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Oy +m ) (T (%) 95(0))
==i8,04(%) — 1 M (T ()0 % ()95 (0)) .

Replacing the correlation function on the right-hand side
by (T¢ . (%)95(0)) (¢2(x)) produces the same result as
dropping the terms involving T in the Schwinger-Dyson
equation of Fig. 7. Moreover, it is known that the
Hartee approximation is exact in the many-body version
of our large-N limit. Correspondingly, our Egs. (3.41)
and (3.42) have well-known analogs in many-body theory.
See S.-k. Ma, Phys. Rev. A 7, 2172 (1973); E. Brézin
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16K, Fujikawa, B. W. Lee, and A. I. Sanda, Phys. Rev.
D 6, 2923 (1972); Y.-P. Yao, ibid. 1, 1647 (1973).

17Note that even though the ghosts obey Fermi statistics,
their temperature Green’s function S{¢;%} is that of
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We paraquantize the classical massless relativistic-string action and find that the resulting
theory is Poincaré-invariant in four space-time dimensions if we use para-Bose commutation
relations ‘of order 12. More generally, we find that if the dimension D of the space-time
and the order g of parabosons are related by the expression D= 2 + 24/q, then the quantized
theory is Poincaré-invariant., We also construct a fermionic parastring model which is the
analog of the Ramond-Neveu-Schwarz model and find that it is invariant in D dimensions if
D=2+ 8/q, both the fermions and the bosons being of order ¢g. We show by explicit Klein
transformations that these theories are equivalent to “color’’-endowed canonically quantized
strings with SO(g —1) “color” symmetry. We obtain dual tree amplitudes by suitable choice
of vertices. Finally, we consider second-quantized parastring theories and show, by an
explicit example, that they can be Poincaré-invariant in four space-time dimensions.

I. INTRODUCTION

The search for the understanding of the funda-
mental structure that underlies the dual resonance
models has been the subject of many interesting
‘investigationsinrecentyears.'”* From among var-
ious approaches, the one which has reached the
status of a bona fide theory is the gauge theory of

the relativistic string,'? which is based on a geo-
metrical description initiated by Nambu.® In this
case the fundamental structure is a massless
relativistic string.

An important feature of the string model is that
all of its properties follow from a single action:
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where

aY ¥ ay,
gab=a—na_a_n—% )
Y* (7, 6)=string variable,
(1.2)
g =det(gs),

o’ =the only dimensional parameter
of the theory (Z=c=1).

This action can be arrived at

(a) by a generalization of the action of a free
point particle,® or alternatively,'*'*

(b) by requiring that as a function of Y*(7,6)
and its derivatives

(i) it be Poincaré-invariant;

(ii) it be parametrization-invariant;

(iii) Euler-Lagrange equations involve deriva-
tives not higher than the second.

The equations of motion which follow from the
action (1.1) are fairly complicated

1 2 w 0
Wyl ( V-g g bW) YE(n%nY)=0. (1.3)

It is thus clear that because of the nonlinearities
involved a coordinate-invariant quantization of
such a theory is out of the question. It is possible,
however, to exploit the parametrization invariance
of the action (1.1) to cast the theory into a man-
ageable form. The simplest way of seeing this
is to note that by a coordinate transformation it is
always possible to cast the differential quadratic
form of the world sheet

1)2

ds® + oodn°)? + go, dn° dn'+gy,(dn
into the form
ds?=gg(dT? -do?), (1.4)

which is invariant under conformal transforma-
tions. This amounts to imposing the coordinate
conditions:

B2
(:—11:7> =0, u*=7]é—('ri9). (1.5)
It is then straightforward to show that the spectrum
as well as the ghost-eliminating conditions of the
dual resonance model follow from the action (1.1)
in the gauge specified by (1.5). One thus arrives

at the gauge theory of the relativistic string.'

In quantizing a gauge theory, one can either work
in a manifestly covariant gauge, in which case one
must explicitly prove the absence of ghosts, or
one can work in a manifestly ghost-free gauge, in
which case one must explicitly prove the Poincaré
invariance of the theory. The proof of the absence
of ghosts in the manifestly covariant gauge can be
carried out as far as showing that the spectrum of

states is positive-semidefinite. To complete the
proof one would have to show, among other things,
that the generators of the Poincaré group are well
defined in the positive-definite sector of the spec-
trum.

The quantization in one manifestly ghost-free
gauge has been studied in detail.'® It is found that
such a quantized theory is Poincaré-invariant
not in four but in 26 dimensions. To preserve
Poincaré invariance even in a 26-dimensional
world, it is further necessary that the ground
state be a tachyon.

The free-string theory has also been extended to
an interacting theory!” !® in which the interaction
is-taken into account by studying the breaking and
joining of the strings.® This theory is again Poin-
caré-invariant in 26 space-time dimensions and
has a tachyon in the ground state.

Although disappointing, the beauty and the inter-
nal consistency of a gauge theory of interacting
strings leads one to hope that a modified version
of this theory might be free from these difficulties.
Attempts at the modification of the theory could be
made in various ways. In one of these,® the funda-
mental dynamical variable Y*(7, 6) is replaced by
a fermionic dynamical variable. It is found that
the resulting theory is tachyon-free, ghost-free,
and is Poincaré-invariant in four space-time di-
mensions. However, since the model departs
from strict canonical formalism, the incorpora-
tion of interactions is not straightforward. In an-
other recent modification,?>?! attempts have been
made to make the relativistic string massive.
Here again strict canonical formalism can be
maintained only at 25 space-time dimensions.?

The purpose of the present work is to present an
alternative quantization of the massless relativ-
istic string which is Poincaré-invariant in four
space-time dimensions. This we do by making an
essential use of the nonuniqueness of the passage
from a classical to a quantum theory. It was shown
by Green®? some time ago that the ordinary canon-
ical quantization is the simplest of a large class
of quantization schemes which are now known as
paraquantizations. The motivation for the para-
quantization of the classical massless relativistic
string is manifold. First, as we shall see, ‘it will
restore the Poincaré invariance in four space-time
dimensions. Second, by leaving the classical the-
ory intact and altering the quantization scheme,
one may hope to learn the manner in which the for-
malism perfected by Mandelstam'® ought to be al-
tered so as to obtain an interacting theory of para-
strings. Moreover, in recent years a number of
equivalence theorems have been proved®* 2 con-
necting parastatistics with internal-symmetry
groups. It would then be interesting to see what
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internal-symmetry groups could emerge from the
study of the parastrings. Our approach is to be
compared with another recent attempt?® in which
new models are constructed by introducing extra
“colored” Fermi and Bose oscillators while leav-
ing the string variable intact. Finally, the results
which emerge from a first-quantized parastring
theory show how a second-quantized parastring
theory could be constructed, which is Poincaré-
invariant in four space-time dimensions.

The study of parastatistics in the literature has
been to a large extent confined to the second-quan-
tized theories. In applying it to the first quantiza-
tion of the classical string, we encounter a number
of novel features which do not show up in the sec-
ond-quantized theories. The most important of
these is the manner in which the center-of-mass
variables of the string are to be handled. On the
one hand, the consistent paraquantization of the
string variable requires velative paracommutation
relations between the c.m. variables and the ex-
citation modes; on the other hand, since the c.m.
position and momentum operators are conjugate
physical operators regardless of the nature of
quantization, we must require that they satisfy the
usual canonical commutation relations. To make
these two requirements compatible, it is neces-
sary to fix a direction in the paraspace of the
Green components (see Sec. II) and specify the
momenta along this direction. In the language of
internal symmetry this amounts to reducing the
over-all color symmetry from, say, SO(q) to
SO(g - 1) where ¢ is the order of parastatistics.

It is interesting to note that Giinaydin and Giirsey,?®
in their construction of the representations of the
Poincaré group in an octonionic Hilbert space,
were also led to specify a direction in that space
to ensure that space-time and internal-symmetry
transformations commute. Then the internal sym-
metry is reduced from G, to SU(3).

The remaining sections of this work are arranged
as follows: In Sec. II we discuss the nonuniqueness
of the quantization of a classical theory and review
paraquantization from a point of view relevant to
the subsequent sections. In Sec. III we paraquan-
tize the classical string and find that the resulting
theory is Poincaré-invariant in D=2 +24/q space-
time dimensions, where ¢ is the order of para-
Bose statistics. The intercept remains at a,=1,
as in the conventional theory, so that the ground
state is still a tachyon. In Sec. IV we demonstrate,
via a Klein transformation, the equivalence of the
parastring model to a color -endowed canonically
quantized string theory and show how dual tree
amplitudes can be obtained by a suitable choice
of vertex. In Sec. V we discuss second-quantized
parastring theories which are Poincaré-invariant
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in four space-time dimensions. In Sec. VI we
similarly construct a fermionic parastring theory
which is Poincaré-invariant in D=2 +8/g space-
time dimensions, where ¢ is the common order
of the parafermions and parabosons in the theory.
Section VII is devoted to concluding remarks. A
number of methematical details are relegated to
the Appendix.

II. NONUNIQUENESS OF QUANTIZATION
AND PARASTATISTICS?2.24,27,28

To demonstrate the nonuniqueness of the quanti-
zation procedure, consider how starting from a
classical Lagrangian for a free field one arrives
at a quantized theory?®®:

(i) Independent dynamical variables and their
canonical momenta are specified.

(ii) Via Noether’s theorem conservation laws
are derived. In particular, the generators P¥ and
MF¥? of the Poincaré group are specified.

(iii) The c-number fields are made into opera-
tors satisfying the same field equations.

(iv) The expressions for the generators P*,
M*?, etc., in terms of the field operators are
taken to be the same as the corresponding classi-
cal expressions, except for the symmetrization
with respect to noncommuting operators.

From these requirements, it then follows that,
e.g., for a single free field in momentum space,
we have

[P*,a]]_=k*q], @.1)
where
1
P”=§;P"[af,a,]§, (2.2)

with plus (minus) sign corresponding to bosons
(fermions). Substituting (2.2) into (2.1) we find

2.3)
(2.4)

laf,a)l.,a,].=-26ma;,
[[ak :al]ham]— =0.

Other relations can be obtained from these by
Hermitian conjugation and the use of the Jacobi
identity.

To recover the ordinary canonical quantization,
one must impose two further requirements:

(v) The commutator or the anticommutator of
two field operators is a ¢ number.

(vi) All the physical operators such as P¥ must
be written in normal-ordered form.

From (v) and (2.4) it follows that
[ak’ al]i = 0 .

Then (2.3) reduces to
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[: [a:;al]i : )am] = —zokmal
or
[aba;]i= O -

These are just the ordinary canonical commutation
rules. It thus follows that the main difference be-
tween the ordinary quantization and the more gen-
eral paraquantization conditions (2.3) and (2.4) is
the requirement (v). Since this requirement does
not follow from any general physical principles,
it need not be imposed. It is therefore clear that
there are other inequivalent representations of
paracommutation relations (PCR) (2.3) and (2.4)
which may be adopted as a basis for quantization,
that is, the quantization procedure is not unique.
Of the many inequivalent unitary irreducible
representations of the paracommutation relations
(2.3) and (2.4), the ones relevant to our work are
the Fock-type irreducible representations realized
on a Hilbert space with a unique vacuum state an-
nihilated by all a,:

a,|0Y=0. (2.5)

These representations can be most conveniently
characterized by specifying the order of the para-
fields through the Green’s ansatz

a,,:Zq ay, (2.6)
a=1

where ¢ is the order of the parafield. The Green
components a; satisfy the anomalous commutation
relations

[af,a:.T] —«=0m »
[a:tyagl]—€=o ’ (2.7)
lan,anlc=[an,an']=0, a#B

where

{+ 1 for parabosons,
€=

-1 for parafermions.

It has been shown by Greenberg and Messiah?” that
all the irreducible Fock representations of Eqs.
(2.3)-(2.5) are given by the Green’s ansatz (2.6).

Recently, a number of theorems concerning the
equivalence of a single parafield of order ¢ with
an ordinary field with ¢ additional degrees of free-
dom have been established.?*2*28 Qne version of
these theorems given by Ohnuki and Kamefuchi?*
is based on the requirement of strong locality

[F(Vl)y ‘p(X)]:Os xévl (2'8)

where F(V;) is a Hermitian functional of ¢(X) and
pT(x) representing an observable. They are then
able to show that F(V;) must be a functional of the
bilinears [¥(X), ¢(Y)], [¢(X),y"(Y)], [¢"(X), y* (¥)],

X,Y € V;. Then, Klein transformations®® are
utilized to study the nature of the equivalence be-
tween a parafield (PF-field) of order ¢ with a
single ordinary field with a hidden variable which
takes on g values (F-field). For a parafield, one
sets

PHX) =K 09" (X), (2.9)
with K, such that

Ko|0) =]0), Kl=K3!

[Ka, 9°0]=0, for a>p (2.10)

{Kq, 63X)} =0, for a<pB.

Then if, for example, ¢*(x) is a parafermion, it
can be seen immediately that

{9%X), 62T (M)} xo-po = 6%°6°(X - 1),
{0%(X), $*(¥)} xoy0 =0.

The bilinear operators mentioned above can be
expressed in terms of the Klein-transformed fields
% (X)*:

(2.11)

(400, 9] = 3 [6%(0), (7],

[2"(X), o7 (V)] =D [¢°(X), T (7], (2.12)

as=1

[0, "M)=" [¢°T(X), 9*T(¥)].

a=1

The expressions on the right-hand side are invar- -
iant under the gauge transformations SO(q) of the
form

P*X)=)" g 9*(X), £ €80(q). (2.13)
B=

The relation [(X),y"(¥)] alone is invariant under
SU(q) transformations of the form (2.13) with

g € SU(q). Then two types of equivalence between
the PF-fields and the F-fields can be stated as
follows?®:

(a) If the observables are functionals of all the
[, 4], [¥%,9"], [¢,9"], then PF-field— F-field for
all possible physical consequences, but the con-
verse is not true.

(b) If the observables are restricted to be func-
tionals of [¢, '] only, then PF-field — F-field for
all possible physical consequences.

III. THE RELATIVISTIC PARASTRING MODEL

We now proceed to the paraquantization of the
massless classical string. As mentioned in Sec. I,
it is always possible' to work in a gauge in which
the differential quadratic form of the world sheet
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has the form
ds? = goo(d7* - d6?). 3.1)

Then in the notation of Ref. 14 the gauge conditions
(1.5) can be written as

&oo+&1:=0,
2.0 3.2)
017~ Y
where
aYE\?_
goo=( F) =Y?,
ayH#
g11=('8—0' =Y"?, (3.3)
R G
8o1= T 96 =YY

In this gauge the equation of motion (1.3) for Y*
reduces to

2 2
(:_73':?) Y*(r,0)=0. 3.4)

A. Noncovariant paraquantization

The coordinate constraints (3.2) do not com-
pletely specify a gauge. This is because the dif-
ferential quadratic form (3.1) specifies a confor-
mally flat manifold, so that under conformal trans-
formations

T-7'(0,7), 6-06'(7,6),
goo(Ty 0)-'8-{)0(1,’ 9’)

and the form (3.1) is left invariant. As a result,
7’ and 6’ must satisfy the Cauchy-Riemann con-
ditions

20' a7 26" a1
960 a1’ a1 86’
Moreover,

2 2
(:—Tz-a%?> 7'(0,7)=0.

Since 7’ satisfies the same differential equation

as Y" and can be made to satisfy the same bound-
ary conditions, the suggestion has been made'® to
make one component of Y* proportional to 7. Then
using Dirac’s null-plane dynamics,* we set

Y'=2a'P*T, 3.5)

where P is the string momentum conjugate to the
coordinate X ~.
With the boundary conditions

ay'#
— =0, (3.6
56 | oconr )

a general solution of Eq. (3.4) has the form

Y*(7,0)=AX" +BP*1
C 1 U ,=-inT ut, inTy
+C’;77l-(a,,e +ah’e'""ycosnb .

In the conventional quantization, the coefficients
A, B, and C are fixed by requiring that canonical
commutation relations on a* and a*' lead to the
corresponding relations between Y*(7, 0) and its
conjugate variable, and that the independent com-
ponents of P* follow canonically from the Lagran-
gian. It turns out that in paraquantization the same
requirements determine the coefficients A, B, and
C uniquely. Anticipating this result, we write

Y¥(1,0)=X" +2a' P71

+(2a:)1/22% (ag e-in'r+a’;:1‘ein-r)cosn6 ,

n=1
(3.7

where, by (3.5)
X*=0, a}=0. (3.8)

This means that the momentum P~ conjugate to X*
as well as the modes a,, are not independent dy-
namical variables. In fact, from the constraint
equations (3.2), we find

‘—-_1__ 1 f" [ ﬂ-’z -’12]
P _Za’P*{41roz’ a0 <d1> +Y (3.9)

and

.___i_ T
am = (2a1)1/2P+ 7;;"1' ’

where

L3 T\2
Ty= 1 ; f de [(ﬂ> +Y'2] cosmb
dra’ J, ar
i (" . dY
Tara j; dé ar

Yr=(Y-, v Y).

Y’ sinmb s (3.10)

(3.11)

Before we carry out the paraquantization of the
classical string, we state a number of require-
ments which such a quantization must satisfy: (1)
Paraquantization of the string variable must lead
to the paraquantization of the Fourier coefficients
in its normal-mode expansion, and vice versa.

(2) The space-time properties of the string must
not be affected by paraquantization. In particular,
since momenta are observables, the center-of-
mass variables must satisfy the ordinary canonical
commutation relations. (3) Since for each value
of the index u, Y* is a single dynamical variable,
the independent components of X*, P¥  and a}’s
must satisfy parastatistics of the same order.
Moreover, they must satisfy relative paracommu-
tation relations with each other and for different
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values of the index u. This last requirement is
crucial to even maintaining three-dimensional ro-
tational invariance in ary paraquantized theory,
not just the string.?’

With these requirements in mind, we will ex-
press our independent dynamical variables in
terms of their Green’s ansatz:

q
Yi(r,0)=3, Y'*¥r,0), i=1,2 (3.12)
=1
'3 q
=Zx-5, P*:ZP*B, (3.13)
B=1 B=1

where

Y'8(7,0)=X"®+2a'P'87

+(2a )1/227—(0 B —-inT af,”e?"’)cosn@.

(3.14)

It may appear at first that one can simply apply the
paraquantization (2.7) to the independent Green
components X', P8 4i® 4if% x-8 p*E However,

J

Y8(7,0)=X"64,+2a'P! 6B,T+(2a’)1/227—(a iBg-int a,‘,ﬂfe"")cosné, i=1,2.

The independent Green components which are to be
paraquantized are

X', P x",P*,al® af® | i=1,2. (3.17)
For these we have
[x!,P)=is¥, [X,P*]=-1,
[a®,a"]=06"5,,, [a¥,af]=0, i=1,2
{a¥®,a?*"} ={ai?,a!®} =0, a+B (3.18)

[X‘!aill]=[X-7a{ll]=[P"a{tl]=[P+!a‘:ll]=0!
{x',alf}={x",ai} ={P*,a}?}={P",a}f}=0, B+#1.

Using these relations we then find

(¥}
[ Yi86),178(8")], ., = i 9"—[551- 1+78(6-0")],

(3.19)

where 117 8(¢) is the momentum canonically con-
jugate to Y78(¢).

Next, we shall express the null-plane Hamilton-
ian P~ and the constraints T, in terms of the
transverse normal modes. In evaluating quadratic
expressions such as (4Y/d7)? and Y'? we must use
symmetrized expressions because the Green com-
ponent fields satisfy anomalous commutation rela-
tions. Thus we write
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it is easy to check that such a procedure will vio-
late one or more of the requirements stated above.
In fact, to satisfy these requirements one must
specify a direction in the paraspace of the Green’s
ansatz, say f=1, and demand that the c.m. coordi-
nates have a component in that direction only.

That is,

X®=X'65, P¥=P'oy,,

, (8.15)
XB=X"65, P*®=P*5y,.

In the language of internal symmetry this means
that from the Klein-transformed analogs of our
dynamical variables, one can construct observ-
ables which are invariant under those transforma-
tions which leave the direction 8 =1 invariant. As
we mentioned in the Introduction, this way of dis-
entangling the space-time and internal -symmetry
tranformations is reminiscent of the work by
Giinaydin and Giirsey?® on the octonionic repre-
sentations of the Poincaré group.

Thus, for the transverse components Y*8(7, 6)
we have, instead of (3.14)

(3.16)
d§>2 1 { io iB
=) == Yo, YiP}
<d1 Zaé_;l
1 q
Y2=3 2o {v', v, (3.20)

o, B=1

Then using (3.18), it is straightforward to show
that

T, = Z TS, (3.21)
B=1
where
o' P% 03,008, + Z[n(n"'l)]l/z*“'anu
1 =1
-5 [0 -n)7aR -3,
n=1
-i(2a)AVT P+2506s, ~ (00/2)8,5. (3.22)
Moreover,
T8 =18, T_,=-T]. (3.23)

The following relations can be easily verified:
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[TF,ai%]= =" k(e +1)]" a}y,

[ T%,a%M = 6% k(k ~1)]*2a}%] - 6°*[R(l k)] a}",

-i(2a')2VT 6*B 6, PI%5,,, (3.24)
[1%,P=0, [T},P*]=[T} Xx]=0,
[ T5,X")==2ia'P'6,, 65, - (22'V2VT a*t b4, .
From these it follows that
[ Th““ = —[k(l+k)]“2a;:+, ’
[ Ti,al"] = [k -D]"2al, (k0 -B)]"a)_,
-i(2a' V2 VT Pls,,, (3.25)
[ Tth] =[ Tl’P+] =[ ThX—] =0,
[ T,,X]= ‘2ialpjbz.o -(2a)2VT at,
where
alt=al®|,, . (3.26)

Finally, we have for fixed B

(T8, TR =tn=m)T5, , +&(D ~2)8,, non* 7).

3.27)
Therefore,
[Tn ’ Tm] = (n - m)Tn+m
+15q(D =2) (® =n)6p4 o » (3.28)
where, explicitly,
q @
Tp=a'B0,0+3 D [ntn+m)' 285755, ,
B=1 n=1
1 q m—1
-5 2 ¥ [nbn-n)238 .35,
B=1 n=1
-i(2a")"2 Vm P+ 3L - apbmo- (3.29)

The Hamiltonian P~ may now be written as

- |

- 1 g D -2
(' M) = 5w 30 @ gt - gy e [(—qi—-—) -
n=1

24

In order that this commutator vanish we must
have

=1,

D=2+2—4.
q

(3.35)

In particular, for ¢=12 the theory is Lorentz-in-

1>n2-(ﬂg—4_—2—)—a0>]

.1
P =3aP" T,
1 PRy =Bt =8
=3aP" (a'P2+§ Zna" -a,,-a°>.
=1 n=1

(8.30)

This means that the (mass)? operator must have the
form

(3.31)

To check the consistency of the quantum para-
string model, we must now construct the Lorentz
generators and check their commutation relations.
The generators which follow from the classical
action are

m
MPv= %f o yhmr}y - {y",m*).  (3.32)
(+]
Then, as was outlined in Sec. II, the quantum-
mechanical generators are obtained by replacing
Y* and I1* by the corresponding paraoperators.
We then find that the various components of M"Y
are (see the Appendix for details)

MY =X'P! - X'P+i ‘Z: E (@Bl —alfalfhy,

B=1 n=1
i+ _ yip+
M =XP7, (3.33)
M*~=3(P*'X"+XP*),
j-__ 1 i i -pi
—4_a’P* X'T,+T,X')-X"P

1 o~ Lot it
+W§W(Tnanl+anl T,,).

It is to be emphasized that these generators are
not obtained by simply attaching an extra index

to the creation and destruction operators. For
g=1, these expressions will, of course, reduce to
those of the canonical quantization.!®* We have
checked various commutators of the above algebra.
We find in particular, for i+#j,

(3.34)

variant in four space-time dimensions. Generally,
the space-time dimensions for which a Lorentz-
invariant theory can be constructed are 26, 14, 10,
8, 6, 5, 4, 3, 2. These correspond; respectively,
tog values of 1, 2, 3, 4, 6, 8, 12, 24, ». We note
that for g=w the para-Bose statistics become or-
dinary Fermi statistics.3?
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The above procedure can be repeated for the
closed string boundary conditions, with the result
that again D=2 +24/q. We also expect that in a
massive parastring model constructed in this fash-
ion, the dimension of space-time is related to the
order of paraquantization according to D=1+24/q.

B. Covariant paraquantization

The covariant paraquantization can be carried
out essentially along the same lines as the ordinary
canonical quantization.’®* The main difference is
that the quantization must be compatible with the
requirements set forth in Sec. IIT A.

Thus we again write

q
B=1

(3.36)

where

Y*8(7,0) =X 65, +20/P 5,
L) 1 ;
+(2a;)1/2 —_ (auﬂe-er+auBTeiNf)
g \/]—V— N N
X COSN6 , (3.37)
with

LI (3.38)
2T

¥ (7, 6)=

We require equal-time paracommutation relations
of the Green components:

%]
[Y*8(r,6),11%5(7, 6")] = —ig—w— (6 -1+76(6 -6")],

18(g), Y B(6")] = [IT*B R CRIEN
[¥Y#2(0), Y (6")] = [11*#(6), ""(6")] 3.39)

{r*8e), v *(6")} ={v*&6),m"*(6")}
={11*8(6), m**(6")}

=0, a#B.

The various paracommutators between X" P8
ak®, a4 follow from these in the usual manner.
They are similar in structure to those given in
(3.18). The constraints (3.2) are now imposed as
weak operator conditions on states.'* Defining the
Fourier coefficients

_ 1 " > uy2 71 \2 p

Tm_4-——m,j; d6[(Y*)? +(Y"")?] cosMo
R

12——1”1,'[ do Y* Y, sinMb , (3.40)

we find, with A¥B, =A B,

q
Ty=-a'P%y—-, 2 [NN+M))2aE - af,,

B=1 ~N=1

q

1 M-1
v L INM-N)2af b,

B=1 N=1

+Q2a") 2 VM P af+ 0oy, (3.41)

The algebra of T,’s has the form
[Ty, Tyl=(N=M)Ty.x+359D0° —1)d,, -
(3.42)

Thus the weak operator conditions on quantum
states are

TMI¢'>=O)

It is easy to check that these conditions are com-
patible. Because of these constraints, the spec-
trum of states |¢) is positive-semidefinite.

To show the consistency of the covariant para-
quantized theory, it is necessary to show that the
matrix elements of all physical operators are well
defined in the positive-definite sector of the states
|$). In particular, one must show that the Lorentz
generators have support in this sector only. This
is at present an open question, just as in the con-
ventional string formalism.

M=0. (3.43)

IV. CONNECTION WITH INTERNAL SYMMETRY
AND DUAL TREE AMPLITUDES

In this section we will discuss the problem of
constructing an interacting theory of parastrings.
A complete solution to this problem would be the
analog of Mandelstam’s solution'® to the conven-
tional interacting string theory. We shall not un-
dertake that task in this paper. Instead, we will
discuss how by suitable choice of vertices the con-
ventional dual tree amplitudes can be obtained from
a parastring theory which is Poincaré-invariant in
four (as well as a number of other) space-time di-
mensions. Since the duality properties are more
transparent in a canonically quantized version of
our theory with internal symmetry than it is in our
paraquantized theory, we will first show, by a
Klein transformation, that a free parastring model
of order g can be recast into a canonically quan-
tized colored string theory with internal SO(gq - 1)
symmetry.

A. Connection with internal symmetry

To show the equivalence of the parastring model
with an ordinary colored string with SO(g - 1) sym-
metry, we must implement the Klein transforma-
tions (2.9) and (2.10) for our independent dynamical
variables. We first write for the normal modes
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al =K, Al®

m

j=1,2 4.1)
with K, such that
K. |0)=|0), Kl=K3'
[Ka,A]=0, for a>p (4.2)
{K,,A%} =0, for a<B.
Then it is easy to check that
[Aix A%BT] =65, 6%F. (4.3)

It now remains to construct the operator K, ex-
plicitly. Consider the operator

o0 q
Kg,=exp<-in PP UL Kz) , (4.4)
n=1 Y= o
which has basically the same form as the Klein
operator of Nambu and Han.?® It clearly satisfies
the conditions (4.2).

We must now modify K% so as to have the (Egrlzgct
behavior with respect to the c.m. operators X, P,
X~, P*. One way to do this is to express the latter
in terms of zero-mode creation and destruction
operators:

X =3 +alT)

j=1,2,
P’=—%i(aé-dé*)}

X~ =%(a,+al), (4.5)
P*=+%i(a,~al).
As in (4.1) we set
a =K Al ,
a,=K, A} . “.8)

We now construct our Klein operators as follows:

K, =K{exp{ -7[ A; : Ao"‘Ang]} ’

4.7)
Ko=K%, a=2,...,q.
Then, in addition to (4.2) we have
[KayA$]=[Iﬁx’Ao]=0’ a>1 @.8)

{KUA{)} ={K1)AO} =0 .

Denoting the Klein-transformed string variable and
the c.m. operators by the same symbols Y *¥(t, 8),
X’s, and P’s, we get

Y*®(1,60)=X"64,+20'P'64,
= 1 . . .
+(201)1/2 (A:'Be-znf+A:'BTeinT)

xcosnb , i=1,2 (4.9)

where now

[Y*8(t,0),I1"%7,0")] == 6" 6%8[64, - 1+76(6 —6')] .

L
m
(4.10)

It is interesting to note that the motivation for the
choice of a direction, e.g., p=1, which appeared
quite naturally from the paraquantization point of
view, would not have been as clear if we had start-
ed from the internal-symmetry point of view. In-
sisting, nevertheless, that the directionp =1, re-
main invariant, we consider color transformations
of the type

YT, 0)=) 2us Y(7,0),
B=2
(4.11)

q
%(7,0)=) gasll*®(7,6).
B=2

Since both Y*® and I1'“ are Hermitian we must have
(4.12)

Since the functional dependence of the observables
on operators which carry the index o, a=2,...,q,
are of the form

(Y@, @*)?, Y- m*,

8as=8Ls -

then the color group is SO(g¢-1). Thus under the
transformations of this gauge group, we can dis-
tinguish two types of excitations: the color-inde-
pendent excitations, f=1, which are invariant un-
der SO(g - 1) transformations and the color-depen-
dent excitations, =2, ...,q, which transform as
the fundamental representation of SO(g - 1).

The Klein-transformed operators and their cor-
responding gauge group for the covariant formal-
ism can be obtained in a similar manner. Consider
the Klein operators K,, with

K1=exp|:—i1r<AgTAou + i Aﬁ,‘”A}{,,)] ,

n=1 y=a
« (4.13)
Ka:exp(—iﬂ E Z AﬁﬁAln) . a>l.
n=1 'y=a
Then with
aia =K1A$.a ’
(4.14)
ah =K, A},
one finds
[Ka,A$B]=0, a>pB
{Ka,ABP}=0, a<p
4.15
(Ko AE]=0, a>1 (4.15)
{K,,A!}=0.
In this form
(AL, ALY = - 247 5,,,0%° (4.16)

and
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[Y*&r,6),1¥(1,6")]
= _Tlg‘”’baﬂ[bm -1+76(6-6")], (4.17)

where
Y*B(1,0)=X"65,+2a'P 65,7

+(2a:)1/2 Z 7}1_ (A{‘,Be"’”+At‘,”e‘”)

n=1

xcosnb . (4.18)

All the paraoperators such as T,’s, P~, M? M*¥
which we obtained in Sec. III may now be Klein-
transformed by replacing the small a’s with capi-
tal A’s. We will leave it to the reader to verify
that the algebraic relations among the Klein-trans-
formed operators are the same as those of the cor-
responding paraoperators.

B. The dual tree amplitudes

The dual tree amplitudes can be written down
from the knowledge of the dual vertices V(k) and
the propagators D. The propagator D is given by

D=(P?-M?1, (4.19)
where by (3.31)
1 & &2 ot -
M2=&-72 > nAj; “An-t (4.20)

n=1 B=1

The form of the vertices V() depends on the spe-
cific properties that the scattering amplitude is
expected to have. Here we want to show that the
ordinary dual ghost-free amplitudes with a,=1 can
be obtained from the interaction of four-dimen-
sional Poincaré-invariant parastrings with exter-
nal fields. To be explicit, we consider the ground-
state vertex V, (k). Moreover, we require that the
dual vertices be color-invariant, i.e., invariant
under SO(11) transformations. The simplest such
possibility is to construct V,(k) from the color-
independent operators. Thus we take

Vo(k)=:et® Y0,

This amounts to assuming that external momenta
excite only the color-independent operators. The
dual n-point amplitudes are then given by

(0,ky | Volly_ ) D+ +* Vo(k,)|0,E,) .

Although the propagator D involves oscillators with
B=1,..., 12, because of the choice of vertices only

(4.21)

@ +1
.B-—fdPFO

[

pt 4 9 1 &
de 1¢p+[Y]3:XTT'¢P+[Y]—FZ
B=1

oscillators with 8 =1 contribute to the scattering
amplitude. So at the tree level dual amplitudes can
be obtained from the parastring model which is
relativistic in four space-time dimensions.

The possibility of exciting the color oscillators
opens up the way for writing down other vertex
operators. They may be useful in particular for
the inclusion of the electromagnetic interactions in
a manner which avoids Gaussian form factors. In
the spirit of our work, the new vertices must still
be color-invariant functions of the color-dependent
oscillators.

V. SECOND-QUANTIZED PARASTRINGS

Recently, attempts have been made®® to construct
second-quantized theories of the string model. It
is again found that the free theory, classical or
quantum, is Poincaré-invariant only in 26 space-
time dimensions. We do not wish to give a detailed
discussion of such a theory. -We only want to point
out how a Poincaré-invariant second-quantized
parastring theory can be constructed.

In a second-quantized theory the Poincaré gen-
erators are constructed® by sandwiching the first-
quantized generators between canonical field vari-
ables. Therefore, if one merely paraquantizes the
field variables and attempts to construct the gen-
erators by sandwiching the first-quantized genera-
tors of the conventional string model between the
parafields, one finds that the dimension problem
remains unsolved. This is not surprising, because
the lesson to be learned from the preceding sec-
tions is that to obtain a relativistic theory in four
space-time dimensions, the number of internal
coordinates must be increased.

We thus introduce the field functional

[ YH]=@[YH, Y2, .., YH], (5.1)
where
YHRe)= (Y8, Y5, ¥P).

As in the previous sections, we fix a direction in
the internal B space, so that only for 8=1 does
Y*8(8) have zero-frequency modes (X“,X‘,i).

Now we identify Y *! with 7 and let the Fourier
transform with respect to X~ be &p+[Y, 7]=®p+(Y).
As an example of how a relativistic field theory

can be constructed, we generalize a recently pro-
posed Lagrangian® by writing

8¢;+

3-@T+ + 382
T ey e (TP OR Y]] L 62)

Then following the works of Refs. 33 and 34, the Poincaré generators can be obtained by sandwiching our
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first-quantized generators given by (3.33) between the canonical field variables as follows:

~ _’- ~
P
P+
o - 1 et
=f dk*fHDYB(0)®;¢[Y]~Tf
[+ B k (1]

p-

P

where M*” are the coordinate-space analogs of
(3.33). It can be checked directly that the genera-
tors satisfy the correct commutation relations in
four space-time dimensions if ¢=12 and if the
fields are quantized canonically.

The significance of the eleven extra internal or
relative coordinates in the parastring theory is not
transparent. However, as we shall see in the fer-
mionic color string theory, where the color sym-
metry is SO(3), there are only three extra internal
coordinates which can be interpreted as the rela-
tive coordinates of the three constituent quarks.

We have singled out the Lagrangian (5.2) purely
for illustrative purposes and for comparison with
that constructed from a field functional of the con-
ventional string. Clearly, to any field functional
of the string, there corresponds a field functional
of the color string.

V1. A FERMIONIC PARASTRING MODEL
A. The model

In this section we will present a fermionic para-
string model in which the dynamical variables are
partly parafermions and partly parabosons. This
model bears the same relation to the Ramond -
Neveu-Schwarz3® model as the parastring of Sec.
V does to the conventional string model. Because
we want to obtain a paraquantized theory, it is
convenient to use the Hamiltonian formalism devel-
oped by Iwasaki and Kikkawa.*®* Thus, in addition
to the string variable Y*(7, 8), we introduce the
_ anticommuting spin variables S (7,6), a=1,2.
These dynamical variables satisfy the equations of
motion

Y-vy"=0, (6.1)
, 1 0
S-0,5'=0, 03=(0_1> (6.2)
together with the gauge conditions
Y Y +3i(S+S -5'+S+S-0,8-5:0,5)=0, (6.3)

Y2+Y2+i(S*$-5-S+S+0,5' -8+ 0,5)=0, (6.4)

1
2 B

=1

3351
o9 B
oY)
k+
A6, [Y], (5.3)
q 9 _.B’ :|
[3?8(9)2 +Y (0)
YHIY - YVIIH |
(Y+Y7)-S,+S,-(Y+Y")=0, (6.5)
(Y=Y")+8,+S,+ (Y -Y")=0. (6.6)

We set, just as in the classical string model,

Y*=20'P'T, 6.7)

+=0, a=1,2. (6.8)
The boundary conditions

Y*lo-0n=0, (6.9)

(S;=S2)le=0=0, (S,'=S;")p=r=0 (6.10)

lead to the following expansions for Y* and S!:
YH=X} +2a’P*7T

- 1 .

+(2a’)'? (abe="" +atT e cosno
2

(6.11)

5‘1‘=% E [bue-ik(1‘+9)+b1’pelk('r+9)] , (6.12)

where, in anticipation of commutation relations,
we have fixed the coefficients in the expansions.
Observe that the constraint equations (6.3)-(6.6)
lead to the relation

S (7,0)=S{(7,-6). (6.13)

Taking X~, P*, and the transverse components
of Y* and S¥ as the independent dynamical vari-
ables, Eqs. (6.3)-(6.6) may be solved for the de-
pendent variables

- i Ty _
a, ——(za,)1,2P+77 , m=1,2,... (6.14)
_ 1
P ='2-a,T To, (6.15)
1
b =Ganmp~ Cr> k=3, %,... (6.16)
t=by=X*=0, (6.17)
where
T, =T\ +T7, (6.18)
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Tra J, de{ <d1’) +Y :lcosné)

+2i ax .Y sinne},
dr

[ el(s 55

+i(§-§’—§’-§)sinn0], (6.20)

+?’> -§1+(9- - 9)].

(6.21)

(6.19)

§> cosné

At this point we impose paraquantization on the
independent dynamical variables. It is natural to
demand para-Bose commutation relations on the
string variables Y!, and para-Fermi commutation
relations on the spin variables S!. The relative
commutation relation between these two sets of
~ variables is determined by the requirement that
the invariances of the theory not be disturbed by
the paraquantization.?” In particular, we must
have closure of the algebra generated by G, and
T,. It can be easily seen that the closure depends
on the relative commutation relation between the
two sets being of para-Bose type, which in turn
forces the order of the para-Bose and para-Fermi
statistics to be the same.?” Therefore, in addition
to the commutation relations (3.8) on the string
variables, for the spin variables S* we will write

St(7,6)= > 81%(r,0),
a=1

Si"‘(‘r, 0)=é_ i (b:ae—ik(ne) +b;“7e‘k(f+9))’
R (6.22)
S3%(7,8)=5{%(7, - 9),

and demand

{62,01°T =0"0,,, {04%,bi°}=0,

[ bicx b/BT] - [ b;a,bis] =0,

[0:%, @] =[ 5%, a}*"] =0,

{oi%,ai}={0i*,al’"} =0,

(o2 ]=[63, P/ ] =05}, X ] =[bi",P*] =0,

{od, x' ={o;*, P }={b}*, X"} ={b}*, P} =0,

Now the dependent variables a,, b,, and P~, may
be expressed in terms of the independent variables
provided we symmetrize the bilinear forms ap-
pearing in (6.19) and (6.21), and antisymmetrize
the ones in (6.20). The result is

a#*f

(6.23)

a#l.

FREYDOON MANSOURI 9
q
T,= 3 TS
a=1
T(a)a Z [k(k+n)]”2°°” a“"
k=1
1 o =
-3 2 [k -R) 287 - 52, -2 6,
k=1
-i(20/)2Vn P -3} + o B26,,0%", (6.24)
TP =3 (k+)By " -5,
k=1/2
n-1/2 - .
+5 O, En -k b, , (6.25)
rR=1/2

Gk = i G: ’
a=1

e z:w/'_'a"”-b,b N—i Z (& +1)207T - 32,
1=1/2
+(20/)2 Pt BL5%L (6.26)

It is straightforward to verify that

[ Tw, Tnl=0 - m)T,, ,+4a(D - 2)n(n* - 1), _,,,
(6.27)
[ Tn ’ Gk] = (%n _k)Gn+k 3 (6.28)

{Gy,G,}=2T,,,+3q(D - 2) (¥* - $)5, _,, (6.29)

where we have defined

T_,=T), G_.=G/.

B. Poincaré invariance

To prove Poincaré invariance of the model we
construct generators of the Poincaré group in terms
of our dynamical variables. The generators of
translations, in the null-plane quantization, are P!
and P* and, from (6.15), (6.24), and (6.25),

o1
P “2a'P* To

.
2 n& T

1 q
“2a'P° < .

a=1 n=1
q )
5 Zkﬁf‘T-Bf—ao). (6.30)
a=1 Rk=1/2

This leads to the mass squared operator
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M2=2P*P- - P? In the null frame these generators take the follow-
ing forms in terms of the independent modes:
q @©
-L( AR . .
¥\ e MY=X'P X' P i) Y (@l —alTal®)
L o - - o=l n=1
+3 ) kBT bz-ao). (6.31) .
a=1 k=1/2 _iz: Z (b:aTbiu—bfaaTb:a),
The generators of the homogeneous Lorentz group a=1 k=1/2
may be constructed in the usual manner: (6.33)

MiT =xip*

" 2i
MP=o d9( vH I} -{yY,I¥ - = s“,s").
2 0 { ’ } { ’ } ,".al[ ] M+_=_%(P+X—+X—P+),

(6.32) and
i 1 _ 1 = 1 ; ; i = .
M? =W (X‘To+ TOXi)_X Pi+——(2a')l/2p+ Z E—(T:a"’1+a:’”]‘n)+w Z (G:b:l_b;” Glz)-
n=1 R=1/2

(6.34)

For g=1, the expressions for M* reduce to the known results.¢:3” It can be seen that our Poincaré group
generators close except for the nontrivial commutators

ENVE R { (2852 4] -[48=2) o]\ (atttatt ~apapy

a'(P+)2 n=1 j
1 = 29D =2) ] [‘I(D—Z) } 1t 31 _ piitpin
TP gl;z{k [ 7 2|-| T -t 03T bR =)D, (6.35)
To ensure the vanishing of this commutator for (») _ .~ L =gt =1
i#j, we must require Ko =exp| —m z EB* Bi)- (6.39)
s k=1/2 B=a
@=3z, (6.36) Then one can verify that they satisfy the conditions
D=2+8/q. K=K,
For g=4, the theory will be Lorentz-invariant in [Ka,A®] = [Ky,Bif]1=0, a>B (6.40)
four dimensions. Other possibilities are D =10, i "
6, 3, 2, for whichg=1, 2, 8, =, respectively. {Ks, 4, }={Ka’Bh }=0, asg.
From these it follows that
C. Connection with internal symmetry (Al A8T) = 6% 5,678,
and dual tree amplitudes ia ot i b
{B:*,Bi"T}=06"6,,6%, (6.41)
In Sec. IV to construct dual tree amplitudes we [Af,"‘,Bf,ﬂT] -0.
made a Klein transformation to the colored string o ) o
picture. In this section we will again construct Again we can distinguish two types of excitations:
the Klein operators which transform the fermionic the color -independent excitations a=1, which are
parastring model to a colored fermionic string pic- invariant under the gauge group SO(3), and the
ture. To be explicit, we do this for the meson sec- color -dependent e.xcltatlons, a=2,3,4, which
tor boundary conditions. We write, in addition to transform according to the fundamental represen-
(4.14), tation of the gauge group SO(3).
ia ia L s Finally, in the spirit of the discussion of Sec. IV,
by =KaBy , k=2,2,..., (6.37) we will write down the tree amplitudes for the me-
where the zero modes are defined by (4.5). Con- son sector of the colored fermionic string:
sider the operators (0, ky | V(ky_) D+ V(ky) |0,k,). (6.42)
Ko =KPKY | (6.38) In this amplitude,

where K'® are defined through Eq. (4.7), and D=(P:-M?*"1, (6.43)
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where by (6.31)

M2=&1—,( z,: i:nA;‘T-Ag

a=1 A=l

+ i i kB2 BY - ao) (6.44)

a=1 R=1/2
and

V(k)=:k - SHO)V,(R):,

where V() is given by (4.15). Again, by choosing
this vertex, only excitations with a=1 contribute
to the tree amplitude, even though the underlying
theory is Poincaré-invariant in four space-time
dimensions.

(6.45)

VII. CONCLUDING REMARKS

The main objective of the present work has been
to exploit the nonuniqueness of the quantization of
a classical theory and to restore Poincaré invari-
ance to string theories. We have constructed two
parastring models, one without and one with fer-
mions. In both cases, we have found that dual tree
amplitudes can be obtained from Poincaré-invari-
ant theories in four space-time dimensions. The
ground-state particles are still tachyons, however.

We have also shown by Klein transformations
that these models are equivalent to color string
models. In fact, it is not difficult to see that the
color string formalism can be derived from the
Lagrangian

£ =(~detgy,)'"?, (7.1)
where now
i 9y 4oy 5
- 2891
gab‘ b ° (7-2)
& on” om

It is, of course, necessary to specify a direction
inthe color symmetry space and specify the c.m.
coordinates and momenta in that direction, so that
they become color singlets under SO(g - 1) trans-
formations. The essential advantage of the para-
quantization approach in arriving at these results
is that it allows one to make use of the nonunique-
ness of the quantization rather than imposing an
ad hoc color symmetry group. Similarly, one can
derive the color fermionic string formalism from
the Hamiltonian formalism of Sec. VI by allowing
the dynamical variables to carry suitable color
indices.

If one describes the degrees of freedom of a
composite object interms of the c.m. and relative
coordinates of its constituents, then the properties
of our para- (color) string models seem to indicate
that there are more than just one relative coordi-
nate involved. For example, in the color fermionic

string model, there are four such coordinates. One
of these is more intimately connected with the c.m.
motion and is distinguished from the other three by
being invariant under the transformations of the
color symmetry group SO(3). This distinguished
relative coordinate also behaves qualitatively dif-
ferent from the other three in that it is excited by
external momenta and carries the bulk of the en-
ergy and momentum.

In transcribing these ideas to a second-quantized
theory, we have shown again that if the field func-
tional depends on more than one relative coordi-
nate, it is indeed possible to construct free field
theories which are Poincaré-invariant in four
space-time dimensions.

In connection with these results, we wish to
bring two important points to the reader’s atten-
tion. First, by extrapolating from the convention-
al string model, it has sometimes been thought
that for any value of the c-number anomaly in the
algebra of the gauge operators, there exists a
dimension of space-time for which the theory is
Poincaré-invariant. This is not true, in general.
For example, in our para- (color) string models,
the expression for the c-number anomalies is the
same whether or not we break the symmetry in
the manner that we have. However, if the symme-
try remains intact, the algebra of the Lorentz gen-
erators close only for g=1 and D =26, i.e., no
color symmetry at all. Thus to prove the Poincaré
invariance of a model, it is not enough to know the
expression for the c¢-number anomalies in the al-
gebra of gauge operators.

Second, as a result of specifying a direction in
para- (color) space, the particle states in our dual
tree amplitudes are color singlets, i.e., they cor-
respond to particles satisfying not parastatistics
but ordinary statistics. It is, of course possible
to construct states which are not color singlets,
but at least at present they do not seem to be of
any physical interest.

There are clearly a number of crucial problems
which remain to be investigated. Among them is
a systematic study of the interactions of color

_strings with each other.

Note added in proof. After submitting our manu-
script for publication, we learned that parafield
excitation has also been utilized by J. F. L, Hopkin-
son and R. W. Tucker, Phys. Lett. 47B, 519 (1973).
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APPENDIX

Here, we will collect some useful formulas and
derive some of the results quoted in Secs. III and
VI.

First we derive the expression for M~ in (3.33)
and derive (3.34). From (3.23), it is straightfor-
ward to find

=3{x*,p}-{P', x}
+§i g({ai,a;T}-{ai*,a;}). (A1)
Using (3.9), (3.10), and (3.22), Eq. (Al) becomes

M e (X, T X P

1 1/ ) T,
+2(2ar)1/2;ﬁ<{an, P +94%n ' p( )"

o

[B*,B’]

Utilizing these relations will immediately lead to
(3.34).

Next, we derive Eq. (6.34) and (6.35). For this
purpose we need the commutation relations of var-
ious gauge operators with the independent dynam-
ical variables

[T am]==[mn+m)'?a;s,,
[T,,ai®T) = [ m(m -n)] 2 a2 - [mn - m))/2a}®,
-i(2a')*Vn P's,,,,
[T, 02%] = = (& +20)035,,
[T0, 02%T] = (k = 2n)0{2] + (& = 3m)b},4
o . i
[Gr,an™]==iVn biS,, (A5)

(G,,ai®"] = = ivar b — ivir bic
{G, 0% = =i (R +1)?al2,,
{6, 61T =i (1 —)2ai% =i (R - 1)*2a}%,
+(2a')2P'6%s,, ,
[Gr,X'] = —i @2 bit,
[G,,P]1=[G,, X ]=[G,,P*]=0.

-n >

-t (pigi_pigi 1 i1t J1_ j1t 41 |: gD -2) 2
—P+ (PB PB)+a,(P+)2;(a,, a, a, an) ( 24 -1)n
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We then observe that P* and T, commute and

i 1 11 1 2 ll
aﬂ’IJ—‘* n’P+ P+ n .

Inserting this into the above expression for M-
and using (3.24) we will recover (3.33).

The commutator (3.34) may be calculated by de-
composing M~ =A!+B? | where

1 -
Al= e XY, T} - X°PY,

1 = 4 (A2)
i_ til i1t

B @a)P" §Tn (Tha,t +a'’ T,).
It is easily checked that

[At A']=0, i+j

[A‘ Bj] —(f—7)= ’(P )2 [Z(anf i1 —af,” aftl):ITo
—%(P‘B’—P"B‘). (A3)

The calculation of the commutator between two

B’s is much more tedious owing to appearance of
double sums, which cancel to give

q(D -2)

+To+ @ =57 ] (A4)

r
Now, from (6.32) we can find
“=Mi+Mi-

where M}~ is given by the same expression as
(3.33), and

. o +
i 5, ([ 5[ 8])
Mb 2(2ar)1/2 kg/:z < [bk’ P+ bk ’ P

where we have used (6.16). We then employ the
anticommutator relations between the a’s and b’s
of (A5) and observe that

1 2
Lok | - ool

and recover Eq. (6.34). Similarly Eq. (6.35) may
be obtained with the calculation of various com-
mutator involved, writing as before

Mi~=A'+B',

we find
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1 = D -2 -(D-2 ; ;
[va™ M) =27y 2 {[q(m )'1] "2'[q 3 )]} (@' ey’ a2t az) (A6)
n=1
1 0 00
(B',M}7) == 1) = - gy | 2o 2 ALod T oRl 4ol bt~ i —))] T
2a (P ) R=1/2 n=1
[allTbllk+ai11' b!lT f,‘bﬁif,-—(i«-j)]G,, —H.c.}
+Z (% -5)[biT b1 - (1= j)] - Zznz[a,‘,”ai,‘-(i-—j)]> (A7)
k=1/2 n=1
and
(M}, M} = -5 (P* M} - P! M}")
1 2 & .
zal(P )2< Z Z {[b;lTb11k+b'1Tb11 —(Z°——])] Tn
k=1 2 n=1
Vu [atTbit, +ai bl +allbilt — (i— )]G, -H.c.}
+Z[2(To+a0)—3k2—% 34(D -2) (* - 2)[6} of - (1= )]
k=1/2
-Zn ity (z-——y)]) (A8)
and
[A*, M} ]-(z.-])__——, 5 (T) [b‘”b“—(zo—o])]-(- - (P*ML--PiMi). (A9)
P")

R=1/2

Adding (A6)-(A9) will immediately yield (6.35).
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It is shown how finite-temperature effects in a renormalizable quantum field theory can
restore a symmetry which is broken at zero temperature. In general, for both gauge
symmetries and ordinary symmetries, such effects occur only through a temperature-depen-
dent change in the effective bare mass of the scalar bosons. The change in the boson bare
mass is calculated for general field theories, and the results are used to derive the critical
temperatures for a few special cases, including gauge and nongauge theories. In one case, it
is found that a symmetry which is unbroken at low temperature can be broken by raising the
temperature above a critical value. An appendix presents a general operator formalism for
dealing with higher-order effects, and it is observed that the one-loop diagrams of field
theory simply represent the contribution of zero-point energies to the free energy density.
The cosmological implications of this work are briefly discussed.

I. INTRODUCTION

The idea of broken symmetry was originally
brought into elementary-particle physics on the
basis of experience with many-body systems.!
Just as a piece of iron, although described by a
rotationally invariant Hamiltonian, may sponta-
neously develop a magnetic moment pointing in
any given direction, so also a quantum field the-
ory may imply physical states and S matrix ele-
ments which do not exhibit the symmetries of the
Lagrangian.

It is natural then to ask whether the broken
symmetries of elementary-particle physics would
be restored by heating the system to a sufficiently
high temperature, in the same way as the rota-
tional invariance of a ferromagnet is restored by
raising its temperature. A recent paper by

Kirzhnits and Linde? suggests that this is indeed
the case. However, although their title refers to
a gauge theory, their analysis deals only with
ordinary theories with broken global symmetries.
Also, they estimate but do not actually calculate
the critical temperature at which a broken sym-
metry is restored.

The purpose of this article is to extend the anal-
ysis of Kirzhnits and Linde to gauge theories,?
and to show how to calculate the critical tempera-
ture for general renormalizable field theories,
with either gauge or global symmetries. Our re-
sults completely confirm the more qualitative
conclusions of Kirzhnits and Linde.?

The diagrammatic formalism® used here is
described in Sec. II. Any finite-temperature
Green’s function is given by a sum of Feynman
diagrams, just as in field theory, except that en-



