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The reactions of positive pions with protons yielding four charged particles and one or more neutrals

have been studied, especially the reaction m+p 6,++co pm+a+@ m . The results presented in this

paper were obtained from a 100000-picture exposure of the Argonne-MURA 30-in. liquid hydrogen

bubble chamber, with a beam of incident pions of 4.09-6eV/c momentum. Comparisons have been

made with corresponding results of other experiments at various incident beam momenta, and with the

predictions of some theoretical models of the n+p interaction.

I. INTRODUCTION

The results presented in this paper were ob-
tained from a 100000-picture exposure of the Ar-
gonne-MURA 30-in. liquid hydrogen bubble cham-
ber at the Argonne National I.aboratory. ' The in-
cident beam of ~' mesons had a momentum of 4.09
GeV/c at the center of the bubble chamber. Cross
sections for various interactions are given, as
well as a detailed description of the exclusive re-
action m'p- 6"~'- pm'm'w w'. Comparisons have
been made with corresponding results from other
studies at various momenta. '

II. CROSS SECTIONS

The film was scanned for all interactions of the
beam particles. Approximately one-half the events
were measured with the NIT PEPR (Precision En-
coding and Pattern Recognition) system after pre-
digitizing at Brown; the remainder, including
events which were judged unsuitable for PEPR and
those which PEPR failed to measure, were hand
measured. Reconstruction of the events in space
and kinematic fitting were carried out by means of
the programs TVGP and SQUAW. The ionization
density of each track was determined by PEPR for
the automatically measured events, and was visu-
ally estimated for each hand-measured event.
Each kinematic hypothesis found successful by
SQUAW was required also to be consistent with the
ionization information.

In order to ensure accuracy in the measure-
ments, the final sample was limited to events with

their interaction points in a fiducial volume which
provided that the incoming track had a measurable
length of at least 1V cm, and each outgoing track a
measurable length of at least 21 cm in the cham-
ber. The predetermined beam momentum of 4.09
+0.10 GeV/c was used in SQUAW, with the mea-
sured direction of the incoming particle for each

event.
The total number of events of all topologies found

within the fiducial volume was 21448. This num-

ber was corrected for scanning efficiency, deter-
mined as a function of topology by double scanning
about 10% of the film. The efficiencies were (95
+ l)% for two-prong, (97 +1)% for four-prong,
(98+1)% for six-prong, and (99+1)% for eight-
prong events. An additional correction was made
for elastic scattering events in which the pion was
deflected through angles less than 2', as such
events tend to be systematically missed by the
scanners and are therefore not taken into account
by the double-scanning efficiency correction. The
corrected total number of events occurring in the
fiducial volume was calculated to be 23158.' With
the total v'p cross section at 4.09 GeV/c taken to
be equal to 27.62 +0.03 mb, from the counter ex-
periment of Citron et al. ,~ this number of events
corresponds to a cross section of 1.193 pb per
event (corrected) in this experiment. The cross
sections for all charged-particle multiplicities are
given in Table I. The inclusive reactions m'P- m'X

and m'p- m X have been studied for this entire
group of events, and the results have been given
in another paper. ' In this paper we will discuss
events with four charged particles and one known

neutral particle in the final state —events which
are fitted by SQUAW with one constraint (1C). In

particular, we will consider in detail events pro-
duced via the interaction

v'p-Pv'v'v v' (1C). -

Only cross-section information will be given for
the reaction

v'p- nv'v'v'v (1C).

Among the four-prong events, in addition to (1)
and (2), the following final states were identified:
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TABLE I. Cross sections for production of events with two to eight charged particles.

Topology
Events

measured
Small-angle
scatter loss Scan efficiency

Total
events

Cross
section (mb)

2-prong
4-prong
6-prong
8-prong

Totals

12 910
7913
617

8

21 448

734

734

0.95 + 0.01
0.97 + 0.01
0.98 + 0.01
0.99 ~ 0.01

14 362
8158

630
8

23 158

17.13+ 0.24
9.73+ 0.15
0.75+ 0.03
0.01+0.003

27.62

w'p- pw'w'w- (4C),

w'P- Pw'w'w MM (OC),

(3)

(4)

w'p-w'w'w'w MM (OC). (5)

Reaction (3) gives a four-constraint (4C) fit; if
an event had both 4C and 1C fits, the 4C fit was
chosen. Also, a successful 1C fit was chosen in
preference to an acceptable OC fit.

Before abandoning a 4C fit for a 1C fit, or any
constrained fit for a OC fit, on the basis of ioniza-
tion inconsistencies alone, the ionization estimates
were rechecked visually. Similarly, events which
had more than one successful hypothesis at the
same constraint level (4C or 1C) were checked to
see if these ambiguities in identification could be
resolved by ionization information. The numbers
of unambiguously identified events of each of the
reactions (1)-(5)are given in Table II. Events re-
maining with unresolved ambiguities amounted to
just over 1% for 1C events [reactions (1) and (2)],
and less than 0.5% for 4C events [reaction (3)].
There was a much larger number of ambiguities
for OC events, partly because of a lack of a fur-
ther check of ionizations such as was made for 4C
and IC events.

The total number of four-prong events (Table I)

includes strange-particle production; however, no
attempt has been made to fit strange-particle pro-
duction hypotheses to these events. On the basis
of a measured cross section of' 0.424+0.055 mb
for the production of strange particles in four-
prong interactions of pions of 4.0-GeV/c momen-
tum, we estimate that about 345 such events were
produced in the fiducial volume of this experiment.
This number is consistent with the number of V"s
and charged decays observed, and accounts for a
large proportion of the 418 unidentified events
mentioned in Table II.

In order to obtain the cross sections given in Ta-
ble III for reactions (1)-(5), the ambiguous events
and the unidentified events unaccounted for by
strange-particle production were divided among
the various reactions in proportions determined
by the unambiguously identified events. Such un-
certainly identified events amounted to less than
about 2% of the total for each reaction except those
including missing masses, reactions (4) and (5).
As can be seen in Table III, the cross sections ob-
tained in this experiment are in good agreement
with cross sections measured in other experiments
at nearby momenta. It should be noted that in cal-
culating the cross sections given here, misidenti-
fication of events among the reactions has been
assumed to be negligible.

TABLE II. Numbers of unambiguously identified events of reactions (1)-(5).

Reaction
Number of
constraints

Number of
events observed

(1) 7r p pn'+n'+n' n'0

(2) ~'p-n~+~+~+~-
(3) n'p-p7r'n'~
(4) r+p~pn+n n MM

(5) 71+P r+r+ r+r MM

Total

2936
727

2239
725
408

7035

~ In addition to the 7035 unambiguously identified events listed above, there were 460 ambi-
guous events which satisfied more than one hypothesis at a given constraint level, as follows:
5 four-constraint, 45 one-constraint, and 410 zero-constraint fits. There were also 418 un-
identified events, making a total of 7913 four-prong interactions seen.

The numbers in this table have not been corrected for the scanning efficiency. For four-
prong events, this was (97+1)%.
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TABLE III. Cross sections for reactions (1)-{5).

Reaction

Other experiments
at nearby momenta

Cross section at pfgb ——4.09 GeV/c Cross section Momentum p &,b

(this experiment)

(mb)

{mb) (GeV/c)

(1) x'p —p n'~'g-go

(2) 7f p~g7I 7r 7t' F

(3) m'p- p7t'~'m

(4) n'+p p x+ 7t'+ 7) MM

3.70 + 0.08

0.91+0.04

2.79+ 0.07

1.23+ 0.05

3.41 ~ 0.19
3.43+ 0.69
3.78+ 0.36

0.93+ 0.19
0.97+ 0.10

3.09+ 0.64
2.83+ 0.21

1.33 ~ 0.25

3.9Ob

4.oo'
4.os '
4 ooc
4.os '
4.oo'
4.08

4 pc

(5) 7r+p m'+7r 7r+7t' MM 0.68 + 0.03 0.87 4 pc

Total four-prong,
nonstrange-particle
production

Total four-prong

9.31+ 0.10

9.73+ 0.15

9;65 4 pc

Ambiguous and unidentified nonstrange-particle events have been divided statistically among
reactions (l)-(5), in accordance with the proportions of unambiguously identified events. The
errors are statistical only, based on numbers of identified events and the error in the effi-
ciency measurements, and do not include an estimate of systematic errors in identification.

b Pless et al. , Ref. 2.
M. Aderholz et al ., Phys. Rev. 138, B897 (1965).

d Brown d Q. , Ref. 2.

The events which were unambiguously identified
as proceeding via reaction (1) constitute the sam-
ple to be discussed in detail in the following sec-
tions.

III. THE REACTION m'p ~pw'n'n x

Various two-, three-, and four-body effective
mass plots for reaction (1) are shown in Figs. 1-
6. The following mass limits for the various res-
onances were used in making the data cuts for all
figures:

the m' is included in an oo or q' resonance; the
solid histogram is further restricted to combi-
nations in which the momentum transfer to the p7t'

system is small: ~t ~&0.6 (GeV/c)'. The first two
histograms, which include events of all ~t ~, show
a substantial h" (1236) signal on a large back-
ground, while in the histogram of events of low

(t ~, for b."(1236)produced peripherally, the sig-
nal-to-background ratio is greatly enhanced.

Figures 1 and 7 [a scatter plot of effective mass-
es M(Pw') vs M(w'w w')j show that the 6"(1236) is
produced via the interactions

1116& M(Pw') & 1356 MeV/c',

&u: 733&M(w'w w')& 833 MeV/c',

508 & M (w' w w ') & 588 MeV/c',

p: 640 & M(ww) & 890 MeV/c'.

A. Baryon resonances

and

~+p g+ + ~0

r+p

as well as

n+p-a++m+7t m0.

(6)

(8)

Figure 1(a) shows the effective-mass distribution
of the p7)' combinations. The unshaded histogram
shows two combinations for each event; the shaded
histogram excludes p~' combinations for which

There is evidence also of m'p- b,"pm and m'p
—6"A, „seen against a large background (Figs.
3, 4, and 5).

The p~ and p~' effective-mass plots in Figs.
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FIG. 1. (a) Distributions in M(P~'), the effective mass of P&+ combinations produced in reaction (1). The clear
histogram contains all the p~+ combinations, two per event; the shaded histogram contains only those pe+ pairings for
which the m+ is not included in an & or g resonance; the solid histogram is restricted to those Pn+ combinations for
which n' is not shared with an a~ or n~ and the momentum transfer to the ps+ system is small, ~t~&0. 6 (GeV/c)~. (b)
Distributions in M(pv ), the effective mass of pv produced in reaction (1). (c) Distributions in M(p7r ), the effective
mass of Pm produced in reaction (1). In (b) and (c) the clear histograms contain all the combinations, one per event,
while the shaded histograms include only those for which the proton is not included in a 4++ @236) and the 7r or n~ is
not included in an u or g resonance.

1(b) and 1(c), respectively, show that 6' and 6'
production are both small, not readily distinguish-
able above the background. In Fig. 1(b) the clear
histogram shows all the Pw combinations (one per
event); the shaded histogram shows only those
events for which the proton does not fit a 6"(1236)
and for which the m meson does not fit an w or q
combination; Fig. 1(c) gives the corresponding
histograms for the pm' combinations. Clearly,
these requirements exclude a large percentage of

Pm and P~ combinations, leaving only a total of
451 among 2936 events. If one adds the require-
ment that the p~ or pw' combination should have
a momentum transfer ( t (

& 0.6 (GeV/c)' (histo-
grams not shown), all but a handful of events are
eliminated, with 71 pm and 75 Pm' combinations
remaining.

Mass distributions have been plotted for various
combinations of the proton with two pions. These
distributions for the most part are smooth and
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FIG. 2. Distributions in the effective masses of some proton and two-pion combinations from reaction {1): {a)
M(pw+w ), (b) M(pw+w ), (c) M(pw+w+). In each case a pww combination has been plotted only if pw+ lies in the E++ band,
and there is no ~ or g .

show no distinguishable signs of resonance struc-
ture. In Fig. 2 are shown theM(pw'w ), M(pw'w'),
and M(pw'w') plots, with M(pw') in each case re-
quired to be in the 6"(1236) band, and with those
combinations excluded for which the pions fit an
~' or an q'. The roughly triangular shape of the
distributions, each rising steeply to a peak just
below 1580 MeV/c', arises from the requirement
that 1116& M(Pw') ~ 1356 MeV/c'. The M(Pw'w )
distribution, as compared with the doubly charged
M(pw'w'} and the triply charged M(pw'w'), shows
a possible enhancement in the region 1600-1720
MeV/c', which would be consistent with a signal
from N'(1670) and N'(1688), both of which have
isotopic spin —,

' and decay via 4~.

B.Mesqn resonances

Figure 3 shows the distributions of all the dipion
mass combinations for reaction (1). In Figs. 3(a)-
3(d) the unshaded histogram in each case shows all
the possible two-pion combinations of the indicated
charge; the shaded histograms exclude the combi-
nations for which the pions fit an (d or q reso-
nance, or, in the case of 7I' mesons, an ~', g',
or A"(1236) resonance. Figure 3(d) shows the
featureless M(w'w'} distribution, for comparison.
In Figs. 3(e)-3(g), the w'w, w'w', and w w' com-
binations are shown as in the shaded histograms
of Figs. 3(a)-3(c), with the added condition that
the dipion is accompanied by a 6"(1236). There
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FIG. 3. (a)-(d) Distributions in the effective masses of various dipion combinations from reaction (3,). (a)M(x+n ),
(b}M(w+w ), (c) M(w wo}, (d) M(w+w+). In each of (a)-(d), the clear histogram shows all the combinations of the given
charge for each event; the shaded histogram excludes any combinations in which one or both of the pions is included in
a A++(1236), coJ or S resonance. (e)-(g) M(w+w ), M(w+w ), .M(w w ), respectively, with the dipion required to be ac-.

companied by 4++ (1236), and with the further requirement that neither particle in the dipion combination is included in
a b++(1236), cu, or g resonance.

is a large background, against which charged and
neutral p production are seen, both with and with-
out an accompanying d, "(1236}.Figure 3(f}shows
a particular enhancement of the p' signal in the in-
teraction w'p- 6,"p'm .

Figure 4 shows the w'n m' effective-mass dis-
tributions. The unshaded histogram includes two

combinations for each event, and both q' and co'

are clearly evident. The shaded histogram in-
cludes only those combinations ~,'w z' that are ac-
companied by b,"- pm,'. About one-half of the (d'

and over 40% of the qc are apparently produced
with a b, ", via intermediate reactions (6) and (7).
(See also Fig. 7.) Reaction (6) accounts for ap-
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FIG. 6. Distribution in effective mass M(s v v ) from
reaction (1), including only those tripion combinations
that satisfy the following requirements: The effective
mass of a combination of two of the pions of the tripion
7t', n. m. must fall in the p band, the tripion must be
accompanied by a 4++ P7j&, and none of the constituents
of the tripion are included in a A++, ~, or g resonance.

proximately 10% of interaction (1), and reaction
(7) for just over 1%. Cross sections for these re-
actions, with corrections for background and effi-
ciency, are given in Table IV. The signal-to-noise

ratio for both q' and w' production is sharply in-
creased by limiting the distribution to events with
small momentum transfer to the baryon. An
indication of this is shown in the solid histo-
gram of Fig. 4, which includes only those b,"~'
events in which the 4" is produced with a momen-
tum transfer of

~
t

~

&0.6 (GeV/c)'. Both ~' and q'
production practically disappear for

~
t~&1.0 (GeV/
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FIG. 7. Scatter plot for reaction (I), M(v+v v ) vs
M(p7j' ), two combinations per event.

FIG. 6. I)istributions in effective mass M(a+r+7l v ) for
reaction (1). Both histograms contain only those com-
binations for which neither 7I'+ is contained in a 4++
resonance, and for which one ~'7t' xo combination lies
in the v band. The clear histogram is for all values
of ~t~, the momentum transfer to the proton, while the
shaded histogram contains events for which tt~ & 0.6
(GeV/c) 2.
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TABLE IV. Cross sections for some quasi-two-body intermediate states of reaction (1).

Other experiments at
nearby momenta

Reaction ~ Cross section at p&, b
—-4.09 GeV/c

(this experiment)

(mb)

Cross section

(mb)

p lab

(GeV/c)

(6) n p 6 cu

(7) n'p-A++ g'

0.36 +0.03

0.044+ 0.007

0.35 +0.04
0.39 +0.04

0.03 ~0.004
'0.043 + 0.008

4 0b
4 08c

4.0b
4 08c

The cross sections given here are for these reactions proceeding to the final state
pn'x'm 7t'.

M. Aderholz d al. (ABBLHM), Phys. Rev. 138, B897 (1965).
Brown et al. , Ref. 2.

c) . Reaction (6) is discussed in detail in Sec. IV.
In the mass distribution of all the w'w m' mass

combinations (the clear histogram of Fig. 4},
there is some indication of a signal in the A, re-
gion. The requirement that the ~'w w' combination
be accompanied by a A" (the shaded histogram of
Fig 4) enh.ances the signal in the mass interval
1240&M(v'v v') &1440 MeV/c', and reveals a
small bump in the. mass distribution in the A, re-
gion. The solid histogram which contains events
with small momentum transfer [&0.6 (GeV/c)']
to the b,"shows no such signals.

The distribution in M(v,'v w'), with pv,
' required

to form a 6"(1236), has been replotted in Fig. 5

with the added requirement that one of the dipion
combinations, ~,'n, or m,'7t', or w w', form a p
resonance. This plot shows no further enhance-
ment in the A-meson signal.

Four-pion mass combinations M(v'v'v v'} have
been plotted, with the requirements that one of the
~'w ~' combinations lie in the (d' band, and that
the w' mesons are not shared with a 6". In the
clear histogram of Fig. 6 the distribution is plot-
ted for all values of ( t ~, the momentum transfer
to the proton, while in the shaded histogram only
events with

~
t ~& 0.6 (GeV/c)' are shown. There is

no well-resolved B meson distinguishable in these
histograms.

reduced to negligible proportions by limiting the
study to events with low momentum transfer, thus
effectively providing a pure sample. This reac-
tion, represented in the diagram of Fig. 8, can
proceed via p or B exchange, while v, f, q, and
u exchanges are forbidden.

Figure 9 contains a plot of do/dt vs t for reac-
tion (6). The data exhibit a dip in cross section
for ~t ~

&-0.15 (GeV/c)', below a broad peak
centered at

~
t [ -0.2 (GeV/c)', as expected for a

reaction that proceeds mainly by vector-meson
exchange In th.e region 0.2& ( t ( & 1.0 (GeV/c)',
the cross-section data are very well fitted by a
single exponential: do/dt = const x e '~' . Values
of b found by fitting an exponential to the data for
various ranges of

~
t ( are given in Table V. Also

given there for comparison are values of b ob-
tained in other experiments at several different
beam momenta. In the momentum transfer inter-
val 0.2& )t

~

& 1.0 (GeV/c)', the data are consistent
with a, constant value of the exponent 6 (b = 3.2
+ 0.5, 95% confidence level) for P», the momen-
tum of the incoming pion, ranging from 4.0 GeV/c
to 18.5 GeV/c.

The data have been compared with the predic-
tions of several models. The one-meson-exchange
(OME) model without absorption is known not to
give agreement with experimental results, ex-
cept for reactions in which a pion may be ex-
changed. However, if absorption effects are in-

IV. THE INTERACTION x'p ~b,"w ~pm'n'n' m

Of the quasi-two-body interactions observed,
the one most amenable to analysis is

(6)
+I. +

PTf

because it occurs with reasonable frequency, and
because the relatively small background can be FIG. 8. Diagram for reaction (6).



INTERACTIONS OF 4.09-GeV/c POSITIVE PIONS WITH. . . 3023

0
' l

C9

E 0.10

FOX AND SERTORIO

DWW

0 EXPONENTIAL

40

z ~0)
LLI

0 20—
K

- tZI

X IO-
Z',

0-I 0
cos e

g++

(0)

+I
I

0

(b)

0OI & I i I s I I I g

0 0.2 0.4 0.6 0.8
[(Gev/c ) j

FIG. 9. dcJ/dt vs -t for reaction (6). The dashed curve
was calculated by Dar, Watts, and Weisskopf, Ref. 8;
the full curve was found by interpolation from the calcu-
lations of Fox and Sertorio, Ref. 9. The dot-dash line
is an exponential, fitted to the data over the interval
0.2 & ~t~& 1.0 (GeV/c)t.

I.O

TABLE V. Values of b from fits of the experimental
data to do'/dt =ae ~, for the reaction n'+p 4++m .

Momentum of
incident pion

(GeV/c)

4 oa, b

4.08
4.09 (this experiment)

5.o'

5.72'
8.Og

18 5b,h

Range of ~tI

(GeV/c)'

0.2 & It I
& 0.46

0.2& Itl & 0.60
0.2& Itl &1.06
0.2& (t) &1.2
0.2& [tl & 0.44
0.2& JtI & 0.60
0.2& ltl &1.00

0.15&
0.15&

0.15&

t' &0.4'
t' &o.6
t' &1.0
t' & 1.0

0.16& It
'

I & 0.4'
0.15& t' & 0.6
0.15& t' & 1.0
01& t 1&10

b

(GeV/c) 2

3.83+ 0.81
2.28 + 0.48
2.67 + 0.32
2.71 + 0.28
3.13+0.51
2.84 + 0.28
2.81+ 0.15
4.4+ 1.0
3.7+ 0.5
4.3+ 0.3

2.67 + 0.95
3.2+ 1.7
3.9~ 0.7
4.6+ 0.5
3.6+ 0.8

M. Aderholz et al ., Nuovo Cimento 35, 659 (1965).
Exponent factor & not given in the reference cited,

but determined from data in the reference.
Brown et al. , Ref. 2.
Pols et cd. , Bef. 2.
t' =t-tm~, where tffdxf is the kinematic lower limit on

momentum transfer, determined for each event. No sub-
stantial difference in exponents is found for our data
when t' is used in place of t. A dip in do/dt is still
apparant for ~t'

~
&-0.2 (GeV/c)t.

Dao, Bef. 2.
&M. Aderholz et al. , Nucl. Phys. B8, 45 (1968).
"Biswas et al. , Ref. 2.

eluded, reasonably good agreement between mod-
el predictions and experiment can be obtained. '
The dashed line shown in Fig. 9 is calculated
from the OMEA (one-meson exchange with ab-
sorption) model as modified by Dar, Watts, and
Weisskopf (DWW), ' assuming p exchange.

For a Regge model, the absence of a dip in
do/dt at

I
t I

= 0.6 (GeV/c)' indicates that p ex-
change alone is unsatisfactory. The solid line in
Fig. 9 is the result of the Regge calculation of
Fox and Sertorio, taking into account p and B
primary and secondary (p', B') trajectories. The
last-mentioned curve for 4.09-GeV/c pions was

40

V)t-
~ 30-

4J
03

IO—

0 0
cos e

(a)

+I -7T
I

0

(b)

FIG. 11. (a) Gottfried-Jackson angle 8 for u from
reaction (6). 0 is the angle between the incoming pion
and the normal to the co decay plane in the u rest
system. (b) Treiman-Yang angle ((t), the azimuthal
angle, which is equal to zero in the production plane.
The solid lines in (a) and (b) were found by making
least-squares fits of Eqs. (10) to the data. Only events
with ~t~ & 0.6 (GeV/c) are included.

FIG. 10. (a) Gottfried- Jackson angle 0 for 4+' from
reaction (6). 8 is the angle between the incoming proton
and the outgoing proton, in the rest frame of the 6++.
(b) Treiman-Yang angle Q for 6++ from reaction (6).
Q is the azimuthal angle, with (t) =0 in the production
plane. The solid lines in (a) and (b) were found by
making least-squares fits of Eqs. (9) to the data. Only

events with Itl & 0.6 (GeV/c)t are included.
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obtained by interpolation from the Fox and Sertorio
do/dt vs t calculations for 3.5- and 5.0-GeV/c
pions. The interpolation was carried out under
the assumption that the momentum dependence of
the total cross section for reaction (6), o
a:p~ 'I,"holds also for do/dt at every t. The
Fox and Sertorio curves for various values of P„b
appear to be in reasonable agreement with this
assumption, especially for

~
t

~
&0.3 (GeV/c)', and

the resulting curve for P„b =4.09 GeV/c is in-
sensitive to the details of the interpolation, ex-
cept at

~
t ( & 0.3 (GeV/c)'. A conservative upper

limit for the calculated curve in the region
~
t

~

& 0.3 (GeV/c)' can be established by the fact that
the peak value of do/dt obtainable from the Fox
and Sertorio model for p~b =4.09 GeV/c must be
less than the value given by the model for p»
= 3.5 GeV/c, which is do/d t =0.7 mb/(GeV/c)' at
(t ( =0.14 (GeV/c)'.

Both the DWW and the Fox-Sertorio curves agree
with the data better than the OMEA-model calcu-
lations of Gottfried and Jackson' which gave much
too slow a decrease in dc/d t with increasing

~
t

~
. While the Fox and Sertorio Regge-model

curve is low throughout the range of
~
t

~ covered,
its shape appears to conform better to the over-
all distribution of the data than the DVPiV curve.
In Ref. 9 Fox and Sertorio give comparisons with
data which show the calculations somewhat on the
high side at p» = 8.0 GeV jc, somewhat on the low
side at 5.0 GeV/c, and definitely low at 3.5 GeVjc.

The spin-density-matrix elements p33 p3

p3$ for the &'+, and poo~ pi i, and p,o for the a)',
have been determined from the experimental de-
cay angular distributions by using the formulas
given below.

For 4+'

cc 1+4p»+ (3-12p») cos'8,
do'

d cos6

~ 1+(4/W3) Re(p, ,)

-(8/v 3)Be(p, ,) cos'P,

Re(p») = (5v 3 /8) (sin28 costp),

(9)

where ~ is the angle between the incoming proton
and the outgoing proton, in the 4" cm system,
and Q is the corresponding azimuthal angle, with

P =0' in the production plane (the Treiman-Yang
angle).

For v'

~ 1-poo+ 3(p~-1) cos 8,
d(cos&

dg ~ 1+2p»-4p»cos Q,
(10)

Re(p„) = —(5/4v 2 ) (sin2&cosg),
where 6) is the angle between the incoming w and
the normal to the co decay plane in the u rest
system, and Q is the corresponding azimuthal
angle, with Q =0' in the production plane. Figures
10 and 11 show the distributions in 6 and P for the
&+' and m, respectively, for events of reaction

TABLE VI. Comparison of p&, for interaction (6), determined in experiments at several laboratory momenta.

Momentum
of

incoming
pion

(GeV/c)

Range of
(t/ used

in fit
(GeV/c) poo Rep« p33 Rep&

&
Re p&,

4.09 (this experiment)
40
3.92h

5.72
18.5'

it( & o.6
)tJ & o.6
Jt/ &o.6
ft( &o.6
(tJ &o.s

0.413+ 0.056
0.47+ 0.05
0.48 + 0.06

0.369 + 0.081
p.26+ 0.10

0.003 + 0.062
0.126+0.045
-0.04 ~ 0.05
0.037+ 0.069
0.07+ 0.09

-0.122 + 0.029
P.1P3+ 0 026
-0.1.4+ 0.04

-0.069+ 0.050
0.05+ 0.07

p.177+0.037
0.15+ 0.04
0.].9 + 0.04

0.162+0.061
0.22+ 0.08

0.068 + 0.022 p.p45 p p.p34
0.035+ 0 040 -0.048+ 0.038
0.02 + 0.04 -p.p7 + p.p4

0.069 + 0.055 0.136~ 0.057
0 01+0 08 0 04+0 08

Theoretical estimates

40
4.of s
5 ph, g

8.O'g
8.O'

0.46

0.35
0.35
0.31

0.13

0.09
0.15
0.24

-0.10

-0.12
0.1

-0.07

0.15
0.1
0.23
0.2
0.22

0.087
01
0.01
0.15
0.127

=0
-0.05

0.03
0.02

~ 0

~M. Aderholz et al. , Nuovo Cimento 35, 659 (1965).
Winkelmann, Ref. 2.

'Dao, Ref. 2.
Biswas et al. , Ref. 2.
A. B. Kaidalov and B. M. Karnakov, Zh. Eksp. Teor. Fiz. Pis'ma, Red. 5, 344 (1967) [JETP Lett. 5, 284 (1967)].
Dar, Watts, and Weisskopf, Ref. 8.

~Estimates of average p@, were made by us from p&f, vs t curves given in the reference.
hFox and Sertorio, Ref. 9.
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(6), with the limitation I t I
& 0.6 (GeV/c)' imposed

to ensure a reasonably pure sample. The solid
curves are least-squares fits of Eqs. (9) and (10)
to the data. Table VI shows the average spin-
density matrix elements determined from these
data, and corresponding results from other ex-
periments at various incident pion momenta, to-
gether with values predicted by several models.
With a few exceptions, the average values of p, ~

at the several momenta are consistent with each
other, within the considerable errors. This re-
sult, and the apparent constancy of the exponent
factor b over the incoming pion momentum range
4.0 to 16.5 GeV/c, support the assumption that
the production mechanism remains the same
throughout this momentum interval. The results
of the model calculations are roughly consistent
with the data.

A more sensitive test of a model should be given
by studying the variation with t of the elements
p,». Figures 12 and 13 show plots of these data for
the p, ~ of L++ and m', respectively; the solid
curves are those of the Dar-Watts-Weisskopf mod-

el, ' and the dashed curves are from Fox and
Sertorio for 5.0-GeV/c incident pions. ' Many
more data are needed to refine the comparison.
Although agreement is rather poor in some cases,
it is not possible to rule out either model on the
basis of these comparisons, given the large sta-
tistical uncertainties in the data now available.

The quantity p„do/d t is plotted in Fig. 14.
This quantity contains contributions from 1' poles
only, since 1 particles do not couple to the I 00)
state of the I me) vertex. This figure thus in-
dicates the exchange of B-like poles in reaction
(6). The decrease in p~ do/dt for I t

~

&0.2 (GeV/c)', in agreement with the observation
of Abrams et al. ,"is much sharper than the de-
crease in do/dt in this region (Fig. 9), and may
arise from a change in polarization of the ~ in
this region of I t I .

Density matrix elements depend on the reference
system chosen, and Donahue and Hogaasen (DH)"

0.4

0.2
0.2—

0.2

tD

EC 0
~ T s

0.2
I

-0.2 -0.2

0.2

0) 0

~ 0.2
O

0

-0.2

0.2 0.4
I I

0.6 0.8
2-t (GeV/c )

I a

I.O 1.2

—0.2
I s I s I s I

0.2 0.4 0.6 0.8
2-t )GeV/c )

I i I

I.O I ~ 2

FIG. 12. p33 Re(p3 ~), and Re(p3~) vs -t for b,++(1236)
from reaction (6). The curves are calculated: The
dashed lines are from Ref. 8, for 4.0-GeV/c incident
pions; the solid lines are from Ref. 9, for 5.0-GeV/c
incident pions.

FIG. 13. ppp p& &, and Re(p&p) vs -t for ~ from
reaction (6). The curves are calculated: The dashed
lines are from Ref. 8, for 4.0-GeV/c incident pions;
the solid lines are from Ref. 9, for 5.0-GeV/c incident
pions.
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replaced by three non-negative eigenvalues, the
diagonal matrix elements e, P, and y, and the
rotation angle q. Figure 15 illustrates the rela-
tion between the Jackson (J) and the DH systems.

Some evidence for the fundamental nature of
density matrix elements in the DH system has
been presented, " '6 and in Ref. 16 an experimental
determination has been made of the Donahue-
Hogaasen spin population parameters, for 4.0-
GeV/c pion-induced reactions. A brief descrip-
tion of the procedure and a determination of these
parameters for the data of this experiment are
presented here.

Donahue and Hogaasen have given the following
formula for the decay angular distribution in the
DH system:

3
W(n)= 4 [a cos'(n, x)+Pcos'(n, y)

+ ycos'(n, g)],
with e +P+y = 1. The vector n is a unit vector in
the direction of one of the two decay particles of
the 4+', or along the normal to the decay plane
of the too. g, g, and z are unit vectors along the
DH axes.

To compute the DH parameters, W(n) of Eq. (11)
can be written in the form

W{n) = —[a(sin6cosg cosy-cos&sinq)'
4n

+ p(sin8sinp)'

+ y(cos8cosq + sin8cosp sing)'], (l2)

where 8 and Q are the Gottfried-Jackson and
Treiman-Yang angles, and q is the angle of rota-
tion between the Jackson and DH s axes. A three-
parameter maximum-likelihood fit has been made
to Eq. (12) to determine a, y, and t(. Since
a +P+y = 1, P is thus determined also.

The experimentally determined values of the DH

parameters as a function of t are plotted in Pig.
16. No effort has been made to correct for back-
ground, which is quite small for I f I&0.6 (GeV/c)'.
Shown in Fig. 16 also are the 4.0- and 8.0-GeV/c
experimental results of Aderholz et gE."a, P, and

y are found to have much less variation with t
than p,»; it is possible to infer from this, as
Aderholz et al. do, that at least part of the varia-
tion with t of the matrix elements in the Jackson
systeIn is a kinematic effect, arising from the
rotation q out of the "natural" DH frame. The
residual variation with t of the DH parameters
then can be taken to be a consequence of t-de-
pendent mixtures of different exchanges.

It is of interest to see whether the data indicate
evidence of correlations between the ~ and 4 de-
cays, as discussed by Barnham et a/. " These

(o) jcos 8~)& 0.4l5- (c) I Cos 8~) &0.4

a & s s I s a i a

COS 8~

s I

cos 8~

(b) ) cos 8~ ) & O. 4

25 g
I 20-

l5—

(d) Icos 8~ )&O.4

IO-

I l 1 I l I l I0
—I.O I.O —I.O I.O

FIG. 17. (a) and (b) Distributions in cose~ for the two
regions, Icossj&0.4 aud [cess/&0. 4, respectively. (c)
and (d} Distributions in cos8~ for the two regions ~cos8$
&0.4 and ~cos8 J&0.4, respectively. The curves are
those calculated by Barnham et c/. , Ref. 17, from their
fitted single-vertex and joint decay density matrix ele-
ments, and have been normalized to equal total numbers
of events in the histogram in each plot.

authors, using the formulations of Pilkuhn and
Svensson" and of Donahue, ' have evaluated joint
decay density matrices, in addition to the single
vertex matrices described above. Although the
statistics of this experiment do not warrant such
a detailed analysis as was made in Ref. 17,
evidence of correlations can be observed by plot-
ting the decay angular distributions of the 4
separately for events in different intervals of
cos8~, and similarly plotting the decay angular
distributions of the m separately for events in
different intervals of cos8a. Figures 11(a) and
I'1{b) show the distributions in cos6a for I cos8„ I

&0.4 and Icos6 I&0.4, respectively, while Figs.
17(c) and 17(d) show the distributions in cos8
for I cos8a I

& 0.4 and I cos8a I
& 0.4, respectively.

The solid curves are from Barnham et al. ,
"and

were calculated from their data, using their
fitted single vertex and correlation terms. The
differences between (a) and (b), for polar and
equatorial to decays, and between (c) and (d), for
polar and equatorial 4 decays, are indications of
the correlations between the decays. Agreement
of the calculated curves from Ref. 17 with the data
of the present experiment is very good.
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