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We present an empirical parametrization of the variation in charged secondary multiplicity in

high-energy proton-proton collisions with impact parameter through use of the eikonal approximation
and general quasi-intuitive arguments. For the domain where proton constituents interact collectively, we
obtain the low-order moments of the charged secondary multiplicity distribution.

Recent experimental results' at ultrahigh CERN
ISR and NAL energies have coincided with and
have reinforced the emergence of a simple picture
of hadron structure and of heuristic methods for
parametrizing hadron phenomena. The simplest
of such models visualizes "constituents within
constituents, '" or "successive layers of matter, '"
both of which have characteristic dimensions that
define the energy scale of the appropriate domain.

Among "simple" methods, the eikonal approxi-
mation has received renewed attention recently in
the work of Barshay, Chao and Yang, ' and others. '
We showed earlier' how, using only the eikonal@p-
proximation and the uncertainty relation, one
could parametrize the variation of the rms trans-
verse momentum of emitted particles in hadron-
hadron collisions with particle size and incident
momentum. Here we parametrize the multiplicity
using the same heuristic picture.

We confine ourselves to energies where the had-
ron constituents participate collectively, ' so that

the collision probes an extended particle with no
structure. Thus, we consider it to be described
by a continuous distribution of hadronic matter.
Many reasonable fits to this distribution have been
used, such as Gaussian or Yukawa shapes. In the
heuristic spirit, we try to use the simplest pos-
sible assumptions, so we choose a step-function
distribution; in short, we are considering homo-
geneous spheres. '

Consider two protons, each of "radius" R. When
these approach one another with an impact param-
eter, b & 2R, no production processes take place.
For the case, b&2R, we employ again the simplest
possible description, in this case the eikonal ap-
proximation. ' Production of secondaries takes
place in the volume overlap of the two interpene-
trable spheres that are pictured as moving through
one another (Fig. I). In the notation of Fig. I, the
z axis passes through the center of the target and
the projectile moves in the z direction at an im-
pact parameter b. The relative production prob-
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FIG. 1. Geometrical relationships for two spheres of radius R that pass through one another; diagram shows spheres
at instant of maximum overlap.

ability is given by the density overlap function,

W(b}=
Jt Jtz, (r, 8)z~(r, 8)rdrdB,

y ~ R b +2~cose y'

x xdrd8,

where z, (r, 8) and z~(r, 8) are half-lengths of the
target and of the projectile traversed at (r, 8).
The integral is over the almond-shaped area,
normal to the beam direction, bounded by arcs of
the circles r= R and r=bcosB —(R' —b'sin'8)'~'.
A straightforward integration' yields

W(b)~ (4R —b )[wR zb(4R —b )—

in such a way that equal (integral) increments of
n result from equal increments of W(b); i.e., a
given multiplicity can occur only for the appropri-
ate value of the density overlap function W(b}, and
for the corresponding range in b.

Since experiments consider, generally, only
charged multiplicities, we specialize to that case,
in which n can change only by multiples of 2. Our
assumption relates n to a range in b:

Range of b

b&bo

b, &b&b,

—2R'sin '{b/2R)j . (2) b„,& b& b„

In experiment one finds that for a fixed incident
energy the multiplicity varies from 2 to a certain
energy-dependent maximum value (defined such
that the cross section for production of a greater
number of particles is less than, typically, 0.05
mb).

Using the above ultraheuristic picture we can
parametrize the variation in the number of sec-
ondaries produced with the impact parameter in
the following way. Given a certain energy E,
there is a well-defined maximum secondary multi-
plicity, - n (E); this value of n is achieved for total
overlap of the colliding spheres, i.e., for b=0.
At the other extreme, for zero overlap, n=0. Be-
tween these, larger values of n are correlated with
smaller b values, and hence with greater overlap,

b„,& b& b„

where b, =2R and b„=0. By hypothesis, we set

w(b, ) =o,

W(b, ) =2m,

W(b„) = ne, (4)

W(b„) =n.e,
where e is a constant.

One can immediately solve for the b„, using Eq.
(2):
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W(b„) = —W(0) .n. (5) TABLE I. Average charged secondary multiplicities
in pp collisions.

Since a given multiplicity, n, occurs only when

b„,~ b ~ b„, the relative probability for this
multiplicity is

1
fn= 4 & (bn-2 bn )

Mmrimum

charged
secondary

multiplicity

nm

Average
charged

secondary
multiplicity

g) (theory)

Average
charged

secondary
multiplicity

(n) (experiment)

The values of the impact parameter are of
course not subject to experimental control or mea-
surement; however, one can calculate from this
model the average charged secondary multiplicity,
as well as the higher moments of the distribution.

Concentrating first on the mean as the most
straightforward measure of the distribution, by
using values of b„determined from Eqs. (5), we
have

(7)

Recent experiments with PP collisions at incident
momenta of 102 GeV/c, "'"205 GeV/c, "303
GeV/c, '~ and 405 GeV/c" yield maximum second-
ary multiplicities of 16, 20, 24, and 24, respec-
tively. " Table I presents (n) for these cases,
from experiment and from Eq. (7).

Agreement improves with increasing energy;
thus we have also calculated (n) for very high max-
imum secondary multiplicities of 40 and 50. A
recent ISR experiment" at the highest ISR ener-
gies (s-2800 GeV') indicates an average charged
secondary multiplicity of - 10.3. We conjecture

16
20
24
40
50

4.30
5.02
5.80
8.68

10.56

3.60
4.70
5.60

-10 3
-10 3

See Ref. 16 and remarks in text.

that in the asymptotic limit of the hadron domain'
the present scheme converges to the correct
charged secondary multiplicity. At even higher
energies, where hadronic constituents" partici-
pate individually in collisions, the foregoing is
not a complete picture; contributions to produc-
tion from individual constituents must also be con-
sidered.

Table II presents. a tabulation of other low-order
moments" of the multiplicity distribution, as cal-
culated from the model and from experiment. The
higher moments are of course more severe tests
of a model, and agreement with experiment is
harder to achieve. While our computed values
are not spectacularly successful for third- and
fourth-order moments, they are quite reasonable

TABLE II. Low-order moments of the charged secondary multiplicity distribution.

102 GeV/c
Theory Exp.

205 GeV/c
Theory Exp.

303 GeV/c
xp.

405 GeV/c
Exp c

(n')

((n2) (n) 2)1/2

(n) /D

30.31

3.41

1.27

23.16

3.26

1.09

45.86

4.36

1.19

39.11

4.13

1 ' 14

54.52

4.57

1.27

54.14

4.77

1.17

57.36

5.05

1.12

g = (n(n —1))

g 8

25.99

7.33

19.62

7.09

40.68

13.85

32.53 9.77 58.85

208.15 120.43 423.07

34.42

12.33

285.14

7.47

49.22

15.58

699.79

236.5

46.78

15.42

482.14

47 47

51.72

19.91

531.67

15.4

g4

f~+ &n)

1814

-78.4

0.62

785

-66.7

0.85

4773

-59.4

0 ~ 71

2556

-162.6

0.77

9785

-651

0.64

5257

-404

0.67 0.18

g3 = (n (n —1) (n —2)), f3
= g3 —3f ~f~

—f~, g4 = (n (n —1) (n —2) (n —3)),f4
——g4 —6f & f&

—3f&—4f&f3 —f&,. see Ref. 17.
A combination of Mueller correlation parameters, predicted to be constant; see Ref. 17.
The theoretical results are the same for 303 and 405 GeV/c, and the experimental results

are preliminary for the latter case. See Ref. 15.
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for all moments through the second order, and
even for the higher moments agreement improves
with increasing energy, so again we would suggest
agreement in this limit.

In terms of a "layered structure'" of the proton
itself we can correlate the values of b„, where
the multiplicity changes, with the corresponding
"radius" of the target, r„, to which the projectile
has penetrated, by noting the reasonable defini-
tion

b„=R+r„.
Using the usual value R = 0.9 fm, "we have at the
highest energies r, =0.43 fm and r4=0.27 fm.
This agrees closely with other related calcula-
tions of nucleon layer radii. "

We can remark qualitatively on mp collisions in
terms of this model. If we assume that r, &r~,"
then at small b values further decrease of b will
not cause the overlap function to increase as fast'
as for spheres of equal radii. Hence b must
change faster in this region, so in computing (n)
through Eq. (7) high n values are now weighted by
larger coefficients (b„,' —b„'); thus (n) is in-
creased. Indeed, we see from experiment, com-
paring pp (Ref. 13) and wp (Ref. 20) collisions at

205 GeV/c, that (n) and other first-order moments
are slightly higher for wp.

The entire development depends on taking n (E)
as a given quantity and finding the moments on
the basis of this. However, beyond that, the re-
sult is a universal parametrization free of any
other numerical parameters. Thus, while no one
would consider (nor do we propose) this scheme
as a complete literal theory of hadron structure
and of the production mechanism, nevertheless
the thoroughgoing simplicity and quasi-intuitive
nature of the picture, together with modest suc-
cess in parametrization, points toward a more
serious consideration of the nature of "intuitive"
vs. "abstract" schemes for hadron structure.
Elsewhere" we present further computational de-
tails and take up the idea that such an approach
may yield as complete an account as one is likely
to get of the asymptotic limit of a domain of had-
ron phenomena' dominated by the characteristic
length —whether of the hadron or of its constitu-
ents.

We are indebted to Professor L. Van Hove for
some helpful remarks and to Dr. P. Nuthakki for
useful discussions during early phases of this
work.
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Recent experimental findings at NAL and at the CERN ISR in connection with large-transverse-
momentum phenomena are analyzed. It is observed that these data can be understood in the frame-

work of Fermi's statistical model. A new scaling variable is proposed. Further experiments are suggested.

I. INTRODUCTION

Recent measurements at the CERN ISR' ' and
at NAL" of inclusive cross sections Ed'o/dP'
at large transverse momentum (Pr& 1 GeV/c) and
wide center-of-mass angles (8 near 90') have
attracted much attention in the study of multi-
particle production processes. In this paper we
present the result of an analysis of these data
as well as of other experimental findings"
relevant to the large-p~ phenomena. We show
that these data can be understood in the frame-
work of Fermi's statistical model. '

The most striking features of the large-trans-
verse-momentum processes are that (a) the wide-
angle inclusive cross section E d'o/dP' for large
p~ is much larger than that expected from the
simple extrapolation of the exponential behavior
encountered for Pr&1GeV/c, (b) this cross sec-
tion increases with increasing total energy v s,
(c) the energy dependence of this quantity is small
at low p~ but becomes stronger as p~ increases,
(d) at fixed energies the cross section at wide
angles (8 near 90') is almost independent of 8,
(e) the pions have lost the overwhelming suprem-
acy which they show over all other secondaries
at Pr&1 GeV, and (f) the associated multiplicity
at wide angles increases with increasing P~. It
has been reported' that the Pisa-Stony Brook
group sees an increase of the charged multiplicity

at wide angle when the transverse momentum of
a specified wide-angle y ray is increased. At
the same time the multiplicity at small angle
(very fast secondaries) drops. The CERN-
Columbia-Rockefeller group finds that the charged
multiplicity at 90 increases greatly when mea-
surement of a 2-GeV/c w' is required. This in-
crease is found not only in the direction opposite
to the w (factor 2.5, say) but also in the direction
of w' (factor 1.8, say). Furthermore, (g) a strong
"back-to-back" correlation between large-trans-
verse-momentum m 's is found.

Because of the apparent close connection tcf.
item (f)] between the production of large-Pr parti-
cles and the angular distribution of multiplicities,
it seems useful also to study the angular distribu-
tion in semi-inclusive processes. Angular distri-
bution data, obtained only from processes in which
at least one large-pz particle is observed, are not
available. However, such distributions indepen-
dent of this restriction can be obtained from the
existing data' ' for the single-particle g distribu-
tion at fixed charged multiplicities, (1/o„)do„/tfq.
Here q = —lntan(8/2), n is the charged multi-
plicity, o„ is the topological cross section,

1 da'„ ~ 1 do„= cosh~p-
a„dcos8 o„dg

and 8 is the c.m. scattering angle. These data"'
are given in Fig. 1. We see that while the forward


