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A critical meshing principle which fixes the density along the rapidity axis of produced
particles is suggested in the context of multiperipheral models. Connections with duality
and other implications are discussed.

I ~ INTRODUCTION

Dual models' satisfy various linear constraints
(crossing, Regge behavior, duality). These con-
straints cannot, however, fix the over-all scale
of scattering amplitudes, and additional nonlinear
unitarity conditions have been utilized in various
attempts to fix this scale. These include beside
the earlier bootstrap calculations, ' direct attempts
to unitarize Veneziano amplitudes, "and other ap-
proaches based on a multiperipheral bootstrap. "
In this latter case the object of interest is an effec-
tive coupling for particle emission g', ' which de-
termines up to some correlation corrections' "
the coefficient b in the expected logarithmic in-
crease of the multiplicity with energy

n = a+ b ln(s},

and which in a certain class of models also deter-
mines o.„(0)—n~(0), the difference between the
Pomeron and the other leading Hegge singularities
(R=p, &u, f', or A, ). An independent determina-
tion of o.s(0}—a~(0) could therefore yield g'.

In this paper we would like to suggest a "critical-
ity principle" which can fix b and thus effectively
also g'. It requires that b, the density [which in

multiperipheral models (MPM's is roughly con-
stant] of particles produced per unit rapidity, will
be sufficiently big that pions coming from the de-
cay of low-lying resonances neighboring in rapidity
will, on the average, tend to resonate again. This
could generate, from the original one-dimensional
tree diagrams typical of simple MPM's, two-di-
mensional "honeycomb" diagrams" characteristic
of certain approaches to dual models. " " In such
models the "partons" propagating inside big planar
diagrams are believed to be different from the
regular composite hadrons. Only by insisting that
the big planar diagrams be regenerated again at
the particle level do we inject an additional re-
quirement fixing g'.

The suggestion that an intricate overlapping-
resonance situation may obtain in multiple particle
production has been made before. "" While no

detailed specific scheme seems to work, the b pre-

dieted in Sec. II from the criticality principle
agrees with experimental multiplicity. The criti-
cality principle leads also to some additional theo-
retical possibilities discussed in Sec. III. Since
MPM's are basic to our approach we briefly re-
view in Sec. IV some recent evidence pertaining to
their validity, where we also delve briefly into the
distinction between "simple" and dual (or multi-

Regge) MPM's. We close with some speculation
about a possible deeper significance of the criti-
cality principle.

II. CRITICALITY PRINCIPLE FOR MPM's

To illustrate our suggestion consider a simple
(ABFST-like) MPM" where we produce, say, via
w exchange, a string of low-energy resonances of
mass mR which decay into m pairs and we tempo-
rarily neglect the possible variety of resonance
types and/or their internal and spin-parity quan-
tum numbers. The model attains its simplest form
in the weak resonance-sv (g„„)coupling limit. ""
In this case interference terms of the type shown in
in Figs. 1(a) and 1(b) are negligible. " This is so
because the resonances are produced with a small
density along the rapidity

ER +gR
3R & lngR pR

II

or

ER+gR
= ln (m„'+P,')'"

axis and are strongly ordered, and also pions
which emerge from different resonances have on

the average subenergies considerably in excess of
mR', so that they do not resonate. "

Retaining then only the graph of Fig. 1(c), one
finds in the weak-coupling limit a Poisson distri-
bution for the cross section for production of n„
resonances

where
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FIG. l. (a), (b) Interference terms which are usually
neglected in the MPM in the weak-coupling limit; (c) the
"diagonal" term which is retained.

1'= ln(s/m„')

is the available rapidity interval. The average
density per unit rapidity is thus

b„=&n„)/r =g' .
As we increase g' this picture becomes less and

less applicabl. The joint effect of increase den-
sity b„and width l ~ makes it more and more likely
that two pions, each of which emerged originally
from the decay of different neighboring (or next-
to-nearest-neighboring) resonances on the rapidity
axis, will resonate again. By continously in-
creasing g' (and b„) we can arrive at a "critical"
situation where for every resonance originally pro-
duced a second resonance is created by reflec-
tions.

A particularly simple, though unrealistic,
scheme which may illustrate the critical situation
is shown in Fig. 2, where each pair of n's emitted

by neighboring resonances resonate again.
Note that the sequence in Fig. 2(a) is suggestive

of a particular way of approaching the critical
sltuatlony namely through R continuous deforma-
tion of the weak-coupling limit. Indeed the very
description which we adopt for the purpose of our
estimate as a sequential process, involving first
a production of resonances and next their indepen-
dent decay and reformation of resonances by re-
flections, in conceptually an extrapolation from
the weRk-coupling limit to the quite dlffel'ent sltuR-
tion of optimal meshing, strong correlations, etc.
This is reminiscent of an attempt to extrapolate
the state equation of a rare phase all the way down
to a dense phase and may be a reasonable zero-
order approximation. (See Fig. 3 for an illustra-
tion of the approximation involved. )

In order to optimize the probability of reflections
into the resonance region the invariant subenergy
5', „,of the nth and (s+ 1)th resonances has to
equal 6m„' —Sm„'. In this case the average in-
variant mass squared of any of the six possible
pairs formed from the 4 n's in', and B„„is m~'.
Since

S„„„=2m„'+ 2m, ' cosh(by) —2 p»'&cosy„„„),

where m~' = m„'+p»' is the average transverse
mass squared of the resonances and 5y =y~" —y„"

is the average rapidity spacing between the reso-
nances, we have (after neglecting the &cosy„„„)
term in S„„„which tends to increase g~ by 5-
1o%)

Taking m„'=0.5 (GeV/c')' =mp', m, ', and p~'=0. 2
(GeV/c)', we obtain by =0.83 and we can estimate
the total number of resonances produced as n&
= Y'/by. Since each resonance decays into two
pions, of which ~, onthe average, are charged,
we expect the following logarithmic growth of
charged prong multiplicity:
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FIG. 2. The increased density through (a) the weak-coupling situation, (b) an intermediate coupling, and (c) the
critical coupling. (d) The multiple rescattering which generates in the critical case "honycomb"-Hke diagram.
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bc

=0.2 is estimated from the experimental m spec-
trum. Strictly speaking our picture also constrains
(P»'). If K is the 3-momentum of each of the two

neighboring resonances in their c.m. system, then

6m„' —8m '=S„„+,

9c
9 2

=4m 2+4K28

so that K' = —,'m~' —2m„'. At such small E 's we

can expect only l =0, 1 in the relative orbital ex-
citation of the resonances, "so that spatial distri-
bution of K may be roughly isotropic and

FIG. 3. A qualitative description of the extrapolation
of the simple equations describing the weak-coupling
model (rare phase) all the way down to the transition
region to the honeycomb model (dense phase). As an
illustration we consider the linear dependence of b on

g 2

2

(n, ) const+ ln(, ) =1.6ln(—), (6)

The value 1.6 for the coefficient of the logarithmic
increase which is "predicted" here agrees well
with the value (1.65) extracted from high-energy
proton-proton scattering" "and the value (1.6)
which we extract from the recent w p measure-
ment" at NAL with n, = 8 at P = 200 GeV/c as com-
pared with (n,„)= 5.8 at P = 50 GeV/c (Serpukhov
data'4)

A larger value of (n, ) =21n(s/s, ) is obtained if
we assume that only about 80/& of the cross section
are governed by MPM's and the diffractive re-
mainder corresponds to finite multiplicities only. "

Independently of any detailed model and value,
the universality of the coefficient in pp and p col-
lision" is a good omen for the general multiperiph-
eral approach, the Feynman gas analog or the
Mueller pionization diagrams. The choice (P»')

(P „')=3K'=~m„'- —', m, ' (=0.16 for m„'=-,'} .

Using this in Eq. (5} and neglecting m, we get an
estimate cosh5y =-,' (independently of m~) which

yields n,h
= 1.41nsn In general a 20-30 /p variation

of the multiplicity results from reasonable varia-
tions of the parameters in Eq. (5).

Considering the crudeness of our approach the
agreement with the observed multiplicity (and the
transverse momenta) seems to be quite fortuitious.
It is nonetheless encouraging and suggests that the
criticality conjecture may be viable. In order to
prove this convincingly it is not enough to show that
that average invariant masses are equal to the
resonance energies. We also have to consider the
widths of the mass distributions in comparison
with the resonance widths. To include isospin (and
exclude exotic, say, v'w' resonances" ), consider
the possibilities of next-to-nearest-neighboring
resonances as well as resonances which decay into
three pions. Some preliminary attempts along this
direction using a Monte Carlo program have been
made and indicate that the criticality condition of
one reflection resonance on the average per initial
resonance can indeed be achieved, without neces-
sarily adhering to a completely ordered rigid
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FIG. 4. (a) Mueller diagrams for pionization. (b) The corresponding Mueller diagram for production in the plateau
region.
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FIG. 5. Inclusive 7t and p count in an idealized critical
situation.

structure which has not been revealed experi-
mentally. "

III. ADDITIONAL COMMENTS ON CRITICAL MODELS
I

In terms of Mueller diagrams" it was conjectured
that the inclusive cross section for pions in the
pionization region is given by Fig. 4(a). For a fac-
torizing Pomeron

do(s)
d~(&)

tat +r w PomPom

the plateau height, which is proportional to the b

coefficient in the multiplicity equation (I), is in-
dependent of the colliding particles (A, B).

A priori it seems quite unlikely that we will have
the same plateau height for p production in the
central region, though the relevant Mueller dia-
gram 4(b} looks deceptively similar to 4(b} and

have. However, even if all w's are produced via
'p's we have only half as many p's. This argument

is, however, invalid. The inclusive cross section
for p's counts all n pairs within the resonance re-
gion, original and reflection resonances alike. In

the critical meshing situation we obtain therefore
twice as many p' s, and do~/dy~ = do /dy„becomes
possible. (See Fig. 5.)

This could be extended beyond 2g resonances,
i.e. , grouping of pions in triads and quartets along
the rapidity axis. However, unless we allow more
and more nonplanar triplet, quartet, etc. config-
urations to resonate, the argument applies only to
resonances with large masses m -m, e" "for res-
onances decaying into r mesons.

Note that no similar mechanism can correct for
the inequality between inclusive p and K cross
sections.

It may be worth pointing out that dual quark mod-
els strongly suggest optimal meshing. We view
the production process as an excitation of a long

qq string, an optimal uniform rapidity distribution
of alternating q's and q's (Fig. 6}. Again an over-
lapping resonance holds, but without restriction

(b) (c)

FIG. 7. Regeneration of big planar diagram propagating
composite particles through unitarity corrections.
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to specific particles m and p as in our earlier
discus sion.

At the level of dual models in general we can
view our principle as a sort of "automodality'"'
demanding that real hadrons be as efficient in
building large planar diagrams characteristic of
certain approaches to duality as the basic partons
themselves. This is roughly illustrated in Fig. V.

If in the original planar diagrams 7(a) we put more
and more holes (indicative of unitarity correc-
tions)3'we wind up with a new structure [7(c)] sim-
ilar to the original fishnet diagram except that
its propagators are those of compound hadrons
and not of partons. It is well known that viewed in
the ] channel the MP diagrams are ladders which

may lead to bound states (Regge poles). Naively,
in computing these bound states one has to add the
potentials generated by exchanges of m's, p's, etc.
In the weak-coupling-limit s-channel picture this
corresponds to independent emissions of m's and
p's in arbitrary sequence. This is necessarily
modified in the critical situation since the same
honeycomb diagram can be viewed either as a
multiple v [Fig. 8(a)] or a multiple p [Fig. 8(b)]
exchange. The obvious distinction between single
p exchange and much-longer-range m exchange may
thus tend to fade for multiparticle exchanges. ~

Res Res Res

(0) (b)

FIG. 6. A qq string illustrating the "meshed" resonance
effects.

FIG. 8. Multiple ~ or multiple p exchange generated by
different cuts of the same honeycomb diagram.
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IV. EVIDENCE FOR AND SOME COMMENTS ON
MULTIPERIPHERAL MODELS

Several authors" "analyzing recent high-energy
pp data find a dominant nondiffractive component
with Poisson-like multiplicity distributions (i.e. ,
indicative of short-range correlations). As men-
tioned above, the NAL m p data seem to have very
similar characteristics; in particular, the same
b [of Eq. (1)] appears in pp and vp data. All these
support the MPM which was the basis of our dis-
cussion. In the somewhat general context of MPM's
the following comments may be relevant. If the
Poisson distribution for g„, the number of inde-
pendently produced objects, applies for n„=0 then

o "s='(nondiff. ) cRS' s '
&„~ s

7+ tot ~ tot Sp

where (ns) = b„ in(s/ss) is the average multiplicity
of these objects. o"R='(nondiff. ) contains only p'p'-
cut or charge-exchange contributions and not the
largely diffractive completely elastic amplitude.
os(0)= —,

' implies bs-l, which is (0.3-0.4)b being
the coefficient of total multiplicity. " This is sug-
gestive of independent emission of pion pairs or
triplets" in qualitative agreement with our starting
point of resonance production in the weak-coupling
limit.

If the Poisson distribution applies also separately
to the first (r) component" (in the Harari-Freund
sense) which is dominated by s-channel reso-
nances, then

o"='(nondiff. ) s'"2 '
+tot 2

where (ns) = b„' In(s/ss) is now the number of ob-
jects emitted on the average from resonance de-
cays. Equations (7) and (I') yield bs =-,'b„(Ref. 39)
or 5' =-,'5; i.e. , the logarithmic increase in m mul-
tiplicity from resonance decays is 1.2-1.5 lns,
half as big as the corresponding multiplicity for
the complete process. Indeed n, (resonances)
-(1 —1.3) ln(s/s, ) fits the increase of multiplicity
through the f' and g resonances. "

In general for any MPM any information such as
the charge state of the incident particle A, its
polarization, etc. , fades exponentially, -e " '~ ',
as we proceed along the multiperipheral chain,
where X = o(0) —1 and o.(0) is the intercept of the
trajectory associated with the particular informa-
tion considered. In particular, I, information cor-
responding to

do' g - dgyf+ IQ
dy dy dy

should fade like e& v '"=e " '. This follows

from Mueller diagrams with a factorizing Pomeron
pole, "from the parton picture, "and directly in
the MPM itself. " Preliminary data on dQ/dy (Ref.
41) in vp reactions confirm these expectations.
Recently a thorough analysis of such quantities has
been made by Benecke. et al." In that analysis it
was also found that AQ, the difference in charge
between an incident particle and all final-state
particles moving in the same hemisphere in the
c.m. system, is strongly limited to nQ =0, (Ref.
44), consistent with a MPM and nonexotic ex-
changes. Also the rough equality of AQ =0 and

~Q =1 is suggestive of the dominance of the MPM
over a simple diffractive picture.

Let us consider two particles emitted in the mth
and )th locations in a simple MPM. A correlation
among the transverse momenta involves, roughly,
speaking, a flow of momenta in the Am propagators
separating the two particles (Fig. 9), and there-
fore drops like

- hn
-XM

(~.,) +(&Q)'

Indeed, for all quantities of interest we have pri-
marily an exponential decay with the number of
intervening particles on the chain. Since, on the
average, An- bb, y, the correlation behaves like

gl gye
That result would always be true (not only in an

average sense) if we have a multi-Regge model in
which, because of the shrinkage effect, the prod-
uct of the propagators is always proportional to

In principle, using completely identified
multiparticle production events, one could check
which (b, n or Ay) is more relevant.

Theoretically, the simple MPM tends to predict
(in the simple weak-coupling limit) larger slopes
[n'(0)] for the trajectories with larger intercepts. 4'

Alternatively this can be seen from the discussion
above —the lower the intercept, the smaller is
bR lns, the increase of the multiplicity "associated"
with this trajectory, and hence by the well-known
random-walk argument it corresponds in impact
space to a more slowly (-b„'lns) increasing disk,
i.e. , smaller o. '(0).

This difficulty can be avoided in a multi-Regge
model in which the individual step sizes (b, ') in-

I(Bq

=~
A

FIG. 9. The transverse momentum flow required in
order to have a correlation between q, and q~.
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R2 = bRlns R
2 ~ Rlns&R R'2 =R2

(b)

FIG. 10. The comparison between {a) the standard random-walk length, {b) the walk length which results from a ran-
dom walk with fewer steps {bzlns) but the same step length {the usual MPM), and {c)the random walk with fewer steps
but larger step length (the multi-Begge model).

crease with the corresponding ay, 's (Fig. 10) and
a consistent universal slope is reproduced. 4'

V. SUMMARY AND CONCLUSlONS

%e have presented above a conjecture on a crit-
icality condition and have seen that the expected
multiplicities (and transverse momenta) are con-
sistent with the experimentally observed values.

The criticality principle can in. no way be com-
pared with the really fundamental principles of
particle physics, such as causality and unitarity.
It is admittedly quite vague and at best can be a
helpful guideline in a limited range of physical
phenomena. Nonetheless there is the rather in-
triguing and speculative possibility that the crit-
icality principle and the "ordered (or partially
ordered) structure" which results for a sufficiently
large coupling can serve to define strong interac-
tions.

Also, in turn, it may well be that the strength

of the strong interactions derives from the ordered
structure and the possibility of multiple rescatter-
ing which enhances the amplitude. Insofar as there
is no reason to believe that this situation will per-
sist over much smaller scale lengths, hadronic
matter in the small (e.g. , when explored in very
deep-inelastic lepton-hadron processes) may not
exhibit any of this ordered structure and for that
matter may be indistinguishable from purely weak-
ly interacting matter.

All this is very speculative but could, we hope,
encourage more thorough investigations of the crit-
ical-coupling possibility.
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