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Is the Williams modification of one-pion-exchange amplitudes equivalent
to the addition of crossed-channel exchanges' ?
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It is shown that for the processes n p —p n and yp —m h, ++, the %'illiams method of modifying the

one-pion-exchange amplitude is not equivalent to the addition of crossed-channel particle exchanges.

I. INTRODUCTION

It is mell known that the forward-direction be-
havior of the processes yp-m'n, np-Pn, and yP- s L" at high energies cannot be explained by
simple one-pion-exchange (OPE} Born models.
Specifically, these models do not account for the
experimentally observed forward-direction cross
sections. To remedy this deficiency it mas found' '
sufficient to include crossed-channel exchanges in
conjunction with the original OPE contributions
mithin the framework of a simple Born model. A

different approach was to modify the OPE ampli-
tude by absorptive corrections, 4 This also ac-
counts fairly mell for the observed small-t behav-
ior as zvell as the behavior at higher momentum
transfers.

Recently a very simple and parameter-free ab-
sorption prescription was suggested by Williams. '
This method entails the removal of the exceptional
Kronecker 5 terms which appear in the s-channel
partial-wave expansion. These terms are elimi-
nated without recourse to a full partial-wave de-
composition simply by evaluating the residue of
the pion pole at t = m „' and retaining this value for
all t values. One writes the OPE Born amplitude
in the s-channel c.m. system as'

M„&, , q, q, =[sin(-, 8)] " [cos(-,'8)]'"'"

P(X, y, , s, t)
t- m„

where X=X, —A„p, =A,, —A„and where P(A, g, s, t)
is a polynomial in t whose order depends on the
spins of the external particles. Absorption of the
Kronecker 5 terms in the partial waves is ob-
tained by replacing P(X, p, , s, t) by P(A., p, , s, m „').
The resulting amplitude was named the "OPE-5
amplitude" by Williams. In addition to the 5 ab-
sorption one corrects the wrong high-)t( behavior
by a further application of an exponential form
factor' or a similar Hegge factor. '

It has been recently stated" that the Williams
method is equivalent to the inclusion of crossed-
channel contributions, i.e., to the "full" Born

model, for yp- n'n and the np charge-exchange
reaction (CEX). It is the purpose of this note to
check this statement explicitly for the above-men-
tioned reactions as mell as for the photoproductior.
process yP- ~ 6". The statement can be con-
firmed by an explicit calculation for the process
yp-m'n; however, for np-pn and yp-7f b" we

shall demonstrate in Secs. II and ID the inequiva-
lence of the OPE-5 model and the full Born model
The conclusions to be dramn from this result mill
be discussed in Sec. IV.

II. THE PROCESS np ~ pn

The Born amplitude for the m' exchange in the
t channel for P(1) +n(2)- n(3) +p(4) is given by

x sin'(-', 8}, (2.2}

where P and 8 denote the nucleon momentum and
scattering angle in the c.m. system and where m

is the nucleon mass. On the other hand one has
for Xs = -A.„A~ = -A

0 for A., =A,
(2.3)

fx+p, (=0.

The OPE-5 amplitudes, henceforth denoted by M,
are therefore

2 2

Mi, , x,:i,, i, —&x„-x,~i„-),~4 2 2 sm (a8) ~

(2.4)
2 2

M x& k&. x& kz
—sx» x&5k& x& Xg t 2 2 sm (~8),

where g'/4s = 14.'I and g =- m, . The corresponding
s-channel helicity amplitudes can be directly ob-
tained and are

2 2I~+
~ ~ ~ 4g P

X4, X.S, X2, X~ Xs, -hg X4, -&2 4
g

2 2
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where sin'( —,'8) -=sin'( —,'8) ), „2. The contribution of
the n' exchange in the u channel is

.[u(p, )r,u(p. )l [u(p, )r.u(p, )], (2 6)

which yields the following helicity amplitudes:

„0 2g p 21
M(k» = 6k~, -Xl6kg, -X2 ~s 2 2 cos (28) ~

Hence

d(r g4 t'+ p,
4

dt 6vs' (t —g')' '

while

g4 3t2+ ~4

dt 16vs' (t —g')' '

(2.6)

(2.9}

(2.6)

(2.2')

M(").) =-&),, ),~x, , -x., ~4

x[t/, 6q g +t6g x], (2.4')

It is obvious that, for arbitrary s, (M' +M' )(~»
4 M~@.. However, this is a trivial observation and
holds even for ~'n photoproduction. Qnly for s
» m' do the Williams and the full Born amplitude
coincide in m'n photoproduction. Therefore one
would expect the corresponding equality in np CEX
only in the same limit, i.e., as s-~. We there-
fore look for the asymptotic values of (2.2), (2.4),
and (2.6). Recalling p'=s/4, sin'(&8)=-t /s,
cos'(28)=1, one obtains

i.e., the Williams cross section is twice the one
due to the full Born model for

~
t ~«p' and has a

quite different shape. Comparison with the dis-
cussion in Ref. 2 shows that do/dt might be in bet-
ter agreement with the data, although the experi-
mental situation is not completely clear due to
possible systematic errors.

It is interesting to note here that had we taken
the m' exchange in the Born model with an appro-
priate form factor, its contribution would have
been negligible due to its being far off the mass
shell at s» m'. It is in fact due to their inclusion
of form factors in the Born model that Islam and
Preist" did not succeed in reproducing the forward
peak by pion exchanges alone. In our introduction
to Ref. 2 we have failed to state this clearly. "'"
It is also interesting to note" that the full Born
amplitude violates unitarity. However, this is not
too alarming, since both the Born and Williams
models need further absorption corrections to
their wrong high- (t ~

behavior.
2

M~ ~~ 5 (2.6')

III. THE PROCESS yp ~ x 6"
From this one easily sees that asymptotically
M(q» Nluals (M" +M' )(q for A., =-X, =-A., =A., but
dhffers from it for all other helicity configurations.
Let us also compare the cross sections predicted
by the two models. The cross section is related
to the helicity amplitudes by"

The Born amplitude for n' exchange in the t
channel for r(1) +p(2}-v (3)+6"(4) is

M = eG2e„(p, )p3,u„(p, )u( p, )p,", (3.1)

4

(2.7) with G'/4 1v8.9 GeV ' and e'/4w =1/137. The s-
channel helicity amplitudes implied by (3.1) are

eG
M3/2' I/3 + 2 Alp pf sm 8 cos(28) ~

eG
s/s: -l/2. &,

=
t 2&lP Pf+ stn 8sin(28),

p'p, —ppocos8M, /, „, q = —t, ~&p'sin8 pf, sin8sin(-, 8)+2 ' ' f cos(-, 8)2 V3

(3 2)

p p() —ppo cos8
~3 p' sin8 pf sin8 cos(-, 8) —2 ' ' f, sin(-, 8)

This implies the following Williams amplitudes:



IS THE WILLIAMS MODIFICATION OF. . . 255

M», .„,,=,4P'P f cos'(-,'8) sin'(-,'8) cos(-,'8),

M3/2 1/2 1 f
24p'pf sin (28}cos (28)

~ t p

M3/2. 1/2 1
— 24p'pf+ cos (28)sill (28)s

~ 3

p

M», . », ,=,4P'Pf, sin'(-', 8) sin( —,'8) cos'(—,'8),
~ 2

p
As

-2eG 1, , - -,- P'Pp PPp cosa ]M„,, „,,=, p' cos(—,'8) pf, sin8 sin(-,'8)+2 ' ' f cos(-, ) sin(-, 8),/, /, 1 t ~2

I

$/2; 1/23-1 t ~2 ~ 3 +

(3.3)

I

M„,. », ,=,
&
—sin( —', 8) pf sin8 cos(-,'8) —2 ' ' f+ sin( —,'8) cos(—,'8}.1/2, 1/23 1 t ~2 Q 3

In these formulas p'=
f p, f= fp, J, p= Jp, f= /p, f,

PO f 2 2 0(& 04 @4 cos8 pl P3/00
=cos8~, „2, M is the mass of h", and

eG m+ M (
3/21 I/2, Xl f 2 2(mM)1/2 ( kl, l 0 Xls 1

eG (-t)"'
MS/2; 1/2, Ly f 2 2( M)1/2 (f541, l 9541, -'1)i

(P,'+M)(P, +m )
mM'

P P
(P.'+ M)(P, + m)

(3.4)

eG' (-t)1/2

2(mM )1/2 ~3
M~+ ~2 m&"

p, '+(m+ M)
M

(3.5)

For s» M' one has cos 8 = I + (2t /s), sin'( —,'8)
=-t/s, 2(p'p, —ppt cos8) = m' —(M'+ i12),
2(mM)'"f, = v s, and 2(mM)'"f = m+M This.
gives to leading order in s

eG
f —il' 2(mM)'" 1/3

M+p, mx m+M+ [t5„,-y25&, ].

Therefore

der 1 mM
dt 4 ( '}' '

2 2 M'+ ' ' ' m+M 2
(f'+/l') (m+ M)'+-', m+M+ —t —;f p, '+ (M'+ p,

' —m'}
321/ f —/1

(3.6)

Numerical calculation shows that (3.6) coincides,
within experimental errors, with the data for
0& 4-t & 0.08 GeV. It lies above the data for all
higher values of

~
t ~. This is a slightly poorer

achievement than that of the Born model and is
even worse than the "low-t theorem" prediction of
Campbell et al. '

To compare the three theoretical predictions let
us choose characteristic values of ( t ~; [ t [

= 0, t

= m„', and t=0.16 GeV'. One obtains for
(s —m2}2do/dt (in /lb GeV'} from Eq. (3.6) the val-
ues 600, 1330, and 890, respectively; from the
Born model one obtains 530, 1000, 550; and from
the "low-t theorem" 530, 1200, and 820, respec-
tively. The Williams curve has, as we see, a
steeper increase from ( t (

= 0 to
~
t

~

= m, ', i.e., it
is also of a different shape than the other two
curves besides yielding higher values of dc/dt.
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IV. DISCUSSION

We have shown that the theoretical results for a
full Born amplitude and a Williams model are dif-
ferent. In particular, for sp-Pn the forward dif-
ferential cross section in the Williams model is
twice that in the Born model and has moreover a
different shape for small values of (t~. The same
holds for m 6" photoproduction, with the sole dif-
ference that now the Williams model yields a
cross section which is only 1.2-1.3 times the
Born cross section.

We have also seen that experiment cannot yet
discriminate between the two models. The best
place to look at is nP charge exchange. Unfortu-
nately present-day experiments have normalization
uncertainties' just of the magnitude (i.e., a factor
of 2) we are looking for.
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