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The production of lepton pairs of large invariant mass in high-energy hadronic collisions is studied. A

general method for treating the typical phase-space integrations that arise is derived and employed in

subsequent model calculations. The general properties of annihilation models are discussed in an

invariant context, and the various distributions are studied in a pion-annihilation model. The SU(3)
properties of the quark-annihilation model are investigated and the cross section is related to

deep-inelastic neutrino structure functions. A model is studied in which the lepton pair is emitted by a
bremsstrahlung process, and a cancellation among the several graphs is seen to reduce the incident

energy dependence by one power of s.

I. INTRODUCTION

The production of high-mass lepton pairs in
hadronic collisions

P+P-- l'+l + anything

has recently become in object of both experimen-
tal and theoretical interest. Some data are avail-
able at BNL energies' and the experiment is being
done at much higher energy at the CERN ISR.
Though it may be some time before definitive mea-
surements are available on the differential cross
section of (1.1}and its dependence on initial en-
ergy and the four-momentum of the lepton pair,
the potential importance of this process can hard-
ly be overemphasized. It provides a point of di-
rect contact between theoretical concepts which
have arisen largely from the study of hadronic
inclusive reactions and those concepts which were
primarily motivated by the electromagnetic in-
teractions of hadrons. To lowest order in the
electromagnetic coupling constant, (1.1) repre-
sents the inclusive production of a virtuaL photon,
and it has the same kinematical structure as a
one-particle inclusive reaction. It will be inter-
esting to find out whether the cross section ex-
hibits the same features that characterize purely
hadronic inclusive cross sections, e.g., sharp
energy-independent falloff in transverse momen-
tum and Feynman- Yang scaling in longitudinal
momentum, and if so, how these distributions
are affected by the photon mass variable. Qn the
other hand, from the standpoint of electromag-
netic theory, the cross section for (1.1} is deter-
mined by the matrix element of a current product
between hvo-proton states and will provide im-
portant new tests of various ideas which have
been formed about these products. For example,
as has been emphasized by Jaffe, 3 this cross sec-
tion can provide an indication as to what extent
the parton description of electromagnetic cur-

rents can be taken literally and to what extent it
is merely a convenient way of intuiting the light-
cone singularity of a current product.

In this paper, the process (1.1) is studied from
a variety of viewpoints. In view of our substan-
tial ignorance of the detailed dynamics involved,
the first part of this paper is devoted to some
model-independent manipulations which will
greatly facilitate the subsequent &yodel calcula-
tions and which may perhaps be of some rele-
vance even if all the models studied here prove
false. The organization of the paper is as fol-
lows: In Sec. II the kinematics of (1.1}are brief-
ly reviewed. Section III gives a general tech-
nique for performing integrations over the phase
space of the final hadrons which frequently arise
in model calculations. In Sec. IV a modeL is
studied in which the lepton pair is produced by
the peripheral annihilation of a m' from one pro-
ton with a m from the other proton. In Sec. V the
Drell- Yan' model is discussed. Here the annihi-
lating particles are assumed to be Gell-Mann-
Zweig quarks, and particular attention is paid to
the SU($} structure and the connection it provides
between (1.1) and deep-inelastic scattering re-
sults. Section VI discusses an alternative to the
annihilation mechanism for the production of lep-
ton pairs. In this model, which has previously
been studied by Berman, Levy, and Neff, ~ the
heavy virtual photon is produced by bremsstrah-
lung from one of the colliding hadrons. The re-
sults of Sec. VI suggest that such a mechanism
may be relevant at large transverse momentum
of the lepton pair.

II. KINEMATICS

Though the kinematics of (1.1) have been dis-
cussed elsewhere in the Literature, we will re-
view them here. This will also serve to intro-
duce much of the notation and conventions to be
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in terms of scalar invariauts. Because of azimuth-
al symmetry, fY =-W"„ is a function o'f three scalar
invariants in addition to s = (P, +p,)'. In most
cases we will take the three independent variables
to be q', v, ~p, ~ q, and vm =p~ q, or their dimen-
sionless counterparts

FIG. 1. Lepton-pair production to Iciest order in n.
2@2 2 v~

QP=
~ Cdg =

2 GP2= ~s s s (2.6)

used in the remainder of the paper. All our con-
siderations mill be to lowest order in the electro-
magnetic coupling constant. To this order the re-
action (1.1) occurs as in Fig. 1 and we can write
the differential cross section summed over final
hadronic states as

(2.1)

where M is the nucleon mass, and the leptonic
and hadronic tensors are given respectively by

(2 7)

The positivity of the mass and energy of the had-
ronic final state requires

QP2( $

1 Q)~ Q)g+ Qp&0,

(2.8)

(2.9)

The inverted choice of subscripts for ~, and cu,
has its origins in the parton model, but for uni-
formity it will be adopted throughout. It will also
be convenient to define the dimensionless trans-
versee-momentum

variable

10 20

(2.2}
Similar restrictions on the lepton pair restrict the
accessible values of these variables to

and
4)~ COg 2 (d2&O ~ (2.10)

Finally, the physical region is confined to &~ &Oor

COg (cPg & 4) e (2.11)

dxe-"". p, p, Jp«„O p, p

(2.3}

The combined restrictions (2.8}-(2.11) define a
closed region in the three-dimensional space
((u, &ux, ~a).

(spin-averaging of the protons will always be im-
plied). In (2.2) and throughout, the lepton mass is
neglected. The subsequent discussion will also be
greatly simplified by neglecting the nucleon mass,
although for comparison with BNL data the effect
of finite nucleon mass will be taken into account
by an approximate procedure described in Sec. lV.

Since the leptonic tensor (2.2) is conserved and
depends only on q, we may write

L pp=(qpqp —qp, q ) I, (2.4)

and since the hadronic tensor is also conserved,
only the second term of (2.4) will contribute. By
summing over Lorentz indices and doing the in-
tegrations in (2.2) we get f.= 2w/3. Thus, the in-
clusive differential cross-section as a function of
the four-momentum q of the lepton pair is related
to the trace of the hadronic tensor by

III. PHASE-SPACE INTEGRALS

Before considering the details of particular mod-
els, some machinery will be developed for hand-
ling the typical phase-space integrals which arise
in calculations of the inclusive cross section for
(1.1). The procedure to be followed is inspired
by annihilation-type models (parton or multiperiph-
eral models), but it is developed in a model-in-
dependent way, and in Sec. VI the same formal-
ism will be used to analyze the bremsstrahlung
model.

The basic object of interest is the trace of ex-
pression (2.3) which we rewrite as

(2 8) where

It is helpful to keep in mind the phase-space and
spectral restrictions which limit the values of q
accessible to (1.1). This is most easily discussed (3.2}
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The momenta of the particles in the n-particle
state )n, c.) are designated by pf, i=1, 2, . . . , n.
The summation in (3.1) of course includes an in-
tegration over n-particle phase space as well as a
sum over particle number n. In (8.2) the sum is
over the discrete quantum numbers n.

Now let us suppose that there is some natural
decomposition of the squared matrix element B„
into a number of terms,

(3.3)

1
W= 2, d'hG(i, -q e, p„p,), - (8.4)

G( , 22}2=I2I, „( w)' 22, +22- 2()
&c 1

& ( w)' 2( 2+ 22Z l'(}
&~f&'3

For the time being this decomposition will be left
unspecified. Let us refer to the set of particles
in a state (s(, n) as {nj Su.ppose now that we have
selected the decomposition (3.3) of B„in such a
way that for each term B„„the particles (nj fall
naturally into two subsets (Ij and (I 'j =(nj -{Ij.
A good illustrative example of what is meant here
would be a simple multiperipheral model in which
the production amplitude for photon+n particles
is given by the sum of graphs with all the various
orderings of particles and photon along the multi-
peripheral chain. In the squared amplitude, inter-
ference terms between different orderings are
neglected. In such a model, the terms in (3.3)
would represent squared multiperipheral graphs,
and for each of these terms, the subsets (Ij and

(Pj would consist of the particles on either side
of the photon line, as in Fig. 2.

By introducing 6 functions into (3.1) we will give
a name to the total 4-momentum transfer between
the initial proton p, and the final-state subset (Ij
and also to the momentum transfer between p~ and
(I'j (they will be called h and k', respectively).
Thus (3.1}is rewritten as

t, = (q+0}',

z, =2P, 4,
e, = —2p, ~ (q+h).

Now we make the change of variables

d'k =J-'dt, dt, dz, d](„

(3.6b)

(3.6c)

(8.6d)

(3.7)

S(f22' 22 ~22 I('2)

s(u„x„~„n,) ' {8.6)

In the Appendix it is shown that J' ' can be written
as

e(-H}
( H)2/» (3.9)

where H is a determinant given in the Appendix.
The equationH=O defines a four-dimensional para-
bolic ellipsoid. (In the ((2-t, plane for fixed ~2 and

x, the inequality H & 0 corresponds to the interior
of an ellipse. ) The regionH&0 is the physical re-
gion (i.e., to have H& 0 would re(luire complex
values for the four-vector 0), and the square-root
singularity of the Jacobian {3.9) around the edge
of the physical region is a well-known property
of invariant phase space. In addition to the re-
striction to the physical region, we want to im-
pose the condition that the invariant masses of
the two subsets of final hadrons, i.e., (p, +k)'
and (p, -q -k)', be positive. In terms of the in-
tegration variables (3.6), this means that

+&~~O &2+&2~O (3.10)

These conditions truncate the physical region and

two w-p forward amplitudes. ) Thus, the phase-
space integral (3.4), with 6 being some known
function, is the typical one that will be encoun-
tered when calculating 5' in particular models.

If P„P„and q are held fixed, G(A, , -q -k, P„P,)
can be written as a function of four invariants in-
volving 4. A convenient choice will be

(3.6a)

(ll(P12 PQ 2P0 (3.5)

The form of the function 6 will depend on how we
choose to divide up the particles for each piece of
the squared amplitude, i.e., which partition of {22j
into (Ij and (I'j is associated with each term B„,
The whole point of these manipulations is that, by
appropriate choice of these partitions, the expres-
sion on the right-hand side of (3.5) can often be
calculated almost by inspection. (In the peripheral
pion model of Sec. IV for example, 6 will be es-
sentially the product of the absorptive parts of

l'k =-q

FIG. 2, Partition of final hadrons in multiperipheral
model.
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P~=-~
Kg

(3.11}

Consider G in Eq. (3.4) to be a function of t1 and

P&. Thus

G("i q &iPiiPS}=G(tli tSi Pli PS) ~ (3.12)

G is also a function of the fixed invariants, e.g. ,
s, co, ~» and co„but this dependence will be
suppressed for now.

We are now faced with the integral

thus the integration in (3.4} is over a finite region.
It will be convenient to change Ky K2 to the di-

mensionless variables P„P„where

studied here. More generally it would seem to be
a reasonable assumption because, roughly speak-
ing, the expression (3.5) for G represents an ab-
sorptive part in the s channel and thus should have
an analytic form in the t -channel variables. (One
would not expect 6 to contain, for example, 8 or
5 functions in t, or t, .) Another thing which is
true of all the models to be studied is that G has
no singularities in the left half t, and t2 planes.
Thus we can assume that G(b„b„P„P,) =0 for
b, &0 or b, &0. (Depending on the behavior of G
as t» t2- -, G may contain 0 functions or de-
rivatives thereof at b„b2 =0.}

Writing G in terms of the inverse of (3.14) gives

W-
( ). . . e(l-p, ) e(l-p, )

1 dp, dp
7T ] 2

e(-
( ff)1 2/( li 2i Pli PS}

xt, dt, t, dt, . (3.13)

where

dt ( eslll+ 222 2
1 2 ( @1/2

(3.15)

(3.16)

The fact that the t, -t2 integration is over the in-
terior of an ellipse makes expression (3.13) rather
unenlightening even if the form of G is known. In
order to work it into a more tenable representa-
tion, the inverse Laplace-transform function is
introduced:

8(b„b„p„p,) = .„ t, dt, t, dt, e-""-'2'2
27TZ) gla1

XG(t„ t2, P„PS) .

The calculation of I requires some rather tedious
manipulations which are described in the Appen-
dix. The basic idea is to make a change of vari-
ables which converts the elliptical integration re-
gion H&0 into a circle. Surprisingly, the result-
ing radial and angular integrations can be carried
out analytically with no approximations. The re-
sult is

vp. p2e[p. ~.)(P2 ~2) ~.l
4S(K —Pl PS bl b2 ldl)

(3.14) x e " sinh [s(K ' —p, p b, b, ld~)'], (3.17)

Here it is assumed that G is given in a form which
allows analytic continuation into the complex t, and

t2 planes. This is true of all the models to be

where K is given below in (3.19).
To recapitulate, we have now derived the follow-

ing model-independent representation for W:

1 6 $. dbl b29 (bli b2i pli PS) 4 2 b b 1/2 e '" sinh[s(K' —p, PS b, b, (oi )' '],1 dp, dp t/[(P. ~,)(p, —21,)-~,]
K 'S 0 j. 2 0 blb2~1 ''

(3.18)

where

"=2[pl(PS ~2}bi+PS(pl &1}b2]~ (3.19)

This expression, though formidable in appearance,
will prove to be very helpful in studying the be-
havior of the differential cross section in models,
particularly when considering various asymptotic
limits. The complicated boundaries of phase
space have been obviated, and only simple para-
metric integrals remain. The dependence on the
four-momentum q now appears in terms of the in-
variants ~„~2, and u~, making the study of in-

variant distributions a straightforward matter once
the function g is determined.

A limiting form of (3.18) which is of particular
interest is that obtained by holding q~2 fixed and
letting s become large, i.e., its behavior for w~
«1. This covers a considerable amount of the
experimentally interesting region. (For example,
even at q~2 as large as 10 GeV2 we would have

+~ =0.2 at BNL and &el =0.005 at ISR.) Barring
unusual behavior of 8 at b„b,=0 [in which case
we must revert back to the exact expression
(3.18)], W can be written in this limit as
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dP ~ dPPl P2 I 2
g (k k p p ) s-(Bl Bbblb2/2K) ((l 2

P
ly 2y ly (3.20}

Finally, it should be emphasized that the useful-
ness of the representation (3.18) or (3.20) depends
on the ease with which the function G can be cal-
culated. Although in principle one can always cast
W in the form (3.18), from a practical standpoint,
the evaluation of G will typically involve the as-
sumption that interference terms arising from the
phase-space overlap of the two final-state subsets
can be neglected.

IV. PERIPHERAL-PION ANNIHILATION MODEL

In this section a model will be considered in
which the lepton pairs are produced via the anni-
hilation of two virtual charged pions as pictured
in Fig. 3.'" This model has some similarity to
the Drell-Yan (quark-parton model (which will be
discussed in Sec. V). Among the major differ-
ences are the following: (1) The annihilating par-
ticles have spin-0 instead of the usual spin-~ par-
tons, (2) we expect some electromagnetic struc-
ture at the mmy vertex as opposed to the usual
pointlike assumption of the parton model, and (3)
we are dealing with the exchange of a well-known
particle instead of a hypothetical one. In connec-
tion with the last point it can be said that, without

any predisposition as to the appropriateness of
Flg. 3 as a model for lepton-pa11 productlony 1t ls
at least of interest to determine how large a con-
tribution can be expected from virtual-pion annihi-
lation. There is no a priori reason to expect Fig.
3 to be suppressed at large s and q' (except by the

q dependence of the pion form factor), since even
in this region it is still kinematically possible for
both pions to be near the mass shell.

x r2(-k, -k ) r*„(-k, -k )

+ (Pl-P.) (4.2)

where the absorptive part of the m-p forward am-
plitude is defined as

&.~,((', &)= fa~" (pi( *(~)i:.(~&)I('i (&.&)

When the pion is on the mass shell, (4.3) is re-
lated to the total v-p cross section (neglecting
the pion mass}:

A„bb(p, k) =4p ko222, k = m„ (4.4)

Since we are not primarily interested in de-
tailed numerical evaluations, the m-p cross sec-
tions will be approximated by a constant

0'~+@ 0 ~-p const 24 mb. (4 6)

Now let us assume that the pion can be taken off
the mass shell by multiplying (4.4) by some cutoff
function which depends only on the pion mass, i.e.,

A „2(p, k) = 4 p ~ k o,b F(k2 -m,2}, (4 6)

where (4.4) requires that F(0) = 1. Since the cut-
off function I will suppress contributions from
highly virtual pions, the electromagnetic vertex
functions in (4.2) can presumably be approximated,
for large q, by their value for on-mass-shell
pions:

piete sets of intermediate states. Thus 6 becomes

(, )
A..b(pl k) A. -b(P2 k')

s P 1l 2 (k2 +2 2)2 (kt 2
bbl 2)2

A. The model r ~(-k, -k') r~(-k, -k') = -q'
I &„(q')I', (4.7)

Each I-particle+ lepton pair production process
is assumed to take place as in Fig. 3. Each B„
can then be written as a sum of terms like that

shown in Fig. 2. Thus

B„= /, +OP, '~ E, 0p,

where q = -0-k' and the pion mass has been ne-
glected.

inserting (4.6} and (4.7) into (4.2), setting k'
=-k-q, and expressing 6 as a function of the
variables t» t2, P» P„and q', where the first
four are defined in (3.6) and (3.11), we get

&r"(-k, -k')1*„(-k,-k')

+(p,-p, ), (4.1)

where 0 = P, -p„k'= P,'-p„and F„ is the pion
electromagnetic vertex function. To calculate 6
for this model, we insert (4.1) into (3.5) and ob-
serve that the states I l}(lI and In- l}(n-1I, when
summed over both n and l, constitute two com- I'IG. 3. Lepton-pair production via pion annihilation.
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G(t„t.,P„P.) = q-'IF„I'o„'
p

p'
1

„F(t,-m„') F(t, -m„')
(t, —m, ')' (t, —m ,')' '

(4.8)

In order to use the formulas of Sec. III, the in-
verse Laplace-transform function (3.14) must be
found. Using (4.8) and ignoring m, ' when it is
safe gives

g(b„b., P„P,)=
p p

" 5(b, )~(b.),
1 2

that the function g in this model is independent of
q~2, we get

r 1
2(2w)'s

&P2 &b, ~&2

0

x g (b„ b2, p„ p, ) .

(4.14)

Now using the expression (4.9) for g and defining
the quantity

(4.9) 1 "db—&(b) (4.15)

j oo

V(b) = . dt F(t -'m, ) e
27ri

(4.10)

where I is the inverse transform of the cutoff
function where 5(b) is given in terms of the cutoff function

F by (4.10), the partially integrated cross section
is

With (4.9) and (4.10) the invariant distributions in
q', q~2, and longitudinal momentum or rapidity
can now be studied.

d'o u'o„,' I F,(q')I'
dq2 dy 12(27f}~g2 2q4

(4.16)

B.Mass and longitudinal-momentum distribution

If the cutoff in the pion mass t, and t, is strong
enough, the mass (q') and longitudinal-momentum
distribution of the cross section (integrated over
q, ') can be discussed without specifying the de-
tails of the cutoff function. First note that

0' 77

dq cfy 2
ckT

4
q

O
2

g7 Arv (4.11)

where the differential cross section is considered
as a function of q', q~', and the longitudinal rapid-
ity of the photon

1
y= —Ln~ .

2 R2
(4.12)

Now, if we were to use the exact expression (3.18)
for W and do the q~' integration first, the limits
of integration would be

o- q.'- e(pi ~,)(P. —~.) . (4.13)

However, it mill be seen shortly that the cutoff in
pion mass gives rise to a similar energy-indepen-
dent cutoff in q~2. Therefore, if the cutoff is
strong enough, as s gets large the upper limit on the
q~' integration can be ignored. Also, when s be-
comes large the only significant contribution to
the q

' integration comes from q '«s (provided
that the cutoff is strong enough to make this inte-
gral converge). Thus we may use, instead of
(3.18), the m~ «1 approximation (3.20). Observing

For notational simplicity we have left part of the
right-hand side of (4.16} in terms of &u, and &u, .
However, these quantities are now functions of
q'=vs and y given by

(dg = V 43 8

&u, =v(u e '.
(4.1'la)

(4.17b)

0 (b) s b' as b - 0 (e &0) . (4.18}

For a sufficiently nonpathological cutoff function,
we may infer from (4.18) and the definition (4.10)
that the asymptotic behavior of the cutoff function
must satisfy

IF(t)l ~ It I-'-', (4.19)

as t-~ in the left half plane, in order for the dis-
cussion in this section to be valid. As we will see

We can now be more precise about what con-
stitutes a "strong enough" cutoff in the pion mass.
The procedure me used to carry out the q~' in-
tegration as s-~ is legitimate provided that the
result, Eq. (4.14}, does not diverge. Such diver-
gence can only arise from the b, and 52 integrals,
or, more specifically, only if the integral (4.15)
diverges. A divergence from the b =~ end of the
integral mould be an infrared-type divergence
which would only occur if there were a massless
(b' =0) pole in the w-P forward amplitude, as can
be seen by referring back to Eqs. (4.6} and (4.10).
This possibility can safely be ignored. Thus, the
only requirement needed to validate our procedure
is that the integral (4.15) converge at the lower
end, i.e., that
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in Sec. IV C, a cuttoff satisfying (4.19) corresponds
to a transverse-momentum falloff faster than

(q, ') ' '. Actually, the discussion here is com-
pletely general since a cutoff at least as strong
as (4.19) is necessary to ensure the gauge invari-
ance of Fig. 3 to leading order in s.

By integrating (4.16) over rapidity we obtain the

following result for the lepton-pair mass distri-
bution

0 IO

C9

E

4B

55

I F.(q') I'
dq' 6(2 )' ll' 4q'

where the "scaling function" f(v} is given by

f((u) = (1+(u') ln —-(I -(o') .

(4.20)

(4.21)
IO

From (4.20} it is seen that do/dq' exhibits a Dreil-
Yan-type scaling behavior only if the electromag-
netic structure of the pion is asymptotically point-
like, i.e., if

I

IO

I

I5 20 25 30 35
qL4s (GeV/c)

( F,(q'}~'= const' 0 as q'-~ .

)F,(q')) = —, (q' in GeV'). (4.22)

Using this along with (4.20), we obtain at s = 55

GeV ' the q' and laboratory longitudinal-momen-
tum distributions' shown in Figs. 4 and 5, with

the parameter 0 fixed at

0=0.125 GeV '. (4.23)

Data from the Brookhaven experiment at the same

Between (q'}' ' =1 to 2.5 GeV, the pion form fac-
tor is reasonably described by the formula'

FIG. 5. Laboratory longitudinal-momentum distri-
bution predicted from peripheral-pion model. Data points
are from Ref. 1.

energy are included for comparison. Also shown
in Fig. 4 is the predicted q' distribution for a typi-
cal ISR energy of s =2500 GeV'. [It will be seen in
Sec. IV C that the value of 0 in (4.23} corresponds
to a rather slow falloff in transverse momentum,
which is in agreement with experiment. '] In the
distributions at s =55 GeV', the effect of finite
nucleon mass is far from negligible. (For exam-
ple, the variable v =q'/s is limited to be s0.6 in-
stead of 1.) To account for this, the modified
scaling variable

&u'=I ——&'~'(s q' 4l')
y (4.24)

IO

has been used in (4.21) instead of q'/s. ' Here, n
is the well-known function

s =2500 GeV~ &(a, b, c) =a'+b'+c'-2ab -2ac -2bc. (4.25)

IO~-
C9

Ol

E
-$4

IO

S=

1
rrr

ig
r

IO

I I

0 I 2 3 4 5 6 7

~q (Gev)

FIG. 4. Mass distribution predicted from peripheral-
pion model. Data points are from Ref. 1.

The variable u' has the right threshold properties
(i.e., it always ranges from 0 to 1) and approaches
(d in the limit of large s and q'.

A few comments about the q' distribution are in
order. Expression (4.20) has only been plotted
for (q')'~' & 2.5 GeV, where the pion form factor
has been measured. It is clear that if the formula
(4.22) is assumed to hold above 2.5 GeV, the pre-
diction will be lower than the Brookhaven data by
an order of magnitude or more in this region. Sev-
eral possibilities come to mind: (1) It can easily
be seen that, as q' gets larger, smaller invariant-
mass values of the two m-P systems are empha-
sized. " In this region the mp cross section is, on
the average, substantially larger than the approx-
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imation (4.5). This would result in an enhance-
ment at larger values of q . However, rough cal-
culations indicate that this effect is not large
enough to account for the "shoulder" in the Brook-
haven data. (2) It is possible that the pion form
factor above (q')' 2 = 2.5 GeV is much larger than
would be expected by extrapolating (4.22). (This
possibility is mentioned with an utter lack of con-
viction. ) (3) Finally, it may be that the pion-an-
nihilation picture, if it has any validity, is only
good at fairly low values of q', with entirely dif-
ferent physics taking over above a few GeV'.

C. Transverse -momentum distribution

In Sec. IV B it was shown that, provided the pion
mass cutoff F(k' -m„') was strong enough, the
distribution in q' and in longitudinal momentum
for large s was determined up to an over-all con-
stant. [It might be noted that the crucial assump-
tion that allowed us to gain this much information
without specifying F was (4.6), which states that
the pion mass dependence of the n-p forward am-
plitude factors out as an energy-independent cut-
off.] Much less can be said about the transverse-

momentum distribution because of the fact that it
is so closely related to the specific form of the
cutoff function. We wi;11 thus confine the discus-
sion in this section to illustrating the relationship
between the behavior of F(k' -m, ') and the q~' be-
havior of the cross section, without attempting to
construct a model for either one.

The main points to be made in this section are
well illustrated by considering an exponential cut-
off function

F(t ~ 2} eo(f-))))( ) (4.26}

Laplace-transforming this as in (4.10) and ignor-
ing the pion mass, we get

S(b) =5(b -n). (4.27)

Since the cutoff function is obviously strong enough
to satisfy (4.18) or (4.19), the only experimentally
interesting region as s-~ is ~~«1. Note also
that in this region the restriction coz~, = ~ applies,
and so we need not worry about our choice of in-
dependent variables other than q'. Now, using
(4.27), (4.9), and (3.20) the transverse-momentum
dependence of the cross section for fixed coz and ~,
is given by (leaving out q~'-independent factors)

Pz ~ P2 l32 Pz 1-&z Pz + 1-~ P
(4.28)

20
,(1-~& coshy)

(4.29)

where we have again dropped q~'-independent fac-
tors, and have reintroduced the rapidity variable,
using (4.17).

For fixed w the transverse-momentum falloff is
slowest in the central region y= 0, becoming in-
creasingly sharp as we move toward larger values
of rapidity. [This should be compared with the
observed inclusive spectra of ordinary hadrons,
in which the transverse-momentum falloff is more
or less uncorrelated with the rapidity. Expres-
sion (4.29) is in accord with this observation,
since, for ordinary hadrons, (() =m'/s =0 and the

Without carrying out this integral, it can be seen
that the cross section falls off exponentially in q~',
since the coefficient of q, ' in the exponent of (4.28)
is never less than ~ Q. The leading q~' behavior
of (4.28) comes from P, =1, P, =1, where the co-
efficient in the exponent is smallest. Thus, the
leading transverse-momentum behavior is roughly

I

cutoff (4.29) does indeed become essentially in-
dependent of rapidity. ]

For fixed rapidity, the transverse-momentum
falloff is slowest for small values of + and be-
comes steeper as cg gets larger. This is in
marked contrast to the model of Etim et al."
which supposes that the cross section scales in the
variable x~ —= q~'/q' and thus has an average trans-
verse momentum which increases with q'.

So far we have considered only an exponential
cutoff function. In order to discuss the q~' behav-
ior in somewhat more generality, we define the
Mellin-transform function

M(()=f W'(e. ')' '~(e.'). (4.30)

suppressing, for the time being, the dependence
of W on the other variables. We will assume
throughout this section that, for large s, the q~'
falloff is rapid enough that we can safely use the
(d~ « I approximation (3.20). Noting that G is in-
dependent of q~' for fixed ~, and ~, (and thus fixed
&u), the Mellin transform can be written

2
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E(t) - const x (Qt) ', for ) t (
& 0 ' (4.33)

and we will assume that n &0, so that the cutoff is
"strong enough" as defined in (4.19). From the
definition (4.10), the small-5 behavior of $(b) is
determined to be

tX

S(b}-const x 0-' —,for 5 s 0. (4.34}

Going back to (4.31), we can see that the nearest
right-half-plane singularity of M(g) occurs at
g = 1+n. From (4.32), the leading transverse-
momentum behavior is then

lq ~ (q 2) l~ (4.35)

Thus, a power-law cutoff in the pion mass gives
rise to a transverse-momentum falloff of the same
power.

The discussion after (4.29) of the q' and y depen-
dence of the q, ' cutoff can be put on a more gen-
eral basis by defining the average transverse mo-
mentum for fixed q' and y:

(q 2) ~0 dqi'qi'll'(q~')
J"dq, 'ly(q. ')

M(2)
M(1) ' (4.35}

assuming that these integrals converge. Using
expression (4.31) for the Mellin transform and
using (4.9) for 8, the average transverse momen-
tum as a function of mass and rapidity is deter-
mined up to an over-all constant:

(qg ) —const
(1 2)(1 2)

x [3(l-(u, ') (1-&o,') -(1-(u,') (1-(u,')

(4.37)

The function W is recovered from its Mellin trans-
form via the inverse of (4.30):

1
g (q, ') =, , d~(q, ')-'M(~). (4.32)

The leading falloff in q~n (i.e., the behavior as q~'
becomes greater than some fixed mass parameter
in G, but still «s) is thus determined by the near-
est singularity of M(g) in the right half g plane.
Such a singularity must arise from the b, and b,
integrations in (4.31). As discussed previously,
divergences from the upper end of the 5 integra-
tions correspond to infrared divergences, which
we need not consider. Now, let us suppose that
the cutoff function E(t) falls off like a power of t
for (t) greater than some fixed mass parameter
0

where &, and u, are given in terms of u and y by
(4.1'l). This expression has the same qualitative
behavior as that which would follow from (4.29},
i.e., the average transverse momentum is largest
when both ~ and y are small and decreases as
either &o or ly ~

increases.
To summarize this section, although it is not

possible to specify the q~ distribution without
choosing a specific cutoff function, we can make
the following general statements: (1) The leading
falloff of the cross section for large q~2 (but still
q~'«s) is the same as the leading falloff of E(f)
for large f; and (2) the average transverse mo-
mentum as a function of mass and rapidity is giv-
en by (4.3V}. For fixed rapidity (q,') decreases with
increasing &v. For fixed &o, (q~') decreases with
increasing y. For fixed &o and y, (q~') is indepen-
dent of s.

V. THE QUARK-ANNIHILATION MODEL

The idea that the electromagnetic structure of
the proton might be described as a collection of
electromagnetically pointlike partons was given
impetus by the famous scaling results of the SLAC-
MIT electroproduction experiments. From this
point of view, the scaling behavior of the structure
functions at large energy and momentum transfer
is an indication that there is no structure at the
parton-photon vertex, and the scaling function
E,(&u) is a measure of the longitudinal-momentum
distribution of the partons in a single proton state
boosted to infinite momentum. The most well
known and well studied, and probably the most
reasonable, of these models is the quark-parton
model, with spin-& Gell-Mann-Zweig quarks.
One of the most satisfying features of this model
is that the electromagnetic and weak currents ex-
hibit the desired SU(3) properties.

The quark-parton model has been extended to
massive-lepton-pair production by several
authors. '" The central results of these investi-
gations will be shown in this section to follow in
a straightforward way from the formalism of Sec.
IG. In addition, we will give a more extensive
analysis of the SU(3) properties of this model than
has previously been available in the literature.
Using a nonet-symmetry assumption (which
amounts to the supposition that the proton contains
no strange quarks), it will be possible to write the
cross section for lepton-pair production entirely
in terms of neutrino and antineutrino deep-inelas-
tic structure functions with no adjustable parame-
ters.

According to the assumptions of this model, the
lepton-pair production process takes place via
quark-antiquark annihilation, as shown in Fig. 6.
In a manner very similar to the pion-annihilation
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model of Sec. IV, the function G (defined in Sec.
III) for this model will be essentially the product
of two quark-proton forward amplitudes. But in
order to obtain useful results, we want to relate
the cross section to the structure functions for
deep-inelastic scattering, which, in the parton
model, are also determined by the quark-proton
forward amplitudes. It is therefore necessary to
briefly review the parton-model description of
deep-inelastic scattering and derive some conve-
nient formulas for the structure functions.

L
FIG. 6. Lepton-pair production via quark annihilation.

z„'= qr„(2~,) q

A. Review of deep-inelastic scattering

As is well known, the cross section for inclusive
electroproduction or neutrino-induced production
is determined by current products of the form

dxe'" P J'„x J„o P (5.1}

where J„' and J„' are either vector or axial-vector
U(3) currents. To conform to standard notation,
we use the symbol W„"„(in this subsection only) to
represent the inelastic lepton scattering amplitude.
It should not be confused with the W„„of the rest
of the text, which refers to lepton-pair production.
In the quark model, the U(3) currents appearing
in (5.1) are given in terms of quark fields by

(5.2}

where I'„ is either y& or y, y„. The second ex-
pression in (5.2} is written simply to exemplify
the conventions to be used in this section for the
various indices which will appear. They are that
(1) lower case Greek subscripts n, P, y, . . . are
Dirac indices; (2) lower case letters a, Ip, c, . . .
are U(3) component indices running from 0 to 8;
and (3) lower case letters i, j, k, . . . are U(3)
matrix indices running from 1 to 3.

The current product (5.1) thus involves four
quark fields. According to standard parton-model
arguments, the leading terms in the scaling limit
are the semidisconnected pieces, where two of the
quark fields contract to form a free propagator.
Thus, neglecting masses,

dxe"" P ' x &0 p r„y.r„$ A. A.Q + P fsx Py 0 P I"„y I'»~ ~~~, &q
~'&, x,

(5.3)

where the free-field function is defined to be

&,(x)=, d4k 8(k,) 6(k'}e "* (5.4}

Defining the momentum-space quark-proton am-
plitudes

will indicate the trace over Dirac indices, where-
as tr will indicate the trace over SU(3) matrix in-
dices. The M's inside the traces in (5.7) are of
course Dirac matrices.

In order to simplify (5.7) it is convenient to in-
troduce the contractions

M,'(i(p, p)= fdxe' '(
l p( p) x'( p)I ())p (5.5) d Tr(M'~y&)=M', PP&+M~~k& (5 8)

and

)I"e(P, P) =

fexe"'(PIP�'

(x) Ti"'e(())IP), (5.6) M(I(8™,'
(P')dd()+ Ma (@d(S+' ' ' . (5.9)

and a similar expression with everything barred.
The Dirac matrix M'~ may be written as

the amplitude (5.3) can be written

We"„=
d X, f d Xe(e. -X.) e((e '—X)')

&& [(~.~,)"Tr(M" r„(g- }t)r„}
+ P., ~.)"Tr(M'" r„(g-g) r„)].

(5.7)

In this expression and throughout, the symbol Tr

The remaining terms in (5.9) involve scalar, ten-
sor, axial-vector, and pseudoscalar Dirac ma-
trices. The axial-vector and pseudoscalar terms
can be eliminated on the basis of parity conser-
vation. By substituting a scalar or tensor Dirac
matrix into (5.7), it can be seen that these terms
do not contribute to the scaling limit. Thus, the
terms written in (5.9) are the only ones we need
retain.
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The quantities M," and M,"depend on two scalar
invariants formed from k. Let us take these to
be

t=k
y

k~= 2Pk

(5.10a)

(5.10b)

A fundamental assumption of the parton model is
that the quark amplitudes decrease precipitously
in the quark mass variable O'. Changing integra-
tion variables in (5.7) then allows us to write [see
discussion after (5.12}]

&'ke(q, -k,) 5((q-k)')= —idt —,8(-f)8(p —cu),
m dP

(5.11)

where v=P q and the lower boundary of the t -in-
tegration region has been ignored in the scaling
limit. The positivity of the mass of intermediate
states in the quark-proton amplitudes also re-

k = -eP
P P

' (5.12)

The integrand in (5.7) is then dependent on k „
only through the three scalar invariants (5.10a),
(5.10b) along with (q —k)'. This justifies the in-
tegration over the fourth variable in (5.11).

So, using (5.11) and (5.12), the amplitude (5.7)
can be written as

stricts the integration region to P& 1.
Now, the requirement that k' be small, along

with the phase-space restriction P & ~ from (5.11),
causes the invariant p k to be small also (in other
words, when one parton is struck, the partons
that remain behind form a state of limited mass).
The only other invariant formed from k is q k,
and it is determined by the 5 function on the left-
hand side of (5.11) to be ~q'. Thus, for the pur-
poses of computing the traces in (5.7), it is ade-
quate to approximate in the scaling limit

t dt —,[tr(M, —+M, }A., A., Trp I' „(4'+&vp) I', + tr (M, —&oM, ) A., X, Trp' I'„(q'+ &up') I' „].
1 dp

128m'v (d

(5.13)

Now, noting that

A, Ag = (d,b + if,b ) I, (5.14)

Finally, in order to make contact with the for-
malism of Sec. III we define the Laplace trans-
forms

the SU(3) traces in (5.13) can be written in terms
of two nonets of quark-proton amplitudes M, and

Q. defined by the contraction

f ao

SR,(b, P, uP) =
2

. tdt e 'M, (t, P, &u).
77$

(5.16)
M, (t, P, (u) =tr(M, —(gpM2) A.,

and similarly for M, .

(5.15)
With (5.14), (5.15), and (5.16), the expression
(5.13) becomes

—[(d,~, + if, ,)9R, Trp'I'„(/+&up') I'„(d,+, -if, ,)3R, Trp I'„(g+u&p) I'„]. (5 17)
128m 2v

0 5 ~ P

V qpq b Z Ot g ab

q q
FI. +

2 &p~sq P F3
V

+ ~ ~ ~ (5.18)

The remaining terms in (5.18) are not conserved
in both indices and can be neglected in the scaling

The tensor 4„"„is decomposed into invariant struc-
ture functions as follows:

I

limit. Comparing (5.18}with (5.17), it is seen
that the longitudinal scaling functions F~' also
vanish. The structure functions F,"can be seen
to arise from the product of two vector currents
or of two axial-vector currents, whereas F,"
comes from one vector and one axial-vector cur-
rent.

From (5.17) and (5.18) any electroproduction or
neutrino-induced production structure function
can be written as an integral over various com-
binations of the quark-proton amplitudes. Of par-
ticular interest in Sec. VI will be the neutrino and
antineutrino functions
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(u "db 'dP v2 — 1
Fs ' —

16vs 5 ps ~3 (3Rs+ 3RO)k (3RS Ks)+
Q3

(Rs+ 3Rs) (5.19)

and

—1 "db ' dp W2 1
Fs 16 s 5 ps ~3 ( Rp -3Rp) + (3Rs + 3R,) +

~3 ( IRs - JRs) (5.20)

Ms= @2 Ms (5.21}

and similarly for M. As mentioned before, this
corresponds to the physical assumption that the
proton contains no strange quarks.

The integrals over each quark-proton amplitude
are now determined in terms of the neutrino and
antineutrino structure functions. Defining, for
convenience,

" db ' dpI.((u) =
2 s 5 p—s3R.

77 0 QJ

with a similar definition for I„and also

FVP, VP FVPsVP+ F VP, VP
2 3

we can write

(5,.22)

These four structure functions are seen to be de-
termined by six quark-proton amplitudes. How-
ever, note that the two nonets M, and M, repre-
sent the coupling of bilocal currents to the proton.
It is natural to suppose that this coupling is nonet-
symmetric, specifically that

1Q= 2 A3+~ A8 (5.25)

The last two terms in this expression vanish when
contracted with the quark-proton amplitudes in
(5.24} because of parity conservation. Also the
contribution of the scalar term in (5.26) can easily
be seen to give a contribution which is one order
lower in s. Thus, the second term in (5.26) is the
only one that survives.

The SU(3} indices in (5.24) can be sorted out in

a similar way by writing

Q" Q" = A„(Z,)"(Z,)",
a,

where, by contracting both sides with appropriate
A, 's, we find

(5.27)

The Dirac indices can be sorted out by a Fierz
rearrangement,

(r„)~s(r"),s=(l)~(I)ys s (r„) s(r")ys

s(r—, r„)~s(r, r") y-s(rs)~(rs)ys ~

(5.26)

I =F" -F"
3 ~ ~ y

I3= F~+-Fv+P

I, = ~ (F"s+ F"),

Is= ~3 (F", + F, ) .

(5.23a)

(5.23b)

(5.23c)

(5.23d)

4
00 Qy 33 36y

Ass =Ass = s~s W6, Ass = Ass =
ss ~3 ~ (5.28)

A08=A80 36 y2
& A88 12

and all the rest are zero. The function G is then

G(t„ ts, P„Ps) = -4s g A,s[M,(t„P„(u,)
I, and I, are W2 times I, and I„respectively.

B.Lepton-pair production

a, b

xM (t, p, &a&)

+ (1 2)] . (5.29)

Now that we have obtained the relationship be-
tween the deep-inelastic scaling functions and the
quark-proton amplitudes, it is a fairly simple
matter to obtain an expression for the lepton-pair
production cross section. The process is assumed
to take place as shown in Fig. 7. Repeating the
steps in Sec. IV leading up to (4.2) with the pion
fields replaced by quark fields, the G function in
this model is given in terms of the quark ampli-
tudes defined in (5.5):

t'(~, I ', P„t.) = [M s'.(P„t )M s'y(p. , I ')+(t,-t.)l

x (r„)„(rs)„Q"Q", (5.24)

where Q is the charge matrix

Now going back to Sec. III, expression (3.20}, we
can integrate over q, 2 to get

r d 'W=
8(2 v)s" db, db2

0

~ 2 s 9( ll st pl) ps}i
(dl 1 QP2 2

(5.30)

8 being defined in terms of (5.29) via (3.14). The
expression (5.30) is seen to involve the same in-
tegrals (5.22) over the Laplace-transformed quark-
proton amplitudes as those which occur in the
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1 1
B= — &OES ((d) did/ E2 ((d) dQP . (5.33)

A similar quantity B is defined in terms of the vP
structure functions.
Integrating (5.32) over rapidity, the mass distri-

bution assumes the Drell-Yan scaling form

do 1.= —4E(~}~ (5.34)

with

E((u}= ~Isa' d(dz dEU2 5((d( (dm —(d)

x [a9 E "~(+,) F",~((o,)

+~ F"'(~,) F",'((d.)l (5 35)

To obtain an estimate of B, considex the zeroth
moment of the Drell-Yan scaling function

1

d(o E((o) .
0

(5.36)

The calculation of (5.36) from the BNL data is
fairly insensitive to the exact form of scaling func-
tion used to fit the data,

deep-inelastic structure functions. This allows us
to write the differential cross section as

4 Q A,(([I,((d, ) ls((g~)+ {1 2)],2 d 24' 4 a(( a x 5 s

(5.31)

where the coefficients A~ are given in (5.28), the
quantities I, and I, are the combinations of neu-
trino structure functions shown in (5.23}, and &u,

and &u, are given in terms of (d = q'/s and y by
(4.1V).

If (5.23} and (5.28) are inserted in (5.31), con-
siderable simplification is obtained, giving

FQ

d .d
=

24 .[~E"((di)E",'(~.)+~9 E"'(~,) E",'(~,)
+ {I 2)], (5.32)

The individual terms in this expression can be
interpreted as describing the annihilation of 6'-
type and X-type quarks with their corresponding
antiquarks. Annihilation of A. quarks has been
ignored by our nonet-symmetry assumption.

A detailed comparison of (5.32}with experiment
must await more accurate data, both on neutrino
scattering and on lepton-pair production. %'e can,
however, make some rough estimates from pres-
ently available data. In particular, using the
BNL data for lepton-pair production, we can esti-
mate the important quantity B in neutrino scattex-
ing, defined as

Em {d~ 4+2

X[)(I+B)(1-B)++~(I+B)(l -B)].
(5.38)

The experimental analysis of Perkins'~ gives the
integrated E, for neutrino scattering averaged
over neutron and proton. Using isospin symmetry to
relate vn to 7p, Perkins's analysis gives

~ ~

I
(F,"~+ F,"~)d(v=0. 98+0.14.

0
(5.39)

Using quark-model arguments coupled with elec-
troproduction data, anothex useful quantity is ob-
tained

l1 1 1
(d(E" -F" )d&u= B E" d&u BF-" d+

0 0 0

= 0.24 +0.12 .
Finally, in order to obtain an estimate of B, let
us suppose B=B. Then using (5.39) and (5.40} 'to

calculate the right-hand side of (5.38) in terms of
B and comparing with the experimental value
(5.3V), we get

B= 0.84 + 0.06. (5.41)

This is to be compared with the value obtained
from Perkins's' analysis of neutrino data,

B=0.86+0.04.

In spite of the inexact way in which the estimate
(5.41) was extracted from the original formula
(5.35), the agreement seems promising. " In par-
ticular, the fact that both estimates of B are fairly
close to unity is significant. The value B=B=I
would indicate a complete absence of nonstrange
antiquarks in the proton. Thus, from the point of
view of the quark-parton model, the neutrino data
and the lepton-pair production data seem to be in
agreement in suggesting that the proton contains
a rather meager portion of antipartons. Further
verification of the relation (5.32), as well as of
the scaling behavior (5.34) at different energies,
will provide much more exacting tests of this
model.

VI. BREMSSTRAHLUNG MODEL

[the error (Iuoted is an estimate obtained by con-
sidering several different forms for F(&o) which
give a reasonable fit to the data]. This is to be
compared with the moment calculated from (5.35):

j.
E(w) d~ = ~au' E,"'(~,l d~,)

JI
d(o E((o) = (5.0+0.5) x10 '

0
(5.3V) Up to this point most of the dynamical considera-

tions of this paper have been in the context of an-
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nihilation models, in which a virtual particle from
one proton annihilates a corresponding antiparticle
from the other to produce the lepton pair. But,
whether one thinks in terms of Feynman graphs or
partons, another equally simple mechanism for
producing lepton pairs suggests itself. This is a
process in which the virtual photon is emitted from
one of the protons, or from one of its partons, via
a bremsstrahlung process. There are several fea-
tures of such a model which make it an interesting
object of study. Most importantly, it provides a
mechanism for the production of lepton pairs with
large transverse momentum. The cross section
for the model studied here is nondecreasing, as
q~' becomes large. This behavior is of both theo-
retical and practical significance. As will be dis-
cussed in a future paper, the presence of a com-
ponent of the cross section which does not fall off
in q~' [or which falls off slower than (q~2) '] re-
flects the existence of a light-cone singularity in
the current product (2.3). From the practical
side, such a transverse-momentum behavior may
make it possible to study such processes even if
they make up an insignificant part of the total
cross section.

Another interesting feature of this model is that
it satisfies current conservation in a nontrivial
way. (This is in contrast to annihilation models,
in which the only way to ensure gauge invariance
is to impose a strong cutoff in the masses of the
annihilating particles, keeping them close enough
to their mass shells that current conservation is
satisfied to leading order in s.) Its structure sug-
gests that it would be an ideal laboratory for in-
vestigating the applicability of such ideas as cur-
rent algebra and light-cone expansions to lepton-
pair production. These subjects are currently
under investigation and will not be discussed here.
However, we venture one somewhat speculative
comment about current conservation and the be-
havior of the total cross section for fixed q' in the
limit s -~. It was seen in Sec. IV [viz. (4.20} and
(4.21}] that the cross section for an annihilation
model grows in this limit like Ins (this is just the
logarithmic multiplicity growth characteristic of
multiperipheral models), provided only that the
cutoff was strong enough, as defined by (4.19).
But this was just the cutoff strength necessary to
have the total cross section dominated by finite
q~'. In view of the results of Sec. IV C, this also
means that the masses t, and t, of the annihilating
particles remain finite, and hence, that current
is conserved to leading order in s. If, on the other
hand, one allowed the cutoff to be less strong than
(4.19) and ignored the fact that the model was no
longer gauge-invariant, he would predict a cross
section which grows like a power of s. There is

~e~ 8 o~

dt 4mm4' (6 1)

In this expression, g is the fermion-gluon cou-
pling, and m is a dimensional constant which will
eventually be expressed in terms of the total elas-
tic fermion-fermion cross section.

In this model there are all together the absorp-
tive parts of 16 graphs. One is shown in Fig. 7
along with the momentum labels to be used. Then
there are three more with both photons on the up-
per line, four similar ones with both photons on

an interesting parallel to this discussion in the
bremsstrahlung model considered in this chapter,
which consists of a gauge-invariant set of Feyn-
man graphs. If one considers any of the graphs
individually and calculates a cross section from
it, the result will grow linearly in s for fixed q'.
But when the gauge-invariant set is added togeth-
er, a cancellation occurs, and the cross section
behaves like a constant in this limit. Thus, there
is at least a de facto relationship in each of these
models between the restrictions necessary to ob-
tain gauge invariance and those necessary to avoid
a power-law growth of the cross section in s at
fixed q'. This observation may be of relevance to
the current-algebra c6nsiderations of Sanda and
Suzuki" and the light-cone analysis of Brandt and
Preparata. " Both of these authors predicted a
linear growth of the cross section in s, but neither
gave much consideration to the requirements of
current conservation. Brandt and Preparata con-
sidered only scalar currents, and so any subtleties
related to current conservation were ignored from
the start. Sanda and Suzuki ignore current conser-
vation in their use of the Low theorem to evaluate
the two-particle matrix element of a single cur-
rent. To do this, they must throw away pole
terms, but these terms are not by themselves
gauge-invariant (which is in fact the essential in-
gredient of the Low theorem)

It should be emphasized that the model consid-
ered in this section is not meant to be realistic,
but rather is presented as the simplest alternative
to annihilation models and as a possible starting
point for investigations into the subjects mentioned
in the previous paragraph. Thus, we eschew any
comparison with experiment and are content to ob-
serve the qualitative features of the differential
cross section. The model describes the scattering
of two fermions with the emission of a massive
virtual photon (lepton pair) from one of the fermion
lines. The strong interactions are simulated by
the exchange of a neutral vector gluon, with the
gluon propagator being replaced by a pure expo-
nential in order to give an elastic fermion-fer-
mion cross section of the form
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simply compare (6.2) with (3.4). This function

must then be Laplace-transformed to find 9 as in

(3.14). But first the Dirac traces must be ex-
panded and the various pieces of D added together.
This is rather tedious, and the details are not of
sufficient interest to include here. Since a cutoff
in the gluon mass t, has been assumed, it suffices
to write the combined D of the four graphs as an
expansion in t,:

FIG. 7. A bremsstrahlung graph. Dotted line denotes
absorptive part.

D =Do+ D~t2+ ' ' ' . (6.4)

W =
2 4 d kDe™5p~+k- q 5 p2-k

(6.2)

Here the fermion mass has been ignored. The
quantity D in (6.2) includes Dirac matrix traces as
well as fermion propagators. One of the more
impeachable assumptions of this model will be
that the amplitude is not cut off in the mass of the
off-shell fermion. A rationale, if not a justifica-
tion, for this assumption is that, in order to emit
a massive virtual photon, the fermion must be far
off shell between the photon and gluon vertex. A

model which was cut off in the fermion mass would

therefore be of little interest.
In order to evaluate the phase-space integral

(6.2) by the method of Sec. III, we define the in-
variant integration variables

t, = (k+q)',

=k2

1t
2P, (k+q) '

(6.3a)

(6.3b)

(6.3c)

the lower line, and finally eight interference
graphs where one photon is attached to the upper
line and one to the lower line. Let us first dismiss
the interference graphs by the following considera-
tion: If this model is of physical interest, it will

undoubtedly be in kinematical regions where q~2

is large. For this situation, it can be easily
shown that it is impossible for both vector gluons

to be near the mass shell. These graphs will
therefore fall off in q~', by virtue of the gluon-
mass cutoff, and will be unimportant in the region
of interest.

Now we need only consider the four graphs ob-
tained by permutations of Fig. 7, the other four
being available by substitution (P, —p, ). These
four graphs can be written by the standard rules
as

At first it would seem that only the first term in
(6.4) need be kept. But actually there is a certain
cancellation, which will be detailed shortly, that
causes the term of leading order in s from each
graph to cancel when they are added together.
Thus, only the second leading term from Do sur-
vives, and in order to obtain the whole cross sec-
tion one must include the leading term coming
from D, .

Let us now focus on the first term in (6.4), which

is, after some algebra,

Ssu
Do=( )a( )2 [sm~+(1- v~)t~) .

(6.5)

An important feature of this expression is that it
vanishes at

(6.6)

The importance of this fact arises from the re-
strictions of phase space. Recall that the deter-
minant H introduced in Sec. III and the Appendix
has the property that H &0 defines the physical re-
gion. Taking the expression (A5) for H and setting

P, = P, =1, which arises from the 5 functions in
(6.2), gives

1
16s".H=[(1 —u), )t, + (1—ru, )t, +q,']'

(6.7)

It is clear that as t2 0 ty is restricted to be at
precisely the value (6.5) which causes D, to vanish.
This results in a cross section which is constant
in s instead of linearly growing. The calculation
of this piece of W is now a fairly straightforward
application of the formalism of Sec. III. The ex-
act formula (3.18) must be used since we are in-
terested in finite u~. The Laplace-transformed
function is

P2=2 (6.3d) x5(1 —P )5(1—P )5(b —Q)I, (6.8)

To find the function 6 which appeared in Sec. III, where
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+s (&m-'tu)
5 e(5 ) -s,a~2

(1 )2 1 I (6.9)

The integration over 5, in (3.18) is easily carried
out by noting that, whereas b, =A, the value of b,
is effectively restricted to be of order 1/s, allow-
ing an expansion of the integrand in powers of 5,/
b, . This i.s valid so long as we stay away from the
extreme corner of phase space where ~, =re, ~,
=1, and &~ =0, where = means that the difference
between the two quantities is of order (Qs) '.
Thus the contribution to W of the first term in
(6.4) is

2'(dg(I 40y)) ~ (6.11)

Combining (6.10) and (6.11) gives a negative-defi-
nite result for IV, '9

x[(I- (u,)'+(I —(o, —(u, +(u}']

x [(I- (u,)'(y, '+ ((u, + (ucu, —2(u}'] . (6.12)

Integrating this expression over the photon three-
momentum with fixed q' [cutting off the integra-
tion for &u, —a& & 0(I/Qs)], one finds that the cross
section do/dq ' behaves as a constant in the limit
s-~, q' fixed, in accord with our previous dis-
cussion.

VII. CONCLUSION

The study of lepton-pair production in hadx on-
hadron collisions may provide some important
clues about the structure of hadrons and about the
range of applicability of several popular theoreti-
cal constructs, e.g., partons, multiperipheralism,
current algebra, and light-cone dominance. In

(6.10)

The fact that this piece of W gives a negative con-
tribution to the cross section [note the minus sign
in (2.5)] underscores the necessity of including
the second term in (6.4). Calculation of D, is te-
dious but straightforward [it is only necessary to
evaluate D, for the particular value of t, given by
(6.6)], and the resulting contribution to W is easi-
ly evaluated with the formalism of Sec. III. It is

this paper, the consequences of some representa-
tive models were explored in an attempt to deter-
mine what physics might be indicated by present
and future experimental data. It was found that
the assumptions contained in each of these models
could be most easily expressed in terms of a func-
tion G defined by (3.5), (3.3), and (3.2). The
phase-space considerations of Sec. III were car-
ried out in a model-independent way in the hope
that they will be of some practical utility even if
the models studied here prove inadequate.

Each of the models gives detailed predictions at
all large values of s and is thus highly vulnerable
to experiment. The pion-annihilation model gives
an acceptable one-parameter description of the
Brookhaven data' for values of q' below 6 GeV',
but appears to be in trouble at higher values of q'
if the pion electromagnetic form factor continues
to fall as fast as (4.22). The quark-annihilation
model, combined with the assumption that there are
few strange quarks in the proton, gives a relation-
ship between lepton-pair production and neutrino
structure functions, the first moment of which is
in exceBent agreement if the quarks are assumed
to have no color. The colored-quark model gives
much poorer agreement.

Regarding annihilation models, it is interesting
to note that should some such model prove worthy
of being taken seriously, there is a simple way to
determine the spin of the annihilating particles.
Thinking in parton-model terms, we can assume
that the annihilating partons have limited trans-
verse momentum, and thus at large q' they are,
to a good approximation, moving longitudinally in
their center-of-mass system. Denoting by 8 the
angle between the beam axis and one of the leptons
in the center-of-mass system of the lepton pair,
the distribution in 8 will be determined by the spin
of the partons. Spin-0 partons would give a sin'8
distribution, whereas spin--,' partons (assumed
bare) would give 1+cos'8.

The bremsstrahlung model was studied more as
a prototype than as a realistic model. The qualita-
tive features of the cross section obtained may be
of some experimental relevance, particularly if it
is found that a component of the cross section
persists out to finite values of q~'/s. Perhaps of
more importance than the result was the cancella-
tion which occurred among a certain gauge-invari-
ant set of graphs, reducing the high-energy be-
havior by one power of s. The nature of the can-
cellation emphasizes the importance of taking
proper account of the restrictions of phase space
and gauge invariance. This model suggests itself
as a natural laboratory for testing various argu-
ments about light-cone behavior" and current al-
gebra. "



PRODUCTION OF MASSIVE LEPTON PAIRS IN HADRONIC. . . 2583

ACKNOWLEDGMENTS

I would like to thank my colleagues at UCLA,
where most of this work was completed, and in
particular, Professor J. J. Sakurai and Professor
J. M. Cornwall for numerous fruitful discussions
and many invaluable suggestions.

Now make the change of variables (t„t,) -(r, 6),
where

t, = — ~cos8+ r sin8- A,

2a, (d~ A, —40g

(A6)

APPENDIX

The determinant H which appears in (3.9) can be
expressed in terms of invariants by multiplying
the Jacobian (3.8) by its transpose. For conve-
nience, we introduce the following auxiliary nota-
tion:

H = 16s'(r ' —R').

The integral (3.16) is now over a circle,

(A8)

t, = — r cosa- r sin8- A.

(A7)
The determinant H now takes the simple form

o. =1-~N
1

p
t (Al) dg ebytg+ b2t2

(R2 r 2)1/2 (A9)

n =I-~
2

p

& =(P& id, )(—P. —~.),

R = [id,(z- (d, )]'~' .

(A2)

(A3)

(A4)

where t, and t, are given by (A6) and (A7). The
integral (A9) is now carried out using the identities

and
After considerable algebra, H can be written as

H =16s' (n, t, + u, t, + q& ) +4 ' -n, a, t,t,
PA

(A5)

t rdr„,&, I,(ar) =—s inh(aR).
p k & ) a

(A11)

From (Alp) and (All), the expression (A9) can be
evaluated, giving (3.17).
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The diffractivelike as well as the nondiffractive behavior of the structure functions of the nucleons is

explained in terms of a resonance model in which not all the form factors have the same Q'
dependence. The most important results of, such a model are the following: (i) vW, tends to a constant
in the Bjorken limit as co' co oo. (ii) For eu' 1 the Drell-Yan-West relation is obtained. (iii) The
difference between proton and neutron structure functions, as well as their ratio, can be properly

explained. (iv) For v and Q' large but finite vW, falls like 1/co' for large co'. (v) The model has only

two parameters to account for F», F» —F,„, and F,„/F». A very good agreement with present

experimental data is obtained in all three cases. (vi) A breakdown of scaling is predicted for any finite

energy, though in the Bjorken limit the structure functions do scale.

INTRODUCTION

Deep-inelastic electroproduction experiments
have provided important insight into the structure
of the nucleons. ' Among the prominent features
of the data' one notes (i) a very large cross sec-
tion, (ii) consistency with scaling behavior, (iii)
a correlation between electroproduction of res-
onances and the deep-inelastic regime, ' and (iv) a
significant nondiffractive behavior as evidenced
by experiments measuring the difference between
proton and neutron structure functions. ' The first
three features have been related previously' in
the context of a model where the nucleon structure
functions were expressed, in the deep-inelastic
limit, as a sum of resonant contributions only.
We shall briefly review the prominent steps of
Ref. 6 since they constitute the basis of the model
to be discussed in this paper.

On the assumption that in the deep-inelastic
limit vW, can be expressed purely as a sum of
resonant contributions, one has in the zero-width
approximation

vW, (q', v) = Q' g g'(Q', ~')5(m'-ml'),
f

where q' = (mass)' of the exchanged photon,
Q' = -q', v =energy transfer in the lab system,
m'= (P+q)' where p is the four-momentum of the
nucleon, and f stands for the observed final states
in electroproduction. The function g(Q', ~') is the
effective form factor of the photon-nucleon-final-
state vertex.

In the case of elastic scattering one has ~'=M'
=(mass)' of the nucleon, and

vW, (q', v) =Q'g'(Q', M')5(2Mv-Q'),

with

a Q2 M2 &z'(Q') +(Q'/4M')G+'(Q')

o. ~„Gz'(Q') .

It is important to note that for a missing mass
W&2 GeV one does not see distinct contributions
coming from individual resonant states, while for


