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Properties of hadronic interactions at -10' Gev: Clues from cosmic-ray air showers
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We calculate the effect of intranudear cascades and rising cross sections on the development of
extensive air showers at enery'es up to 10' GeV. We find that these effects do not completely eliminate

previously reported discrepancies between calculated and observed shower properties. We conclude that

these discrepancies can only be removed by new features of high-energy interactions, predominantly

heavy primaries at these enery'es, or both.

I. INTRODUCTION

In spite of the difficulties attendant to the col-
lection of reliable cosmic-ray data, the range
which the fuge available incident energy affords
makes pursuit of even the most rudimentary data
worthwhile in any investigation of asymptotic
phenomena. In particular, extensive air showers
(EAS) are the result of a single incoming primary
interacting with an air nucleus high in the atmo-
sphere, and primary energies of 10"-1017ep are
not uncommon. At such high energies many par-
ticles are produced in the initial collision so that,
in principle, many statistically reliable quantities
and properties can be extracted from even a sin-
gle event. Moreover, statistically significant
numbers of showers are observed in this energy
range.

It is possible to imagine that such events could
provide both cosmological information from data
on the composition of highly energetic primaries
and information on high-energy phenomena them-
selves. Interpretation of the data is, however,
complicated by the fact that properties of the HAS

observed deep in the atmosphere are a consequence
of a cascade involving many hadronic interactions.
Thus, in practice, it is not yet possible to sep-
arate uniquely the cosmological and high-energy
aspects. On the other hand, as Gaisser and
Maurer' have emphasized, EAS provide the only
opportunity for obtaining information from cos-
mic rays at E & 10' GeV on features of the central
region in multiparticle production, such as multi-
plicity. This is to be contrasted with the observa-
tion of properties of uncorrelated cosmic rays,
such as muon flux and p, +/p ratio, ' which are
sensitive primarily to the forward fragmentation
region. The difference arises from the fact that

an EAS is the result of a single energetic primary,
whereas uncorrelated cosmic-ray fluxes, arising
from many primaries, reflect the steepness of
the primary cosmic-ray spectrum.

There are many interesting ideas on high-energy
reactions which are currently under consideration.
One entire class of these would come under the
heading of scaling models, in which inclusive ex-
periments exhibit Feynman scaling. Such models
are always characterized by a multiplicity of
produced particles which grows logarithmically
with the energy in hadron-hadron collisions. An-
other class of models (encompassing both statis-
tical and hydrodynamical approaches) does not
exhibit Feynman scaling and gives multiplicity
growth as the —,

' power of energy. A third in-
triguing possibility is that total cross sections
saturate the Froissart bound, i.e., grow as the
squared logarithm of the energy. (In fact recent
cosmic-ray results have heightened interest in
this case.s ') It is not clear whether the dynamics
of such a limiting case allows for scaling behavior
or not. These classifications are not meant to be
complete or mutually exclusive. They are all
hinted at or accommodated by present accelerator
data, and in this paper we shall discuss the pos-
sibility of using EAS data to study these questions
at very high energies. This work represents a
continuation and extension of previous studies by
Gaisser and Maurer.

A particular quantity which is measured in ex-
tensive air showers and which lends itself to tests
of the asymptotic ideas above is the ratio of muons
to electrons and positrons as a function of angle
of shower axis, atmospheric depth (although most
data come from sea level), and muon energy. A

related quantity on which there are data is shower
size as a function of atmospheric depth. (The
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number of electrons and positrons is sometimes
referred to as the shower size. ) The detected
electrons and positrons are degraded in energy
at sea level, representing the remnants of electro-
magnetic showers which in turn are initiated by
n 's. Because the electromagnetic component
originates from w "s produced along the hadronic
core of the shower, shower size deep in the atmo-
sphere depends primarily on the fraction of en-
ergy given to w "s, and hence on energy of the
shower primary, and on depth of penetration of
the shower core into the atmosphere. In addition
to obvious dependence on primary energy, pene-
tration depth is related both to the elasticity of
the leading hadron in m'- or N-initiated interac-
tions as well as to the size of hadron-interaction
cross sections.

Muons, on the other hand, are the products of
decaying n"s. Once produced they are relatively
stable, and hence carry information about multi-
plicity in individual interactions at high energy.

On the basis of these features of EAS develop-
ment, Gaisser and Maurer' suggested that the
observed average p/e ratio should be sensitive
to differences between models of hadronic inter-

actions; in particular, to differences in energy
dependence of average multiplicity. Although, as
is well known, both E' and lnE give adequate
representations of multiplicity through the CERN
ISR energy range, the predictions of these two
multiplicity laws are quite different at EAS ener-
gies. (See Fig. 1.) Thus it is reasonable to ex-
pect calculated EAS properties to relect differ-
ences between assumed energy dependence of
average multiplicity.

In their previous work, Gaisser and Maurer
assumed Feynman scaling to hold with scaled in-
clusive cross sections taken from the ISR P-P
data. They found large discrepancies between
calculated and observed p/e ratios and size-
versus-depth data when the primary cosmic rays
were assumed to be largely protons. The cal-
culated p/e ratio was too low, and the calculated
showers penetrated much further into the atmo-
sphere than is observed experimentally.

Although several authors" have concluded from
such discrepancies that Feynman scaling fails at
the highest energies, we feel that the complexity
of the data prevents one from drawing this con-
clusion as an immediate inference. In addition to
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FIG. 1. Average number of charged secondaries inpp interactions vs Ej,b . The lower logarithmic curve is the as-
ymptotic form of the fit of Ref. 11. The curve ~E is a quarter-law fit to the data between 100 and 10 GeV. The
highest curve is an approximate representation of the charged multiplicity in p-air collisions (neglecting target nucleon
fragments) that comes from the intranuclear-cascade calculation reported here.
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a possible. breakdown of scaling at high energy,
the following factors have been mentioned by
Gaisser and Maurer as playing a possible role in
the failure of the simple calculation described
above: intranuc lear cascading, , increasing 0,
and heavy primaries. It should be emphasized
that all these possibilities operate in the same
direction, namely, to make the shower develop
faster and to increase p/e, hence improving the
agreement with the data. These effects can be
understood as follows: Intranuclear cascading
increases the multiplicity of secondaries in a
given collision and tends to decrease the leading
particle elasticity. An increasing P-air cross
section (which arises as a consequence of an in-
creasing P-P cross section) decreases the mean
free path in air, thereby speeding up the develop-
ment of the shower. Heavy primaries will have a
similar effect because, crudely speaking, a pri-
mary nucleus of given total energy E and mass
number A can be thought of as A particles of en-
ergy E/A whose individual showers are therefore
less energetic and develop faster. Any mechanism
which increases the number of pions tends to in-
crease the number of muons, and hence the Iu/e

ratio. Since EAS are normally observed after the
electromagnetic component has passed maximum,
any mechanism which speeds up shower develop-
ment will tend to decrease the calculated size at
a fixed depth, and hence to increase the calculated
p, /e ratio.

In this paper we report results of a calculation
of EAS development that includes the effects of
intranuclear cascading and of increasing o~ „.. We
find that including these effects, though it reduces
the discrepancy between calculated and observed
showers, still fails to account for the observed
high p, /e ratio and rapid shower development.

Possible implications of these results are the
following:

(1) Elementary particle interactions are qual-
itatively different at EAS energies from simple
extrapolations of models which fit present data.
In particular, such new physics might manifest
itself in a mechanism which has the effect of
depositing energy preferentially in the electro-
magnetic component of the shower' (e.g. , the
appearance of heavy leptons). Alternatively, or
additionally, one might have a radical breakdown
of Feynman scaling, including the breakdown of
scaling in the fragmentation region. Preliminary
calculations by Gaisser et al. ' using the Landau
hydrodynamical model, in which strong violations
of scaling occur only near x=0, cannot account
for the observed p/e ratio and rapid shower de-
velopment. On the contrary, a strong violation
of scaling in the fragmentation region, corre-

II. ATMOSPHERIC SHOWER DEVELOPMENT

Atmospheric cascades produced by primary
cosmic rays of total energy ~10' GeV penetrate
far enough so that the shower front can be ob-
served deep in the atmosphere, at sea level or
mountain altitude. Development of a shower in

the atmosphere, and hence its structure at the
observation level, depends, on the one hand, on

properties of the atmosphere and on properties
of electromagnetic and weak interactions that
are well understood (e.g. , electromagnetic cas-
cading via alternate pair production and brems-
strahlung and the w-p, -e decay) and, on the other
hand, on properties of hadronic interactions,
which are essentially unknown above -104 GeV
and for which some model must be assumed. We
first show how the hadronic core of the shower is
calculated. We then describe how the known fea-
tures of weak and electromagnetic interactions
are used to compute the muon ance electromag-
netic shower components, which are secondary
to the hadronic component.

The following coupled integro-differential equa-
tions govern the hadronic cascade:

dNe (e, y) Ne (E, y)

Z„(E)
"E„„(E,E') N, (E', y)

E ~„(E')
(2.1)

sponding to a decrease in the "leading particle
effect, " seems to be required.

(2) The composition of the primary cosmic
radiation at these energies may be heavy nuclei
(e.g., iron).

We shall show that the combination of intranuc-
lear cascading, increasing o~, , and A,ff 50
can account both for the observed p/e ratio and

the size versus depth measurements, a point
emphasized recently by Gaisser et al. ' We stress,
however, that further work is required to infer
the relative importance of the possibilities men-
tioned above. In particular, a satisfactory picture
of EAS development must also account for hadronic
content of the shower, for lateral distributions of
the various shower components, and for fluctua-
tions of shower properties.

The organization of this paper is as follows: In
Sec. II we review the development of an atmo-
spheric shower. In Sec. III we review the Feynman
scaling approach and discuss its incorporation
with Glauber theory to give appropriate distribu-
tion for nuclear targets. We also discuss the in-
clusion of rising total cross sections. Section IV
contains a presentation of results and discussion.
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dwe (E, y) = —wB E, y) +
dy 0 ' X„(E) Ey cos8

"EB.(E'~E') &B,(E', y)
E ~„(E')

"F„(E,E') w, (E', y)

E X (E'}
(2.2)

(E Et) E»( I )4N E E'
(2.3)

where dN»(E, E') is the number of B particles
produced with lab energy between E and E+dE in
the collision of an A particle of lab energy E'
with an air nucleus. The derivation of these quan-
tities from the more fundamental cross sections
on single nucleon targets is described in Sec. III.

It is clear that the cascade equations as written
include only nucleons and charged pions. (w "s
always decay before interacting and thus contri-
bute only to the electromagnetic cascade. ) Sep-
arate treatment of other species would require
further coupled equations; therefore, we have for
simplicity treated kaons as pions and strange
baryons as nucleons. This should be a reason-
able procedure since K/w-0. 1," since —', of the
charged kaons have the same p. v decay mode as
g~, and since kaon-initiated hadronic interactions
are similar to those of pions. We have also ne-
glected NN production. Indications are" '" that
the NF/w ratio becomes fairly large at high en-
ergies, perhaps approaching 15-20% asymptot-
ically. This, therefore, will not be a good ap-
proximation for computing the fluxes of moderate-
energy (20-1000 GeV) hadrons in the shower. It

where we (E, y)dE and NB (E, y)dE are respectively
the numbers of nucleons and of charged pions at
atmospheric depth y (in g/cm') and energy be-
tween E and E+dE due to a primary nucleon of
energy Eo, and A.,(E) and X„(E) are the pion and
proton interaction length in air. (The latter are
taken to be energy-dependent to reflect the pos-
sible energy dependence of the p-air and m-air
cross section. ) The quantity e„dy/Ey cos8 is the
probability that a pion along the shower axis with
zenith angle 8 decays in dy(e„=- h, m„/r, —= 128 GeV,
where r, is the pion lifetime and m„ its mass).
The form of this term assumes a simple exponen-
tial atmosphere" with scale height h, (= 7 km).

The quantities F» in Eqs. (2.1) and (2.2) carry
the information on hadronic production; they are
inclusive cross sections integrated over trans-
verse momentum and normalized to the p-air in-
elastic cross section. Thus

is, however, expected to be a reasonable first
approximation for computing the electromagnetic
and muon components of the shower. (Grieder"
has pointed out that an appreciable fraction of NN
production may affect the cascade development
significantly, including an increase in the g/e
ratio at low muon energies, a change that goes
in the direction of improving agreement between
calculated and observed showers. The increase
in low-energy muons is due to enhanced production
of low-energy m' deep in the atmosphere due to
the ability of moderate energy NN pairs to pene-
trate the atmosphere without decay. Grieder finds
an increase of a factor of four or five in p/e at
E„-1GeV using a high-multiplicity model for
pion production and putting about 9% of the inter-
action energy into NN production. The data in-
dicate, ' however, that the fracti;on of energy going
into NN production asymptotically is more like
3%. In addition, a scaling-type model produces
fewer pions. Indication of a calculation without
intranuclear cascading' is that the p/e ratio is
enhanced by -40% at E„-1GeV. Because of in-
creased multiplicity due to intranuelear cascad-
ing this will be increased somewhat, but the con-
clusions reached here without NN production are
not expected to be altered unless NN production
becomes asymptotically more important than sug-
gested, for example, by the parametrization of
Ref. 14. Nevertheless, this point remains to be
investigated fully, and an unexpectedly large fur-
ther increase in NN production beyond ISR ener-
gies would make a significant contribution toward
removing the discrepancy between calculated and
observed EAS properties. }

Finally, we are also able to neglect nucleons
that are target fragments, as they remain at low
enough energies in the lab not to contribute to
shower development. With these assumptions
concerning nucleon production each shower con-
tains exactly one core nucleon, the degraded
primary.

The solutions of Eqs. (2.1) and (2.2) subject to
the power-law boundary condition, N(E, O) =RE "
=primary cosmic-ray spectrum, have been dis-
cussed in the context of scaling by Frazer et al."
and by many others recently, in particular, in
calculations of muon flux and the p, '/ij, ratio.
These solutions may be obtained analytically (for
E„&100GeV), provided Feynman sqaling holds
in the forward fragmentation region (i.e., assum-
ing limiting fragmentation) Convers. ely, prop-
erties of uncorrelated cosmic rays, such as p'/
p, , are sensitive only to the forward fragmenta-
tion region; hence calculations of such properties
test limiting fragmentation only and not Feynman
scaling near x = 0. As mentioned in the Introduc-
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tion this is a consequence of the steep primary
spectrum (y = 2.7), which suppresses the effects
of secondaries which do not carry off a finite
fraction of the primary energy as E-~.

For the EAS problem, on the other hand, one
must solve the cascade equation subject to
ww (E, 0}=0 and Nw (E, 0) =6(E Eo)-, correspond-
ing to a single primary nucleon. In this case
shower properties are sensitive both to the cen-
tral region and to the forward fragmentation re-
gion, but the solutions must be obtained numer-
ically. An additional simplification can be achieved
as a consequence of two further approximations:
(1) The nucleon interaction length is approximated
by a constant, say, Aw(E) -A„(—,'E,). [This should

be reasonable since X„(E) is slowly varying, since
the approximation is made only for one hadron in
the shower, and since A.„is correct near the be-
ginning of the cascade where the core nucleon is
most energetic and thus most effective in gen-
erating the cascade. ] (2) Limiting fragmentation
is assumed to hold for F» and it is approximated
by a function of the form

F„„(E,E') = n(E/E') (2.4)

[The form (2.4) is a good approximation to the ISR
and NAL NN-N+X data, with n -1 corresponding
to a nucleon elasticity = o./(a+1} --,'."]

With these approximations the solution to Eq.
(2.1) can be obtained explicitly. It is"

E' '
E, ~„»(Eo/E)

(2.5)

The remaining Eq. (2.2) has been solved numer-
ically by a modified method of successive gen-
erations as in the previous work of Gaisser and
Maurer. '

The electromagnetic component of the shower
is calculated in a straightforward way from the
solutions of Eqs. (2.1) and (2.2). We have for the
average number of electrons and positrons at
depth y, in a shower of primary energy E,

Ep
x dE' Gw (W, y, E'), (2.6)Qp

where

F„y(W, E') Ne (E', y)
Ge (W, y, E')—: (,)"

F„y(W, E') ww (E', y)

X„(E') (2.7}

S (W, o. 1 e, &) (3/2) ) ~l~y)= ~p
(2.8)

where t = y/l. - is the atmospheric depth measured
in radiation lengths, I, =37.7 g/cm', P =—ln(W/e, ),—
e, =0.0842 GeV, and r= 3t/(t+2p).

We have made the conventional assumptions that
the electromagnetic cascade comes entirely from
photons from mp decay; specifically, that for in-
cident hadrons h,

The quantity S(W, y, —y) is the number of electrons
and positrons at depth y, due to a photon produced
at y with energy W. It can be represented by the
analytic form"

F),&(W) E) =F„~o(o W, E) +F1,„o(4W, E) . (2.9)

Motivated by charge independence, we assume
the w' distributions to be the average of the n'

and the w distributions [see Eqs. (3.7)-(3.12) in
Sec. III]. This set of assumptions is of fundamen-
tal importance for the results we obtain. If, for
example, some new process operates at EAS en-
ergies by which energetic photons or electrons
are produced directly in very-high-energy ha-
dronic interactions, with a concomitant decrease
in the energy fraction carried away by the pro-
duced pions, then the electromagnetic component
of the shower will develop more rapidly in the
atmosphere, reaching a maximum sooner and

dying away more quickly.
To complete our calculation of shower proper-

ties we have only to calculate the integral muon
number N„(&E„)from ww (E, y). This has been
done in a straightforward way, taking into account
muon decay and energy loss, in the manner de-
scribed by Pal and Peters. "

The limited nature of the EAS calculation de-
scribed above should be emphasized. We have cal-
culated only linear shower development of average
showers. Thus a large fraction of available air-
shower data (that on fluctuations and lateral dis-
tributions of the various shower components) has
not been used here to help elucidate features of
hadronic interactions at these very high energies.
In addition, the neglect of NN production limits
the accuracy of the calculated moderate-energy
hadronic fluxes. Calculation of total electron and
muon fluxes is, however, sufficient to study the
magnitude of the effects on shower development of
intranuclear cascading and energy-dependent cross
sections.
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The limitations described above present two
practical difficulties for comparing calculated with
observed shower properties. First, computed val-
ues of total electromagnetic shower size and of
total muon number must be compared with the cor-
responding numbers quoted by air-shower experi-
menters. These quantities are not, however, di-
rectly measured. They must be constructed for
each shower by fitting the observed densities of
particles in the detectors that comprise the air-
shower array to a semiempirical lateral-distribu-
tion function. The integrated showers are then put

. into bins (usually according to shower size) and
average properties calculated for each bin. This
process involves obvious difficulties, and the use
of different procedures for different experiments
is presumably a source of systematic error. We
have made no attempt to remove such systematic
errors, but have taken the integrated, averaged
data as quoted by various authors.

The second difficulty is a consequence of the
fact that the shower properties are averaged for
showers in the same size bin (showers of fixed
size), whereas the computation produces proper-
ties averaged over showers with the same primary
energy (showers of fixed energy). The relation be-
tween primary energy and shower size at fixed
depth is different in the two cases. For showers
of fixed size, N„ the steep primary spectrum fa-
vors fluctuations that produce a given size with un-
usually low primary energy relative to the fixed-
energy case. Thus for X=—(N, )s =N„E, is higher
than (E,)„. Important causes of this effect are
fluctuations in depth of first interaction and fluctu-
ations in the energy fraction carried off by pro-

- duced 7t"s in early interactions.
Since we calculate only average shower proper-

ties we can compute the relation between E, and
3f (showers of fixed energy) but not the relation be-
tween N, and (E,)„ for showers of fixed size.
De Beer et al,."have calculated both relations
using, however, a phenomenological model" for
the production cross sections that is appropriate
only for the F30 GeV energy range. Since the
over-all account of shower properties as given
by their calculation is reasonable, we have taken
N, /(N, ) act Eo =(Eo)„, from their calculation and
used our result for the relation between (N, )s, and
Eo for showers of fixed energy to find (Eo)„ for
showers of fixed size, N, . This is the same pro-
cedure used in the earlier work of Gaisser and
Maurer' and of Gaisser et af. ' (Use of the fixed
E, relation between E, and g would lead to about a
factor-of-two increase in N„/N, . This sets the
absolute upper limit on possible error due to our
method of computing the relation between (E,)„
and N„and a realistic estimate of the uncertainty

It remains for us to specify the functions I »,
which are inclusive single-particle cross sections
on nuclear targets. These functions can in turn
be determined in principle from single-particle
distributions on nucleon targets if certain infor-
mation on space-time characteristics of such a
collision is available. We shall return to the na-
ture of this information below, but for now we re-
mark that the nuclear scattering distribution can
be determined in practice only when the nucleon
scattering distribution obeys Feynman scaling.

Therefore we remind the reader of the salient
features of the scaling phenomenon. The experi-
mental quantity of interest is the single-particle
inclusive cross-section for the process a+5- c
+X. This quantity depends on three invariants,
which can be chosen as in the definition

/

dg 2E, 3 =f(x P, s),
pc

(3 l)

where

p
CJll

/p CJII 2p cJll. /~s

The function f characteristically falls off rapidly
for large p, ', and the statement of Feynman scal-
ing requires that

f(x, p,', s) = f (x, p,') . (3.2)

The regions x&0, x&0, and x=0 are called the
projectile-fragmentation, t;arget-fragmentation,
and pionization regions. While scaling is verified
with good accuracy for the fragmentation regions,
it is not yet clear whether a limit has been
reached near x =0 at ISR energies. This is, of
course, one of the questions we hope to investigate
in this study. The multiplicity of the produced
particle c can be determined from the inclusive
cross section, "

(n, ) = F(0, s) inl's/( g, ')] —const+0(p, '/s"'),
(3 3)

would be much less than this. }
We emphasize that this procedure is necessary

only for computing N„/N, . The fixed-size difficul-
ty does not exist for the comparison between cal-
culated and observed size-versus-depth curves.
This is because the size-versus-depth curves are
established" by taking cuts of constant intensity in
the integral size spectrum of showers with differ-
ent zenith angles. Since the depth of material pen-
etrated by a shower is y„„„. &

sec 8, and since
showers of the same frequency are from primaries
of the same energy, this establishes a size-ver-
sus-depth curve for showers of fixed energy for
7 - X vert. cd ~)~

111. SCALING FUNCTIONS
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where

F(x, s) = „&'P,f(x, P,', s)
1

(3.4)
~m. i

and p, ,'=p, '+m, ', where P~' is the characteristic
transverse momentum cutoff. Logarithmic growth
in the expression for (n, ) is simply a phase-space
effect in the "volume" variable rapidity, defined by

Thus, logarithmic growth of multiplicity ean be
expected whenever E scales (and is therefore in-
dependent of s).

It is instructive to compare this multiplicity
growth with that predicted by the Landau hydrody-
namieal model, in which I' grows with s. This
model predicts a multiplicity which grows as E' ~.

While such a difference would be apparent at as-
ymptotic energies, Fig. 1 shows that current ac-
celerators have not yet brought us to the asymptot-
ic region in this respect.

In order to find the scaling functions on nuclear
targets, we shall have to know the sealing functions
for several reactions which ean take place on the
constituent nucleons. In particular, we shall need
to know the distributions for the reactions

(I) X+X-v+X

L

(b)
FIG. 2. (a) Schematic picture of nuclear cascade in

incoherent-production models. (b) Schematic picture of
the production chain in coherent-production models.

(ii) v+N- w+X.
Since there are many more pions than nucleons

produced in individual collisions, we shall neglect
processes in which final-state nucleons are pro-
duced by incident pions on nucleons in working
through the nuclear cascade (although these pro-
cesses m"e included in considerations of energy
conservation see bel—ow). Numerical estimates
show that this is not an important approximation
for calculation, and it clearly would be possible to
include final-state nucleon effects if it were
thought to be necessary. As long as energy con-
servation is enforced, distinction among different
types of hadrons is unnecessary for the intranucle-
ar cascade as it is purely hadronic. It should also
be noted that the pions in reactions (i) and (ii) can
be of any charge since the lifetime of the m' is
much greater than the nuclear radius, Thus, neu-
tral pions participate directly in the intranuclear
hadronic cascade, but contribute only indirectly
(via the intranuclear cascade} to the atmospheric
hadronie cascade.

Before we give the required sealing functions in
more detail, let us discuss some qualitative as-
pects of the nuclear cascade calculation. As dis-
cussed elsewhere, '~ for purposes of this calcula-
tion multiparticle production models can be divid-
ed into two major classes (see Fig. 2). In the first

class, coherent-production models (CPM)," the
multiparticle final state can be regarded as the de-
cay product of excited hadronic matter. This mat-
ter has a typically hadronic erose section and the
decay time must be long compared to the nuclear
radius. In these models it is the (unknown) scat-
tering properties of the excited matter which come
into play; plausible guesses for properties of the
excited hadronie matter give nuclear-target pro-
perties which differ by O(A'~') from the corres-
ponding nucleon-target properties; In the second
class, incoherent-production models (IPM),"the
complete multiparticle final state appears in a
time short compared to the nuclear radius. These
particles can rescatter independently within the
nuc1eus, rapidly building up a cascade. In the IPM
the multiplicity of particles contributing to the ajr-
shower development builds up more quickly than
in the CPM at the energies of interest. Therefore,
of these bvo classes of models, the IPM will give
an upper bound to the p, /e ratio, and we shall con-
centrate on this case. Clearly for IPM the single-
particle distributions for reactions (i) and (ii) are
directly relevant.

The scaling distributions E», E~„, E~„„and
E,~, ~ are all measurable at accelerator energies
for proton targets. %'e shall express the distribu-
tions which we require in terms of these measur-
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able quantities by using (1}the energy-momentum
conservation sum rule, (2) charge independence,
and (3) factorization, by which we mean that the
distributions in the projectile-fragmentation and
pionization regions are independent of the target.

Charge independence motivates the assumption
that particles in the pionization and projectile-
fragmentation regions are independent of whether
the projectile is a neutron or proton. (Charge re-
flection relates final states. ) By energy conserva-
tion

1

q= (Fpp+Fp„)dx=0;5 .
0

(3.6)

Equation (3.6) is then used to scale up the values
of the Fp, by multiPlication by a constant factor.
As expected, this factor gives a 10%%uo increase,
since kaon production is 10%%uo of pion production.

Charge independence also motivates our treat-
ment of m" s both as produced particles and as projec-
tiles. This assumption is also supported by mea-
sured values of p+p-y+X and n'+p y+X under
the assumption that all photons are m' decay pro-
ducts. We choose

1

(Fpp+Fp&+Fpo++Fp& +Fp&o)dx i
0

(3.5)

where we remind the reader that we are here treat-
ing kaons and NN's as pions. This means that the
Fp„ in Eq. (3.5) must be scaled up from the mea-
sured values to account for kaon production. This
is done by noting the nucleon elasticity is given
by16

F.o oo= o (F.+o++ F.-.-) ~ (3.12)

This gives us for the required reaction (ii), v+N
-m+X, a total distribution

F = o(Fo+o++F„+,o+Fo+o-+F~oo++F~o„o

+F o +F +F - o+F - -)

=
o Foooo+ o(Fo~o++ Fo o-) . - (3.13)

Equations (3.13) and (3.8) are then used as input
for the nuclear-cascade calculation. This calcula-
tion, which has been discussed in detail else-
where, "uses a multiparticle generalization of the
Glauber theory to produce single-particle distribu-
tions F on nuclear targets; at the energies of in-
terest the output functions do not scale, even
though the input functions are assumed to. For
the output pions we assume that, for the atmos-
pheric-shower calculations described in Sec. II,
3 of the pion s are changed and —,

' are neutra l, inde-
pendent of x. The distribution F„,=F„,~(E, E—o) is
displayed in Fig. 3 for 100 GeV&E0&10' GeV. The
corresponding input scaling functions are shown

by the dashed lines, and the data at 1000 GeV are
taken from a summary of ISR data of Antinucci
et al."at P~=0.4 GeV. (Throughout this calcula-
tion in all Lorentz transformations and transfor-
mations between y» and x we have taken the pro-
duced pions to have a fixed transverse mass of
0.41 GeV. )

The shower calculation also requires the nucleon
elasticity t) on nuclear targets [cf. Eqs. (2.4) and
(2.5)j. The nature of the nuclear-cascade calcula, -
tion makes it most convenient to extract this quan-
tity by using energy conservation, Eq. (3.5),

1
F„„o=Fpoo=2(Fpo++Fp„) . (3.7)

1

g= 1- F„,dg . (3.14)
This gives us for the required reaction (i), N+N
-@+X, a total distribution

F»,= 2(Fp„++Fp„+Fpoo+ Foo++F„~ + F„~o)

=o(Fp.++ Fp.-» (3.8)

and

1
=2+~c„c

nomic= Fff0ffy+ Fff0

(3.10)

(3.11)

For pion production by pion projectiles, it is con-
venient to define the (measurable) cross section
for production of charged pions by charged pions,

F~c„o= o(F~+o++ Fo+o-+Fo-o++ Fo-~ } . (3.9)

We then assume that

F o„o= o(F„+ o+F„„o)

While g&q in general, we should state here that
multiparticle propagation in nuclei is. poorly de-
scribed by a mean-free-path approximation. We
have found that effects which might partially be
described as self-shielding effects in the multi-
pion final state are important. In fact, for a fixed
multiplicity in the elementary interaction at the
energies of interest, the output nuclear distribu-
tion is essentially independent of any increases in
the elementary total cross sections. This happens
because, while the mean free path for single-par-
ticle propagation would decrease with increasing
a~, the shielding effects mentioned above also in-
crease such that there is an approximate cancella-
tion.

Numerically it is found that g decreases slowly
with increasing energy, from -0.4 at 10' GeV to
-0.3 at 10' GeV. This decrease is associated with
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the shoulder observable in F„„in Fig. 3 that be-
comes more prominent with increasing energy.
The shoulder is an artifact of the numerical meth-
ods used in computing the intranuclear cascade;
the elasticity calculated with the shoulder removed
is fairly constant above 1000 GeV and is only a few
percent smaller than the input, nucleon-nucleon
elasticity of 0.5. Nevertheless, in keeping with

our attempt to seek an upper bound for the effect
of intranuclear cascading on the ii/e ratio, we

have used g=0.3 throughout for the nucleon elastic-
ity on nuclear targets. In those shower calcula-
tions presented here and earlier, "which do not
include intranuclear cascading, we have used a
nucleon elasticity of 0.5.

We should also like to comment on the fact that
the nuclear-cascade calculation proceeds under
the assumption of input distributions which scale.
In fact, input distributions increase with s from
AGS to ISR energies by a large amount near @=0.
In principle, the lower-energy components of the
nuclear cascade should use the smaller single-par-
ticle distribution. However, by using the larger
distribution throughout the calculation, one over-
estimates the output distribution and therefore the
multiplicity and the ii/e ratio. This also is con-
sistent with out approach of seeking an upper bound
for the ii/e ratio, as is our use of IPM rather than
CPM.

IV. RESULTS

To test the scaling model including intranuclear
cascading we take the F~„quantities from the re-
sults of ISR experiments at s=2600 GeV'. These
caling functions are about twice as large as thosesca

at AGS energies near @=0. If we write the AG

The distribution F„„is, of course, not measured
at the ISR. However, in view of the recently ob-
served ' similarity between pion- and proton-init-
iae r a' t d reactions at the NAL we also take F..., x

ut=F" ( )+F" s (5x). These functions are then pu

through the intranuclear cascade under the IPM
assumption, as discussed in Sec. II .I. The result-
ing nucleon elasticity becomes -0.3. These dis-
tributions are in turn put through the air-shower
equations as described in Sec. II. From the re-
sulting pion and nucleon flux we then calculate the
muon ux aflux and the flux of electrons and positrons.
The resulting ratio of integral muon flux to o a
electrmagnetic shower size for showers of fixed
size =10' is shown in Fig. 4. In the same figure
are plotted results of the same calculation without
nuclear cascade (curve C). As mentioned in Sec.
III, the results of employing a CPM model for the
nuclear cascade would give a result between these
two curves; we see the experimental data are
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FIG. 4. Ratio of average integral muon number to
shower size for showers of fixed size N~ = 10 vs muon
threshold energy. Curve A: calculation with constant
cross section and intranuclear cascading. Curve C: con-
stant cross section, nucleon target. The lower-energy
data are summarized in Ref. 20.

the data.
Qne way to attempt to understand this problem

is to recall that the region in which there is the
least amount of evidence for Feynman scaling is
the central region. A preliminary calculation has
been done by Gaisser et al. 'describing the elemen-
tary interaction by the Landau hydrodynamical
model, "which has a multiplicity -E', but which
approximately scales in the fragmentation regions.
It was found that the improvement over the original
scaling model of Ref. 1 was even less than those
introduced by the models shown above. This sug-
gests that if the discrepancy is to be explained by
a breakdown of Feynman scaling, it will be neces-
sary to have the breakdown occur in the fragmen
tation regv, 'ori, and not simply at @=0. The physical
reason for this is easy to understand. As long as
a few charged hadrons can carry off a large, ener-
gy-independent fraction of the incoming energy,
the shower cannot develop as quickly as the data
indicate it must. This means, as we pointed out
in the Introduction, that the resolution of the diffi-
culty may involve some new physical phenomenon
occurring at extremely high energies.

There is, however, another possible resolution
of the difficulty which does not involve the intro-
duction of new physics at high energies. As we
mentioned in the Introduction, that is to assume

much higher than the theoretical points.
Next we attempt to take into account rising cross

sections. Without a dynamical model for the ele-
mentary interaction, we use the same (scaling)
number distributions as above and superimpose a
rising 0~, . The fit we use for the rising total
P-air cross section is taken directly from the cos-
mic-ray data of Yodh et aI, ' which is in turn con-
sistent with a o~ calculated from a (lns)' extra-
polation of recent ISR measurements of o». (The
o~,. lower bounds are also consistent with, but do
not demand, a more rapid increase in o~, .) In

addition we assume that v„,. =0.7o~ . in accord-
ance with observed interaction lengths of hadrons
in air. As we mentioned in Sec. III, the nuclear-
target number distributions are then virtually un-
changed from the constant-cross-section case.

The results of the calculation for the p, /e ratio
including both intranuclear cascading and growing
cross sections are shown in Fig. 5, together with
the o =const, nucleon-target result (lowest curve).
Similar results for the size versus depth are
shown in Fig. 6. We see that, although the com-
bined effects of increasing cross section and in-
tranuclear cascading give considerable improve-
ment, the calculated results still do not agree with

lo
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IO
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FIG. 5. Ratio of average integral muon number to
shower size for showers of fixed size N, = 10 vs muon
threshold energy. The lowest curve is identical to C of
Fig. 4.
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FIG. 6. Shower size vs depth (g/cm ). Data are from
Ref. 22 at primary intensities of 10 (cm sec sr) for
the lower and 10 (cm sec sr) for the upper set.
The curves are calculated results, normalized to the
data at - 600 g/cm2. The short dashed curve is for con-
stant cross section, nucleon target; the dash-dot curve
is for increasing cross section plus intranuclear cascad-
ing; and the solid curve is for increasing cross section,
intranuclear cascading, and A = 50. The corresponding
p/e curves are shown in Fig. 5.

that the primary cosmic radiation at EAS energies
is predominantly heavy nuclei: We can estimate
the effect of this hypothesis by assuming that a
primary of size A. and total energy E is equivalent
to A nucleon primaries of energy E/A.

The calculation, then, amounts to adding A in-
dependent showers of appropriate energy E/A us-
ing the techniques developed in this paper. The re-
sults of the calculation, combining the effects of
the heavy primary, rising cross sections, and in-
tranuclear cascades are also shown in Figs. 5 and
6. We see that for A,„=50, we can achieve satis-
factory agreement with these data.

It has been objected that the assumption of all
heavy primaries is inconsistent with observed
large fluctuations in EAS properties. ' " We point
out, however, that a calculation which takes ac-
count of fluctuations in fragmentation of a heavy
nucleus in a more realistic way' leads to larger
fluctuations of shower properties than expected
on the basis of the pure E/A superposition model, "
and that such a calculation has not, to our know-
ledge, been carried out in a scaling context. Fur-
ther, it seems plausible that the details of the frag-
mentation will not affect average shower parame-
ters. It therefore remains possible to account
both for average properties and fluctuations with

heavy primaries, though this point remains to be
investigated in detail.

The results discussed above and compared with
data in Figs. 4, 5, and 6 are for primary energies
in the range of several times 10' GeV. (The re-
lation between N, and (E,)~ is model-dependent.

O N

For showers of fixed size N, =10', (E,)„ is 2.4x10'0 Ne

GeV for scaling, o=const, nucleon target; 3.9
&10' GeV for increasing o, nuclear target; and
5.5x10' GeV for A „=50, increasing cr, nuclear
target. ) In view of the discrepancy found it is im-
portant to learn at what energies a straightforward
extrapolation of -1000-GeV accelerator data based
on Feynman scaling (possibly modified to include
increasing cross sections and intranuclear cas-
cading), together with primary spectrum that is
mostly protons, begins to fail.

With this in mind we have compared calculations
with data" "on N„/N, for a range of sizes from
N, -10' up to N, -10'. All three models discussed
here give N„~N, , with ~-0.'1 for the whole range,
10'&N,&10', over which calculations have been
made (this corresponds roughly to 3x10' GeV&(E, )„
&Sx10' GeV). The data of Refs. 33-35 give N„~N, ,
0.6~n&0.8 over this same range, with N„/N, con-
sistently higher than the calculation assuming pro-
ton primaries, as shown in Figs. 4 and 5 for N,
=10'. These data cover the muon energy range
lsd„s50 GeV. However, below 10' GeV there are
the following hints of a qualitative change in the
data: The data of Chatterjee et al.36 on N„(&1 GeV)
does show a break around N, -10' from z-0.3 below
to z-0.8 above N, -10'. Furthermore, the most re-
cently reported version of the E„&50 GeV
data ' "'"shows n-0.4 for 10'SN,~3x10 and gives
an N„/N, ratio consistent with the proton primary
calculations, at N, =10', as shown by the open tri-
angles in Figs. 4 and 5. The earlier interpretation
of this data" gave o,-0.6 with N„/N, consistent
with A,«=50, as shown by the solid triangles in
Fig. 5.

In summary, there is no clear evidence for a
change in the features of muon and electrmagnetic
components of air showers for primary energies
~10' GeV, and much of the experimental evidence
is consistent with no change above a few times 10'
GeV. Thus, significant changes in the primary
composition, or in features of high-energy inter-
actions, or both must occur between 1000 and 10'
GeV '4'

There is, unfortunately, a gap in simultaneous
measurement of two or more EAS properties be-
tween a few times 10' GeV, where both the p, and
electron components have been detected at ground
level by their Cerenkov radiation high in the at-
mosphere, and -10' GeV, above which conven-
tional EAS techniques are used. We note, however,
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that cascades initiated by high-energy primaries
will also depend on lower-energy hadronic inter-
actions in the 'cascade so that properties of hadron-
ic interactions in this intermediate energy range
may be elucidated by further studies of convention-
al EAS properties, including fluctuations, hadrons,
and lateral distribution. Resolution of the primary
composition question, however, requires observa-
tions of primaries in the energy range in question.
The underground multiple-muon experiments4' and
conventional EAS 0erenkov light measurements"
can possibly shed light on these questions in this

intermediate energy range. Simultaneous mea-
surements of several shower properties are, how-
ever, desirable.

It is amusing to note that by replotting recent
cosmic-ray composition data" versus total energy
per nucleus and by extrapolating it over three or-
ders of magnitude to 10' GeV, one obtains A ff 50
due to the observed relative flatness of the iron
spectrum. In pointing this out we do not wish to
imply this possibility to be either more or less
likely than the possibility of new physics discussed
above.
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