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We show that even for some external lines on the mass shell, the procedure of dropping the
mass-insertion term in the Callan-Symanzik equation is justified for the form factor at high
squared momentum transfer in a certain class of models. This provides a very quick method
of summing leading contributions in perturbation theory, as well as summing the next-to-lead-
ing terms.

INTRODUCTION

In the Lagrangian formulation of quantum field
theory, because of the singular behavior of prod-
ucts of operators at short distance there are anom-
alies in the Ward identities, compared to naive
ones. For example, the Callan-Symanzik equation'
is the correct Ward identity for broken scale in-
variance in perturbation theory. Another aspect
which has been emphasized, mainly by Syman-
zik, '" is that this equation can be used to estimate
the asymptotic behavior of Green's functions.

In general, the usefulness of this equation may
be limited due to the following reasons:

(a) We are ignorant with respect to the mass-
insertion term.

(b) The parameters which appear in this equa-
tion are unknown.

(c) Even if we know something about (a) and (b),

we need to face the problem of the solution of this
equation.

In spite of these restrictions, there are situa-
tions in which our knowledge of the asymptotic be-
havior of Green's functions can be improved or
some results from the perturbation theory can
easily be reproduced, using this equation.

Let us consider, for example, the asymptotic
behavior in momentum space of Green's functions
in such a configuration that no partial sum of ex-
ternal momenta can be zero (except for the over-
all energy-momentum conservation), or be on the
light cone, i.e., the situation of so-called non-
exceptional momenta. When all external vari-
ables are very far from the mass shell and Eu-
clidean (all p,'- -~), from the usual arguments
on power counting 4 the inhomogeneous term can
be dropped, ' ' and we are left with a homogeneous
partial-differential equation of first order govern-
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ing such a limit of Green's functions. In this case
we get a nice answer to the question (a). The
questions (b} and (c) are considered in Refs. 2, 3,
and 5. We mill comment on these points later on.

How much further can we go beyond asymptotic
nonexeeptional Euclidean momenta'? According to
the suggestion of Symanzik, 3 short-distance and
light-cone expansions provide some clues for the
calculation of asymptotic Green's functions.
Based on this idea, Hasslacher, Mueller, and
Christ' considered the Bjorken limit of the struc-
ture functions of electroproduetion. The restric-
tion (a) was circumvented by considering the Cal-
lan-Symanzik equations satisfied by singular func-
tions appearing in the light-cone expansion of the
product of two currents. Some results on summing
leading contr ibutions ' were easily reproduced for
the pseudoscalar theory and the gluon model. The
impossibility of getting concrete answers beyond
the results of summing leading contributions is
related to the restrictions (b) and (c).

There have been very few attempts to use Callan-
Symanzik equations for the study of asymptotic be-
havior of Green's functions for exceptional ' and/or
Minkowskian momenta. This paper intends to be
a modest step in this direction.

The simplest Green function in which asymptotic
Minkowskian momenta are involved is the three-
point vertex function' of Fig. 1.

The aim of this paper is to show that for certain
models, for p and p' on the mass shell but q'- -, we get in perturbation theory the result that
the inhomogeneous term (mass insertion} is of
order (q') '[ln(-q'/m')]", where N is an integer,
while the vertex function itself has only logarith-
mic contributions. So in the limit of high momen-
tum transfer we have a homogeneous Callan-
Symanzik equation for the vertex function in per-
turbation theory.

In Sec. I we discuss in detail the vertex function
of the simplest renormalizable model: XQ' in six
dimensions. We show for various orders (Appen-
dix A complements Sec. I) that as far as logarith-
mic terms are concerned (not only the leading
terms), the mass-insertion term is negligible as

compared to the vertex functions, from which fol-
lows the homogeneous Callan-Symanzik equation.
The solution of this equation is exhibited and its
connection with summing logarithmic terms in
perturbation theory is discussed.

The results for other models are discussed in
Sec. II. We show explicitly why the neglect of the
mass insertion is unjustified for the gluon model
and why (explicitly only in lowest order), it is
justified for the pseudoscalar model. The results
of Applequist and Primack' on summing the lead-
ing contributions are easily reproduced. It is
argued that the nonphysical behavior so obtained
cannot be improved by summing other nonleading
logarithms.

Section III is devoted to the investigation of the
validity of neglecting the mass-insertion term for
other Green's functions and scattering amplitudes.
The role of this equation as a constraint in per-
turbation theory is used to easily show why the
A.~t}' model does not exhibit Regge behavior in per-
turbat1on theory.

We end with See. IV, which summarizes our
conclusions.

I. RESULTS IN A SIMPLE MODEL"

The simplest ver'tex function with three external
legs in renormalizable models is that of A.ft)' in
six dimensions. The virtue of this model clearly
is that we do not have to worry about complications
due to spinors.

In Appendix A we describe the method used
throughout this paper. Our intention in presenting
this technique is twofold: to make this paper self-
contained and to provide a very useful method for
the analysis of the asymptotic behavior of Green's
functions and scattering amplitudes involving only
massive particles in perturbation theory. For
our purposes, this method turns out to be very
economical since it permits us to handle simul-
taneously the vertex function and mass insertion.
For a more complete and systematic discussion
of the method we refer to Ref. 12. From now on
we assume that the reader is familiar with the
concepts and formulas explained in Appgadix A
and Ref. 12.

The A.qb' model is described by the Lagrangian
density

FIG. 1. The three-point Green*s fxnetion.

The Feynman rules for XQ' in six dimensions
are as for the same model in four dimensions,
except for small changes. For each internal loop
we need to introduce a factor of (2v) ' and the
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propagator is defined by (taking A. =1)

&s "~p = z

(m' i-e -p~g„„p")A.

gekr4/2

r(~}

x )) daa 'exp[ia(p"g„„p"-m'+is)].
0

(1 1)
We note that for A, =1 in some closed-loop calcu-

lations we will have problems with divergences.
However, we can subtract consistently at all ex-

ternal-momenta zeros, using the Bogoliubov-
Parasiuk-Hepp-Zimmermann" (BPHZ) scheme
of renormalization in 0+1 dimensions. The met-
ric operator g which appears in (1.1) is

0 1
(1.2)

To the lowest, nontrivial order the graph contri-
buting to the vertex function is shown in Fig. 2(a),
while a typical mass insertion appears in Fig. 2(b).

If I'"' is the renormalized vertex function in nth
order of perturbation theory and ~I'"' the corre-
sponding mass insertion, we have

q t2+P g2+P t1f2
(m' ie)(-1 +t, +t,)', (1 3)

In (1.3) M is the mass-insertion operator
m28,~em'. The permutations correspond to various
scalings in Feynman e parameters. For example the
first term in (1.3) corresponds to the E family of
Fig. 2(c). This scaling is (the integration over to
has already been performed; see Appendix A}

e3=tC y

a2=t~t„
a, =tgt, .

When analyzing the asymptotic behavior of 1

and gF for q'- -~, p' and p" on shell, we can
make the approximation (which does not alter the
asymptotic behavior) (1 + t, +t,)-1 and neglect the
"external masses" p' =p"- 0. With this approxi-
mation

1 1
1 "'- const dt, dt,

0 0

+ln 1-—,t,

- const' x ln ——
m2 ' (1.4a)

1 1

~I "'-const dt, dt,
0 0

P P

1 1
1 —(q'/m')t, t,

+
1 —(q'/m')t,

1
1 —(q'/m') t,

(c)

FIG. 2. (a) The vertex function in second order of
perturbation theory, (b) one of its mass insertions, and
(c) one particular E family.

-const" x—,ln' ——, +P —,ln ——,
q M (q m ]

(1.4b)

In Appendix A we present explicit calculations
for all fourth-order graphs, as well as 'adder
graphs in all orders of perturbation theory. The
approximations used there are essentially the
same as explained above. Here we give the re-
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suits: For ladder graphs in all orders and all
graphs in fourth-order (at this order we have also
considered nonleading contributions}, the result is
that

2 Q
I"&&"&(q, p, p') C, ln ——,

q2» eo

"' '"( )
q2

n Im(2n)(q p pi)
a2»

q2
+Oi —, ln ——, i, (1.5b)(q„m j

where o. and P are positive integers and C, and C,
are constants. For the leading terms a =n and
P =n+i.

As will be discussed in Aypendix A, the impor-
tant point for any order is that for the computation
of I"~' we have, after subtraction, integrals of
logarithms. Referring to (A2}, we see that these
integrals come from graphs with superficial de-
gree of divergence zero. But for ~1 '"' we have
integrals of [1 —(q'/m')(polynomial in t~)] ', cor-
responding to superficial degree of divergence -1,
from which our results follows. From another
point of view, interestingly enough, what haypens
is that despite the Minkowskian nature of the ex-
ternal momenta, the power counting' is working.
At first sight one might consider this result not
totally unexpected, for one could naively argue
that (working) in the infinite-momentum frame in
the limit considered, all external variables have
at least one large component and hence can be
scaled with a large parameter. For any vector
"a" we introduce the infinite-momentum-frame
variable a=(a', a, a ), a'=(a, +a,), and a
= (a, , a„a„a,) and scalar product a b
=—,'(a b +a b') -a'b. In terms of infinite-momen-
tum variables '~ we have

q =q(1, 0, -1),

n=()(—'„0,)),o((y(), o, )iq),

p' =0(» o p"/Q')+o(I/O o I/O'),

However, the fact that being able to scale all
variables with a large parameter, with nonex-
ceptional momenta, is not sufficient to ensure the
validity of power-counting arguments will be
shown in See. II with explicit examples. We post-
pone the discussions to Sec. II.

From the explicit results (1.5a) and (1.5b} we
see that the mass-insertion term is negligible as

P =bgn+b, h, '+' ' ',
y=cp'+cpn+ ~

explicitly:

b, = -g (4v)-',

c, = ~n4(4s} '. (1.10)

The linear partial-differential equation (1.8) is
solved by the standard method of characteristics.
For a more complete discussion we refer to Refs.
5 and 2. We present here )ust the main results.
The general solution of Eq. (1.8) is

~X

r(, , *)=n().(),
"Xp

x exp 3J da', . (1.11}
y(gt )

Xp

As expected, from the nature of the partial-
differential equation (1.8) the solution for I'(q', m')
involves a function (t), which is fixed by initial
data on some noncharacteristic curve. [This is
problem (c) mentioned in the Introduction. ] The
asymptotic behavior of the vertex function ean be
extracted without knowledge of (()) only if additional
hypotheses (considered below) are made. For
this purpose we transform the expression (1.11)
to

X(o& (gi)I'(q', m') =exp -3 dX'

X Fnnnnsy(q ~ m i A. (Q})i (1.12)

compared to the vertex function. So we can write
the Callan-Symanzik equation in the form

m', +()(X)—„-Iy(a)) ('(q', m') =0.2 8 8

From dimensional-analysis arguments, we have

(-q*, +P(~)—-3~(X) 1(q', m') =0.
a~2 eg

The importance of Eq. (1.8) is that we have a
homogeneous partial-differential equation of first
order for the vertex function in a physical limit.
However, the importance of this result is dimin-
ished for two reasons: (1) Our model is not realis-
tic. (2) We have solved (partially) only the prob-
lem (a) mentioned in the Introduction. Using the
Callan-Symanzik equation for two- and three-
point vertex functions and renormalization condi-
tions, the parameters )8 and y can be expressed
in terms of (e/Sp')AI', (0, 0) and nl', (0, 0, 0) (mass
insertions for the two- and three-point vertex
functions). These expressions gives us a hint
about how to compute the parameters P and y:
perturbation theory. In perturbation theory we
have



390 G. C. MARQUES

where

(1.13a)

A. (1) =A. . (1.13b)

Here I'„,.~ means the value of l for nonasymptotic
q', i.e., Q =1 in (1.6). From now on Q is dimen-
sionless (m=1). Again let us remind ourselves
that (1.12) does not exhibit too much progress.

However, under the hypothesis that the "invariant
charge" X(q) is small, we will take for
I'„, ~(q, P, P', m', A(q)) the value of the trivial
graph, i.e., bA. (q). As we will show below, the
hypothesis of X(q) being very small can be imple-
mented in this model even for very high values of
A. (the physical coupling constant) in the limit
@~oo

Taking for P and y the expansions (1.9), and for
1nnnnsy the value -iA(Q), we l:ave from (1.12)

I'(q', yyb') =exp -3 Pin +—~-~ [X'(Q) —A, ']+ [-ik(q)]
c 7.(q) 1 c b

bo A. 3 co bo

1-bnp/bpiA-. exp —~ -~ [7'(q) —A.']+
c() b()

(1.14)

A.

(1 2fs gnlnqn)~/P ' (1.15)

With the values in (1.10) for bp and c„we have
for the sum of leading logarithms in perturbation
theory

The expression (1.14) corresponds to the sum of
leading terms in perturbation theory when we take
the lowest-order values for P and y. The sum of
next-to-leading terms corresponds to the values
in next order in P and y (c, , fs, ), and so on. Sub-
stituting the lowest order in (1.13a) with the condi-
tion (1.13b) we get

four dimensions. The naive argument fails in this
case. In the second order

(&)I'(q P P' m )

~
Jt

d4u(M)

[(p-k)'-m'][(p' —0)'-m'](k'-m') '

(2.1)

From (2.1) it follows that for q'- -~

I'(q m )-—ln ——
q2. m2

Q2~ 00

(1.16)
AI'(q m )-—ln ——

q
Another advantage of this approach is that, be-

sides easily summing the leading contributions,
we can do better. We could sum the next-to-lead-
ing terms, computing c, and b, and taking for P
and y the term next to the lowest order. However,
just by inspection of (1.14) we see that by keeping
only a finite number of nonleading contributions
(in the above sense), a more realistic asymptotic
power behavior for l is never obtained.

Before ending this section, I want to comment
on the approximation I'nnnasy = A. (Q) which in this
model is justified from (1.15) since bp is negative.
In this model the physical coupling constant does
not need to be weak in order for the "invariant
charge" to be small for Q- ~. The same thing is
not true for the other renormalizable models such
as the gluon model, pseudoscalar theory, quan-
tum electrodynamics (QED), and Astsn theory.

II. FORM FACTORSS ' OTHER MODELS

Now we try to extend this approach for other
models. The simplest one would be the vertex
function of the superrenormalizable model A.P' in

However, this gives a hint to understanding why
this approach is valid in six dimensions, but fails
in four dimensions. The point is that in general,
even for models involving fermions, the logarith-
mic contribution comes from asymptotic regions
of integration in momentum space (ultraviolet
logarithms), or from infrared regions'4 of inte-
gration (infrared logarithms). When only the
ultraviolet region of integration plays an important
role, we see [using (1.6)] that as far as I' and n, l'
are concerned, power-counting arguments still
work. This is the case in six dimensions. How-
ever, in four dimensions we also have infrared
logarithms '4 and naive power-counting arguments
do not work. This hint leads us to the possibility
of extending this approach to other models. The
gluon model is a model in which we have ultra-
violet and infrared logarithms, while in the
pseudoscalar model we have the same situation as
in the model of A,P' in six dimensions. '

Clearly these remarks are valid, as long as the
leading logarithms are concerned. For example,
in the model considered in Sec. I, if we consider
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terms which go as (ljq'), the logarithms multi-
plying these terms no longer will be only ultra-
violet. We will show now in second order that our
approach works in the pseudoscalar theory, but
fails in the gluon model. The consequences are
then analyzed.

For both models we can define

The superscript (5) will denote the pseudoscalar
theory.

In second order the relevant contributions to
(a)A'„", (s)A„are proportional to y'(n. )f„y',
y"(d, )l„y„, respectively, where the integral (n. }f&
is given by (u is the mass of pion or the mass of
gluon)

f'„"'(q J»P') =u(P}A'„"(q P p')u(P'} (2.2)

(p -$+ m)y"(p"-if+ m)
[(p —b)' —m'] [(p'- b)* -m'] [b' —p']

00 OO tn) OO ', (M') exp/i[ a,a,p'+ a,a,p" + a,a,q'+ (a, + a,)(-m'+i@) + a, (-g'+is}])
0 0 0 1 2 8

p + .p"}y"( p'+ .p"} (p'+-.p")yV p'y"( -./+a. p")
(a~ + a2+ as) a~ + am + a~

+m' "+m "p'+ ' ' + p+ ' ' y"
a, +e, +a, ~a+ %+ ~3

iy"
Q~+C +@3

(2.3)

M' is the mass-insertion operator m'8 jam'
+i 's jet*.

(2.3) displays the difference in the case of the
gluon model and pseudoscalar theory. Consider
the "eikonal term"' '" [The first term in the large
curly brackets of (2.3}]. From the Dirac equations,
(p'+m)u(p') =0, u(p)(p'+m) =0, we see that the
"eikonal term" does not play any role in the
pseudoscalar theory. This is true, since y' does
not reverse the order of the product Py'P". But in
the gluon model, since y„g+P"y"=P"PP+ ~ the
order of P and P' is reversed, giving a very im-
portant role to the eikonal term. In terms of in-
tegrals, the effective superficial degree of di-
vergence of the gluon model is -2 (to this order),
making the theory not too much different from A.Q'
in four dimensions. While in the pseudoscalar
theory the effective superficial degree of diver-
gence is zero and hence this theory is very simi-
lar to the A.)t)' model in six dimensions. These ob-
servations are true, insofar as the leading loga-
rithms are concerned, when -q' but are no
longer valid for other contributions.

Introducing the scaling explained in Sec. I and
Appendix A, from (2.3) we find the asymptotic be-
havior (in second order; omitting irrelevant con-
stants}

a 2 2 2 vn,"(n', m', n')-n")n(- —,

n))),")-—, ln(- —,)

(2.4b)

In what follows, we are considering only those
graphs for which A.Q~ does not play any role. So,
we consider P„(g, A. ) =0 and y„(g, X) =0 (no renor-
malization of the bare coupling constant X). Prom
these considerations and the explicit result (2.4b),
which can be extended to isospin, we have for the
proton form factor in the pseudoscalar model

8 p. Sg

p'=bog +b, g'+

y =cog +c~g +'' '
(2.6a)

(2.6b)

where g is the m-N coupling constant.
We note that the procedure of dropping the mass-

insertion is justified only for the E, form factor.
However, the E, form factor is 0((ljq')E, ) .

The coefficients P' and y' in perturbation theory
have the expansions

2 2

A"(q', m', u')-y" ln ——,

n)nq- "l (-n—,),

(2.4a)

Explicitly, we have (see Appendix 3)
bo &0

5""' 32.* 32m

5 3'U('} 32. 32.

(2.V)
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U(1) corresponds to the usual 1/0-p Yukawa theory.
In perturbation theory the asymptotic behavior

of the form factor I', depends only on the ratio
q3/m3. This statement corresponds to the absence
of infrared singularities when the pion mass goes
to zero for logarithmic contributions. Since this
is the case, ' the solution for (2.5) goes straight-
forwardly along the lines discussed in Sec. I. The
asymptotic behavior for the proton form factor is
[we are considering SU(2) and U(1) at the same
time]

5
-X/2

g(Q')=g(1 —,g, . g*»Q'

we get for the U(1) Yukawa model

1/10
g, (Q') =e(1—,1nQ'

(2.12)

(2.13a)

the lowest-order contribution, with b0, c0, and
b0 —2c,"' —c,"' given by (2.7) and (2.11}.Substitut-
ing these constants in (2.8) and (2.10), with the
"invariant charge"

,(g(Q)) -1/5
P, (Q') = g(1 —,1nQ' (2.13b)

em -- ~-~ [P(Q}-Z']+"1 c 5
3 c0 b0

(2.8)
3/10

g, (Q')=e(1 —,1 Q' (2.14a)

while for the isospin pseudoscalar theory, we get

Let us now consider the pion-nucleon form factor,
which will be denoted from now on by 8',».
Again, the inhomogeneous term can be dropped,
leading us to the equation for P„»..

5g 1/5
g, (Q')=g(1 —,)nQ' (2.14b)

in agreement with the results in Ref. 9. As pointed
out in Sec. I, our method allows us to go beyond
summing leading contributions. The point is that
no improvement in terms of getting power behav-
ior can be achieved by going to the next-to-leading
logarithms (taking the terms in c, , c,"', c,"', and
b, for y', y„y„and P). Besides this, the whole
scheme of perturbation theory turns out (for this
model) to be inconsistent for strong interactions.
We can see this from (2.12) since in order for the
invariant charge to be small, the coupling con-
stant needs to be weak for large Q, making the
strong interactions weaker for high momentum
transfer.

Another advantage of this approach is that it al-
lows us to handle easily the asymptotic pion-
nucleon F,„„form factor for the SU(n) pseudo-
scalar model. If the interaction Lagrangian is
written in the form

x (y „„(q3,m', p, 3, g) = 0 . (2.9)

y, and y, are the anomalous contributions to the
dimensions of the elementary fields.

Using analogous expansions for y, , y, as we did
for y' in (2.6b), and from similar considerations
of the solution of the equation (2.5), the asymptotic
behavior for the pion-nucleon form factor is

(1) (2)
g(Q))' ""'" ""

g

0 0 0

(2.10)

(
28 28 8m', . en', , g(g) —, », n)--

Sion 8 p. g

In Appendix B we calculate the constant b0 —2c,"'
—c0(3) in the U(1) model and SU(n)." Explicitly,
we have [the constants S, and S, will be defined
later in (2.16)-(2.18)] (2.15)

b0 50 2C0 C0
(i) (2) Defining the constants S, , S, , S„which appear

in (2.11}, according to Zee" as
U(1)

5 1
32g2 16' 2 Z'XbX'=S Xb,I (2.16)

SU(2)
5 -1

32~2 16~2

)
2S, +S, +2$, S,

32m 16)/'

(2.11)
g~'Z' =S, 1, (2.17)

We can compare our solution with the results of
Appelquist and Primack' on the sum of leading
logarithms, taking for p, y', y, , y3 in (2.5) and (2.9)

rgagb S feb
3 (2.18)

from the results (2.11) for SU(n), follows the re-
sult for the sum of leading contributions:
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2$ +$ +2$8$/(2~]+ ~2+2~3)
S„„(q')=g 1 — ' 32', 'g'In@'

Clearly (2.13b) and (2.14b) are particular cases
of (2.19), since for U(1) S, =1=S,=S and for SU(2)
S~ 1y S2 3y $3 2

III. CALLAN-SYMANZIK EQUATION
AND ASYMPTOTIC BEHAVIOR

In this section we want to say a few words on the
possibility of generalization of this procedure to
other vertex functions and scattering amplitudes.
In the opinion of the author, at least for various
configurations such as Regge limit with t fixed
and form factors, the superficial degree of di-
vergence being zero plays an important role. We
get this feeling by looking at expression (Al) in
Appendix A. For three external lines this is
equivalent to saying that the comparison of the
vertex function and its mass insertion corresponds
to comparing integrals of In[m' —q' (polynomial in

t, )) with integrals of (same argument) '. From
this follows our result that the mass-insertion
term is negligible compared to the vertex func-
tion. In this respect, the nonvalidity of this simple
approach for the gluon model is a consequence of
the validity of the eikoaal approximation" for this
model. The eikonal approximation in form factors
makes the effective superficial degree of diver-
gence become smaller as we increase the order of
perturbation theory, making the integrals not too
much different from those encountered in the super-
renormalizable A. Q'. Another process in which
zero superficial degree of divergence is involved
is m-m scattering. However, since for certain con-
figurations exceptional momenta are involved, the
analysis turns out to be more complicated. "

These comments do not rule out the possibility
of using the Callan-Symanzik equation for esti-
mating asymptotic behavior in perturbation theory;
they only say that dropping the mass-insertion
term only works in very special cases. This
paper has enlarged somewhat the domain of validi-
ty of this procedure. Clearly for other cases we
need to introduce a clever way of bypassing prob-
lem (a) of the Introduction, as was done in Ref.
6.

While the usefulness of the Callan-Symanzik
equation is limited for the complete determination
of the asymptotic behavior in perturbation theory
of scattering amplitudes and Green's functions for
nonexceptional momenta, it can be explored as a
test of some conjectured asymptotic behavior in
perturbation theory. In this way the Ward identity
for scale-symmetry breaking can play an impor-
tant role as a constraint which must be satisfied
in perturbation theory. One such example is the

FIG. 3. The lowest-order contributions to the n-m

scattering in the A, Q4 model.

conjectured Regge behavior in field theory. Even
though the usual A.Q' leads to Regge behavior in
perturbation theory, "for m-m scattering, Bjorken
and Wu" pointed out that gP' does not lead to such
behavior. We show this more easily, using the
Callan-Symanzik equation. The Regge behavior
for m-n scattering implies, using dimensional-
analysis arguments,

S +(tlm2)
A(s, t, m')- m' (3.1)

The Callan-Symanzik equation for A (s, t, m') in
(3.1}leads us to the relationship

t—n —
2

—4y A s, t, m =~ s, t, kg

(3.2)
in the limit for s —~ and I fixed. (3.2) says that
nA(s, t, m') must have terms of the form
In(s/m )A(s, t, m'). ' Now, just looking at the
lowest-order contributions, the graphs shown in
Fig. 3, we see that A —(lns}" (n integer) but
hA- (I/s)[ln(s/m2)]", violating the condition
imposed by (3.2).

IV. CONCLUSIONS

We have shown that the use of the Callan-Syman-
zik equation may provide a very quick and precise
method for summing leading contributions in per-
turbation theory; this is true also for form factors,
when the squared momentum transfer is very
large. Besides being a very quick method of avoid-
ing lengthy calculations in perturbation theory,
this approach provides a way to see that summing
logarithms in perturbation theory cannot repro-
duce, in certain models (for which this method
works), the physical asymptotic behavior of the
form factor F= (q~), with aR 2.

However, from a speculative point of view, this
behavior is not ruled out from the quantum-field-
theory scheme. Indeed, as long as the exact solu-
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tion has negligible mass-insertion terms, such a
behavior is obtained if the coupling constant is a
zero of the Callan-Symanzik p function. In this
case we have for the vertex function in the re-
normalizable A.P' model in six dimensions

2 8q, —yFq, m =0,

from which follows the asymptotic power behavior.
As explained in Sec. II, the validity of the pro-

cedure of droppiag the mass insertion is limited
to models for which the logarithmic contributions
come from integrals with effective superficial de-
gree of divergence zero.

For other vertex functions or for scattering am-
plitudes we only comment on the fact that though
as yet the equation of Callan and Symanzik has not
been useful for the complete characterization of
these functions, the equation does impose impor-
tant constraints which must be obeyed to arbitrary
orders in perturbation theory. For example cer-
tain postulated asymptotic behavior, such as Regge
behavior, can be tested in perturbation theory.
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APPENDIX A

In this appendix we want to complement the re-
sults in lowest order in the renormalizable A.Q'
model. After the introduction of the method, we
consider the fourth-order terms. The approxi-
mations (which do not change the asymptotic be-
havior) are explained for one graph. We work in
the BPHZ "renormalization scheme.

We start by describing the method used in this
paper. In order to analyze the asymptotic behav-
ior, in a unified way, of the vertex function and
the mass insertion (obviously the method is also

E=&
't

a,
7

a,

very useful for the analysis of other Green's func-
tions as well as scattering amplitudes), we make
use of the method described in Ref. 12. In order
to show its power, "we describe the essential
formulas for our considerations for a scalar the-
ory in o +1 dimensions. Some small modifications
are required when spinor and vector fields are in-
troduced.

A generalized graph 8(A. , p ) in momentum space
is defined by

where az(A(, p, ) is the generalized Feynman propa-
gator in o+1 dimensions [E(ls. (1.1), (1.2)] and L
is set of lines of the graph.

The substitution of (1.1) in (Al) leads us, after
"internal momentum" integration and according to
the scaling introduced in Ref. 12, to

(b)
FIG. 4. (a) The ladder-graph contribution to the vertex

function in fourth order. (b) One particular E family.

1 p(C)
(z p ) CF(A (Q))g ~t II t A(//)-(((s)/2-( ~2 p p g I (/P

[E(t)]""'"— ' & (~)

C is a constant irrelevant to our discussion
since we are just comparing the asymptotic behav-
ior of pand 64.

Following Speer, ' E is a maximal family of non-
overlapping subgraphs of a graph G, each two-
connected or consisting of a single line such that
no union of two or more disjoint elements of E is
two-connected. Two connected means that the
subgraphs cannot be disconnected by revolving any

vertex. H are elements of E and GH E;

where L(FI} is the set of lines of H.
(((H} [p(G}] is the superficial degree of diver-

gence of the subgraph [graph]. For nonderivative
coupling scalar theory in o + 1 dimensions p is
given by
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g(ff) =v+1 —~ (o —1)B

-g n, [o'+1 —(o-l)-,'vs ]. (A4)

B is the number of external boson lines and,
if 21=QZ„n, is the number of tth-type vertices
of 2, . E(t) and F,z are obtained from the Symanzik
functions by taking in evidence the powers of tc in
the scaling process, and

In order to illustrate the whole procedure we
discuss the ladder graphs with explicit result in
fourth order, corresponding to the graph of Fig.
4(a). From now on, we discard all irrelevant
constants.

For the propagator, we take the usual one (cor-
responding to A., =1). This requires some sub-
tractions in order to get a finite expression for
the vertex function. Using the procedure for the
renormalized integrand, we get (omitting con-
stants)

t' dt, ' [1n[1 -gP, F~r, p, /m. '(QP, )E (t, )] in[1 -gp, F~ P,/m'(QP, )E,(t, )E,(t, )]

(A5a)

'dt, "'
I E '(t, ) [E,(t,)E,(t, )] '

']1-g p F,", p, /~'(Zp, )E(t) 1-Zp,F,',p,/E, (t, )E.(t, ) '(Dt, )] '

(A5b)

where (the arrows correspond to approximations which do not alter the asymptotic behavior)

E~(tq) =1+t2+t3-1, E2(t() =1+t4+t,-1, E(t, ) =t~(1+tm)+(E, )(E2)-1,Qp, =Em+t~E, -1,
Qp, F(~p~ = p t4+ p' t, +q t~t~ q t4t5,

Qp)F)~p~ = q2(t~~t2t~+ t, $tp2+ ts[t~+t2 (t4+t~)]] + t4tp~) + p'2(t~ta+tp~) + p2(t, tmtl + tp~)
-q (t~ tmt~+t, (tm+ts[t4+t2(t4+t, )]]+t~t,). (Aa)

@z/ "Era

an-I

(b)

FIG. 5. (a) The ladder-graph contribution in the vertex function in 2eth order. (b) One E family is explicitly exhibited.
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The expressions in (A6)-(A8) are obtained from
the scaling sketched in Fig. 4(b). Other scalings
do not affect what we will say below. In the follow-
ing we will just state our main results for all lad-
der graphs. All which we state below was verified
explicitly in fourth and sixth order (including sub-
traction). We do not reproduce this laborious cal-
culation in this paper in order to save space.

The results are: In order to analyze the behavior

of leading contributions for I'"' and ~I'"' the sub-
traction terms do not alter the asymptotic behavior
of these functions unless they are in the constants
multiplying [ln(-q'/m')]" for I'~ and (1/q')
x[ln( q2/m2}]N for ~I(22)

For scalings corresponding to leading contribu-
tions [sketched in Fig. 4(b)], 1'&22&(q, p, p', m') and
gFi 2"y(q, p, p', m') can be written in the form

"' dt, dt2F02)( p p& m2) 1 2 ~

+0

tl dt2 dtn-l
t F(22)( p pl m2)

~

1 2 ~ ~, II

(A9a)

(A9b)

1 Qp, F„(t,t2, t„)p,
J dt2 ' ' 'dt's dt ' ' 'dt

y E2(t t t )
—

m2E (t t t

+subtraction terms,

E (t, t8, ty)

+ subtraction terms

The subtraction terms are necessary in order
to avoid the nonintegrable singularities when t, =0.
As in (A5), these terms can be obtained using the
Zimmermann forest formula" for the integrand
renormalized in the a-parameter space and then
performing the scaling. As an example, look at
expression (A5).

Again we use the approximations illustrated in

(A6)-(A8), which for the explicit term shown in

(A9b) correspond to E (t)-1 and taking the external
masses equal to zero. With these approximations
the general structure of the relevant integrand will
be

gp&F&~(t, ts, ty)p~
m'E(t)

-1— 2[P(t, ts, t )+ (Mt st„)]. (A10)

In (A10}M(ts, t„) is a monomial in the variables

ts, t„(does not involve the variables t, , t„.. . , t„)8& yg
(see Fig 5) of. degree 8 and P(t, t&, t„) is a poly-
nomial in the variables t, tB, ty of degree &2.By y
These conclusions come from an analysis of the
structure of two-trees and trees, in the language
of Speer." The relevant region of integration is
the region where all variables of integrations are
very small [O(1/q')], so roughly speaking we can
drop the polynomial as compared to the monomial.
Furthermore, for the variables t, , t„.. . , t „,owing
to the good behavior at the origin, introduced by
the renormalization, we can integrate only in the
relevant region [))/q2, 1]. These conclusions are
illustrated in (A8), where the polynomial is
t, 't, t, +t, (t2+ t,[t„+t,(t, +t,)]}and the monomial is
t4t, . The asymptotic behavior does not change by
dropping the polynomial when taking the divergent
term and regularizing with the cutoff A/q'.

So, for leading contributions in 2nth order of per-
turbation theory we have

t
1 dg ' dt l g2

1&22)( 2 m')= It ' ' ~ ~ ~ " ' dt ~ dt dt ~ ~ dt ln 1-—t t81 Bn yl yn
-m 2 Bn ynX/(-c /tn ) "l - X/(-e /m ) "2 X/( &2/tn2) "n-1 0 0

dt l dt 1AI't2" (q, m )—= '' ' " ' dt& dt2 dt
~n2i~) ) ),n, i~), )((2i~) „, , ' ', ~ 1 —(q'/m')t, t„

Now we will consider the nonleading contributions for fourth-order graphs. We consider again only some
scalings. The situation does not change for other scalings. The approximations are the same as considered
before.

For the graph of Fig. 6(a) and the E family of Fig. 6(b)



CALLAN-SYMANZIK EQUATION AND ASYMPTOTIC BEHAVIOR. . . 397

2

dt dt dt. In I - I [t +t +t (t +t t )+t t (I +t t )])

Al'«) dt dt ~ ~ dt 1 ——
$ t~[t4+t$+t4(t$+t, t,)+t$t$(1 +t, t $)j

..—. .-(")'

The vertex correction of Fig. 7(a) with the scaling corresponding to the E family of Fig. 7(b) leads ns to

'dt 2 2

I t t(q m )= J
'de ~ dt, , In I — [t (—I ,~ t +I ) ~ t t ] -In I - —t)

:—.(")
1

=J t, ' ']I-(q'/m')[t (I+t +t )+t t ] I-(q'Im')t I
m2- 2 -2

ln,S~ ~ 2 g m2

while for the self-energy insertion of Fig. 8,

'dt. "'
.I1 M 1 MI'4)(q p p' m$)= ' dt 'dt —ln ———ln-

t $ J 2 5/E$ E ~$

..—.(.")
J t'J ' ' E'M E'M 'dt E'M

$ $) dtI" QPq QP( d QP$

.=-.—,' "(.':)

a

E =co,

(b)

FIG. 6. (a) The crossed-ladder-graph contribution
in fourth order. (b) One particular E family.

(b)

FIG. 7. (a) The fourth-order vertex correction to the
vertex function. (b) One of the E families.
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with

Qtig ——1+ts+t4+t, +t, (1 +t~),

E = (1+t,)(1+t,+t4+t, )+t,t, ,

M=-m P, E

+p'[t, t, (1+t,)+t,(l+t, +t,t,)]+q't, t, (I +t,)

+ p "t,[t,t, + (1 + t, )(1 + t,)].

APPENDIX 8 (b)

In this appendix we exhibit the expressions for
the constants co and 5, -2c,' —c,', introduced in
Sec. II. %ith respect to 5, we refer to Ref. 16.

c, can be obtained directly from the complete
Callan-Symanzik equation using the renormaliza-
tion conditions. %e get from the isospin pseudo-

HG. 8. (a) The fourth-order self-energy correction
to the vertex function. (b) One E family is exhibited.

scalar model [for the U(1) model the last terms,
corresponding to the electromagnetic interaction
of the pion, do not appear]

c = — de m' + ' +2 -2k . 81}
is

4 2 8 2 8 1 1 1 1 1 1

(2 )' sm' stt' 'p'+ m (')t'+ m ')'t' —tt' ')f -m 'k' —y,
' (' 0' —p,

'

Using (1.1), (1.2), integrating over the internal momentum k, and performing the scaling described in
Appendix A it follows that

dt,
(2w)' t, (1+t,)'(m't, +g') J, (1+t,)'(m'+t(, 't, ) I™j, (1+t,}'(m'+ p't, )

dtt, , dtt,
, (1 +t, )~(p'+m't,), (1 +t,)'(m'+ t(,'t, ) 0 (1 +t, )'(p' +'mt, )

(1+t,)'(m'+ p't,), (1+t,)'(p'+m't, )
™

3, (I+t,)'(p't, + m')

dtt dt
~, (1+t,)3(t(,'+ m't, ) 0 (1 +t~)~(p'+ m't,), (1 +t, )~(p't, + m') (82)

From (82) follows

1co=, Q +1),

where the one-half comes from the first eight terms in (82) or from the first term in square brackets in
(Bl) and the factor 1 comes from the electromagnetic interaction of the pion.

For SU(n) we have

In (84) all repeated indices must be summed. After a trivial algebra (84) can be written in the form

b -2c"'-e"'= d'k m' +p, ' 1 Tr (A.
~

A.
'

A.~ A. ')
(2v)4 sm' +" s@' (p -m )E}(, —tJ2) Tr(&'p(()

4}
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