S

Since we shall be using a Lagrangian formulation
here, it is appropriate to recall that the necessity
of such an approach was first pointed out by Fierz
and Pauli.® They noted that the introduction of
minimal electromagnetic interactions in Eqs. (1)
leads to inconsistencies which can be avoided by
requiring that all equations involving derivatives
be obtainable from a Lagrangian. They further
noted that it is impossible to construct a Lagran-
gian that will yield (1) by using only ¢, and that
additional fields (the so-called auxiliary fields)
have to be introduced. A procedure for introducing
these fields and constructing Lagrangians was later
suggested by Fronsdal’ and by Chang.® Although
the latter author obtained the Lagrangians for
s=2, 3, and 4, the method does not yield a closed
form for the Lagrangian of a general-spin field.

In this paper we obtain the Lagrange function for
the general case and study some of its simple
properties. In Sec. II we review in part the work
of Fierz and Pauli in an attempt to motivate the
introduction of auxiliary fields. The explicit form
is found for the Lagrangian of an arbitrary-spin

field. The basic requirement on the equations is
that the auxiliary fields vanish in the free-field
case. Consequently the free-field commutation
rules, etc. can be obtained without detailed knowl-
edge of that part of the Lagrangian which depends
on the auxiliary fields. These have been derived
by Chang® and will be summarized in Sec. III. In
Sec. IV minimal electromagnetic interactions are
introduced and the Galilean limit obtained. The
latter is found to coincide with the Galilean-in-
variant theory of Hagen and Hurley.®

II. FREE-FIELD EQUATIONS

Our aim is to write down Lorentz-invariant, lin-
ear, second-order differential equations which re-
duce to (1) for ¢’ and are obtainable from a
Lagrangian. The latter requirement demands that
the equation obtained by the variation of the La-
grangian with respect to a certain field should
carry the symmetry of that field, i.e., an equation
obtained by varying the Lagrangian with respect to
a symmetric, traceless tensor should itself con-
sist of symmetric, traceless terms.

Let us start with spin 1, for which case one has
a vector field ¢,. It is well known that Eq. (1) can
be obtained from

—-9k(9,¢,=8,0,)+m*¢,=0. 2)

Contraction with 8” yields 8”¢,=0 (m*#0 is cru-
cial), and (2) trivially reduces to the Klein-Gordon
equation.

In the general case, then, one might be tempted
to try

I (s) - (s) 2 4 (s) =
—-9H(8, 0% . ., 8,,1¢,J“2...,,s)+m O, =0

®3)

for the symmetric, traceless field ¢%)..., .
These, however, are not Lagrange equations, as
they do not carry the symmetry of the field; the
second term is neither symmetric nor traceless in-
the p;. Thus for the spin-2 field the correct form
is

(-o%+m*) %) +2{2,(09®)),} =0, @

where the subscript S.T. is used to indicate that
the symmetric, traceless part of the enclosed ten-
sor is taken—a notation used throughout this work.
Contraction of (4) with 8” yields (8¢®’), =0 only if
the coefficient of the second term is 2, and (88¢®))
=0. However, (88¢®))=0 cannot be obtained from
Eq. (4). Thus one needs more equations and con-
sequently more fields, i.e., auxiliary fields are
required. The resulting equations should imply
(89¢®))=0 and in addition the auxiliary fields
clearly should vanish for the case of no interac-
tion.
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The question now arises as to what types of aux-
iliary fields should be introduced; we bear in mind
that one would like to keep their number at a mini-
mum, Thus it is natural to look for tensors of
ranks lower than s. As these can couple only to
(8¢*)), one needs to consider only symmetric,
traceless objects.

Returning momentarily to the spin-2 case one
sees that since a scalar, namely (83¢®), is to be
eliminated, the obvious choice is a scalar equa-
tion. One consequently introduces a scalar field
¢, This can couple to ¢*’ only through a term
(89®)),(3#¢®), thereby yielding the most general
Lagrange equations,'®

(-2 +m?)p2) +2{9,(09®),}  =clo, 0,06},

(5)
and
(889@)) = (82 — am?)p® . (6)

Contracting (5) with 8" 8” and eliminating (88¢®))
with the help of (6), one gets

[(1=%c)a*+(@2=-a)m?3% =2am?| 6@ =0.  (7)

Thus the desired result ¢ =0=(32¢®) is ob-
tained if and only if c=%, @ =2. All the coefficients
are thus uniquely determined.

Next consider spin 3. The tensor ¢<), satisfies

HUN
(-02+m*)p ), +3{2,(3¢)),\}¢
=terms involving auxiliary fields.

Since one needs (aa¢<3>)“=o in order to obtain
(1b), a vector field ¢’ must be introduced. The
analogs of Eqs. (5) and (6) are thus

(=92 +m?)p 3 +3{0, (80N 1}, =c {8, Z')l'(p(i)}s:r.
(8)
and
(809®)), = (8% = a;m?)9 ) +5,9,(30™). )

In this case, however, ¢ and (99¢), cannot be
eliminated unless

(81 =0=(8008¢®), (10)

J

£='§‘¢(3)(32 - m2)¢)(")+%s(a¢(’))2

Once the latter result is obtained, contraction of
(8) with 8”9 and elimination of (00¢(®), with the
help of (9) yields the necessary and sufficient con-
ditions for ¢}’ and (89¢*)), to vanish as c=%,
a,=3. With these values for ¢ and a,, it is im-
possible to obtain (10) from Eqs. (8) and (9). More
equations and hence more auxiliary fields are
needed. Again scalar variables are to be elimi-
nated so that the most economical choice is a
scalar field ¢®, The restriction to second-order
equations dictates that it couple only to ¢,
Equation (8) is thus unchanged, while (9) is modi-
fied to

(90¢®)), = (8% = a;m*) ¢ +b,8,(8™))
+cam, o' ; (11)
the additional equation is
m(8p))=(8% - a;m?*)9p®. (12)

Equations (8), (11), and (12) are the most general
ones involving these fields. A straightforward cal-
culation now shows that these yield ¢ =0 [con-
sequently (10) from (12) and (11)] if and only if
b,=3, c,=%, and a,=2. [One contracts (8) with
3* 95 and (11) with 8*, eliminates (988¢ () and
(2¢™)) from the resulting equations and (12), and
equates to zero the coefficients of various powers
of 82 in the equation so obtained. ]

The following pattern emerges: One must suc-
cessively obtain ¢©'M =0 for A=s,s~1,s~2,
...y 2, Where

(s, \) Eaﬂl...a#)‘d)(j)_
1

Bys1®* "Hs colg

is a symmetric, traceless tensor of rank s -, At
each stage an auxiliary field—a symmetric, trace-

‘less tensor of the same rank as ¢‘s:») —is needed.

Thus one introduces symmetric, traceless ten-
sors of ranks 0,1,2,...,s-2. These will be la-
beled ¢©; ¢ ..., $©2)  respectively, and
correspond to the representations D(37,337),
j=0,1,2,...,s-2, of the Lorentz group. Thus the
second-order theory requires (s+17 +ts(s=1)
X (2s - 1) field components.

The most general quadratic second-order La-
grangian involving these fields is':"!

+c[¢(s-2)(33¢(s)) - %([)("2)(82 - a2m2)¢(s-2) +%b2(3¢(s-2))2 - d2¢(s-4)(33¢,(s-2))

q =3 R =2.

yielding the equations

S q=-1
- Z ( H Ck> [%4)(5“‘)(82 - aqm2)¢(s-q) - %bq(a(l’(s_"))z’ - m¢(s—q)(a¢(s-a +1)) +dq ¢(s—q +2)(aa¢(s-q))]] s
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(=22 +m)9 )+ s{8(09 )} =c{oagpe2} | (13,0)
(809)) = (87 ~ aym*)p© ) +b,{8(3¢ 2N} o1 +mey {09V +d {0960, (13,2)
m(3¢(s-2))-_-(32 _ aamz)(p(s—s)+b3{a(a¢(s-3))}s:r.+mc3{a¢(s-3)}s:r. +d3{aa¢(s—5)}s:r. R (13, 3)
MCQeaCaun(89470 ) 2, (800 = yc, (8 = a,m?)$~9+ b, {2(09 -} _

+mc¢{a¢(s—q-l)}S.T.+d¢{aa¢(8—q—2)}s.’l‘.] s
q=4,5,...,5s-2 (13,9)
mcs-acs—z(a¢(2)) - ds-3(38¢(3)) =Cs_3 cs-'z[(a2 - as-1m2)¢(1) +b —1{3(3‘1’(1))} +mcs_1{3¢>(°)}] ’ (13,s-1)
and
mey 5 Cy_1(80M) =d, ,(8090® ) =c, ,c, (82— a,m?)p® . (13, s)

The coefficients are to be determined so as to
yield ¢®'=0, p=0,1,2,...,s-2, and (80¢))=0.
This, as seen above, happens in steps. One first
obtains ¢®)=0, p=5,5-1,5-2,5-3,.. .0,
where?

¢(:;_aa, :\I e lgq =9H1lee s ghr=gq ¢i(181_‘q')'“s-q .
Given this, one next obtains ¢#s-1)=0v p, and so
on. In short, for 2 <X <gs, one assumes

$®=0, pss-a-1
¢(P,)\+1)___0’ p;s_x

and arranges the equations (13,0)---(13,2) so as
to obtain ¢ =0, p>s~x. To this end one con-
tracts Eqs. (13, ¢) with 8#1.-.8¥x-a, Using (14),
one obtains

(14)

r

S 2 (s,\)
Rkl

=(s__sl72 fO(A)CB"d)(s""')‘) R (15’0)

¢C N ={[1+b,,(0] 8% - am’} g 421
+mc, f,(\)82¢p -3 M)
+d, f,(N) f(\)a1 (-4 ) s (15,2)

md)(s-z,X): {[ 1 +b3f3(7\)] 92 asmz} ¢(s-3,)\)
+meyf,(\)82gpls=4 )
+d3f3()¢)f4()\)3“¢("5')‘) , (15, 3)

and

mc,_, ca-2¢(s-q Hh M- dq—2¢(s-q+2' M= Cq-lcq—z({ [ 1 +bqfq()\)] 8% - aqmz} ¢<s-q' M +mc¢fq()‘)az¢’(s_¢_l’ M

+d, f (M) f e (V)B4 lsma=2.0) )

where
f)=3(s =)A= q)2s =1 —g +1).

One then eliminates ¢®», p=(s —a+1),
(s=x+2),...,s, from Eqgs. (15) and equates to
zero the coefficients of 92"¢~*) in the resulting
equation, thereby obtaining the necessary and suf-
ficient conditions for the equations to imply
¢(s-)\) =0.

Let us start with A=2. Equations (15) are then

2 S 2 {3,2);=M 4, (s-2) ’
(a 51" >¢ s(s_l)zca ¢="2), (15,0)

and
2 = (82 = a,m?)ps-2) (15, 2)’

Eliminating ¢‘:2), there follows

g=4,5,...,X (15, 9)

(-]

S s .
- _ 922 = —— 4 (s=2) _
+(s—1 az) m—Taam }d) 0.

(16)

The necessary and sufficient condition for this to
imply ¢©~2)=0, which in turn yields ¢2)=0
from (15,2)’, is that the coefficients of terms with
92" yvanish. This uniquely fixes ¢ and a, to be
s(s =1¥/2s - 1) and sAs — 1), respectively.

Next consider A =3. A straightforward though
cumbersome calculation, upon substituting above
values for ¢ and a,, leads to
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(s—-17 Now we can consider the general case. We prove
2T 951" the following: Let

_ s%(s = 2%
TG s -3)2s-1)"’

= g2s —g+1)s —g+2)
7 2(2s -2g+3)(s~g+1)’

b _(s—g+17

and

g.oSls=1F e-17 25 —2g+5’ (17)
3 (s =2)(2s ~3)
_(@=1)s=-g+1P(s —g+3)(2s —g+3)
as the necessary and sufficient conditions for the Ca-17 T9(s = 7+2)(2s -2¢+3)(2s ~2¢g+5) ’
equations to yield ¢‘*~3)=0, which in turn implies :
$G3=p-2.3) 20, Similarly, using the values of and
the coefficients determined so far, and carrying
out the same procedure for A =4, one obtains d, »=0
d,=0
2w for g=2,3,...,A=1.
b= (s-3) Then (17) also holds for ¢ =X in order that.the
8 25-3"7 equations imply ¢®:} =0, p=s -, Looking at the
3(s=3P(s-1)2s=1) coefficients determined so far, one can see that
Cs “2@2s-3)2s -5)s ~2)’ (17) is true for ¢=2, 3,4. It follows by induction,
and then, that (17) holds for all g.
. 2025 -3)s—2) cofnr:of. Setting d,=0, 2<g<x-3, Egs. (15) be-
47 (25 =5)(s =3) °
S )
92 s 2] (s.)\)._.;SL 94 (s=2,X) "
[+ a0 = qp ot 15,0
¢(s, )= {[ 1 +b2_f2()\)] 92 _ azmz} ¢(s-2, x) +mc2f2()\)32¢(s-3,)\), (15, 2)7’
mee- LN = {1+ £ (\)]8% - am?} - Nime, f,(A)02¢p62-1 M 3<g<a -3 (15, )"’
mpE2 3N = {148, , 1, ,N)]8% =ay_,m?} ¢C- 22 Nime, ,f, ,(A)92ple-r+1.0)
+dy 5 fr2(M) froa(W)d2pE=N) (15, x =2)""
met=22 M= {[1 +by 1 fra(0)] 8% = a)\_lmz} ple=rst. )‘)+mc)\_1f)\_1()\)32¢(3')‘), (15,x=1)""
and
mey _, C)\_1¢’(s-)‘+l'>\) - d)\_z(b(s-)‘ﬂ' \) =C) C)‘_l(az - a)\m2)¢(s-)\) . (15, X)

Substituting for ¢, a,, b,, and c,, and eliminating ¢‘'») from (15,0)’’ and (15,2)’’, one gets

[32 _.If:% mz}md,(s-z,}\):j_c?(%_) [£,(0)82 = £,(0)m?] p (=31 (18, 3)

A tedious but straightforward calculation shows that, using a,, b

and ¢, from (17), the elimination of
¢G-2*1.) from (15,9)"" and

q

2_f -1(0) 2 (s=g+1,A) _ a2 2 (s=a,\)
m[a mm]¢ L a7 = s @] 6 (18, q)

results in (18, ¢ +1), which is the equation ob-

4
25g92(=4)p(s=2) _
tained from (18, ) by the replacement g—q +1. ZAJ'" 2 ¢em=0,

Consequently it follows that the elimination of i=e

@M p=s,s=-2,s~3,...,5 =1 +4, from Egs. where A, depend on d, ,, c,_;,, b, and a,. The

(15,0), ..., (15, x - 3) results in (18, x - 2), necessary and sufficient conditions for this to im-
Further elimination of ¢{S=2+3:1) = gls-2+2.0) ply ¢©-2=0 are

and ¢©-**1.M from Egs. (18,1 -2), (15,1 -2)"",
(15,2 =1)"’, and (15, A) results in Ag=A=A,=4,=0,
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f1-2(0)
Fr-2(d)

which, after a lengthy calculation, are found to
yield

#0,

A=ayay .,

d,_,=0,
B, = };[?(J_A(A)l) l_b)\-lf)\-l(x)=0’
_ f1a2©®)  _f1s(0)
Bz a)\-l'*'[1+bx-lfx-l(x)]fx_2(A) f)\-a()‘_l)
= Cxo1 fr-1id) = ayBy
=0,
£=%¢(s)(32 _m2)¢(s)+§_s(3¢(s))2

and

fr-2(0)
[erar Fras®) = a5 4] Fre@)

—a)[B,+a\B,+c)_, fr.M)] =

These uniquely determine b,_,, ¢,_,, and a, to be
as given by (17).

Thus we have demonstrated that in order that
Egs. (13) reduce to (1) along with ¢ =0, 0 <p
<s -2, the coefficients must be as given by (17).
The “minimal”'® second-order Lagrangian is,
thus,

c<¢("2)(33¢(3))—%¢("2)( = agm)$ ) 35, (09C Y - Z(HC>

x[%¢(s-q)(32

As noted earlier,'® the formalism is invariant un-
der the transformation

¢(s-a)_. aq¢(s-q) R

2<gss, a,#0

so different choices of the o’s will yield equivalent
though different Lagrangians. Suitable choices of
the a’s are easily seen to yield the Lagrangians
obtained by Chang?® for the spin values 2, 3, and 4.
The next task which must be undertaken is to ob-
tain a first-order formalism, i.e., a formulation
involving only first-order equations for the fields.
This is necessary in order that electromagnetic
interactions can be introduced in an unambiguous
fashion. For this purpose more fields have to be
introduced. There are many ways of doing this,
and analysis of the spin-2 case shows that the
theory of the interacting field is extremely sensi-

k=2

= a,m*)p 70 = 5by(8¢~If —m e “(aqb“'"‘”)]} (19)

tive to the particular first-order formalism which
is chosen. Furthermore, in the presence of in-
teractions all auxiliary fields do not necessarily
vanish. Consistency demands that only 2(2s +1)
variables satisfy equations of motion (i.e., equa-
tions with time derivatives), and that all other
variables should be determined in terms of these
through constraints (i.e., equations with no time
derivatives).’* This is not the case with all the
formalisms, and in some cases the number of con-
straints actually decreases with the introduction

of interaction.'®* Therefore we follow the obvious
generalization of Chang’s formalism for spin 2

and introduce fields H ) e (P=5,5-2,
s=3,...,2), H}), H“”, ancfH which are tensors
of ranks (s +1), (s=1), (s -2),...,0, respective-
ly, through'®

HE. oy e=2{0a08) g+ (5 = 1)agey (00, +(s = 1Pbgy, 8,0°7P ., h, (20, 0)
HE e =210, (20, 2)
Hl(isl-'q')'ﬂs-q-l.ﬂa=2{a&¢(;#-1q')' Hsgeg-1 +(‘S -q9- I)Aaga# 1(a¢(s-q))ﬂl‘z : '“s-q-l}A’ 3< gss- 2 (20’ q)
HG)=2,00) 28,08,
(20,s - 1)
H=(a¢(l))9
and

0) _
fo) _ac(d)(o) ’

(20, s)
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where a and b are given in terms of another con-
stant A by

_ s=1=2
s+ -(s-1)°
s(s=1)

b:

@2s-Ds+1)=-(s-1]"’

X and A, being arbitrary constants subject to the
restrictions

s-1

A=
s+1°

Aq¢—(s-q+1)'1.

These tensors have the following properties:

(i) They are antisymmetric with respect to . and
«, and are symmetric and traceless in the re-
maining indices,

(i) e*#BHG) . =0,
and
(i) g““lH(s‘z) — =0,

In the general case, i.e., s >3, the representa-
tions of the Lorentz group involved are

D(3(s+1),3(s = 1)) & D(3(s = 1), 3(s +1))

3] D(%(S - 1), %(S -1)) ’

|©

D(‘%(S - 1)’ %(s - 3)) @D(%(S - 3); ';'(S - 1)) ’
D(1+%j,55)@D(j,1+35)@ D4, %5),
j=0,1,2,...,5s -4

and D(3,3). Thus, in addition to the ¢, 5s?
+3(2s = 1)(s = 2)(s - 3) +4 components have to be
introduced in order to bring the theory to first-
order form. The spin values 0, 1, and 2 are ex-
ceptions, however. As is well known, one has to
introduce a vector field in the spin-0 case, where-
as the spin-1 theory can be brought to first-order
form by introducing a second-rank antisymmetric
tensor corresponding to the representation
D(1,0)® D(0,1). As for the spin-2 case, one can
see from Eq. (21, 2) below that H® does not ap-
pear in the equations, so only the 20-component
field H® corresponding to the representations
D(%,3)% D(3,3)@ D(3,3) is needed.

We omit the result of substituting Eqs. (20) into
(19) to obtain the first-order Lagrangian. It is
sufficient to remark that the resulting equations,
after some simple algebraic manipulations, re-
duce to (20) and

{ocHE) .| a+>‘ay1H(:) s s, ¢<~*’ con =0, (21,0)
1 g @, -2 S=2 foapis-2). g —amoG) L eme, o, 067, 1 =0
l1+a(s+1) Hs-20T 95 1 He-sils-2@ s T. sz 2t Hs-27s1,

@1,2)

{aaH(le)_ . ‘#,-1.#,a+A»au1H o up }s,r.—m(ad)('”))#l p TMCsp {a“lq)(’ ey k}s.r.'as-pm2¢(;fx)- conp =0,

p=s=3,5s-4,...,2 (21,s-p)

o H W) +2g o HY =m(3¢®)), +mc,_, 8,6 —a,_m*¢})=0, (21,s-1)

and
8°H® —a,m*¢©® —m(8¢p™)=0, (21, s)
where
A Asop(p+1)-1-bs,
» 1+, _,(p+1)
and
H(’) ,,,_l-g‘“’H"’ peal Vgt ®

It follows from the tensor properties (i)-(iii) that
H®) is completely symmetric and traceless.

III. QUANTIZATION OF THE FREE FIELD

The commutation relations of the spin-s system
can now readily be obtained from the action prin-

r

ciple.'” According to this approach the generator
for an infinitesimal variation of the fields is ob-
tained from the surface terms resulting from the
variation of the action integral, i.e.,

a
6S =f z 5Ldx =G(a,) — G(ay)
91

i[G, x(x)] =28x ().

The Lagrangian for a free spin-s boson field re-
duces to'®

1
£=5(¢u1 psaaHu" *Hga1.Hsa
Hys e cpg1pg @
~ H#1® s-1Hs au(p“. . _“s)
1 Hpe e Bgoy.Ba
+,H“1. . '_Hs-x.uaH s-1

1 2 e
—-3m ¢P1"'“s¢“ ks
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the equations of motion being

Hy g yona=90Puiy o ou, = 0 Pap. o opyys
(22)
{aale..-us_l,usu}s.‘r._mzd)pl...“s=0 (23)
and
¢, =0=H . (24)
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Thus the fields appearing in the generator are
¢k * kg ¢k1 kg (1) ¢0k1 kg _1? H 1° .-ks’ and
Aok kg1 (1). Not all of these are independent
nor are their variations. They are related by
certain constraints resulting from the field equa-
tions, namely

9,0
Ay ¢hlh3"'ks =0, ‘72'3_17 Patnge+ s =0, (25)

The generator for the variations at time ¢ is con- s s-1 2> s
sequently given by {"’ - v _ Pory--ns1 * 2, %1 Potn - hs-l}s
. =3k}~1kkl"'ks-l’ (26)
=§f A°x(py . . .y OHIL " Hs-1:Hs0 i 1
. . %1 kg1 = {Bk ¢kh1"‘hs-1 k1¢'mz2 }s;
-H"1 s=1'Fs 6¢l‘l "l-‘s) (27)
-1 [a xE:SC[¢wwH@) A(@)6(0)], and
= s—2
where HE T Rs -2 = s { k1¢0”k2"'k3_2 - al¢0!k1"'ks.2 }s .
- 28}
¢(q) hq=¢k1""°q°° °=¢llk1"‘kq(q+2) (28;
and The subscript S indicates that the symmetric part
. _ of the bracketed tensor is to be taken. Using
H*? " Ra(g) = HR1m " ka0 O 1AL “ Re (g 42), these, the equal-time commutators can be ob-
: tained. Thus, after a tedious calculation, one
with ]
finds
S
H“l'"“sz(]/s);H“l'"“f‘1“1+1"’“s'“j°. [d)kl'--hs (x), ¢11.“13 (x:)]=0’ (29)
—i[H* ks (), pT1ls (x')={[A'l(S)]k1“'ks I +— Z |_A-1(s)]mu Rpethys 1t kg Do }5(3)(§,il)’
(30)
and
] (S € A PN )] Vz [A(8)Jop v mg gyt 63 (x,x), (31)
where
A-3s) QY rst@s—2p-tnt At
[A™s ]hl kg a1t 1 20 22pl(s =p)!(2s - 1)!! kik2™ 1il2 k2p-1R2p”" l2p-1l2p
-1 ees A-L
XA Roprilapsl "s's’ om &), sym (1) (32)
where A7, =6,, - 8,9, /m?, and [s/2] is the where
largest integer in s/2. The subscripts on the ap
right-hand side of (32) mean that the bracketed ex- Alx—-x', mz)=i[(2ﬂ)Si e G e(p)o (p? +m?),

pression is to be symmetrized with respect to
each set of indices. Equations (30) and (31) to-
gether with Eq. (22) lead to the covariant commu-
tator

iy ns (1) &y

_e(s)

v, (7))

howpeeny lo2em2 ALy = 2, m?), (33)

and © () (, (s) is the projection operator intro-
duced by Fronsdal’ and subsequently used by
Chang,® and is obtained by replacing A™%,, in (33)
by ©,, =g, — 8,8,/0%.

One can readily verify the positive-definiteness
of the energy. The energy density up to diver-
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gence terms is
. oL
K(x)EZan -£
o o
=%m2¢mm“s¢u1'“#s

-1 Hy*e Hg_g,He
aHyy e s

1 nyeee -1, R
_2{¢”1_“usak}1 1 Hs=1.Hs

—H“l.”“s-lluskak ¢u1...us} ’
which can be easily reduced to
TR O PY S S R
+divergence terms.
Thus

Po= [ at gt mt v, oA, g

Thyese -1 -1 HEPEREY
LR A AEILELY SRR A st,

where

lpkl"'ks=Ah1l1Ah212 Aksls ¢1,---xs .

Now

fdsx{Zp(k) A_lkltl' : 'A-lks ts‘p(t)}
S
=Id3x Z scﬁm-zﬁ{akl. .o ak, zp"l' ° 'ks}2>0,
$=0

from which the positive-definiteness of P° imme-
diately follows.

IV. ELECTROMAGNETIC INTERACTIONS

Minimal electromagnetic coupling is most easily
introduced into the equations for a spin-s particle
by doubling the field components (we are using
Hermitian fields), introducing the charge matrix

(o)

in the two dimensional charge space, and making
the replacement

9,=~D,=8,-ieqA,

in Eqs. (20) and (21). As noted earlier, the aux-
iliary variables no longer vanish, so consistency
requires a proof that only 2(2s + 1) components
satisfy equations of motion, with all others being
determined in terms of these through equations of

constraint. Unfortunately, the equations become
extremely complicated, and a general proof has
consequently not yet been obtained.!®

Because of this we restrict consideration here
to a discussion of the Galilean limit, where things
become considerably more manageable. To this
end we introduce the following conventions: The
factors of ¢ are written explicitly, e.g., m- mc,
x%~ ct. We separate the rest energy by writing

(E e
Dy=-i (E +mc +;qA 0),

where E =i8/0¢ corresponds to the “nonrelativistic”
energy. Also, “trace” in the following refers to
the three-dimensional trace unless otherwise spec-
ified. We also define ¢{:%); to be the component
of ¢*) with p-g indices equal to zero, the remain-
ing ones being ¢,,...,17,,

= ()
lP,-l...,-s—(P,-sl...,s—Tr,
xi;"'is-i= Cqb(s'f'l) Tr,

‘l "is—l-

and define Gy eeig_,.in to be the component of
H §‘;.)..,s s» Which satisfies

Guvetyereiyeee it =Crntyeniye s (34a)

Goop==G.o.ry s (34b)

Girere n =0=G.oy s (34c)
and

€ Gy =0, (344)

where €,,, is the Levi-Civita tensor in three di-
mensions,
.In the Appendix we prove that

s09=0(Lytux)), pes-2.

Thus all auxiliary fields are at least O(1/c?) com-
pared to § and x. Also, in view of the fact that
d)(‘ ) is traceless in four dimensions, one has

Oy 1s= Pooige.. =0(c™?)
and so forth. Consequently one can write

GGy =Wy + O™
and

(s) = =1 -
D Otyerrigoy =€ Xy e, Ol

From Eq. (21, 0) one has
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(s) .
0‘1”"“'1’”*1. .o

+AD; H )

ig-1
] o5

LTS LTS LLLE FYRST PFS LAY PO

9
2 .2, (s) _1 D H(s) D I_I(s)
m-c ¢°i1""s—1_; H ‘1"'is—l»°’+h ofl g eenig )
s=1 (
+ 21(1)“}1;31...,-u_”w...,-s_l_i“a
‘[:
1+)\ s=1 .s-l _
-— 6, ; DHS), ...
s = yz__l l“l,, oaiy
H< v
As the left-hand side is O(c), one looks for terms
of the same order on the right-hand side. From
Eq. (20, 0) one has
H(isl)_“‘s-l.o’ =im(,‘z,p“.1;,_is_1 +0(c™),
HE). ., =-{1 +a(s - 1)}
X {Dll'b”x"'is—l+imxi1'°"s-1}
+0(c™?),
—

2
MECX g eeeiy_,

=i%{(1 ) +a[Ms+1) = (s =]} Dy, ..

H')

O0iyrevig n,ig)k

=0(c™),
and
HY) ..

vigarig0=—(1 +a)zmx{l,.,is_1

- aD,zp”l...,s_1 +0(c™?),

Substituting these in Eq. (35) and separating the
traceless part, one obtains

criga

+ ﬁ:ﬁ{(s —1)=2r=-a[r(s+1)=(s —1)]}x,1...,s_1+0(c-1)’

-2

or, to order ¢,

mx..l.._‘s_l:iD,w,,-l...‘s_l . (36)
Also, one has without approximation
15 :
G‘l“'is-lnfk = {Dk l/),-;l...4s_l—s— Z 6“MD1 lp”‘l"'iu-liuq.l'"‘s'l} —{]"‘ k} . (37)
X p=1
Equation (21,0), for the case when none of the indices is zero, reads
- (1+a)(s=1) — »
mzcz‘p(f,)---is = {DIH(isl)-"is_l,lsl —DOH(fl)"‘is-l,{so+XDI1H(($2)'"13 - TTes ai.lzDaH(gti):,'--(s s
which, upon separation of the traceless part, yields
My oy =D Gy, s‘T_+{D,(H“’-c;),l...,s_h,.s,-1)011(:1)...%_1,‘30+w,.l17‘,.;)...%}”_ . (38)
I
From Egs. (20,0), (21,0), (36), and (37) one has, {DGi,.oi, ;. 1 —ims (25 = DD, Xiyeiy by
- T.
to 0(c™), +2m(E +eqA, ..., <0. (39)

}—I(isz)"-is 0,

{DoH(fl)'- tigo1, 'S°}s.'r. =D02¢

iperig

b

+im{D; X4p...sy ST

and

{D,H® - G)iyenig_y, igi s,

)

==im(s = 1){D; x,,. S.T.

sedg

These, upon substituting in Eq. (38), yield

Equations (36), (37), and (39) constitute the de-
sired set. The (2s +1) components zp,l...,s satisfy
equations of motion, and transform like a pure
spin-s object under spatial rotations. The re-
maining fields G and x are dependent components
determined by the constraints (36) and (37), and
transform like spin-s and spin-(s — 1) objects, re-
spectively, In fact we have obtained the minimal
(6s +1)-component Galilean theory of Hagen and
Hurley.®

The elimination of the dependent components
from Eq. (39) results in
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jog 3 s
ie
(E+ B +qu¢9¢,1...‘s = 5eme Be {E a0 10 tts™ " *Otymin Oiyri sy .5,8,4}%;...,5.
K=t

e 1 = =
=m;(3 'S)‘1""3"1""£¢‘1""§’ (40)
r
which, not surprisingly, yields the value 1/s for the highest-order terms (in powers of c¢) involving
the g factor, as first conjectured by Belinfante?° a certain field component are the ones with the
and subsequently obtained by Hagen and Hurley.® maximum number of factors of D, acting on that
component. - Separating these in Eqs. (A2) with 8
APPENDIX nonzero indices, one obtains, after some simpli-
ficati
We show that Teation,
- - .0 _(s+Bs=B=1) (52,
¢® B =0(c 1T BHY o-2pr.Br2)) (A1) ol B =_ 205 1) ¢z, 0.T., (A3,0)
and consequently FACH [a - Wﬂl](p(s-z,ﬂ)
1 2 2(2s-1)
¢*P=0 CT:A{IP,X}) » Bss=2.
i (s=Bp=2)s+B=-1) (s=3,8)
. . . ic, ¢ +0.T.,
It is convenient to work with second-order equa- 2(s -2)
tions. Substituting for H®) from (20) into (21)
s (A3,2)
(with minimal coupling), one gets
e ¢(»+1,B)_ [(P+ﬂ+3)(ﬁ B+2) -a }¢("ﬂ)
("Dz"’mzcz)‘l’m+3{D(D¢(S))}s.'r.+izq{F¢(S)}s:r. 2(2p +3) s ~p
(p-B)p+B+1) (
-1 _ —C,_, o p-1.B L O.T,
-3 =1 {ppgln), , (42,0 A TR ’
p=s-3,s-4,...,8 (A3,s=-p)
(DD¢®)=(D? - a,m*c?)p~ +bz{D(D¢(s'2))}s‘T_ where the indices have been omitted for conve-
s(s=2) 2) e nience. O.T. stands for “other terms” which in-
21 {F¢(s‘2)} volve objects of order c2¢T+8+2)  c=2¢(r.8),
c—1¢(r,8u), and ¢(r,5-2).
+mCCz{D¢(s I PP (A2,2) The following statement is easily verified: The

(Dpls=e*D)=(D? e7)ptem0 elimination of ¢ *!8) from (A3,s —p) and

mc et = _aqm c S =

P18 = _; (p=B+1)(p+B+2)
2(2p +3)

_igq{F‘p(s-q)}s.T' (A4, s -p)

(s-q-1) results in (A4,s -p +1), i.e., the equation obtained

+mec, {D¢ }s.r. from (A4, s —p) by the replacement p—-p — 1. Since
g=3,4,...,s-1 (A2,q) the elimination of ¢+ from Eqgs. (A3, 0) and

(A3, 2) is readily seen to yield (A4, 3), it follows

¢(”ﬂ)+0.T.

+b,{D(D$C-)

and from induction that the elimination of ¢:#

mc(DoM)=(D? = a,m*c?)9p® , (A2, s) (p=s,s-2,5s-3,...,8+1) from Eqs. (A3) results
in

where the same notation has been used as was

employed for Eqs. (13) (with the replacement ¢®-#=0.T.

8~ D), and =0(c2¢:B+2) c2g(r.B)
(F¢(’))‘“ _F”1"¢(‘f#)2 By ? C-1¢(r.ﬁil)’ ¢(r.ﬂ-2)),

F,, being the electromagnetic field tensor. which with the help of Eqs. (A4) leads to

In view of the fact that
¢(b.ﬁ)=o(c-l¢(7.ﬂil),c-2¢(r.5+2), ¢(r.B-2))-

. E e )
D, == —_— =
o z(mc+c +ch0 , (A5,3)
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Equation (A5, 0) [which is the equation obtained
from (A5, B) by the substitution 3=0] implies (A1)
for =0, which with the help of (A5, 1) yields (A1)
for §=1. Further, if (Al) is satisfied for g=3,
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and B=B,+1, it follows from (A5, B,+2) that (A1)
is satisfied for B=B,+2 also. It therefore follows
that (A1) is true for all 8.
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