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Dynamics in Minkowski space is discussed in terms of an eight-parameter extended Galilei
group, a subgroup of the Poincaré group. This method—Galilean subdynamics—is developed
and discussed in detail and applied to the construction of two explicit models having four-
point amplitudes of the Veneziano type. There are no difficulties with unphysical states.

I. INTRODUCTION

The present paper is an application of the “meth-
od of Galilean subdynamics,” to the problem of
constructing a consistent basis for the dual reso-
nance model,

Galilean subdynamics, developed in connection
with our interpretation of Dirac’s positive-energy
wave equation,!'? is another attempt to describe
relativistic dynamics. Dynamics in Minkowski
space has been conventionally described as the
change with time of a configuration given at one
instant of time in a particular reference frame in
Minkowski space. There have always been diffi-
culties with this approach for both classical theory
and quantum theory. One of the difficulties is the
proper description of a composite particle. As a
suitable reference frame, one might choose, for
example, a rest frame of the particle. If the con-
stituents of the particle move slowly then one can
use nonrelativistic mechanics for the description—
at least approximately. In the general case, how-
ever, this clearly does not work, and it seems un-
likely that proceeding in this way one can ever find
a relativistic description of a hadron.

Much more successful have been attempts at an
over-all Minkowski space-time viewpoint. At the
classical level such theories do allow one to de-
scribe, and to develop models for, composite sys-
tems.® At the quantum level there are still diffi-
culties despite the remarkable results of, say, the

dual resonance model within the S-matrix frame-
work.

There exists a potentially important alternative
to this over-all space-time viewpoint. For clas-
sical physics this alternative was introduced by
Dirac* and designated the front form of dynamics.
Dirac proposed to consider a family of parallel
tangent spaces to the light cone instead of the usual
family of parallel spaces at various instants of
time (called by Dirac the instant form of dynam-
ics). Superficially, for classical theory, it is not
clear that the front form of dynamics is any better
than the instant form of dynamics. However, the
quantum version of the front form shows an im-
portant distinction from the classical case. This
follows from the fact that of the three coordinates
in the front—x,, x, x, (with x_being the coor-
dinate specifying the front)—the coordinate x,, un-
like x, and x,, has the nature of a time, that is,
the momentum conjugate to x, (denoted by P_) has
a spectrum confined to the open positive half-line.
It is accordingly not permitted in the quantum ver-
sion to assume a kinematics based upon specifying
a point within the front. A way out of this funda-
mental difficulty is afforded by the fact that there
exists an eight-parameter subgroup of the Poincaré
group which adjoins the operator P_ to the seven
generators that leave the front invariant. This
subgroup has the group structure of nonrelativistic
(Galilean) dynamics in two space dimensions, to-
gether with a scaling operator. The momentum



472 L. C. BIEDENHARN

operators P_ and P, play the role of Galilean Ham-
iltonian and Galilean mass, respectively, and in-
herently possess the proper (positive) spectrum.
We call this structure “Galilean subdynamics,” or
the “Galilean subworld.” Unlike the instant sub-
world (associated with a six-parameter subgroup)
the Galilean subworld contains dynamics within it-
self which properly fits into the dynamics of the
Poincaré world. For the dynamics within this
Galilean subworld one can use nonrelativistic
quantum mechanics; in a previous paper? we
showed that this dynamics allowed one to describe
a composite particle lying on a linear Regge tra-
jectory as a bound system within the Galilean sub-
world. The various excited levels of this bound
system (the structure involves two harmonic oscil-
lators) manifest themselves in Minkowski space as
particles with mass and spin related by (mass)?
=linear function of spin. That all these particles
are excitations of a single structure is a meaning-
ful statement which can be demonstrated in the
Galilean subworld, but not in Minkowski space.

In Sec. II, we discuss Galilean subdynamics in
detail, developing the results of Ref. 2 from a new,
and simpler, point of view. This section contains
several new results essential for the generaliza-
tions necessary to incorporate the quantized struc-
tures of the dual resonance model.

The dual resonance model was initiated by Vene-
ziano in 1968 (Ref. 5) when he exhibited an explicit
four-point amplitude incorporating duality and
crossing symmetry with all particles lying on
Regge trajectories. It was an essential character-
istic of the model that the Regge trajectories were
straight lines m? ~J, with a common slope param-
eter; such indefinitely rising trajectories neces-
sarily imply resonances of zero width.® In a sense
the associated unitarity difficulty could be disre-
garded, by viewing the model as a new type of
zeroth-order approximation to a self-consistent
S-matrix theory, to be corrected in higher approx-
imations.®

Subsequent developments and generalizations of
the dual resonance model, for example, to the
N-point amplitude, have enhanced the appeal of the
model by demonstrating general factorization prop-
erties” and agreement with multiperipheralism
concepts. These generalizations have been char-
acterized by impressive technical virtuosity in ex-
tending the original model mathematically,® and by
physical insight, seeking for example to base the
model on the quantization of a relativistic string
in Minkowski space.®

Despite the many successes of these generaliza-
tions, the dual resonance model still suffers from
serious physical defects: all current versions of
the model (in Minkowski space) inherently involve
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the existence of particles with spacelike momenta
(“tachyons”) and/or negative-metvic particles
(“ghosts”).” While one may reasonably postpone
the known unitarity limitations of the model (as
the next step in an approximation procedure say),
it is not possible to ignore inconsistencies.

In Secs. III and IV we use the method of Galilean
subdynamics to demonstrate, in two explicit cases,
a foundation for the dual resonance model (DRM),
which eliminates, inherently, all difficulties con-
nected with unphysical particles.

The simpler case, in Sec. III, generalizes the
pair of oscillators of the new Dirac equation to a
denumerably infinite sequence of pairs. The model
is a quantized “string” with two modes of oscilla-
tion, but “visible” as such only in the Galilean sub-
world. Such a model automatically has the correct
propagator for the DRM, and, as we demonstrate,
permits one to obtain a Veneziano four-point am-
plitude for spinless particles. The generalization
to N-point amplitudes is not clear; this difficulty
is a property of the model (as we discuss in that
section).

In Sec. IV we construct a model which possesses
dual resonance N-point amplitudes for spinless
particles. This model is a quantized version of a
two-dimensional surface (“spherical rubber
sheet”), if viewed in the Galilean subworld. Such
a structure has many attractive features, for ex-
ample, it appears to offer the possibility of incor-
porating spin into the external particles of the dual
resonance model.

II. GALILEAN SUBDYNAMICS

Although one purpose of the present section is to
review Dirac’s positive-energy wave equation and
to explain its generalization,? we shall not simply
repeat the contents of Ref. 2. Instead we shall de-
velop these results from an entirely different point
of view, which not only is considerably simpler,
but makes evident the remarkable connection of
this construction to Wigner’s original treatment of
the Poincaré group.'! We utilize this new view-
point to develop the concept of Galilean subdynam-
ics in a way both simpler, and more detailed, than
originally.

Let us begin by recalling that Dirac’s (general-
ized) new relativistic wave equation® describes a
composite particle, having intrinsic spin j and
mass m, whose internal structure is based upon
two harmonic oscillators (m,, £,) and (m,, £,), where
m; and §; are the usual dimensionless momenta and
coordinates [£, = (wu /%)?q;, m, = (hwu)™?p;]. We
also use the (non-Hermitian) operators 22z ;=imy
+£&; and 2"2g; = —in, + £, which obey the commutation
rule [g,;, a;]=6,,, all other commutators vanishing.
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Our procedure will be to construct a basis over
the Minkowski space variables {x,} and the har-
monic-oscillator coordinates £;, carrying an ir-
reducible representation (irrep) realizing Poincaré
group generators.!? These generators are taken to
be

Pu = (ﬁ/i)ap ,
M= (1)
uu_euu)\oxxpo +Suu ’
where S,, are generators of a Lorentz group real-
ization based upon the two harmonic oscillators of
the internal structure. It is essential to the suc-
cess of this construction that the internal struc-
ture actually supports a realization of the sym-
plectic group Sp(2, 2) whose ten generators are
given by'?

P} Ji=iag;+aa),

J,=3(a,@, - a:3,) ,

=2

Js=3il@,@, - a,@) ,

{K}: Ki=3(a) - &’ +3*-3,%) ,
K,=-3(a,a,+8,3@,) ,
K, =1i(a)? +a22 "_112 'azz) ’ @

{v}: v =4i@°-3a,*+a,* - a%),
v, =3ilaya, - 4,@,) ,
Va=ila® +a,’ +3,°+a°%) ,

Vo=3(@@ +aza,+1) .

This complicated choice of coordinates for the
Sp(2, 2) operators is necessary to accord with the
conventional choice of front coordinates: P,=P,
+P;. [The necessity to choose a relative orienta-
tion (for Minkowski vs spin space) is discussed in
connection with Eq. (48).]

The Lorentz group generators S,, are the subset:
Sij=€i;dns Sia=K;. (To be precise, let us re-
mark that the operators {/, K, V} are Hermitian
with respect to the inner product based on the vac-
uum ket |0) defined by g,|0) =0.)

The ingenious feature of Dirac’s construction is
that the finite-dimensional (nonunitary) represen-
tations (n, 0) of the group Sp(2, 2) also play a role.
The simplest nontrivial case is that for (1, 0); this
has the four-dimensional basis, denoted by :

Q= az |, (3)

Under the action of the Sp(2, 2) generators O we

find that
[0,Q]=6¢Q, @)

where the @ are numerical 4 x4 matrices. The
structure represented by Eq. (4) is a mapping
from the boson operator form of the generators
to a numerical matrix form of the generators.
This mapping preserves commutation relations
but not the Hermitian character of the two realiza-
tions. Let us prove this remark, particularly
since the precise nature of this mapping is easily
confused.

We must show that commutators are preserved,
hence we consider the commutator

[Oa’[eﬁ’ Q]] - [0 B [Ow Q]]

=[[0, ©4], @] by the Jacobi relation,
=[0, 64Q] -[04 6,@] by Eq. (4)

=[6,6,-6,0,]Q since the § are numerical
and commute with 0.

(5)
Applying Eq. (4) once again, we see that
é[a.B]=o-Béa—éaéﬂ ‘
=transpose of [0,, O] . (6)

This result means that the matrices §, are the
transposed matrices of that finite-dimensional
representation of Sp(2, 2) carried by Q. We will
see below that this “left-handed” nature, intrin-
sic to this mapping, Eq. (4), is essential for the
physics.

Using this mapping we can now determine how
the basis @ transforms under a finite Lorentz
transformation, denoted by A.

A: Q"Q,Ee‘ A-MQe—i/\'H =e‘A‘SQe-iA'S . (7)

Using the Baker-Campbell-Hausdorff rule, we
find

Q' =Z 'I;]T[iA's: Q](k) ’ (8)
kR

where [0, Q] denotes the kth multiple commuta-
tor.

Introducing the mapping defined by Eq. (4) we
find that

[iA-S, Q] = (iA-S)*Q ,
so that we obtain the result
A Q-Q'=e'MSg ., (9)

This result shows that the boson operator basis
@ transforms as expected, under a general Lorentz
transformation A; what is less obvious is that (1)
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the commutation relations for the transformed
bosons are unchanged, and (2) the vacuum ket |0)
has changed.

Consider the first remark. The elements of the
basis vector @ may be considered individually as
operators. As such, the transformation generated
by A is unitary, when expressed in the form

a,(A)
a,(A)
a,(A)
-a,(A)

A Q~-Qi=UMRQU™A)=

In this form, the invariance of the commutation
relations is obvious.

Next consider the ket |0). This ket is defined by
the two conditions: @,|0)=0. It is invariant for
those Lorentz transformations which leave the
time axis invariant; that is, the rotations leaving
the unit 4-vector (0, 0, 0, 1) invariant. We must in-
clude this information in the notation for the ket;
accordingly we denote |0) by |0;a,), where U de-
notes a unit 4-vector (proper velocity) and q, the
vector (0,0, 0,1). Under the Lorentz transforma-
tion A, this ket becomes

e 0;u,) = |0;u,),
where U, is the unit vector A,. Clearly one has

E‘ (A) |0,"u,\> =0.

We seek now to interpret the meaning of the ket
—

vector |0;4,), where «, denotes an arbitrary unit
4-vector with positive time component.

To do so, let us find the wave function,
(£,£,]0; ), using bra vectors adapted to the
(¢,, &,) basis for the internal space. One could
find this wave function directly by using

[0;up) =t 90;u,),
so that

(51&2'0;"10 =<§1£2‘ei A.slo;‘uo> . (10)

This direct calculation is surprisingly complicated.
An alternative —equivalent but far easier—pro-
cedure utilizes the two differential equations

(&,£,]a,(A)|0;up) =0 . (11)

Let A denote a general boost, parametrized by
(x6¢), where tanhy=v/c, and (6¢) specify the
direction of the three-vector ». It follows from
Eq. (9) that the transformed boson operators a;(A)
have the explicit form

@, (x0¢) =cosh(3x)a,

+isinh({y) (-sing e~*%q, +cosba,),
(12)
@,(x0¢) =cosh(3x)a,

+isinh(iy) (cosf a, +sinb e*®a,) .

Solving the two differential equations, (11), leads
to the desired wave function:

(£,£,]0; up) = w(coshy +sinhy sin@sing)~"2exp {~(2coshy + 2 sinhy sind sing) ~*[ (£,% + £,%) + 2 sinhy cos 6 £, £,
152 X ¢ g X @

+isinhy sinfcoso(£,? - £,%)]}.
(13)

The (x8¢) parameters specify an arbitrary boost; an alternative parametrization uses the 4-vector p/m,
having unit length. In terms of this velocity, and choosing a symplectic (front)* coordinate frame
(A*B=-A,B,-A,B,+A,B_+A_B,), one finds a much more understandable form for the wave function:

(it 0/ = (22 )" exp{— (et v - 2 g 20010 } : (14)

Since the boson operators all commute with the
(Minkowski space) momentum operators P, we
are allowed to multiply the wave functions of Eq.
(14) by the momentum eigenfunction exp(ip * x/%),
without affecting the internal space solution. Thus
we obtain the wave function:

(€utal0;) =exp[ £ (oo 0| GutalOsp/m) . (15)

This wave function is precisely the solution to
Dirvac’s new equation, and corresponds to a (com-
posite) particle having intrinsic spin zevo, four-

T
momentum P, and mass m =( -p)¥?.

Our method of constructing this solution is now
clear: we have simply Lorentz-transformed the
rest-frame harmonic-oscillator solution:

(£,£,10; (000m)) =7~ 2exp(~imt/k)
xexp[-3(£,° +£,7)]. (16)

(Note that the harmonic-oscillator part of the wave
function is independent of the value of the mass m;
the mass dependence comes only from the momen-
tum exponential.)

Once we have obtained this insight into the re-~
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markably simple structure underlying Dirac’s re-
sult, it is quite easy to write out the generalization
to nonzero spin. First note that in the rest frame,
the generators for the spin, J; in Eq. (2), all van-
ish when applied to Dirac’s wave function, (16),
since J;|0) =0. To obtain, in the rest frame, a
state vector having spin j, projection u, one clear-
ly uses the ket vectors:

(@) **(a) "
F+u)G -p)!

It is obvious now, that in a general frame, ob-
tained from the original frame by A, we obtain the
transformed result:

s 2 =[G +p)1G =12
(@MW a0 [ua) . (A8

The corresponding wave function, having sharp
momentum P is accordingly given by

Ijli)E [( ]1/2 IO> . 1w

@utalinsp) =exo(po5) Eutaliusp/m . (19)

Let us now verify directly that this result con-
stitutes an elegant and simple construction for a
Poincaré irrep with the invariant labels mand j.

(a) The wave function Eq. (19) possesses sharp
four-momentum p, with p+p =m? Proof: Operate
with the momentum generators P noting that the
internal part of the wave function is unaffected.

(b) The wave function Eq. (19) transforms as a
(2j +1)-dimensional irrep under all general Lo-
rentz transformations which leave the 4-vector
p-invariant. Proof: Consider the spin-0 case
first. Under a general Lorentz transformation A,
we find that

A: exp(ipx/n)—~expGAp- x/7) ,

and that for the internal wave function
eM's°P(§1§2l0;P/m) =<§1§2'eiA'SeiA(P/m) -sI 0; 0001)

=(£,£,10; Ap/m) . (20)

(The notation S, is to denote that these generators
are to be written as differential operators in ¢ and
8/08¢t.)

It follows that under a Lorentz transformation
that leaves p invariant, the Dirac solution is in-
deed invariant, as required for spin zero.

For the case where the spin is j, we note first
that the operators J,(A) defined by

Ji{=3[a,(A)a,(A) +a,(A)g, (A)],
Ji=4)"
= %[aL(A)a1(A) - az(A)a z(A)] ’

Ji=%3i[a,(A)a,(A) - a,(A)a,(A)],

(21)

clearly leave the ket |0;u ,) invariant. These op-
erators are, in fact, the generators of the stability
group (“little group”) of the Lorentz (unit) vector
U,=p/m. [This follows from the fact that J}

= U(AW,U"*(A), so that J| is just the transformed
version of the rest-frame stability group, SU(2).]

The desired result now follows from the construc-
tion of Eq. (19), since the g,(A) used in this con-
struction carry an irrep(j, m) under the J;.

Note that this discussion shows quite directly that
Eq. (19) possesses the two Poincaré invariants:
P%~m? and W2~m?(j +1). [For the second in-
variant simply note that W2= (m3 ’¥ in a general
frame. ]

Let us now complete this discussion by giving the
generalized new Dirac equation, and discussing
briefly how it relates to the previous discussion,
The two key points are that (1) the column vectors
@, for the » quanta, carry an irrep(z, 0) of Sp(2, 2)
having (";®) dimensions and (2) the matrices V, de-
fined by the map [V}, @] = V,Q transform under gen-
eral Poincaré transformations as a 4-vector. Thus
we may form the invariant operator ¥+P and de-
fine the covariant wave equation (for spin s =1in)

(P,,(f/-P/m)Qz/)=0 ’ (22)
where the polynomijal @, is defined by

n
®,(V-P/m)= [][V-P/m-(2k+1)] . (23)
R==n

The content of these equations (whose properties
are proven in detail in Ref. 2) is most easily seen
from Dirac’s spin-zero example. For this case,
the matrices V, are the transpose of Dirac ma-
trices, so that

{fl}: (4050, ps) E{rﬂ} . (24)

Thus, for spin-zero one finds

(T uo" = me/n) 4z =0, (25)

that is, a set of four simultaneous first-order
equations. In the rest frame, these equations re-
duce to an obvious form: @;=0. The solution in
a general frame is simply Eq. (15), as given pre-
viously. The solutions for general spin follow
similarly.

Returning to our previous direct construction of
the Poincaré irreps, we may summarize our re-
sults in this way. One has an internal space over
two oscillator variables (¢,£,); for every 4-vector
p/m (of unit length), one has an associated ket
|0; p/m) having no quanta. The internal oscillators
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carry no momentum; the boson operators a,(p/m)
create quanta. To every state of N quanta, there
corresponds a Poincaré state of spin $N. The
mass associated with this Poincaré state is arbi-
trary, and is determined solely by the momentum
part of the wave function, exp[(i/%#)p*x].

Thus in a very literal sense, this construction
corresponds exactly to the concept of a “relativ-
istic harmonic oscillator” each of whose states of
excitation correspond to Poincaré particle states.®

From this point of view, the generalized new
Dirac equation is simply a conventional way, using
the language of covariant wave equations, to state
a result much more easily grasped from the har-
monic-oscillator viewpoint, which constructs the
Poincaré representations directly.

Let us now demonstrate that the harmonic oscil-
lator view-point can be made even more literal,
and can lead to the concept of a subdynamics. The
possibility of a subdynamics stems from the fact
that the Poincaré group possesses an eight-pa-

rameter subgroup generated by the operators
£}'={P(,P+,P_,J1.‘,=J,, K-iiMos} (i=1,2) (26)

which obey the commutation rules:
(@) (2 +1) Galilei group generators”: 8

[Jy P,] =iesy,P;,
(s K_;]=i€qy,K_;,
[&P.]=0,
K., K—'J]=0 ’
[K_, ’Pj] =10, P,,
[K-i ,P_]=2ip;,
[P‘ ’ PJ] =0,
[P,,P_]=0.

(b) Mass generator: P,
[P, 8]=0.

(c) Scaling genevator: My,
[Mo3, J5] =0,
[Mos, K_]=iK_; ,
[Mos, P,]=0,
[Mgs, P,]=4iP, .

These commutation rules can be recognized as
the commutation relations of an extended Galilei
group § (in two spatial dimensions) together with
a dilation (scaling) operator D=M,,. For this in-
terpretation one must identify the operator P_ as
the Galilei group Hamiltonian (Hg) and the operator
P, as the mass operator M, for the Galilei
group.” -19

(27a)

(2)

(27c)
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We will seek solutions to this Galilean structure,
which exploit the fact that these generators cor-
respond to nonrelativistic quantum mechanics of
interacting particles, in a two-dimensional plane.
Corresponding to this interpretation we take the
center-of-mass momenta, P, and B,, to be sharp:
P, ~p,. The operator P,, in the Galilean plane cor-
responds to the total mass, which because of the
scaling generator My, has continuous eigenvalues
p+>0. We will also take this generator to be
sharp: P, -p, >0. The associated wave function is
then

exp| £ (pys +puxa=pix.)] (28)

For the Galilean Hamiltonian we take the oper-

ator P_ to obey the subsidiary relation

P_y=(nd/ox,)p,
and then specify P_ to have the form

(29)

P_"‘H9=Hc.m. + Hipternal »
where

P2+P?
Hem = 2P ’
+
(30)

Hin ) = 25 [, (M), (A) + 5 (M), (0) +1]

and A is any Lorentz transformation which trans-
forms 4, intow. Note that Hint does not depend on
which A one chooses to carry U, into U; that is,
Hin is invariant under Lorentz transformations
which leaveU invariant.

It is useful to express this internal Hamiltonian
in terms of the original boson operators q;. Using
the explicit form, Eq. (12), for a,(A) one finds
(after some calculation) the form

Hine = (moz/2P+ ){ (‘uw)[(ﬂl - *‘41.)2 + (7'2 ‘Az)z]
+(1/a,)(E,2 + 'Eza)} s

where the A; are defined to be

(31)

4 = Wbz =W 6
1 cu+ ’

(32)
A, =ﬂ1§3 + ﬂggl
U, g

This form for the internal Hamiltonian has cer-
tain unusual, but essential, features which we wish
to discuss. First, note that the velocity U, acts
as a scale factor in determining the “size” of =,
and £;. The generator for this transformation is
K, which obeys the commutation rules

[Ke m]=+3m, ,

(33)
[K:u 54] = "é‘gi
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so that 7; and ¢, scale oppositely under K (as is
necessary for the Heisenberg commutator to be
properly scale-invariant). Thus we see that the
scaling transformation, for a finite boost denoted
by a,, scales the internal coordinates:

u, boost: w, - @, )37, , (34)

Ei "(‘u-v-)-l/zgg . (35)

The second unusual feature of this Galilean Ham-
iltonian is that through the coupling via the “vector
potential” A;, the internal wave function is a func-
tion of the velocity 4, and % ,, which one would ex-
pect to be parallel to the momentum p, and p, of
the center-of-mass Galilean motion. Note, how-
ever, that the eigenvalues of the operator in brack-
ets, {-*} in Eq. (31), are nonetheless independent
of the 4-velocity .

These unusual features of the Galilean Hamilto-
nian pose a problem as to the logic (and consisten-
cy) of the subdynamical approach. Clearly one
can choose arbitrary eigenvalues for the three
commuting momentum operators P,, P,, P,; but
these three data do not suffice to determine the 4-
velocity %, for one still lacks the mass value (im-
plied by P_) which must be obtained from the Ham-
iltonian itself. Although the structure is indeed
self-consistent, let us simplify matters by avoid-
ing this direct procedure, and following an alter-
native path. Consider this same Galilean Hamil-
tonian to be given by
J

[a,(x89)]" “[a,(x0¢0)]"~*
[ +M) 1T -M)1]/2

Wp, IM; x09) = '*** < £,&,

(Note that the label J is determined by the number
of quanta: N+1=27+1.)
From the Galilean Hamiltonian we find

1
Hs~p-= 5 (8.2 +p2° +mP(N+1)]; (39a)
.
hence, one obtains the relations
2.0 =p =p=pp=mi=mi(N+1).  (3%b)

Thus for arbitrary values of the parameters
(x8¢), we have solutions defined in a Hilbert space
labeled by these parameters. The momentum
eigenvalue p is however independent of these pa-
rameters.

The problem is now to take this solution, from
the Galilean world, into the Poincaré world. Does
this solution, Eq. (38b) belong to an irrep of @ ?

Clearly the solution, Eq. (38b), does possess the
Poincaré invariant p%-m?. Consider then the
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Hg =H(x6¢)

P2+p?  (m -
i (IS

+ay(x00)a,(x8p) +1] ,
where (x0¢) now specifies a fixed 4-velocity u:
(sinhy cos g, sinhy sinfcos¢, sinhysing sing, coshy).

(36)
The Galilean world is to contain besides this
Hamiltonian, H(x6¢), the seven additional gener-
ators:

{P., P, Py L_y, Loy Log; M, = Ly, +J12(‘|L)} .
(37

Note that only in the last generator, M,,, have we
introduced an operator acting on the internal space,
and this operator is an explicit function of y6¢p,
that is, J,,=dJ,,(U).

1t is easily verified that these operators, together
with H(x6¢), close on the commutation relations of
the Galilei group plus scaling.

Let us give the eigenfunction belonging to a
Galilei group representation for which the five op-
erators: P,, P,, P,, H(x0¢), and J,, (spin) have
been brought to diagonal form. Denoting these
eigenvalues by

(PwPuPz,H:P_)"P )

38a
le -M ’ ( )
we find for the wave function
Y x0¢> . (38b)

r
second Poincaré invariant. We already know that
the stability group for p is generated by the spin
operators

Ji=3la,(p/m)a,(p/m) +a(p/m)a,(p/m)] ,

Jp= %[01(17/"1)51(17/"‘) - az(P/m)az(p/m)] ’
(217

Ji=3ila,(p/m)a (p/m) - a(p/m)a,(p/m)] .

There are now three possibilities:

(@) We may deny that the operators Jj, above,
belong to our Poincaré generators. (Thus we must
also take M,, = L,,, as the Galilean rotation oper-
ator.)

Clearly the little group is now trivially repre-
sented, so that W2-0.

That is, our Galilean solutions :ead to particles
of spin zero, but mass m?=m,(N+1), where N
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=number of quanta.

(b) We may take the little-group generators to
be J|{, but agree that to obtain a Poincaré irrep
we choose the unit 4-vector U(x0¢) to be identical
to p/m. Thus we orient the two vectors p and U
to be parallel, and agree that all Lorentz trans-
formations are henceforth to be generated by M,,
= Ly, +J,,. [Note that J,, is defined in fixed
frame, (x8¢)=0, cf. Eq. (2).]

It follows now that the little group is generated
by Ji, and hence W?-m?J(J +1), where J=3N (N
being the number of quanta).

This is the self-consistent solutionto our original
Galilean problem, Egs. (31) and (32), whose in-
ternal Hamiltonian depends parametrically through
Uon the 4-velocity p/m operator. This is the so-
lution which we gave in Ref. 2. (We discuss the
self-consistency in more detail below.)

Staunton® has carried out a purely algebraic con-
struction for the process sketched above. He
found the two possibilities (a) and (b). The concept
of a Galilean subdynamics had been hinted at ear-
lier, notably by Bardakei and Halpern,? and by
Susskind.?? Staunton’s construction, and particu-
larly his discussion, clearly indicates the critical
necessity for a complete construction; these ear-
lier attempts, in his view, would lead only to
possibility (a).

(c) We indicated a third possibility exists. This
would be to allow p and U to remain in a fixed,
nonparallel, orientation, and to use the Poincaré
generators of possibility (b). Since the basis
(£,£,]0,4) is part of an infinite dimensional Sp(2, 2)
representation generated by {J, V, K}, we can re-
express the vector (£,£,]|0,4), in a basis tailored
to p/m. Since this transformation is infinite-di-
mensional we would obtain an unlimited number of
Poincaré irreps all of the same mass as the vector
p.
We exclude this possibility, (c), by the require-
ment of self-consistency (p/m=4). Possibility
(a) is excluded by requiring Poincaré generators
which act on the internal variables.

Let us return now to the question of self-consis-
tency for the structure using possibility (b), above.
The logic goes this way: We solve a Galilean
problem for every fixed numerical value of the 4-
velocity 4. We then identify the 4-velocityu with
the 4-velocity p/m (p and m being uniquely de-
fined for each Galilean eigensolution) and then as-
sert that each such eigensolution properly belongs
to the Poincaré world.

Note particularly that the eigenvalues m =m,
x(N+1)¥2 are independent of 4, so that the identi-
fication . =p/m is simultaneously valid for the set
of solutions {N}. What is even more remarkable
is that we can identify « with P/m, as an operator

relation in the Galilean Hamiltonian; that this pro-
cedure is also valid establishes the self-consis-
tency of this approach to Galilean subdynamics.
This fact must now be demonstrated.?®

If the operator P/m is to imply the 4-velocity 4,
as an operator relation, then it follows that under
Galilean transformations botha and P/m must
transform together. Thus we must adjoin spin
transformations to the Galilean space-time trans-
formations; that is, the appropriate generators
are now

M#u = Luv +Suu ’ (40)

replacing the analogous generators in Eq. (37).
(It follows that the S, are now defined in a fixed
frame, just as for the L ,.) The Galilean Hamil-
tonian has now the form

Hy= _ZIPT[Plz +P,* +m*Vo(P/m)] , (41a)
where
VoP/m)=a,(P/m)a,(P/m)
+a,(P/ma,(P/m)+1. (41b)

(Observe that the explicit form for V,(P/m),
given in Eq. (31), shows that only P,, P,, and B,
appear as operators in V;(P/m). Observe more-
over that under the subset of Lorentz transforma-
tions belonging to the Galilean world the trans-
formed P,P{, P, do not get mixed with P_=Hg.
[This can be seen from the commutation relations,
Eq. (27).] Hence the shorthand notation V;(P/m)
does not imply any circularity (i.e., Hg involved in
its own definition). This notation is quite conve-
nient since we may formally consider all Lorentz
transformations, knowing that the desired Galilean
subset is correct.)*

Let us now examine the Galilean commutation re-
lations. We know already that P,,P,,P,, together
with the subset of the M,,, obey Galilean commuta-
tion relations; the problem reduces only to verify-
ing that Hg obeys Galilean commutation relations
with these operators. The task can be reduced
further, since it is sufficient to demonstrate that
V;(P/m) is invariant under all Galilean generators
(excepting H). Clearly V,(P/m) is invariant under
P,, P, and P,. We will now show that V;(P/m) is
invariant under all M,,.

Consider the Lorentz transformation Ug(A) gen-
erated by the spin operators S,y; we have

Us(A) =explip,,(A)S,, ] -
One verifies directly that we have
Us: W(P/m)—~ Ug(A) V(P/m)Ug™(A)
= Vo (AP/m) . (42)
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Next consider the same Lorentz transformation
(A) but generated now by the Minkowski-space op-
erators L,,. We define

UL (A)=exp[ig,,(A)L,,] .
Let us use an equivalent form for V,(P/m), that is,
Vo(P/m) = Ug(Bp ;)@@ +a,8,+1) Us™ (Bp/m) -
(43)

Since the operator (a,a, +a,@,+1) is rotationally
invariant the transformed operator depends only
on the boost, B,,, which takes the rest frame
vector (0001) into P/m. (Strictly this is a numeri-
cal relation, but by abuse of notation we extend it
to the operator P/m.) The desired transformation
by U is

Up(A): W(P/m) = Uy(A) Ug(Bp, ) ayGy + a8, +1)

XUsg™(Bp/m U ™MA) . (44)

The operator (a,a, +a,a,+1) is invariant under all
U,(A). Hence we may replace this operator by

U™ (ANa, @, +a,aG,+1)Ug(A)

and then consider the transformation T generated
by

= U (A Us(Bp, ) U, (A) . (45)

The operators L,, act on the operator P/m to
transform it contragrediently. Since the trans-
formation 7 is unitary this can only mean that
P/m -~ A"*P/m. We have shown thereby that

U (A): W(P/m)~ V(A~'P/m) , (46)
and hence under the combined transformation
Uy(A) = UL (A) Ug(A)
= Us(A) UL (A)
we obtain the desired result:
Uy(A): V(P/m)~ Veo(P/m) , (47)

that is, V;(P/m) is formally invariant under all
Lorentz transformations, and invariant under all
Lorentz transformations belonging to the Galilean
world. We conclude that the identification of P/m
and U4 as an operator relation leads to a consis-
tent Galilean problem, as asserted.

This rather involved discussion has produced one
new result. If one examines the argument, it is
clear that the proof goes through unchanged if we
replace V,=a,q, +a,a,+1 by any positive, nonzero,
function £(¥;). In this way, one may obtain, if de-
sired, a more general mass-spin relation: n?
=mf(2J +1).

Let us discuss one rather puzzling point here. In
contrast to the Poincaré problem the Galilean

problem—by virtue of the identification P/m with
U—implicitly specifies a particular relative orien-
tation of the spin and space-time coordinate sys-
tems. We may see this most easily by examining
the harmonic oscillator part of the wave function
(£,£,10; p/m). [One could equally well use the op-
erator V;(P/m).] If we define the operator L,, to
act on the p/m, then (&,£,|0;p/m), just as for
%(P/m), must be invariant under M,,. Consider
the operator M,,, and take L,,=xP, - x,P,. Then
the invariance under M,, requires that

Jyp = =3ila,a, - a,@,) , (48)

which is a different choice of orientation than cus-
tomary. Similar arguments account for the spe-
cific choices given in Eq. (2).

We conclude by emphasizing that it is no great
feat to obtain any desired sequence of Poincaré
irreps with mass arbitrarily related to spin; one
can do this by fiat as one wishes. The point is
that by such a construction—viewed in the Poincaré
world—one learns no structural information what-
soever. Thus there is nothing remarkable, Poin-
caré-wise, in obtaining the sequence: m?=m?
X(2J +1). What is remarkable in the construction
discussed above is that this whole set of Poincaré
irreps, viewed in the Galilean subworld, form a
coherent set of states generated from a single
(Galilean) Hamiltonian. (The fact that this is pos-
sible, for all masses and spins, is a strict result
that the condition, p/m =%, is independent of
mass.)

Let us note, as first shown by Staunton,?® that
this construction involves a single Hilbert space
only in the Galilean subworld—in the Poincaré
world the structure fragments into separate Hilbert
spaces for each mass and spin. This is a remark-
able property, which may help explain an old para-
dox of particle physics.?®

III. CONSTRUCTION OF THE VENEZIANO FOUR -
POINT AMPLITUDE FOR A STRINGLIKE MODEL

The purpose of the present section is to detail an
explicit construction—within the framework of
Galilean subdynamics—of the 4-point Veneziano
amplitude® (Euler’s beta function) which underlies
the whole approach of the dual resonance model.
Galilean subdynamics is a much more rigid frame-
work than that of the DRM (we shall point out the
differences below) and, although there are heuristic
elements in our construction, the requirement of
strict self-consistency is sufficiently strong that
the construction could have failed, and the fact that
it did not, is nontrivial information.?®

The most expeditious way to approach the DRM
is to use the operator formalism’ of Fubini and
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Veneziano. In this approach, one identifies two
structural elements in the set of multiperipheral
diagrams:

(a) a propagator to which one ascribes an as-
sociated operator, D(s;), where the Mandelstam
invariant is s; = (0§ 8,)%

(b) a vertex to which one associates an operator
V(p,), with p, denoting the four-momentum of the
spinless particle (with common mass p;?) entering
(or leaving) the vertex.

Using these two elements one can associate to
every multiperipheral diagram a specific matrix
element,

M(P]_' ¢ 'p;v+1)5(0' V(pzv)' b V(Ps)D(sz)V(Pz)l(»
(49)

Note that the momentum p, is associated with the
ket |0), and the final momentum p,., is associated
with the bra (0j. (The condition JY:'p,=0 is as-
sumed.)

The specification of the two operators D(s) and
W(p) thus suffices to identify a given model, which
must then, of course, be proved to possess the
desired “dual resonance” properties. Since we
wish to employ the physical picture of a Galilean
subdynamics these two operators should ideally be
uniquely determined by the underlying physics of
this assumed structure.

Before entering on this discussion, let us first
dispose of some simpler points. What reference
frame shall be used for the Galilean front? There
is a special frame distinguished in all two-body
reactions: the scattering plane formed by p, and
ba. This plane we shall identify as the “transverse
plane,” (p, p,), of the Galilean dynamics. The two
symplectic times 7, (conjugate to P;) are then “per-
pendicular” to the scattering plane. Let us re-
mark: (1) that this frame is well-defined even for
multiperipheral final states and (2) that this ref-
erence frame is no¢ the one used in the “infinite-
momentum frame” construction.!?

The Galilean subworld thus comprises the two
spatial dimensions of the scattering plane, the
temporal dimension 7, conjugate to the Galilean
Hamiltonian Hg, and the “time” 7_ conjugate to the
momentum P,, which plays the role of Galilean
mass.

It is physically appealing to attempt now to iden-
tify the propagator and vertex operators directly
from the scattering process as it takes place in
the Galilean subworld. Such an attempt is almost
certainly premature, since our understanding of
Galilean subdynamics is, so far, limited entirely
to structures underlying the “one-body” Poincaré
problem. One can see this quite directly, in that
it is an essential element in our construction that

the Galilean constituents never ave found at infi-
nite separations (=discrete spectrum). Thus scat-
tering is precluded abd initio.

We shall accordingly adopt the following picture
for the two-body reaction. A detailed description
of the temporal development of the scattering (in
the Galilean subworld) is not yet feasible, and we
shall schematize the collision defined by the initial
state at 7, -~ —~ to have occurred and to have
formed a “compound hadronic state”; this com-
posite structure then makes a transition, at 7,
-+, to the final state. Thus at all times, ex-
cept 7, =+, the colliding hadrons are united into
a single excited hadronic structure. This view
guarantees a rudimentary form of duality, in that
whatever channel one examines, the resonances
are always those of the same hadronic structure.

This schematization amounts to asserting that
the propagator is to be uniquely and self-consis-
tently determined by the Galilean Hamiltonian,
whereas the vertex operator is to be chosen heu-
ristically, to produce agreement with the 4-point
Veneziano amplitude.

A. The propagation operator

The dual resonance model (string model) sug-
gests that the spectrum of eigenstates that must
be used in the Galilean subdynamics is that of a
quantized string. This spectrum is easily
achieved: We simply replace the pair of oscil-
lators ay, a, by a denumerably infinite set of boson
pairs {6, s}.

One technical point arises: The entire set of
boson operators must all be aligned with the same
4-velocity 4. Since we will be dealing exclusively
with state vectors defined by excitation quantum
numbers, that is,

e = I (LRI mE ) o, gy

(210,01 172

(50)

[where it is understood that only a finite number of
1, s differ from zero] then, strictly speaking, the
ket vector on the left-hand side depends on the 4-
velocity, but we shall suppress this information,
since it plays no role in the following.

The Galilean Hamiltonian for this model (once
again suppressing U) is given by

o

|constant | m,? _ _
Hintornar = —2PT_+ —2-1-30: Z; ”(bﬁ")bf') + b;n) bg')) s
=

(51)

where we have used the freedom to shift the origin
of Hg by the (positive) constant shown.
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The propagator is, as mentioned, determined by
the Galilean subdynamics, and is necessarily the
operator (H;, — E)™, where Hy,is given by Eq.
(51).

The operator, H,,, is not invariant under the
scaling operation in the Galilean subworld and it is
convenient to redefine it to be scale-invariant.
Thus we use 2P, H;,;=3C, which is scale-invariant,
and effectively only multiplies the propagator by a
scaling factor. Using the fact that

2P, Hy, =2P,P_-P? - P?
=m’=s,

we see that the scaling-invariant propagator in the
Galilean world actually involves the Mandelstam
variable s:

D(s)=@c-s)". (52)

Introducing the usual integral representation for
D(s) we obtain

D(s)= fldxxx"'l s (53)

where
H=05+(mof Y ()68 +6{"5") ,
n

and both o, and m, are arbitrary positive, nonzero
constants. (Strictly we should divide 3¢ by a di-
mensional quantity, but the usage above is cus-
tomary.)

One can best appreciate the significance of this
result by considering the leading trajectory: N,
=lL,+4L,2#0; N;=0, i>1. For this case, it fol-
lows [from Sec. II] that

(a) the spin J=1N,;

(b) the states are nondegenerate (except for the
spatial orientation degeneracy);

(c) the mass of the Poincaré state is given by

m? =+ (m2)(2T) .

The construction of this propagator for the pres-
ent stringlike model is therefore completely
straightforward. The simplicity of the construc-
tion should not blind one to the fact that the con-
struction is nontrivial; in particular, one sees
that

(a) the scale-invariant Galilean Hamiltonian is
correctly related to the Poincaré-invariant Man-
delstam variable;

(o) all states of the Galilean subworld corre-
spond both to poles of the scale-invariant propa-
gator and to physical Poincaré states;

(c) the physical Poincaré states lie on parallel
linear trajectories, with a nondegenerate leading
trajectory;

(d) the relation between mass and intrinsic spin

for states on the trajectories is a strict conse-
quence of the model (in sharp contrast to the ad
hoc relation imposed in the DRM).

B. The vertex operator

The construction of a satisfactory vertex oper-
ator is considerably more involved than the prop-
agator construction. This is to be expected since
the vertex operator has to “mock up” the (un-
known) details of the scattering process, whereas
the propagator either meshed properly with the
Galilean and Poincaré physical pictures, or failed
entirely.

In the DRM the vertex operator is chosen as the
generator of a coherent state vector having a
well-defined four-momentum; in symbols,

Vip)=exp (-pu T a2/ )exp (43020 / V).

(54)

A divect transcription of this form into the pres-
ent model fails, since:

(a) There are only two indices available for the
scalar product, and hence only the momentum p;
can be coupled (i=1,2).

(b) Even if difficulty (a) were brushed aside, the
structure would still be unsatisfactory, since it
would imply that zevo-spin particles could excite
spinor resonances. (This follows from the fact
that the boson operators b carry spin}).

While it might be possible to invent a lang:age to
disguise this latter difficulty—calling it, say, ex-
citation “off the spin shell”—it remains nonetheless
serious and clearly contradictory to the structure
of the Galilean subworld. In fact, angular momen-
tum considerations are not only essential, but one
of the basic advantages inherent to the whole pic-
ture of a Galilean substructure.

To circumvent difficulty (b) it is essential, for
consistency of the model, that the coherent states
produced by the vertex operator involve only in-
teger spins. Thus the operators aﬁ') must be re-
placed by operators bilinear in our (spin-3) bosons.

To solve difficulty (a) one realizes that a bilinear
boson operator—if distinct bosons (index z) are in-
volved—covers precisely four states, orthogonal
in all products of arbitrary degree. (Contrary to
what might be expected the same boson b, taken
twice covers but two states in this required sense.)

Thus the resolution of difficulty (b) can resolve
(a) as well, and we have a four-dimensional ba-
sis—with correct angular momentum properties—
available for defining a formal four-vector prod-
uct. There are many ways to achieve a structure
having the desired properties. Perhaps the sim-
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plest is to double the basis, but this—besides being
inelegant—introduces additional degeneracy. A
neater (though far from unique) way to achieve the
goal is to map the boson structure into itself,
taking successive pairs of bosons in the sequence
to define the vector basis.

Accordingly take jc, the scale-invariant internal
Galilean Hamiltonian, to have the form

3= ao+(m,f 2 (2_7;*'_1> (bﬁ"’l—»i") + bg")Eg"’) s
b
(55)
and define the orthogonal basis,

V}(n) = b£2n-l)b§2n), j= 1

= bgz"'l)bga"), j=2

= b(lzn-l.)bgz’n)’ ] =3
=bg2"-1)b£2"), ]=0 . (56)

The use of the bilinear operators V{, in place
of the boson operators b{”, completely changes the
nature of the “coherent states”; in particular, ex-
ponential functions no longer suffice and we antici-
pate this by defining a new function, E(x):

o x"
= : . 57
E(x) “Z; P (57)

This function does not obey the exponential proper-
ty: e"e’=¢*"¥ and we must accordingly define the
vertex function V(§) to be an infinite product

(Po = ip4)
Vip)=Ap)NADT,
with (58)

w 4
Ap)=TIII B, verva) .
n=1;j=1
It will be noted that this vertex function is invari-
ant, as required, under rotations about the (1, 2)
axis in the Galilean plane. (Note that translations
are not defined for the boson structure.)

C. Evaluation of the four-point amplitude

The evaluation of the four-point amplitude now
follows directly from the rules of the DRM, using
the specific D and V operators of paragraphs (a)
and (b) above. We will carry out the calculation in
detail.

The amplitude @ is given by

a={0|V(pD(s)V(p™)|0),

X (59)
@= f dx x%=27 (0] AT(p) £ A(p®)|0) .
1]
(Here the operators, A" acting on |0) and A acting
on (0| have been replaced by unity. Similarly m,
has been taken to be unity.)

|©

In the standard way, one evaluates the action of
x¥ on the “coherent state” A(p), and finds that

#A(p)|0 =] EpPx* vO/RI0 .

Next one evaluates the matrix element:
<0|A*(p‘”)u E(p 2" v/ n) 0>
n,
=TT I (et =0l (oS v /v |
n’ RR

i’

x (PP VP x*YVn)*0) .
For this one uses the result that
OIIVINT (VP )*|0) =67'6] 6% (k1)

and hence obtains the desired result:
o 2n
(0]+++|0) =exp(p(2) P %)
n=1

=(1- xz)-p(z) -,(3).

The scalar product p(®p(® is related to the
variable ¢ by

t= (P(z) +p(3)\2
=2M2 +2p(2).p(8) ,

(taking the colliding particles to have mass p, or
um, in dimensional terms). Introducing this into
the amplitude yields the result

@= fl dx x% =71 (1 = x2) Y2+ ¥°
0

1
= %I dutf@0=9/2-1(1 = yy)=/2+ K2 (60)
0

To obtain symmetry between the variables s and
¢, one must require that the (arbitrary positive)
constant a,=4u?.

It follows that the four-point amplitude is pre-
cisely of the desired Veneziano form, that is, a
beta function:

@=B(-3(s — ap); —3(t—ay)) . (61)

This function has poles, in either the s or ¢ chan-
nel, at the values

s=a,+2N, for N=0,1,.... (62)

If one now examines the values of s determined by
the scale-invariant Hamiltonian, Eq. (51), one
sees that only an even number of excitations
(35« N; =even) are allowed for s=a,+2N. That is
to say, the poles of the four-point amplitude, Eq.
(61), correspond to integer-intrinsic-spin excita-
tions.

The leading trajectory, for these excitations,
corresponds to exciting Ny =N, =N, N;,,=0; the
corresponding angular momentum isJ=N. (That this
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is the leading trajectory is a consequence of our
choice of vertex function which excites pairs of
bosons in order to yield only integral-angular-mo-
mentum intermediate states.)

The desire for symmetry between s and ¢ led to
a definite choice for a,=4u? where the common
mass of each external particle is um, One may
interpret this result consistently as the least pos-
sible energy for the system (=2um,) for the two
colliding particles at rest at infinity. (This is not
completely trivial, for if the hadronic system
obeys an integral relationship in m?, then the com-
posite structure (formed of two such systems)
cannot obey the same relation. Thus the freedom
to choose ¢, in the Galilean substructure is es-
sential to the consistency of the model.)

Let us summarize: We have accomplished our
stated objective of constructing, self-consistently,
a four-point amplitude for spinless particles pre-
cisely of the desired form, that is, a Veneziano
amplitude symmetric in s and ¢ with poles for only
integer spins for the (excited) composite system.

The essential point about this construction is that
it can be done consistently, not that it represents
believable physics. The model, of itself, does
imply amplitudes for all multiperipheral diagrams,
but for the five-point amplitude, and beyond, they
are not of the DRM form. They are in fact quite
unacceptable amplitudes, since they are not nec-
essarily functions of the Poincaré invariants
p®p®, even though they possess the property (as
is easily shown) that they do factorize. We will not
discuss these general amplitudes further, since
their construction is not our main purpose.

The failure to obtain an acceptable multiperiph-
eral amplitude for N> 4 is not as serious a blemish
on the model as it might appear. The reason is
that basically our model yields a propagator and
the splitting process whereby the composite sys-
tem becomes two hadrons is clearly outside our
construction. We have an ad hoc way to get the
Veneziano amplitude but no further.

IV. CONSTRUCTION OF N-POINT AMPLITUDES
FOR A SPHERICAL RUBBER SHEET MODEL

The construction of a stringlike model in the
Galilean subworld, discussed in Sec. III, was suc-
cessful in the sense that it permitted of a Venezia-
no four-point amplitude consistent with all require-
ments of physical acceptability in Minkowski
space. The model was unsatisfactory in that the
postulated vertex operators did not¢ allow of an N-
point generalization, for N> 4.

The failure of the N-point generalization is a
direct consequence of the necessity to couple the
momentum vector into a bilinear (vector) operator

in the Galilean subworld. Thus the failure is a
consequence of the basic fact that the boson struc-
tures in the Galilean subworld carry spin-3; it
follows that this defect is inherent to the model
and not a superficial flaw. Yet the spin-3 features
of the construction are a fundamental advantage,
indeed the strength of the whole Galilean approach.

This seeming dilemma can be circumvented if we
preserve the Galilean substructure but use a field-
theoretic mapping (“second quantization”) that in-
troduces linear boson operators for spin-1 struc-
tures. Expressed in different words, we postulate
a field theory of a two-dimensional surface, in-
stead of the previously used field theory of a linear
string (having two modes of oscillation).

The desired field-theoretic structure now postu-
lates that to each eigenket of the Galilean subworld,

et = p/mp) < LB D/ M@y (p/m)] "M .
T M;u=p/m)= [(1J+M)!(J—M)!]”2 |0;p/m) ,

(63)

there is associated a boson operator b ,,(p/m) in a
new Fock space which creates (symmetrically) for
each application, a spin-J excitation all associated
with the little group of p/m.

The operators 3C and J,, which defined the origi-
nal one-particle spaces of the Galilean subworld,
now take on the form

3~ mozboo(P/m)Soo(P/m)

m? D (2D (/™) B p/m) , (64)
J >0
M
o= 20 WT+VIMECHEb B, - (65)
I, M, M

The eigenkets of this new Fock space are given by

I{am}> EH b[a(lf{?l)zam [0) . (66)

Note that for this space the vacuum ket |0) cor-
responds to the vacuum irrep of the Poincaré
group, not to a spinless particle.

Using the operator 3C we see that (cf. Eq. (38),
ff.) each state {a,, } of this Fock space is an eigen-
state of 3¢, and accordingly implies that the mass
of the associated Poincaré state is

m2({a}) =mag +m® Y (2 ay, . (67)
M

The 3-component of the spin is diagonal on the
state {a,,} has the value

=Y May, . (68)
JM

However the total spin is, in general, degenerate,



484 L. C. BIEDENHARN AND H. VAN DAM

and corresponds to the vector sum: 3, ,,3 o gy

These results are in striking contrast to the
analogous results obtained from the string model
(Sec. III). Unlike the string model—where quanta
of different excitation modes nonetheless all carry
spini—the quanta of the various modes of the rub-
ber sheet carry different angular momenta. Thus
the Jth mode having excitation energy 2/m,?, also
carries angular momentum J. It follows from the
results, Eq. (67) and (68), that the leading trajec-
tory is highly degenerate with the degeneracy in-
creasing with excitation.?”»28

Let us turn now to the task of constructing a
dual resonance model based on this rubber sheet
structure. We take over the same viewpoint as
discussed in the previous string model. That is:
a two-body hadronic collision unites the two had-
rons into a single excited hadronic structure,
whose propagator is uniquely and self-consistently
determined by the Galilean Hamiltonian in the sub-
world. By contrast, the formation and decay of
the composite hadron are viewed as heuristic ele-
ments in the construction, to be approximated
(“mocked up”) by vertex functions chosen to pro-
duce agreement with the Veneziano amplitude.

A. The propagator

The propagator is determined by the Galilean
subdynamics and, just as in the previous model,
we choose—for convenience—to use the scale-in-
variant form for the Hamiltonian operator:

se=me2 +my? D (Db by - (69)
JM

[We suppress the four-velocity in Eq. (69), and
henceforth, for ease of writing. ]

We note, as before, that the scale-invariant
propagator involves the Mandelstam variable s, so
that

1
Propagator = D(s) = f dxx%-st (70)
()

Aside from the different degeneracy structure,
the trajectories are otherwise similar to those of
the string model. In particular, the trajectories
are straight lines with a common slope. [By using
the freedom that the model splits into two disjoint
structures, integer versus }-integer, we may
choose a different slope (and intercept) for the
fermionic hadrons. ]

B. The vertex operator

The vertex operator in the DRM associates an
external four-momentum (bearing mass p) with
the generator of a coherent state. The DRM ver-

|©

tex is formally Lorentz-invariant.

To proceed by analogy, the vertex we seek must
be invariant to rotations in the Galilean plane, but
Lorentz concepts are otherwise not operative. One
faces an immediate difficulty: Only two-dimen-
sional vectors exist in the Galilean plane, so how
is one to map a four-vector onto this structure?

The task is not as futile as it might appear. Re-
call that the scaling operator, together with the
two Galilean boosts, sufficed to determine a unique
four-velocity, once we know the mass (as we do
for the vertex). Recall too, that the space (£,£,)
over which our Poincaré irreps are realized is, in
fact, a homogeneous space onto which an arbitrary
four-velocity (boost) is mapped nonlinearly. [These
remarks become clearer if one looks at the func-
tion (¢,£,|0;), Eq. (14), which demonstrates this
mapping explicitly. ]

The scaling operator, in effect, adjusts the ratio
of p,to p_. Choosing this ratio to be unity is exact-
ly the condition that p,=0. But for two-body scat-
tering the condition p,=0 defines the scattering
plane, which we have also defined to be the Gali-
lean plane.

For two-body scattering processes therefore, we
have precisely the desired freedom to map four-
vectors (p;=0) one-to-one into three-vectors. Be-
cause the underlying space (£,£,) is symplectic, the
three-vector carried by this space is isotropic;
that is, it is a null vector in SO(2, 1) (as illustrated
in the function (£,£,|0;).)

With this motivation, let us now write out the
vertex operator.

V) =AG)ADT, (71a)
A@D)=exp J—xzz: bu b.m/‘/7 (71b)
=161 )

oniy

[Note that in this expression we are considering
P to be the (complex) three-vector: P=(p,, p,, ify).
Note also that we have suppressed the four-veloc-
ity reference-frame dependence of the operators
b,y, since this detail will automatically take care
of itself (we are working in the Galilean subworld
exclusively). ]

One important consequence of the form of this
vertex is apparent: only integer angular momenta
couple to this vertex, and all spin-3 complications
attendant to the string model have disappeared.

C. Evaluation of the four-point amplitude

Using the rules of the DRM we can evaluate quite
easily the four-point amplitude. This amplitude is
defined by
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@={0| VB )D(s) V(H*)|0)

= [dxx“o-s-%om*(ﬁ"))x’“A(ﬁ‘”)lO) . (12)

[We have taken m, =1 in this result, and set
(my/m,) = a. ]

The action of x¥ on a coherent state is a standard
result. One finds

x”A(ﬁ)IO)=exp<§p,,x”b,,/~/7|0)) ) (13)

Thus the matrix element reduces to an inner prod-
uct of coherent states, that is,

(O]ATE ) A ™)|0)= exp [ﬁm Y x_;f]

=exp[-p® - HPIn(1 - x?)]
=(1-x%)"F B (74)

We have obtained the desired form, just as in our
previous model, for the Veneziano function:

@=3B(-3(s = ap); ~-3(t - a)) . (75)

The previous discussion for this result can be
taken over intact. It is worth noting that the inter-
mediate states excited by the collision, properly
have only integer spins.

D. The N-point amplitude

The vertex function and propagator in this “rub-
ber sheet” model have been realized as closely
analogous to those of the DRM; in particular, the
vertex operator involves linear boson operators

which generate true coherent states. It follows
that the same abstract properties of the DRM
techniques carry over to the present structure.
The single formal difference is that we use the
three-vector: (p,,p,ip,) to replace the actual four-
vector p at each given vertex. The final answers
thus involve inner products of the form: p+g=pgq,
+Dod, Do FOV four-vectors lying in the scatter-
ing plane (p;=0), this is exactly the same as the
Lorentz-invariant product.

Thus we obtain a formal N-point amplitude having
exactly the properties (such as factorization, ...)
characteristic of the dual resonance model itself,
with the constraint that the general multiperipheral
process lie in the scattering plane. This is not as
restrictive as it sounds, for such a configuration
always exists, and we may simply define the gen-
eral case as the formal continuation of the planar
amplitude.
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