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Some rare meson-decay modes in a relativistic quark model*
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A version of the relativistic quark model with phenomenological form factors and pre-
scriptions developed largely by Mitra and coworkers is here applied to the calculation of
some rare meson-decay rates. First, vector-meson dominance is incorporated into the

model and electromagnetic decay rates are computed for pseudoscalar and vector mesons.
Then some three-body decays of the q'(958), A&(1070), and E{1422) are considered. In

general, reasonably good agreement with the available experimental evidence is obtained,

without the introduction of any new parameters. It is found that the best over-all consistency
is obtained if the g'(958) is assumed to be a pure SU(3) singlet, and the E(1422) is taken to be
an octet state with J~= 1+.

I. INTRODUCTION

Since its inception, a nonrelativistic quaxk mod-
el of hadrons' has been sucessfully employed for
the construction of strong and electromagnetic
couplings, based on the notion of a single quark
transition with the emission of a meson, regarded
as a radiation quantum. For transitions from a
particular supermultiplet, the coupling structure
will involve two terms: one proportional to the
momentum of the emitted meson (the direct term)
and the other proportional to the recoil momentum

of the active quark (the recoil term), thus intro-
ducing two sets of parameters and making quantita-
tive predictions rather difficult. A parameteriza-
tion better suited for confrontation of the predic-
tions with experiment can be achieved by suitably
combining the direct and recoil terms in the form
factors. ' In this way, a single parameter can de-
scribe the entixe supermultiplet transition. These
ideas have been extended to a relativistic formula-
tion via a standard relativistic boosting of the
SU(6)&&0(3) couplings. ' Symmetry breaking is
achieved through the masses by multiplying the

couplings by suitable form factors. '
In Sec. II, we apply the model to the electromag-

netic decays of the pseudoscalar and vector me-
sons. The quark model fox m for VVI' coupling is
used to determine the effective yyP and VyP cou-
plings, using Schwingex's technique of partial
symmetry and the idea of vector-meson dominance
of the electromagnetic interactions of hadrons. '
All the electromagnetic vertices are expressible
in this way in terms of the pmm coupling constant.
The results are in reasonably good agreement
with the experimental evidence available, and
favor the assignment of q and q' to puxe octet and
singlet, respectively. This is consistent with the
conclusion reached by application of the model
directly to strong decays of 1.=1 mesons into

vector and pseudoscalar mesons. ' (L here is the
internal orbital angular momentum of the quark-
antiquark state and is 0 for the P and V nonets. )

In Sec. III, we take a further look at the q and g'
assignments. A technique is proposed for calcu-
lating the q'(958) -@we decay width in the context
of the relativistic quark model. This involves the
assumption that the decay proceeds via an inter-
mediate state consisting of oq, where 0 represents
the broad enhancement in the I= 0 s-wave en sys-
tem at about the p mass. In the model we are
using, this is taken to be an L, =1 scalar meson,
mixed with the S*(10VO) with an ideal mixing angle
(so that the &r contains only nonstrange quarks). '
The calculated widths for both ideal mixing and a
pure singlet-octet assignment are consistent with

experimental upper bounds. A further application
of the idea of using a o intermediate state is made
to the A, (IOVO) -3v decay. The result, when com-
bined with previous predictions of this model for
A, -pm, is not in disagreement with the experi-
mental evidence.

In Sec. IV, the decays ot the E(1422) meson are
discussed in order to further clarify the role of the
q'(958} as a member of the pseudoscalar nonet.
The possibility that the E should be assigned this
role in the present model is completely ruled out

by experiment. We find that the best assignment
is J~ = 1', with SU(3) content nearly pure octet.
A small singlet admixture provides good agree-
ment with experimental values for the decay
modes.

II. ELECTROMAGNETIC DECAYS OF PSEUDOSCALAR
AND VECTOR MESONS

In this section, we study the decays (v', g, g'}
-3y and (p, &u, g) -(vo, q)y. The couplings needed
are of the type yyI' and VyP. These are con-
structed from the basic VVP coupling by replacing
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the vector-meson fields successively by their
electromagnetic equivalents in the format of
Schwinger's partial symmetry and the vector-
dominance model. 4' For this purpose, we use the
relativistic form of the coupling:

(g p„/mp)[*oo„„p."+~p.""(a„](s„w'),

where *~&„, etc., is given by

+P v= ~P vXo~X~ ~

(2)

To obtain the necessary elect romagnetic cou-
plings, we make the following transformations in
accordance with the vector-dominance model:

pp-(e/gp„)Ap and &up - g~e/gp, „)A„.
For example, we find the &ye coupling to be

(e/mp) ~(u„-„F""w'

and the n'yy coupling to be

(3)

(4)

a
g~ pwexpw v(s z~p&s)(s vwa) im QJ

where the (dpi' coupling constant in the context of
this model is given by

g, '/4w=(4m /m, )'f, '/4w

and similarly,

gp, „'/4w =(2mp/m ) f /4w.

Here, f, is the coupling strength of the basic qqp
coupling4 and is

f, '/4w = O.O3,

and so

gp „'/4w =3.6.
Noting that mz——-m~, we may use these relations
to rewrite Eq (l) in. the form

the cases where g' is a pure singlet, and where
it has no strange quark content (ideal mixing
angle).

The results of the calculations of the electro-
magnetic decays are given in Table I, along with
the available experimental values. ' The agree-
ment is fairly good, and it should be noted that
1'(&o -yw') and l (w'-yy) are the same as obtained
by Schwinger, ' and compare very well with experi-
ment. All the 2y modes of pseudoscalar mesons
agree rather well with the calculations' of
Matsuda and Oneda, Pietschmann and Thirring,
and Dar and Weisskopf. Our result for I'(~ -qy)
suggests that the pure singlet assignment for the
g' is favored in this model over the ideal mixing
angle.

HI. THREE-BODY DECAYS AND THE
SU(3) ASSIGNMENT OF THE 6'(958)

We can further investigate the nature of the g'
meson by applying the model directly to its strong
decay modes. The q'(958) decays predominantly
into p y, which was treated in Sec. II, and into
yaw. The latter is a three-body decay mode and
must be regarded as proceeding through a two-
body intermediate state in order to be treated
easily in the present model. We will assume that
the two pions in the final state arise from an in-
ternal line assigned to a scalar meson with a mass
close to that of the p. The experimental evidence
at present does not seem to favor an actual reso-
nance, but there does seem to be a broad enhance-
ment in this channel, and such a state, which we
will call the 0, has already been discussed in the
context of this model. ' The 0 is assumed to be an
L = 1 meson, belonging to a nonet that includes the

TABLE I. Electromagnetic decays of vector and pseudo-
scalar mesons.

where C is an SU(3) factor equal to (&)'i' for a
pure octet isosinglet state, and (o)'~' for a pure
singlet. Vector-meson dominance gives us the
yyP coupling

2C(e /mpgp„)(m /mo) io*FP"Fp„P, (6)

where the P can be either g or q'. The physical
g and g' are presumably mixtures of octet and
sing1et states. We have calculated the decays for

The other VyP and yyP couplings are constructed
in exactly the same way from the basic VVP cou-
plings of the model. Of particular interest are the
2y decays of g and g', determined from the ppP
coupling:

2C( gp „/mp)(m„/m„)'i' ~P""P„(spP), (5)

Decay process
Calculated width

(MeV)

0.13:
0 44.

I

o.o4:
0.12:

Sx10 3:
7.7x 10 2

g (8)
g (ideal)

yi (8)
q (ideal)

g (8)
y) (ideal)

0.22

7.4x 10 6

0.28x 10 3: q(8)
0.64x 10 3: yt(ideal)

1 7x10 3: g'(1)
0.6x 10 3: g'(ideal)

0.20: g' ( 1)
0.15: yi' (ideal)

0.96

Experimental width

(MeV)

(7.8+ 0.9) x 10"6

(1.0 + 0.22) x 10 3

&Sx10 3

& 1.2

(0.9+ 0.05)

0.15

(0.11a 0.09)

& 0,23
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where the phase space integral I in Eq. (9) is ex-
plicitly given by

(ya - sa )& dsI=, ,Z (S,m„,m„)
41' ~2 PPl (7

x g'~'(S, ape„.', m„') (10)

x(z, y, z) =x'+y'+z'-2xy —2yz-2zz.

S*(1070), and mixed with the latter so that it con-
tains no strange quarks.

In accordance with the prescriptions of the mod-
el, the coupling of an L =1 scalar meson (S) to
two pseudoscalar mesons (P„P,) is written

-(i '/~SP, P„
where p, is the mass of the "radiation quantum, "
taken to be the heavier of the pseudoscalar mesons
emitted for phenomenological reasons. This must
be multiplied by an appropriate SU(3) factor and a
phenomenological form factor, which for this
transition takes the form

g,(2M, /p')(p/m„)'~',

with M, the mass of the scalar meson, and g, de-
termined from A, -pw to be

g,'/4z =0.08 .
Thus, the erne vertex is represented in the model

by

-C,g, (2 m, /W)(own),

where Q, is the relevant SU(3) factor, and is
2vY for the ideal-mixing-angle assumption. This
gives for the decay width of the e the value
I'(o -zm) = 224 MeV, which is consistent with our

assumption of a very broad enhancement in the

I=D, s-wave nm state.
In a similar fashion, we find the coupling at the

q'yx vertex to have the form

C,g, (2-m„ /W) {m„/m, )'~'(q'yr} . (8)

Now the aq intermediate state has the 0 very far
off the mass shell, so it is not appropriate to
treat this as a simple cascade decay. Instead, we

use the formalism of Kumar' for the three-pion
final state, using an invariant matrix element
dominated by the 0 pole with vertices given by
Eqs. {'I) and (8). The c pole is taken at a complex
mass, with real part m~ and imaginary part ii'/2.
The resulting expression for the width can be
written in the form

(gg)R 2 2

1(q'-qzz) = ' ' ~~ (m„m, '/m, m„.)f,

In Eq. (10), m, refers to the complex mass of the
pole position. If we make the assumption that q is
a pure octet state, and g' a pure singlet, we obtain
I'(q' gzw} about 0.44 MeV, while the assumption
that the q' has no strange quarks gives about 0.15
MeV. Both these values are below the experi-
mental upper limit of about 1.7 MeV.

To test the over-all consistency of this approach,
the model was also applied to the Sm decay of the

A, (IOVO). This state is also taken to be an L = 1
excitation, like the c, and there are similar
doubts about its interpretation as a resonance.
Nonetheless, the enhancement appears to occur
mainly in the pm mode, so the hope is that the
present model gives a relatively small fraction of
om. For the A,om vertex, we must use the coupling
between two L= 1 states (one with J= 1 and one
with Z=O} and a pseudoscalar meson, which is'

(I/&)~,"o(s„z).
This must be multiplied by an appropriate SU(3)
factor and the form factor

(2m„ /m, )g„

g,2/4z = f,m/4z = 0.03 .
We find that the decay width is I'(A, -oz) = 9 MeV,
which is reasonably small compared with the mod-
el's prediction' of I'(A, -pz) = 65 MeV. This width

was computed with a "real" 0 in the final state;
when the three-body phase space method used
previously is applied, the value is 12 MeV.

IV. DECAYS OF THE E(1422) MESON

In an attempt to clarify the role of the g'(958),
we have investigated the possibility that the
E(1422) is ihe state that should be considered a
member of the 0 nonet. This possibility was
compared with the assignment of the E to an L, = 1
state with J~ = 1'. Calculations similar to those
in Secs. II and III were carried out, with SU(3) as-
signments of the E to pure singlet, pure octet,
and ideal mixing (no strange quarks). The results
are summarized in Table II. One striking feature
is the factor of 8 in the F7*K+X*K rates between
singlet and octet assignments, which follows from
the rule for evaluating the SU(3) factors. The fac-
tor for emission of a pseudoscalar meson P is
obtained by computing the matrix element of &.

between the initial and final quark-antiquark
configurations. Here X~ is the usual SU(3) genera-
tor in the 3 representation, and acts on the quarks
in the wave function, while A~ is the corresponding
matrix in the 3 representation, and acts on the
antiquarks. For example, for a final state vrith
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TABLE II. Predictions of E(1422) decay widths, in
MeV.

Decay mode:

Experimental
width (MeV)

Total
ger i5(970) g tprm' K X+K K

36+12 12+4

0 singlet

0 octet

0 ideal mixing

1+ singlet

1' octet

55

28

0.9

0.5

153

77

230

34

208

105

313

68

72

27

501

1+ ideal mixing 1 4 101 102 188

quark-antiquark composition XA., a singlet initial
state provides contributions from both the ~ and
~A. parts of the wave function. Each has amplitude
I/W to be present, and the relative signs of the
3 and 3 matrices are such that the contributions
add to give 2/W. For an octet initial state, the

6fp state is present with amplitude I/&6, and the
XX with -2/W6, so the net coupling is -I/W6.
The ratio of the matrix elements is -2W, and the
square of this accounts for the factor of 8 in the
rates.

Of the various possibilities in Table II, only the
J~ =1' octet assignment seems compatible with
experiment. This does give a rather large fraction
for decay into K*K+K*K; however, the agreement
would be better if all the experimentally observed
KKw mode were due to this channel, which would
double the experimental estimate. Furthermore,
we solved for the octet-singlet mixture that would

reproduce the branching ratio of this mode to the
5(970)v mode, and found that about 2.7% singlet
was sufficient. With this mixing, the predicted
values for the decay widths are I'(E-5w) = 50 MeV
and I'(E-K*K+K"K)= 17 MeV, in quite good ac-
cord with the present experimental estimates. A

prediction of the model is that the gnm mode is
almost exclusively 5(970)w. If the nearly pure
octet J~= 1' assignment of the E(1422) is correct,
then it should be possible to identify the other

members of the octet and check the Gell-Mann-
Okubo mass formula. A likely candidate for the
isovector member of the octet is the A, (1100), in
which case the mass formula calls for a J =1'
K* at about 1340 MeV. This is in the so-called Q
region, where some investigators see a broad en-
hancement, and others see structure, including a
reasonably narrow K* at 1240 MeV. Since the
latter fits the mass formula extremely well with
the D(1285) as the isoscalar member of the octet,
in place of the E(1422), there remains consider-
able doubt about our identifications. A calculation
of the decay rates of the J~ =1' K* in this model
results in very large values, in particular for the
K*(892)v mode, for any mass in the Q region in-
cluding 1240 MeV. Thus the model favors an in-
terpretation of the Q region as a broad enhance-
ment, and there need be no inconsistency with the
Gell-Mann-Okubo mass formula for a pure octet.
More detailed knowledge of the meson spectrum is
required to settle the question of the model's abil-
ity to deal consistently with these problems.

V. CONCLUSIONS

We have attempted to apply a particular version
of the relativistic quark model to some rare me-
son decays. This model has already been success-
fully applied to a number of baryon and meson-de-
cay processes; in the course of that application,
the basic parameters (coupling constants) of the
model have been fixed, and a set of phenomeno-
logical form factors and prescriptions has been
devised. In the present paper we have applied this
formalism to a number of rare meson decays and
find that the agreement with experiment remains
generally good. It would appear that the model
offers a hope of providing a reasonably consistent
description of hadronic decay processes based on
some sound theoretical ideas.
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Published data from many groups onPp elastic scattering at twenty-eight laboratory momen-
ta have been analyzed with a parametrization corresponding to two coherent interfering expon-
entials. The data from almost all of these experiments can be adequately represented by this
parametrization. In most of the experiments the data are such that the fit does not uniquely
deter~~~e all five parameters with reasonable errors. In fits to at least eight experiments
the parameters are well determined. Using these parameters as guides, attempts axe
made to reduce the total number of parameters and still fit all the data.

I. INTRODUCTION

In studies of pP elastic scattering at incident
laboratory momenta of 1.11, 1.33, and 1.52 GeV/c,
Kalbfleisch et al. ' used two coherent interfering
exponentials to parametrize the dependence of the
differential scattering cross section on t, the
square of the four-momentum transfer. Later
experiments at 2.33 (Ref. 2) and 2.85 GeV/c (Ref.
3) have also been successfully represented over a
large t range with this parametrization as well.
An additional experiment' at 2.32 GeV/c has also
been successfully analyzed using this formula.
This led to speculation that this form might repre-
sent, at least qualitatively, the data over a large
range of center-of-mass energy as well as a
large range in t. The change in the qualitative
appearance of the data as the laboratory momen-
tum varies from about 1 GeV/c to about 16 GeV/c,
the range over which data on this reaction are
available, might then be understood as a decrease
in the amplitude of the second exponential term
relative to the first, or as a change in the ampli-
tude combined with a change in the phase between
the two terms.

In order to test this idea, the data summary on
this reaction from the Particle Data Group' was
used to select a beginning series of experiments
to fit. The initial selection criteria were quite
simple. Each experiment had to cover the t range
of the diffraction peak, the first minimum corre-
sponding to -f = 0.35 (GeV/c)', and the region out

to -t =0.6 (GeV/c), where the second maximum
occurs. The most useful data sets also go beyond
the second maximum to show a secondary de-
crease in the differential cross section. To this
group of data we added the 2.32-GeV/c data of the
Oxford-Argonne collaboration, 4 the data of our
own experiments at 2.33 and 2.85 GeV/c, and the
data of the Argonne EMS (effective mass spec-
trometer) group at 3.0, 3.65, 5.0, and 6.0 GeV/c. &'

This yielded a data sample of 28 energies for
which the differential cross section has been mea-
sured and the above criteria satisfied. These 28
energies and the references' "are summarized
in Table I.

It has also been necessary to limit the t range
of the data used at any energy. If the measured
values correspond to t values that go beyond the
second-peak structure, a maximum-t cutoff on the
data has been used. If the experiment has re-
ported a cross section at very low t values where
detection efficiencies may be causing an apparent
decrease in the differential cross section, then
a minimum-t -value cutoff on the data has been
applied. In order to completely specify what has
been done, the t range of each data sample used
is also shown in Table I.

II. THE FIVE-PARAMETER FITS

Two coherent interfering exponentials corre-
spond to the equation


