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Recent experimental findings at NAL and at the CERN ISR in connection with large-transverse-
momentum phenomena are analyzed. It is observed that these data can be understood in the frame-

work of Fermi's statistical model. A new scaling variable is proposed. Further experiments are suggested.

I. INTRODUCTION

Recent measurements at the CERN ISR' ' and
at NAL" of inclusive cross sections Ed'o/dP'
at large transverse momentum (Pr& 1 GeV/c) and
wide center-of-mass angles (8 near 90') have
attracted much attention in the study of multi-
particle production processes. In this paper we
present the result of an analysis of these data
as well as of other experimental findings"
relevant to the large-p~ phenomena. We show
that these data can be understood in the frame-
work of Fermi's statistical model. '

The most striking features of the large-trans-
verse-momentum processes are that (a) the wide-
angle inclusive cross section E d'o/dP' for large
p~ is much larger than that expected from the
simple extrapolation of the exponential behavior
encountered for Pr&1GeV/c, (b) this cross sec-
tion increases with increasing total energy v s,
(c) the energy dependence of this quantity is small
at low p~ but becomes stronger as p~ increases,
(d) at fixed energies the cross section at wide
angles (8 near 90') is almost independent of 8,
(e) the pions have lost the overwhelming suprem-
acy which they show over all other secondaries
at Pr&1 GeV, and (f) the associated multiplicity
at wide angles increases with increasing P~. It
has been reported' that the Pisa-Stony Brook
group sees an increase of the charged multiplicity

at wide angle when the transverse momentum of
a specified wide-angle y ray is increased. At
the same time the multiplicity at small angle
(very fast secondaries) drops. The CERN-
Columbia-Rockefeller group finds that the charged
multiplicity at 90 increases greatly when mea-
surement of a 2-GeV/c w' is required. This in-
crease is found not only in the direction opposite
to the w (factor 2.5, say) but also in the direction
of w' (factor 1.8, say). Furthermore, (g) a strong
"back-to-back" correlation between large-trans-
verse-momentum m 's is found.

Because of the apparent close connection tcf.
item (f)] between the production of large-Pr parti-
cles and the angular distribution of multiplicities,
it seems useful also to study the angular distribu-
tion in semi-inclusive processes. Angular distri-
bution data, obtained only from processes in which
at least one large-pz particle is observed, are not
available. However, such distributions indepen-
dent of this restriction can be obtained from the
existing data' ' for the single-particle g distribu-
tion at fixed charged multiplicities, (1/o„)do„/tfq.
Here q = —lntan(8/2), n is the charged multi-
plicity, o„ is the topological cross section,

1 da'„ ~ 1 do„= cosh~p-
a„dcos8 o„dg

and 8 is the c.m. scattering angle. These data"'
are given in Fig. 1. We see that while the forward
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V(s} = V F(s},
where

V =-mR0 3

F(s}=

(2)

(3)

(4)

M is the nuclear mass, and R is the radius of the
sphere (1.4 fermi).

II. STATISTICAL MODEL FOR CENTRAL COLLISIONS

We first discuss the case in which the total c.m.
energy v s is the only conserved quantity that
should be taken into account. (The total 3-mo-
mentum vanishes in the total center-of-mass
system. ) This is in fact the case when the col-
lision of the two particles is considered to be
central. The average number of particles in

(and backward) directions (cos8=+ 1) are preferred
by events of all multiplicities, the ratio of the pop-
ulation at small angles (cos 8~a 1) to that at large
angles (cos8= 0) becomes smaller for events with

larger multiplicities. It seems that the large-PT
processes are predominantly associated with
large-multiplicity events (n&(n) say, where (n)
is the average multiplicity). As a working hy-
pothesis we assume that this is the case. We shall
show in the following that indeed both the trans-
verse momentum distribution and the fixed-multi-
plicity angular distribution data can be understood
in terms of the same (a modified Fermi) model.

According to the picture proposed by Fermi, "
when two high-energy nucleons collide, the en-
ergy available in their center-of-mass system
is released in a small volume having dimensions
of the order of magnitude of the pion cloud sur-
rounding the nucleons. The concentration of en-
ergy -will rapidly dissolve and the particles i.nto
which the energy has been converted will fly in
all directions. The basic assumptions made in
Fermi's model are the following: (1) The inter-
action between pions (we recall that his papers
were published in 1950/51) and nucleons is such
that a statistical equilibrium is attained among
all states that are compatible with the conserva-
tion laws. (2) The probability that the collision may
result in the formation of one of the possible final
states is proportional to the probability that the
state in question will have all its particles con-
tained at the same time inside the small volume
into which the energy has been concentrated. (3)
The volume V (the only adjustable parameter in
this theory) into which the energy of the two
colliding nucleons is dumped, and from which the
produced particles fly out, is taken to be that of a
Lorentz-contracted sphere, i.e.,

a quantum state of energy E within the volume
V is (- for bosons, +for fermions)

eg/AT p $ & (5)

which gives

d 0'

dp' (p s)- Ve ~+ for e ' »1.
The decay temperature T can be found with the
help of Stefan's law,

Ws
V(s)' (6)

That is, the energy dependence of the decay tem-
perature is completely determined by that of the
decay volume V(s). The following cases are of
particular interest:

y (9)

and

T - const,

s1/8

(10)

Obviously, (9) follows from (4) which is the for-
mula used by Fermi'~ to calculate the total
charged multiplicity observed in the cosmic-ray
experiment. Equation (10) is the consequence
of the Pomeranchuk model, ""in which the de-
cay volume is an increasing function of the total
energy. The energy dependence given in (11)
follows from the assumption that V(s) is s-in-
dependent. That is to say, the volume at the mo-
ment of decay —whatever the magnitude and the
shape of this volume may be —does not depend
upon the total energy of the system.

In terms of the variables PT, 8, and s which
have been used in presenting the experimental
results, (7) can be written as

d 0'
(P 8's) - V(s)e r 1I'r&» ~e

p3 TP (12)

An analysis of the p T-distribution data near 6}= 90

where T is the "decay temperature" and k is the
Boltzmann constant. For collisions at very high
energies, we shall make the usual assumption
that all produced particles are extremely rela-
tivistic. In such cases, the energy of the par-
ticle E in (5) can be replaced by the corresponding
momentum P = (Pr'+Pz, ')' ', where P~ stands for
its longitudinal part. The number of particles
having momenta with magnitudes between p and
p+dp is proportional to
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for y rays and for pions as well as for all posi-
tively and negatively charged particles at different
energies' ' shows that the formula (12) can indeed
account for the features (a), (b), and (c) men-
tioned in Sec. I, provided that the decay volume
V(s) is assumed to be independent of Ne total
energy s. A comparison of the above-mentioned
data with the formula for 8=90' obtained from (11)
and (12),

d 0'
lnd, (Pr, 8=90';s)-const' Prs ' ', (13)

is given in Figs. 2-7. We see that

(14)

plays the role of a "scaling variable" for the large
P~ processes and that in connection with the s
dependence in P~ distribution, the present model
seems to favor the data given in Refs. 2, 3, 4, and
5 against that given in Ref. l. We think, this com-
parison shows that the 8 = 90' straight-line parame-
trization (13) can be considered as a good first-
order approximation of the p~ distribution data
near 90 (see e.g. Refs. 3 and t). Besides, we
note that the slopes of these straight lines are ap-
proximately the same, and that the condition for
the validity of the approximation given in (7) is
fulfilled.

Furthermore, Eg. (12) implies

ln Ed, (pr, 8;s) —ln Ed, (p~ 8=90';s)d 0' do'

PT==7.6z ~.
Hence we can also qualitatively understand why
the difference between the log plots for the P~
distributions near 90' cannot be large for small
zr (cf. Ref. 1 and (d) of Sec. 1). We shall see in
the next section that correction terms must be
taken into account when noncentral collisions are
included.

(16)

III. ANGULAR MOMENTUM CONSERVATION

Since it is not very probable that the collision
of the two nucleons should be exactly centered,
and that in cases in which the two particles collide
somewhat on one side of each other the system
is left with a considerable amount of angular mo-
mentum, the corresponding conservation law
should be taken into account. A geometrical,
semiclassical picture was proposed by Fermi'
twenty-four years ago. Following Fermi, we in-

1 — . . 15
kT(s) sin8

Now, the function 1/sin8 is an extremely slowly
varying function of 8 near 8 = 90' (e.g. , 1/sin 60'
=1.15), and a crude estimate obtained from Figs.
2-7 gives
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troduce a coordinate system (x, y, z) with its origin
on the center of the volume V (at Sec. I). The y
axis is drawn parallel to the trajectories of the
two nucleons. The z axis is perpendicular to the
plane of these two particles and is therefore the
direction of the angular momentum vector. As-
sume that the y dimension of the decay volume
V (either s-dependent or s-independent) is flat-
tened such that the z component of the angular
momentum L, of a particle with momentum P
emerging at the point of coordinates x and z (y = 0)
may be approximately given by

L, =xP cos8,

where 8 is the angle between P and the y axis.
(This is precisely the c.m. system angle used in
Secs. I and II.)

The average number of particles in a quantum
state of energy E and the z component of the an-
gular momentum L, (the components of the total
angular momentum in the x and y direction vanish)
within the volume V is

1 d'e
p* dQdp
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The constants P and X are to be determined by the
condition that the total energy and angular mo-
mentum must have their correct values Ws and
rv s, respectively. Here, r is the distance from
the center of the volume V. It is clear that the
impact parameter will be different from collision
to collision and that r will range in value from
zero to R [cf. Eq. (3)j. The median value of r is
therefore R/v 2. Explicit calculations for the case
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FIG. 4. y spectra at 8= 90' from Ref. 2: d 0/p'dQdp
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f(a) =,[e (a —1)+e "(a+1)].
2Q

Equations (19) and (20) are obtained under the
condition

Pr
1

p& cosa
p g shl@

(20)

(21)

where p is 0.959 for r = R/v2 (cf. Table I in Ref. 9).
From (21) and the rough estimate given in (16), we

E(s) =2M/Ws [see Eq. (4)J can be found in Fermi's
paper. ' The calculation for the case E(s) = const
is straightforward. The main result can be sum-
marized as follows:

(a} For 8=90, the inclusive single-particle
distribution is also given by Eq. (13). That is,
it is exactly the same as that for central collisions
(cf. Sec. II).

(b) Instead of (15) we have

de ' do'
ln E,(Pr, 8;s) —ln

E&+
(Pr, 8=90;s)

1
~ lnf( —'cols), tilt)

kT s sin8

1 do„ = const xg(p cos8),
O„d cos8 (22}

2 1 1++
n'(1 —n') n' 1 —n

see that (19) and (20) can be used for wide angles
(8&60' say) and not too small sr values (sr&0.5

say). In order to compare (19) with the existing
data, ' we used (16) to calculate the right-hand side
of Eq. (19), and obtained the values -0.2, 0.3, 1.1,
2.1, 3.3, and 4.5 for z ~=0.5, 1, 1.5, 2, 2.5, and

3, respectively. This means, while. the ratio of
the invariant cross section at 59.4' and 90 is
roughly between 0.8 and 3.1 for 0.5 &z~ &1.5, it
becomes 25 for sr = 2.5. Hence, wide-angle (8 a 60',
say) measurements at large sr()1.5 say) willbe
extremely interesting. In extending this kind of
comparison to smaller angles, not only (19) must
be modified but also an empirical separation of
products of large-P~ processes from that of frag-
mentation processes may be necessary. This
point will be discussed in some detail elsewhere.

(c) The fixed multiplicity angular distribution
is given by
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This function is plotted in Fig. 1(b), where the
curves are normalized to the experimental point
at 6=90'. Here we see that the agreement with

data for large-multiplicity events is remarkable.

IV. CONCLUDING REMARKS

( n) yTS ss/8
LTM

(24)

In the last two sections we found that the wide-

angle transverse momentum distribution data for
Pr& 2 GeV/c with its most striking features [(a),
(b), (c), and (d) of Sec. I] can be readily under-
stood in the framework of a modified Fermi model.
This proposal differs from that of Fermi's in the
following two aspects: (A} The statistical method
is not applied to all high-energy multiparticle
production processes but only to the large-trans-
verse-momentum processes (cf. Sec. I). (B) The
decay volume [cf. Eqs. (2), (8), and (11)]is as-
sumed to be independent of the total energy. These
two assumptions have led us to propose the scaling
variable zr [Eq. (14)] for the large-Pr processes.
Another immediate consequence of (A) and (B) is
that the energy dependence of averaged multi-
plicity for large-transverse-momentum (LTM)
processes (n)~~ is given by

In connection with the angular distribution of

the associated multiplicities in such processes,
an additional assumption has been made: (C}
Large-transverse-momentum processes are pre-
dominar. .ly associated with large-multiplicity
events (cf. Sec. I). This means, the applicability
of the present model to large-P& processes im-
plies that the same model must also be able to
account for high-multiplicity events in general.
A comparison with the existing multiplicity ?.ng&-

lar distribution data has been made in Sec. III.
It shows that this is indeed the case.

The observed particle ratios in large-P~ pro-
cesses [cf. (e) in Sec. I] have already been dis-
cussed in the literature. '" It is found that they
are consistent with the statistical approach.

In order to obtain further information on large-
P~ processes in general, and to find the physical
limitations of the present model in particular,
we suggest the measurement of the following quan-

tities at different energies under the condition

that at least one secondary particle uith large
transverse momentum (pr&2 GeV/c, say) is ob-
served in the central re~ on: (i) average char'ged

multiPlicity, (ii) Pr distribution at different angles,
(iii) angular distribution, (iv) distribution ratio"
or angular distribution at fixed multiplicities,
(v) multiplicity fluctuation, and (vi) two-particle
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correlation.
Experimentally, it seems that these measure-

ments can be readily made by using, e.g. , the
detection of a large-P~ y or pion as trigger. The-
oretically, this information will be very helpful
in differentiating models. For example, the
present model can be ruled out if the quantities
given in (i), (ii), (iii), and (iv) obtained under the
above-mentioned condition turn out to be incon-
sistent with those predicted in Eqs. (24), (19),
and (22). Fluctuation and correlation measure-
ments indicated in (v) and (vi) will provide infor-
mat on on the possible existence of clustering
effects in large-P~ processes. These problems
will be discussed elsewhere.
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