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%e formulate and study a Deck-type model for the reaction n p -+ m m+n p. The model difFers

from previous Deck calculations in two respects: (i) Experimental data are used for both mm and mN

scattering, and (ii) the amplitude has proper Bose symmetry. Feature (i) allows us to examine any
desired region of 3~ mass (the A, is treated on the same footing as the A,); features (i) and (ii) allow
us to examine all the angular dependence in the fina1 state and to compare with partial-wave analyses
of experimental data. In this paper we present the results of a study in which events generated from
the model by a Monte Carlo method are plotted and fitted in the same way as experimenta1 events.

Many of the features of the data are qualitatively repxoduced, including certain important properties
obtained from the partial-wave analysis in the A, region. The A, region is not accurately represented

by the mode1. Results of an analytic partial-wave analysis of this model, and the use of it to check the
assumptions of the fitting program, are presented in an associated paper.

I. INTRODUCTION

Recent analyses of the morld's data on the re-
action v P-w w' v P in the 4, (see Ref. l) and A,
(see Hef. 2) regions have led to some puzzling re-
sults. The A, effect may be isolated as a resonance-

Ace bump in the pv I.=0 (J' ~= l+) partial wave, and
the A, effect may be isolated as a similar bump in
the fm I =0 (4 = 2 ) partial wave. However, when
the phase of these amplitudes relative to other
(more smoothly behaving) amplitudes is deter-
mined in the region near the bump, .no evidence



1964 G. AS COI. I et al.

of rapid variation is seen. In other words, the
mass spectrum looks like a resonance but the
phase shift does not have typical Breit-Wigner
variation.

Over the past several years, a number of calcula-
lations have been done using Reggeized Deck mod-
els. ' These models, usually of the reaction g N
-m poN, provide a nice bump at approximately the

A, position without any resonance pole at all. Al-
though the shape of the bump is not exactly the
same as the experimentally observed A„and the
total A, production cross section calculated by this
method tends to be too small by a factor of about

2, the model has many physically attractive fea-
tures.

We decided to extend the model so that it explic-
itly describes m p-m m g p soithout the require-
ment that one g+g pair be in the p and saith the
requirement that the amplitude be symmetrized in
the two identical m particles. The aim of the study
was to have a model for all the angular dependence in
the 4-body final state; this would allow us to examine
partial waves of the three-pion system and to compare
these with experimental results. Since we do not re-
strict ourselves to M,„=rn~,we can examine re-
gions outside theA, peak; in particular we can include
theA„ forwhichM, +, =m&.

In Fig. 1, we display the amplitudes taken into
consideration. Our net amplitude is a sum of
terms. Each term is a product of a pion-pion scat-
tering amplitude, a pion propagator, and a pion-
nucleon scattering amplitude. Both the g+ g and
the m m scattering are included. The np and mN

scattering amplitudes used are for on-shel/ pions;
no attempt has been made to continue amplitudes
off shell in the mass. This greatly reduces the
number of variable parameters. We have adopted
this on-shell philosophy because we feel that the
theoretical uncertainties involved in off-shell ex-
trapolations are as great as the theoretical uncer-
tainties in using the Deck model to begin with. We
wish to make the model as straightforward as pos-
sible. One couj.d probably improve agreement with
the data if a different off-shell extrapolation form
factor was used for each partial wave; however,
we cannot get excited about this procedure and
will not discuss it further.

The amplitudes used for the gg and gN scatter-
ing were the best available to us at the time. We
examined results for various Reggeized and un-

+ (m) - - m2)

FIG. 1. Our Deck model for z p n' x+m p.

Reggeized versions of the pion propagator. These
components of the model are discussed in detail
in Sec. II.

Monte Carlo generation was used to obtain a sam-
pling of several thousand events in the region 0.9
GeV ~M„~1.8 GeV for each version of the pion
propagator considered. The three-pion mass spec-
tra for different versions were compared with the
data at 16 GeV/c incident laboratory pion momen-
tum. After a "best" Reggeized propagator was de-
cided upon, another set of events was generated
at 40 GeV/c; this gives us some indication of the
energy dependence of the results. A standard SUE+
program was used to compile distributions in var-
ious angles and invariant masses. These are dis-
cussed and compared with the data in Sec. III.

Next, the events obtained from our formula were
fitted by the same fitting program used by Ascoli
et gl. in the data analysis which motivated this
work. '" This yielded relative amounts of the var-
ious partial waves present, and their phases.
These are compared with the data in Sec. IV. Qual-
itative agreement is obtained in many cases. Fur-
thermore, some phase relations in the data which
seem perplexing at first can be understood by ex-
amining the phases produced by models of pro-
gressively increasing complexity. Generally speak-
ing, the model reproduces the A, region quite well
but fails to provide a large enough A, effect.

The isospin dependence of the model was checked
by predicting m s-w w woP at 7 GeV/c and compar-
ing with published data. There is good agreement
in this case also. Encouraged by these successes,
we have used the model to predict a cross section
for Ay production for energies up to PL,b —-640
GeV/c. These results are presented and discussed
in Sec. V.

Finally, Sec. VI is devoted to some comments by
way of summary.

II. COMPONENT PIECES OF THE MODEL

A. Amplitudes for pion-pion scattering

Experimental information on pion-pion scatter-
ing is available up to m„„=3.0 GeV, and phase
shifts and elasticities are available in one form or
another up to m, „=1.48 GeV. At the time we began
this calculation, the best m'm phase shifts avai-
able in the p region were those Protopopescu
et al. ', since our description of angular dependence
in the A, region depends crucially on the w+m para-
meterization near the p we used the Protopopescu
phase shifts and elasticities in the region 0.55 GeV
~M «1.15 GeV. It shouldbenotedthat the m m phase
shifts used by this group to extract their isospin-
zero phase shifts were those of Baton et gl. '

Phase shifts for the region of np energy below
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550 MeV are all relatively small. These were ob-
tained by extrapolation of the Protopopescu phase
shifts and reference to the work of Walker et al. ,

e

Lovelace, Heinz, and Donnachie, ' and Scharen-
guivel et a/. ' In the region 1.0 GeV~M„„~1.48
GeV, phase shifts and elasticities have been given
by Oh et al.' and the CERN-Munich collaboration. '

Vfe matched these onto the Proptopopescu phase
shifts. This procedure gave us a smooth set of
phase shifts and elasticities covering the region
from threshold to 1.48 GeV; the bulk of the infor-
mation is from Protopopescu et al. and most of
our results in the A, region depend essentially to-
tally on the Protopopescu results.

In order to obtain a description of gg scattering
for higher mw energies, we are forced to use a
model. Since the highest 3m mass considered is
1.8 GeV, the largest mm energy of concern is 1.66
GeV. Hence the region not covered by explicit
phase-shift analyses is fairly small. The only fea-
ture of note in this region is the g resonance. We
therefore approximated the invariant mw scattering
amplitude in the region above 1.48 GeV by com-
puting the amplitude from the phase shifts at 1.48
GeV and adding to this a Breit-%'igner distribution
for the g.
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B.Amplitudes for pion-nucleon scattering

Experimental information on mN scattering is
available over a full range of energies. Again, we
use a phase-shift parameterization for the lower
energies, choosing the CERN 1967 solution. "
These phase shifts extend down through the 6,»
resonance region.

For the higher energies (M, „~1.96 QeV) we have
used the Regge-pole fit of Barger and Phillips. "
For our purposes, this fit has the advantage that
finite-energy sum rules utilizing low-energy data
were used in addition to fits to the high-energy
data to determine the Regge residues. Thus some
degree of continuity between the two regions has
been ensured.

Unfortunately the phase-shift and Regge para-
meterizations do not match exactly at 2 GeV. In
figures 2(a) and 2(b) we show the 8 and (B invariant
amplitudes for mN scattering as calculated from
phase shifts and from the Regge parametexization,
at t =0. There is a marked discontinuity between
the two formulas, especially in the 6 amplitude.
The particular combination, 6, of 8 and which
occurs in the direct-channel helicity-conserving
amplitude is plotted in Fig. 2(c). Note that this
amplitude has a smaller discontinuity.

We have arbitrarily smoothed over the "join"
between the two approximations by making a lin-
ear interpolation at each cose value between the
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PIG. 2. m -proton elastic scattering amplitudes at
t =0 calculated from Regge formulas and from phase
shifts, in the transition region. (a) The invariantampli-
tude 8; (b) the invariant amplitude (8; (c) the s-channel
helicity-conserving amplitude C.

phase-shift approximation at (s„„)'~'=2QeV and
the Regge approximation at (s„„)'~'=2.2 QeV.
This is a reasonable approach because the dom-
inant amplitude in our calculation actually depends
chiefly on 8„atlarge energies for the incident
pion. "

C. Pion propagator

Deck, in his original formulation of the model, '4

emphasized that in the center-of-mass system one
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expects a forward-moving px system because of
the diffractive nature of mN scattering, and a for-
ward-moving p because of the pion propagator.
Thus -the probability that the ~ also travels for-
ward, keeping s~„near threshold, is enhanced
over phase space. Berger' mas able to sharpen
the peak near threshold by Reggeizing the ampli-
tude. Crudely speaking, this sharpening of the
peak is produced because a factor like s, '~' will
damp at large s„~[a„(t)is negative for all t in the
the scattering region]. In addition to these basic
components of the pion Regge propagator, we have
allomed for a Regge residue function of exponential
form e". The parameter a is the only free param-
eter in our model.

We have studied "pure" Deck amplitudes with
propagator of the form

(2.1)

and "Reggeized" Deck amplitudes with propagator
of the form

(appropriate mass} ' 'ie """' 'e"
t-m. ' (2.2)

S,„-III, (mI '-m, ')(III„'-t)

However, the choice of the appropriate mass" in Eq.
(2.2) is much less clear in our model than in Ber-
ger's, and some discussion of this point is in or-
der.

In a model like Berger's (see Fig. 3), Reggeiza-
tion of the pion exchange clearly calls for a term
of the form s&„ IiIi in the region where s, is
much larger than some reference (mass), s„gen-
erally estimated to be near 1 GeV'. Since the A,
itself has a mass of only 1.08 GeV, the asymptotic
formula need not apply near the A. , bump. In an
attempt to extend the Regge idea to this nonasymp-
totic region, Berger replaced sI„by2q, k, cos8,
for the internal reaction w+"Pomeron" w+p (here
"Pomeron" stands for the dynamical mechanism
carrying momentum pI"„,-p;„",'). If uI„and t Iare
momentum transfers for this internal reaction,
Berger's attempt replaces s&„by

I 2 3 4
I I

I
I

'(ViAJ----
I
I
I

2

3 4

(b)

Unfortunately, Berger's formula is singular at
t~„=0,and we now know that such singular terms
are canceled by daughter trajectories. A more
modern version of this recipe for fixing up Regge
formulas in nonasymptotic regions would there-
fore be to replace sI, by —,'(sI„-III„).Hence we
drop the term proportional to I/t ~ in 2q, kI cos8, .
This mill produce an A, bump more pronounced
than s pp

~(™p alone, but less pronounced than the
result of Berger.

Recipes of this sort for Reggeizing nonasymp-
totic regions are more of an art than a science.
Duality-tells us that Regge formulas (no matter
how they are "fudged") can only approximate low-
energy behavior; certainly resonances like the A, are
important in the ~ w+g state, and these cannot be
reproduced by Regge formulas. Homever, if we
accept these limitations, there are several indica-
tions in recent Regge fits to other reactions that
the replacement of s" by [I(s-II}] improves the
fit for lorn s."

Therefore, if me produced a pm system, our plan
of attack would be relatively clear. However, in
our amplitude, where three individual pions are
produced, one can imagine four different mays to
Reggeize each term in the amplitude. These are
pictured in Fig. 4, and the choice of the correct
one is determined by the particular values of the
subenergies being considered.

(i) Figure 4(a) represents a situation in which

s», s», s,4 are all large. In this case the factor
appropriate to the pion propagator mould be s23 ~'~.

(ii) Figure 4(b) represents a situation in whichs„is at a resonance, but s,» and s„are large.
This is the Berger picture. The correct factor
here is s», ~ '.

(iii} Figure 4(c) represents a situation in which

This replacement further enhances the peak over
a simple s~„factor.

3 4
I 2

l I

j

pO

FIG. 3. Berger's Deck model for ~ p p n' p.

(c)

FIG. 4. Kinematic regions of interest in the final
state of x p & x+m p. (a) Tripl. e-Regge region; (b)
dipion resonance; (c) mN resonance; (d) double-resonance
production.
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s~ is in a resonance region, but s» and s», are
large. This is the situation considered by Jones"
in studying the nucleon-g-w enhancement in this
reaction. The correct factor here is s», ~ ' .

(iv) Figure 4(d) represents the case where s„
and s34 are both in the resonance region, but s is
large. The correct factor here is s"~t).

Since we have included all the m-nucleon scatter-
ing amplitudes, with resonances at the lower ener-
gies, we have the possibility that each of the four
forms may be valid at some time in the calculation.
This raises the spectre of "Balkanization" of the
allowed phase space into regions where one or the
other of the forms is applicable. There are many
practical reasons to avoid such a division if pos-
sible. Hence we decided to settle on a form that is
"correct" for most of the events in the region we
wish to study.

Limiting the three-pion mass to O.9 &M3
GeV at an incident energy of 16 GeV/c allows s ~
to range from values near threshold to 25 GeV'.
Most of our events will have s„„larger than 4
GeV'. We therefore eliminate from consideration
the formulas attached to Figs. 4(c) and 4(d).

Furthermore, we can see that events of the type
represented Fig. 4(a) will be rare. This is be-
cause s 2+823+ s„=M,„'+3M„', and if ns„-1.& GeV
each of the individual s,&

must be below (1.1)'. In
a typical event, s» will be around 0.4 or 0.5 GeV'.
Hence Reggeizing the pion propagator with a factor
of s» & ' will raise even worse problems of non-
asymptoticity than Reggeizing the situation in Fig.
4(b) 'by sy2g

We conclude that a Reggeized propagator with en-
ergy dependence of the form s„"~' will be our
best choice for the kinematic region considered.
We may hope to improve this at low values of s„
by using

III. CALCULATED DISTRIBUTIONS

A. Distribution in the three-pion mass

The first distribution compared with the data in
studies of this sort is, of course, the three-pion
mass spectrum. In Fig. 5 we show, for reference,
an experimental spectrum obtained by combining
the world's data in the interval 11 GeV/c~P„b &25

GeV/c. " This shows theA, , and A, peaks more
clearly than the data at any one energy.

Qne of the main selling points for Berger's
Reggeization of the Deck model was its sharpen-
ing of the lump in the A, region; we would there-
fore expect FULL and SMU to produce more sharp-
ly defined peaks than PDK. In Fig. 5 we show the
calculation from our "best" SMU (with a=0). No-
tice that both the normalization and the over-all
shape of the spectrum are reproduced rather well,
except in the A., region. Qur I&est PDK results,
with a= 2, are displayed in Fig. 6(a). They are,
as expected, quite a bit flatter than the predictions
of the Reggeized SMU. %'e were unable to make
the P y in PDK any more pronounced, within the
constraints of this model.

If we scrutinize the results more critically, we
realize that even the A, enhancement produced by
SMU is rather wider than might be desired, since
some of the experimental events in the broad hump
at low Sw masses must surely be contributed by
the tail of the A, In fact, all of our calculations
in this model have produced peaks which were a
little wider than we might have expected from
Berger' s result. After some experimentation, we
have come to the conclusion that this difference is
essentially due to the fact that our calculation,
with all mm waves included, fills up more of the

[S123+ 2(t TT(12)) 2 t sN M p 2 S121
n&(t )

=[&(s s )]&„(&)

This reduces to Berger's formula (less his singu-
larity) when s„=m '.

In the discussion below of model calculations the
propagators used are associated with acronyms
for their composition. We list here a glossary of
these terms.

o 60
JD ~

(2~ 40

eat
PDK: t —Nl~

nfl ( t )~et 8-& &e(t ) /2
FULL:

(2.3)

(2.4)

0
0.9 I.5 l.5

M& (GeV)
l.7

[' 1( )i)ct~(t)cate-tffcx (t }/2
SMU (2.5)

I'IG. 5. 3x mass distribution. The data points are
combined 11-25 GeV/c data; the curve is calculated from
our Deck model. Asymmetric errors are due to "quanti-
aation" of computer plotting routine.
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"best" amplitude. All the rest of the results dis-
cussed in this section were calculated using SMU.

Calculations with FULL and SMU for various
values of the parameter a in Eq. (2.5) showed that
reasonable shapes for the 3g mass spectra could
only be obtained with positive a less than 1 or 2.
A small value of a is also expected from the slope
of the differential cross section for nN-pb, . For
SMU we found that a=0 worked very well; this re-
duces the model to its simplest possible form. All
results discussed below are for this value of a.

0.0
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64.0

48.0

32.0
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' 0.90
I
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I I

I.30 I.50
(GeV)

I

I.70 1.90

FIG. 6. (a) Deck calculation with elementary pion
propagator. (b) Shapes of pep and no+ phase space.

available 4-body phase space than Berger's (which
is essentially a 3-body calculation).

Berger uses three-particle pwP phase space. It
rises very sharply from the pn threshold to about
theA, peak, and then rises more slowly as m» is
increased. The four-body nmnP phase space used
in our calculation rises from the 3m threshold and
grows rapidly for 3s masses just above the A, I

see
Fig. 6(b)j. Hence our amplitude would have to fall
very rapidly as a function of three-pion mass to
provide a sharp A, peak. The Regge (s», -u», ) +
factor apparently is just not adequate for this pur-
pose.

Another difference between the data and our mod-
el is the absence of an 3, bump in our mass spec-
trum. As is demonstrated in I, there is an
A, present in the f w s-wave 3 state, but it is ob-
scured by the many other partial waves of equal
size predicted by the model. " We found that SMU
tended to produce slightly more f particles than
did FULL, and so made the A, effect as large as
possible. For this reason, we selected SMU as our

B.Overview of other distributions

The phase space for our reaction wN-mnmN at
fixed incident energy can be written as

2n dM, ~do. dcosP dy ds» ds» dt»
8 sP. 3m

Here t» is the momentum transfer between the
nucleons, s» and s» are Dalitz-plot variables for
the three pions in their over-all rest frame, and

n, P, and y are a set of Euler angles describing
the orientation of the three pions in this system.
In this paper we take a and P to be the polar angles of
the n', with P being the angle between the m+ and the in-
cidents direction. Thethirdangle, y, istheangle
between the 3w decay plane and the plane formed by
the direction of the incident n and the outgoing w'.

We can therefore study single distributions in
n, cosp, y, s», s», and t» as well as 1837) Fur-
thermore, we can study theM, dependence of each of
these distributions by collecting events in narrowM„
bins. This allows us to isolate behavior in the A, re-
gion from that in theA, region. Finally, we can ex-
amine distributions in other variables, such as s,+~,
s,+, ~, etc. By comparingallthesedistributions with
the data, we can get a very good over-all picture of
the strengths and weaknesses of our model.

It is clearly impossible to show histograms of
all these distributions. In order to summarize our
results as efficiently as possible, we have organ-
ized this information into three parts presented
below as Secs. IIIC, IIID, and IIIE. In Sec. IIIC
we describe the distributions in e, y, and t», as
well as the energy dependence of the various dis-
tributions. These features are fairly straightfor-
ward and can be summarized primarily in words.
Section III D is devoted to the distributions in cosP,
s~+ —, s„-,—,and the mm scattering angles. Vari-
ation of these distributions with M, „

is an import-
ant feature of the data, and the extent to which our
model reproduces this is a good test of the model.
We note in passing that only models like ours, with
all partial waves of pg scattering included, can
hope to predict mass dependence of the n, P, and

y distributions. Hence this is a new feature of our
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calculation, and we feel justified in devoting a fair
amount of space to it. Finally, Sec. IH E describes
the distx ibutions in pion-nucleon and m-m-nucleon

mass; we find that the agreement with data is also
reasonably good for these distributions.

C. Some distributions with simple behavior c ioo-

M

- 75-

CO

- C50-
OP

LLI

Both in the data and in the model, distribution
of events in the Euler angle e is quite flat. This
is independent of energy and of three-pion mass.

The Euler angle y has more interesting behav-
ior. Due to paxity and the identity of the negative
pions, the projection on y is forced to be symmet-
ric about y=0 and y= w/2. In general, it has struc-
ture, with a peak at y= 0 and a dip at y= w/2; the
peak grows more pronounced as M,„'increases.
This is true in both the data and the model.

Over-all t» dependence is governed largely by
the behavior of the gN scattering amplitude in-
serted. At large s„„this is like e4'»; hence we

expect the calculated cross section to behave
roughly like pat&~ This is borne out jn practice:
At 16 GeV/c incident pion energy, the calculated
distribution in t» for all our events in the region
0.9 GeV«M~ «1.8 GeV is an exponential of slope
8.8~1.5; this compares with a slope for the ex-
perimental distribution at 16GeV of 8.3+ 0.4. The
calculated slope gradually decreases as the three-
pion mass increases. This compares well with

the behavior of the experimental distributions.
The distribution of events in other momentum

transfexs has also been studied. The momentum
transfer between the incident pion and the outgoing
m m' pair, where the x is chosen to be that one

forming a resonance with the g+, is the variable
associated with our pion-exchange propagator. If
the model is a reasonable approximation to reality,
distributions in this momentum transfer should be
similar to (or perhaps sharper than) the data. In

Fig. V, we show some of these distributions. The
momentum transfer to the p in the A, region is
quite well reproduced by the model. In the As re-
gion, the model predicts somewhat sharper dis-
tributions in momentum transfer to the p and f
than are observed in the experiment.

The calculated three-pion mass distributions
(not shown) at 40 GeV/c look remarkably similar
to those at 16 GeV/c; in particular the production
of fo is similar. Gross shapes of Nw and Nww spec-
tra are affected principally by the kinematic cut-
offs; hence the positions of the broad peaks in
some of these spectra move up as the energy in-
creases. The energy dependence of the total cross
section for events in the mass region 1.05 GeV
«M, «1.25 GeV is described in Sec. V.
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FIG. 7. Distributions in t &~ . Histogram shows 11-
25 GeV data; curve showers calculation. ta) Momentum
transfer to p, for 1.0 GeU ~MS~ ~1.1 GeV. Both curves
are noxmalized to 2193 events. (b) Momentum transfer
to f, for 1.5 GeV ~MS„~1.8 GeV. Both curves are
normalized to 612 events. (c) Momentum transfer to p,
for 1.5 GeV ~M3~~ 1.8 GeV. Both curves are normalized
to 694 events.

D. Distributions closely related to n'm scattering

We expect the distribution in I,+„ to display
bumps corresponding to all m'm resonances that
are kinematically allowed. In practice, this means
only the p in the A, region (0.9 GeVcM~~a1. 2 GeV),
andboth the p and the f in theA, region (1.5 GeV&M~
~1.6 GeV). Our results at 16 GeV/c are displayed
in Fig. 8, where we have normalized our distribu-
tions to the data to make comparison of the details
easier (due to the approximate correctness of our
predicted over-all normalization, as shown in Fig.
5, this is not much of a "cheat").

Notice that our f bump is not as prominent, re-
lative to the p, as it is in the data. Since oux in-
put gg scattering amplitudes come up to the uni-
iarity limit at the f, we cannot increase the .

amount of f in any simple way within this model.
Clearly the lack of prominence of the f is related
to the invisibility of the A, in our mass spectxum.
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Another distribution closely related to this is
the one in cosp. The angle p is defined as the an-
gle between the outgoing p+ and the incident g in
the over-all rest frame of the 3m system. When

PI3 is near threshold for a quasi -two-body
(w'w )sw channel, the (v'w )s system is almost
at rest also. In this case, the angle P approxi-
mates the angle between the incident p and out-
going p' in the center-of-mass frame of m+g scat-
tering. Hence m-P is close to 8„,the mm scatter-
ing angle. Thus we see that the approximation
cosP=-cos8„is valid near the pg threshold and
near the fv threshold; this should aid us in under
standing the A, and A, regions.

We divide our events into three regions in M3, :
(i) the A, region, 0.9 GeV~M„~1.2 GeV, (ii) the

A, region, 1.2 GeV~M, „~1.5 GeV, and (iii) the A,
region, 1.5 GeVc+, ~1.8 GeV. Calculated distri-
butions in cosP for these three regions are shown
as solid lines in Fig. 9. We note a steady pro-
gression from one region to another; the original-
ly broad peak near cosP= -1 becomes narrower as
M„increases and the number of events near cosP
=+1 builds up in compensation.

The A, region is not directly comparable with
the data„as the Deck model produces no A2. Ex-
perimental distributions for the &y and A, regions
are shown as histograms in Figs. 9(a) and 9(c).
We see that our model reproduces qualitatively the
data in the A, region, but it has more asymmetry
than the data. This is related to the large amount
of 0 cv (s wave) produced by the model, discussed
further below. In addition the depletion near cosp
=-1 does not proceed fast enough as M„in-

!creases. The experimental events in the A, region
are concentrated near cosP=+1 to a greater extent
than are the calculated ones.

We can use our quasi-two-body threshold approx-
imation to attempt an interpretation of this behav-
ior. In the A, region, the peaking near cosP= -1
represents a peaking of the mm differential cross
section near cos8„,=+1, and the shape of the curve
shows clearly a p-~ interference. This is well re-
produced by our model.

In the A, region, the data show fairly clearly the
angular dependence of a spin-2 object interfering
with spin 0 and possibly spin 1. Our calculation
shows this less well. More light will be cast on
this problem in Sec. IV, where we demonstrate
that calculated "fv in s wave near threshold" is
not larger than "pw in p wave away from threshold"
in this A, region. This is rather different from
the experimental result, and may be pinpointed as
the cause of all the differences discussed so far.

The g m distributions are expected to be smooth,
as no resonances occur in this system. These dis-
tributions are shown in Fig. 10. We see that the
data are reproduced fairly well.

E. Mass distributions involving nucleons

Since our model contains a fairly detailed de-
scription of pion-nucleon scattering we might hope
for a good match between the predicted and mea-
sured mN and gran distributions. This expectation
is confirmed qualitatively, although not all details
match up exactly.

In Figs. 11 and 12 we compare the calculated and
experimental Pm+ and Pm mass distributions. Only
events with M„in the A. , or the A, region are
shown; the presence of an A, resonance in the data
influences the experimental nN spectra for M3„
near the resonance. Note that the gN resonance
production is more or less correctly reproduced.
The general shape of the spectra at g,

„

larger than
shown in Figs. 11 and 12 also agrees with the data
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in that the Pm+ distribution falls off more rapidly
at large M~, than does the PI distribution. How-
ever, the m P distribution is less accurately re-
produced in detail than is m+P, for the large s„„.
The graphs of Figs. 11 and 12 have had experiment:
and theory normalized to the same area, to make
comparison of details simpler. Again this is not
much of an adjustment, due to the good over-all
normalization of the calculation. The relative size
of Pn' and Pw distributions at low M, ~ is approx-
imated fairly well by the model.

Since our model treats the mn and gN vertices
symmetrically, we could equally well use it to in-
vestigate nucleon "resonances" similar to the A, .
A study of this sort" would concentrate on a given
Pm'm mass range; we have not undertaken such a
study. We can, however, compare our distribution
in pn'm mass with the experimental events, choos-
ing only those mith M, „

in the 4, or the A, region.
This is done in Fig. 13, where we plot M~+, for
the least-forward v (choice of the least-forward
m limits us to Pw+m combinations mhich are most
likely to be traveling together). Again the qualita-
tive agreement is good. This is encouraging be-
cause me mere not focusing on Pm'w systems when
we set up the Reggeization formula, and this dis-
tribution is essentially a by-product of the calcula-
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tion. Agreement here tends to support our belief
in the validity of the model.

IV. PARTIAL %AVES DERIVED FROM EXPERIMENTAL
FITTING ROUTINE
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FIG. 13. Distributions in M&~+„ for the n that is
least foulard from the incident beam: (a) in A

& region;
(b) in Ae region. Experimental points are from the
data of the ABBCH collaboration at 16 GeV/c (Ref. 2).

The similarity of the various calculated distribu-
tions to their counterparts in the data, encouraged
a hope that the individual partial waves in the
three-pion system might also be predicted accur-
ately by the model. Amp1itudes and phases of the
partial waves in the data were obtained by Ascoli
et gl. using the fitting routine of Ref. 2; we used
the same fitting routine on our Monte Carlo-gen-
erated sample of events. To have good statistics
for the fitting procedure we generated 8000 events
in each Sv mass bin (100 MeV wide), at 16 GeV/c.
Before discussing the results, let us briefly re-
view the assumptions made in performing the fit.

Events are assumed to proceed by the production
of a state of spin J and spin projection M which
then decays into a dipion system of spin 5 and a
single pion. The dipion and pion are in some rela-
tive orbital angular momentum state L, ; allowance
is made for various I.'s and 5's in each state char-
acterized by M, J, and parity. In general, "coher-
ence" is assumed for different decays of a given
M, J, I' state —both decay modes are assumed to
come predominantly from the same spin combin-
ation at the nucleon-nucleon vertex. This assump-
tion has been tested in the experimental data (see

Ref. 2) and found to be reasonable; its validity in
our Deck model is discussed in I, where the am-
plitudes are displayed.

Parious dipion resonances are allowed in the
v'w mass: f', p, and e. These are approximated
by Breit-Wigner forms with widths and masses
taken to be 1'=0.154 GeV, M= 1.269 GeV for the f;
I'=0.135, M=0.765 fox the p; and I'=0.400, M
=0.765 for the c. The over-all amplitude is then
symmetrized in the two g particles. No p p di-
pion states are included. All events in the 4 re-
gion of mN mass are excluded before fitting; this
removes most of the complications introduced by
mN resonance formation.

The J values of greatest interest to us in this
regionof three-pionmassare0, 1, and2. Fits toour
Monte Carlo events show that the "unnatural par-
ity" sequence J =0, 1', 2 dominates this region,
with possibly some 3+ needed at the higher values
of M„.In Fig. 14 we display the amounts of these
major spin states calculated from the model at 16
GeV/c. These may be compared with the results
of fitting the combined 11-25-GeV/c data displayed
in Fig. 15. (In Fig. 15 the solid curve is an "eye-
ball" fit hand-drawn through the model points of
Fig. 14.)

We note in particular the following similarities
between the calculation and experiment. (These
comments apply to the "main" solution plotted.
The "alternate" solutions, indicated by arrows,
are discussed at the end of this section):

(i) M = 0 states are much more heavily populated
than M o0 states, in agreement with the data (not
shown).

(ii) The 1+ s wave has a peak in it near M,„=1.1
GeV; there is no peak in the 1'P wave &m at this
position and the cg is considerably smaller than
the pw at the peak.

(iii) The 1' ev P wave rises to meet and cross the
1+pg s wave at larger 3g mass.

(iv) The 0 p(p v), 1+p(ev), 2 p(pw), 5' total, and
flat magnitudes are reproduced quite well in shape
and size.

(v) The over-all 2 contribution rises from
threshold to a plateau at large values of M,„.

(vi) Outside of the A, region, our 2 s(f v) wave
is about the right size.

We also note the following differences:
(i) The model predicts too much 0 compared

with 1+.
(ii) The peak in the 1' distribution calculated

from the model is not as sharp as the peak in the
data.

(iii) The g, peak does not show at all the Deck-
model 2 s(fv) wave.

In summary, all the properties of the 1+ state
seem to be predicted approximately correctly, al-
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though exact details are not reproduced. The gen-
eral shapes of the other partial waves plotted are
also correct (except for the 2 fw s wave), but the
ratios of sizes may be off as much as a factor of
2 (i.e., 1.4 in the amplitude). Since we have taken
an extremely simple model, with no off-shell ex-
trapolation for mp and mN partial waves, we feel
this is quite good agreement. Possible alterations
in the model to change the relative sizes of partial
waves are discussed in Sec. VI.

It is important to note that in the study of I,
where FIT was tested and compared with explicitly
calculated partial waves in a somewhat simpler
model, PIT obtained a more rounded A, peak than
the explicit calculation. Some (but by no means
all) of the discrepancy between the 1' s magnitudes
calculated by KIT from the data and from the Deck
model may be ascribed to the difficulty FIT has in
differentiating between the 1's(ps) and 1'p(@II)

states at Iow sm mass. " However, the fitting pro-
gram has much more trouble with the Deck model
than it did with the data. At the end of this section
we discuss this problem in more detail.

Our explicit calculation in I yielded a large
0 s(sv) wave, like that derived here. We conclude
that the model discussed here does in fact produce
ioo IIluch 0 s(fcI).

Our failure to produce a well-defined A, is, how-
ever, a disappointment. It is linked closely with
the fact that the f meson is barely visible in our
calculated m+ w distribution. Since SMU gives a
slightly better f than other choices of the pion
propagator, we have been unable to improve the
situation by varying any of the inputs within our
simple framework. The presence of the A, is
much more obvious in the analytic partial-wave
analysis performed in I, which can pick out any
partial wave present without regard to its relative
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size.
FITalso determines relative phases between dif-

ferent production amplitudes. As mentioned in the
Introduction, one of the mysteries associated with
the A, is the lack of variation of the phase of the
pn s-wave amplitude relative to other amplitudes
present. An associated mystery is the numerical
value of the relative phase y'&-y,'„=90'for
0.9 GeV&M, „~1GeV." We therefore wish to ex-
amine the predictions of the model for these rela-
tive phases.

In Fig. 16 we display the fitted values of relative
phases between all the important states from our
model, at 16 GeV/c. Error bars on the points in-
dicate the statistical accuracy in fitting a finite
number of events. The comparable experimental
phases are shown in Fig. 1V. We see that on the
whole the approximate magnitudes of the phases
are given reasonably well by the model. We feel
this indicates that a Deck-type model can come

close to describing all the measurable physical
quantities of the three-pion system in the A, re-
gion. Approximate agreement of the phases in the
A, region is probably fortuitous, as the small mag-
nitude ascribed by FIT to our 2 s(fv) wave pre
eludes trust in the phases obtained for this wave.
In a maximum-likelihood fit with a finite number
of states in the hypothesis, small states tend to
act as "garbage collectors, " picking up all those
contributions which fail to resemble the large
states assumed. For this reason, the peculiar
fluctuations seen in some of the 2 phases in Fig.
16 are not surprising, considering the small
2 s(fw) magnitude shown in Fig. 14.

At first glance the 90' phase difference between
production of 1+p-wave &n and 1+s-wave pm seems
strange. One might wonder whether this result
could be easily understood. We have studied this
particular phase in the region 1.0 GeV&M37f ~1.1
GeV by generating events according to a series of
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models and fitting them; within the Deck frame-
work this phase difference is due almost entirely
to the Regge signature factor of the pion exchange.

Let us begin with the simplest possible version
of our model —set the p n scattering amplitude
equal to zero, replace the m'w scattering ampli-
tude by Breit-Wigner forms at common p-e mass,
replace the mÃ scattering by a pure Pomeron ex-
change, and put in a pion propagator with no signa-
ture (for example a non-Reggeized elementary
pion). Clearly the 1's-wave p)I and 1'p-wave er
states produced by this must be relatively real.
We fitted events generated from this model, and
indeed obtained a relative phase of 0 .

Next, we allowed the full m'm scattering ampli-
tude to be present. Some phase difference will be
introduced in the fit by the fact that the Proto-
popescu & is not at the pole position of our Breit-
Wigner form. Upon fitting these events we found

lpga+ (p y+p 26 The next step was to allow the full
m'm scattering amplitude along with the full nN

scattering (as in PDK with a 2). This yieMed a
relative phase of 23'. Finally we Reggeized the
pion propagator as in SMU and allowed it to have
signature. The relative phase came back to q,+,
-q,+p=95

Clearly the Reggeization procedure can make
the production phases of em p wave and pg s wave
different. To our knowledge, the study of phases
in this model is the first time it has been possible
to test, even indirectly, the phase of pion ex-
change. Our results support the concept of a sig-
nature-factor phase with nonzero n(t) for this ex-
change.

As mentioned briefly above and as shown in Fig.
14, some problems were encountered in fitting the
events generated according to the Deck model.
One possible cause of this is discussed in Ref. 19,
where we show that the (symmetrized) decay am-
plitudes for the states Vs(pw) and 1'P(e)I) are rath-
er similar. This leads, in fitting the data, to a
rather poor determination of the relative amounts
for the two states below M,„=1.1 GeV. There is
no corresponding problem in determining the rela-
tive phase. In fitting the Deck-model events, this
problem turns out to be much more severe. Not
only is the effect noticeable to higher M, ~ (up to
M„-1.4 GeV), but in fact (as shown in Fig. 14)
two solutions were found in some M, ~ bins. The
two solutions are shown in Fig. 14, distinguished
by left and right arrows. It is our impression that
this difficulty in applying the fitting program is
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due to the large amount of 0 s(ev) present in the
model.

Because j. i+assumes a sequential decay of the
3m states which is not present in the Deck model,
it is possib1e that ~.j,i simply cannot reproduce the
Deck model. One test for this is to generate events
using the formula FIT has chosen, and to compare
these events with the original samp1e of Deck
events. If the fit is truly good, the two sets of
events should pxoduce identical histograms in all
the kinematic variables. The fit to the data pre-
sented in Ref. 2 passed this test with Qying colors;
it is appropriate to ask whether FIT can do as well
for the Deck model. %'e find that in the A, region,
rri c1osely matches the Deck events. Howevex,
some problems show up in the A, region.

In Fig. 18 we compare the fit (solid curve) with
the Deck events (histogram} at 1.6 Gep&M„~I.7
GeV for the two projections of the Sg Dalitz plot.
The g'm projection is reproduced adequately by
FIT, although the p peak is slightly displaced and
the 1ow m'+w mass region is underestimated. How-

ever, the FIT result fails to match the large notch
in the Deck n z distribution. Also, it seriously
underestimates the cosP distribution near cost)=-1
(not shown). The azimuthal distributions (a and y)
are reproduced reasonably well.

We know that the m'm s wave used by FIT is rath-
er different fxom that in our model, ,since FIT uses
only a Breit-'Wigner form at 765 Me7, while our
"&" effect is rather more complicated. To deter-
mine whether this difference was at the heart of
our troubles, we refitted the Beck sample using
instead of the Breit-Wigner e the m'n s-wave
scattering amplitude actually used in the Deck
calculation. The likelihood for this fit was in-
creased by a substantial amount over the "regu-
lar" fit. Results are shown as the dashed curves
in Fig. 18.

The modified fitting routine reproduces the
Dalitz-plot distributions better. It does not help
much with the cosP distribution. Examination of
the Dalitz-plot distributions indicates that the
"notch" is a feature of p-& interference, assoc-



DECK-MODEL CALCULATION OF 7T p 1T 7T+ 7'T p 1977

.16—

[
2/'

/
2l

7T P

+ ((==2)

12-

0 Poz 08
Z

.04

0 I

.6
I

.8 1.0 1.2 1.4

M(~+m ) (Ggv)

oOZ
z'

.14—

.12—

.10—

.08—

.06—

.04—

1.6 GeVsM& sl.7 GeV

.02—

0 .2 .4 .6 .8 1.0 1.2 1.4 1.6

M(m -w-) (GeV)

FIG. 18. Comparison of Deck events with events gen-
erated from fits to Deck model. The histogram shows
original events, the solid curve is generated from the
normal fit, and the dashed curve is generated from'the
fit using the Protopopescu (Ref. 4) ~+7( s-wave ampli-
tude. (a) Projection on M„+~;(b) projection on M„„

V. OTHER CALCULATIONS WITH THE MODEL

Encouraged by our success in the A, region, we
turned to the reaction r &-m w r P, measured by
Katz et ttl."at 'l GeV/&. Our model assumes that
this reaction proceeds by the mechanism of Fig.
19, which depends on nN charge-exchange scatter-
ing at one vertex. Hence calculation of this reac-
tion tests the isospin dependence of our model.

In Fig. 20(a) we present our calculation of the
uncut 3m spectrum together with the data of Katz
et al. ' The agreement is quite good, considering
the sort of normalization problems which may

iated with the particular & in our model. It is not
obviously present in the data.

The parameters of the fit which are most affect-
ed by the change in s-wave form are the relative
phases between different states, which change
typically by -30'.

FIG. 19. Our Deck model for 7r n w 7l sp.
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s n n w sop after Ferbel cuts (~t& „~&0.5 GeVt, M&,
& 1.5 GeV) were made. The curve is drawn by hand
through data from Ref. 22; histogram is the prediction
of our model.

arise in extracting neutron cross sections from
the experiment on deuterium. Note that no A, -like
peak is present in the over-all 3m spectrum.

Cohen et aI."have shown that if various cuts are
made on this spectrum an A, -like peak may be
produced in the doubly charged meson system. We
imposed these cuts on our generated events and ob-
tained the curve shown in Fig. 20(b). We see that
a peak is obtained and the agreement with the data
of Cohen et a&. is again quite reasonable. [In Fig.
20(a) and 20(b) we present our calculation as a
histogram with errors attached because only a
small sample of Monte Carlo events was generated
for this reaction. For ~ P-~ ~'~ P, on the other
hand, a large number of events was generated and
we feel justified in drawing the smooth curves pre-
sented above. ]

If we believe that the Pomeron trajectory used
by Barger and Phillips in their parameterization
of ~N scattering is correct, we may use the mod-
el to calculate A, production at any arbitrary en-
ergy desired. Anticipating NAL energies, we have
calculated the cross section for the process m P
-n-~'n-P in the region 1.05 GeV&m„&1.25 GeV
for momenta up to P =640 GeV/c. The results

la&are displayed in Fig. L1. We see that the cross
section is expected to decrease slowly with in-
creasing energy, with the result at 640 GeV/c
about half of that at 20 GeV/c. This is similar to
the 1/lns decrease expected of any Regge model
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integrated over t; however, the decrease cannot
be parametrized exactly by I/(a lns+ b}. This is
probably because the integration over s~„slightly
smears out the behavior anticipated from the
Regge contribution to high-energy rN scattering.

IV. CONCLUSIONS AND DISCUSSION
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We conclude that the Reggeized Deck model
agrees qualitatively with the data for ~N 3nN in
the A, region of 3m mass, and that in many re-
spects the agreement is quantitative as well. In-
dividual partial waves in this region are predicted
accurately to within a factor of 2 in intensity,
which is quite good for a strong-interaction cal-
culation. The over-all normalization of the sum
of partial waves is also quite close to that of the
data. Qne particular feature of agreement, the
90' phase difference between the 1's and 1'P
waves, stems directly from the signature phase
of the exchanged Reggeized pion. To our know-
ledge, this is the only experimental test to date
of the phase of pion exchange, and we view the
agreement as striking confirmation of the Regge
model.

The agreement of all 3w angular distributions in
the low M,„region shows that the polarization of
the produced A, is correctly predicted. This is
known experimentally to be t -channel helicity 0";
we show it theoretically in I.

Other details are not reproduced as well. Rela-
tive to the 1'pn s wave, the calculated 0 &~ s wave
is too large and the calculated 2 fv s wave is too
small. Hence, the A, effect is obscured by p& and
&w partial waves. As discussed in the Introduction,

this could no doubt be improved by making an off-
mass-shell extrapolation of the mw and rN scatter-
ing amplitudes.

We have experimented with a few of the many
possible changes which could be made in the mod-
el, to see whether they would lead to a reduction
in the 0 ew s wave and an increase in the 2 fv s
wave. One possibility is to use the sort of form
factors advocated by Wolf'4 in his study of m ex-
change. Insertion of these form factors (functions
of the momentum of the exchanged Reggeon and the
masses at the 3w vertex) does lead to a reduction
in the 0 &n' s wave; however, we were unable to
increase the 2 f v s wave within this framework
even if we manipulated the "radius" parameter for
this wave.

Another possible modification of the amplitude
can be achieved by noting that for large s», &» in

Fig. 4, s» -s», /s». Hence for large s», s» we

er than (s,»/so}~ [and similarly if s,» is replaced
by &(S„-U„)].Thus for large s» and s» our am-
plitude should be multiplied by (s»/s, )~~i'&i~. We
do not have such large values of s» and s23 but
perhaps a factor of this sort might help. To avoid
letting the factor get too small for small s», we
tried an ad hoc correction factor of [(s»+0.5}/
s, ]~ ~i'&' . This did reduce the 0 ew s wave a bit
and increase the 2 f w s wave by almost a factor
of 2 in (magnitude)', while leaving the pw waves
more or less unchanged.

We see, therefore, that it should be possible by
a series of small adjustments in the model to re-
produce the A, region as well as the A, region.
The adjustments explored above can be rational-
ized fairly easily, although such rationalizations
and adjustments are more of an art than a science
at present.

Previous discussions of the reaction" r P
-m p'P have emphasized the necessity of adding
the graph shown in Fig. 22(a) to that shown in Fig.
3. While we do not have this contribution explicit-
ly, we do have the contribution shown in Fig. 22(b).
At low s» this has no resonances; however, it
might be expected to approximate the average of

(a) (b)
I

IO
I

IOO 1000

&lab ( ~ )

FIG. 21. Prediction of the Deck model for high-energy
production of the A& bump.

FIG. 22. The amplitude represented by diagram (a) is
not found explicitly in our model, but the model does
contain p exchange, as shown in (b). The Heggeized
pion propagator of (b) should contain some average over
produced 23 resonances. Hence we do not add terms
like (a).
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such resonances in the usual sense of duality. We
therefore feel that the bulk of Fig. 22(a) has been
taken into account. This agrees arith the fact that
our predicted magnitudes are much closer to those

of the data than is customarily found using the dia-
gram of Fig. 3 alone.

Spin structure of the amplitude at the nucleon
vertex is discussed in I.
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