
EIKONAL EXPANSION AS THE HIGH-ENERGY LIMIT OF. . . 1749

*Work supported in part by the National Science Founda-
tion.
R. J. Glauber, in Lecturesin Theoretical Physics, edited

by W. E. Brittin and L. G. Dunham (Interscience, New
York, 1959), Vol. I, p; 315.

2For example, there is a discussion in L. I. Schiff,
Quantum Mechanics, 3rd edition (McGraw-Hill, New
York, 1968), p. 339.

3F. W. Byron, C. J. Joachain, and E. H. Mund, phys.
Rev. D 8, 2622 (1973).

4R. Blankenbecler and M. L. Goldberger, Phys. Rev.
126, 766 (1962).

5H. Abarbanel and C. Itzykson, Phys. Rev. Lett. 23,
53 (1968).

~M. Levy and J. Sucher, Phys. Rev. 186, 1656 (1969).
TS. J. Wallace, Phys. Rev. Lett. 27, 622 (1971); Ann.

Phys. (N.Y.) 78, 190 (1973); Phys. Rev. D 8, 1846

(1973).
The authors of Ref. 3 anticipate this result on the
basis of a careful analysis of the first few terms in
the Born and eikonal series. R. J. Moore [Phys.
Rev. D 2, 313 (1970)] has a proof that the Glauber
eikonal is the high-energy limit of the Born series.
His proof is valid only for Yukawa potentials and for
Iarge, but finite, values of the momentum transfer.
Moreover, since his proof starts from the Glauber
eikonal, it in no way demonstrates uniqueness.

SR. Eden, P. Landshoff, D. Olive, and J. Polkinghorne,
The Analytic S-Matrix (Cambridge University Press,
New York, 1966), Chap. 3; A. R. Swift, J. Math. Phys.
8, 2420 (1967).
A detailed discussion of the properties of f„,g„, and

can be found in A. R. Swift, Phys. Rev.. 176, 1848
(1968).

PHYSICAL REVIE W D VOLUME 9, NUMBER 6 15 MARCH 1974

Proton-neutron ~~ae difference and the yion mmmm in a gauge model

Judy Lieberman~
Rockefeller University, New York, New York 10021

(Received 11 December 1973)

In a variation of the Weinberg SU(2)XSU(2))(U(1) gauge model of the weak and electromagnetic

interactions, we study the proton-neutron mass difference, which is calculable, and investigate the

appetence of pions as part of the Higgs system. We find that the proton-neutron mass difference is a
function of the way in which the s~rrtetry is broken. We exhibit a possible sytrt~etry breaking which

produces the correct sign for the mass difference. In the Higgs sector, we have a mass-degenerate

pseudoscalar triplet which interacts with nucleons as pions do in the SU(2)XSU(2) cr model. Therefore

we identify this triplet with pions. They are massive in zeroth order, but we can calculate the mass

difference Sm'. We find that Sm is of order ap, which is too large. If we impose a reflection

syrrt~etry on the Lagrangian, the symmetry group of the potential is enlarged and we find that the

theory contains three pseudo-Goldstone bosons. These are the pion triplet, which are now massless in

zeroth order. When we calculate the pion mass in the one-loop approximation, the II remains massless

while the charged pions pick up mass of order m -ap, '. This may perhaps be damped numerically to
give a suitable estimate of the pion mass, but the mass difference is still too large.

I. INTRODUCTION

One of the most promising features of gauge the-
ories of the weak and electromagnetic interactions
is the possibility of calculating masses and mass
differences. Previously, in renormalizable field
theories, if a bare mass or mass difference van-
ished, then either it remained zero to all orders
because of an underlying symmetry of the Lagran-
gian or it was infinite in higher orders. In a spon-
taneously broken gauge theory, if a mass difference
or mass is zero in zeroth order for all possible
coupling constants even after the symmetry is
broken, then that quantity is necessarily finite and
calculable. Since there are no possible counter-
terms to cancel infinities if the zeroth-order rela-

tion holds in the presence of all coupling constants
not subject to artificial constraints, all higher cor-
rections must be finite because the theory is re-
normalizable. '

This paper studies particular questions in the
domain of this new calculability in the framework
of an SU(2)xSU(2)XU(1) model of the weak and
electromagnetic interactions. The model is ba-
sically due to Weinberg, but our interpretation of
it is quite different. ' One of the aims of this paper
is to study the proton-neutron mass difference
which is calculable in this model. The second
aim is to investigate mechanisms for incorporat-
ing pions into gauge theories.

If a gauge theory is to describe the weak and
electromagnetic interactions, the gauge symmetry
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of the Lagrangian must be spontaneously broken
to give masses to the gauge vector bosons and
some of the fermions. Qne mechanism for break-
ing the symmetry is to introduce scalar mesons,
called Higgs particles, which acquire nonzero
vacuum expectation value. ' Varying the Higgs con-
tent for a given gauge group changes the way in
which the symmetry is broken. Another possi-
bility is that symmetry breaking occurs dynamical-
ly without the introduction of additional spinless
fields. The idea of dynamical symmetry breaking
is currently much discussed, particularly in the
context of strong-interaction gauge theories,
where the introduction of Higgs scalars seems to
cause serious problems with respect to asymp-
totic freedom. In dynamically broken theories, it
is anticipated that scalar particles such as pions
emerge as bound states of fermions. As yet, there
has been no computational implementation of these
ideas.

In this paper, we exploit the Higgs mechanism
to break the gauge symmetry. In varying the
Higgs content in our SU(2)x SU(2)XU(1) model, we
explore the effects on calculable quantities and on
the physical interpretation of the model of changing
the way in which the symmetry is broken. We
also investigate the appearance of pions in the
weak and electromagnetic sector as part of the
Higgs system. In spite of their association with
the weak sector, the pions interact strongly with
the nucleons via a Yukawa coupling.

The question of the proton-neutron mass differ-
ence has haunted particle physicists for decades.
Previous calculations based on electromagnetism
resulted in either an infinite mass difference or
else the wrong sign. However, the discovery of
gauge theories provided the possibility that both
the weak and electromagnetic interactions could
conspire together to produce a neutron heavier
than the proton. The Weinberg SU(2) x SU(2) x U(1)
model was created as an example of a gauge model
in which am ~~ „could be calculated. However, it
was commonly held that in this model, as in other
models based on the SU(2) group, the one-loop
calculation of ~m necessarily gave the wrong
sign. ' However, our study shows that the sign
of the proton-neutron mass difference is a function
of the Higgs content. We exhibit a possible sym-
metry breaking which produces a neutron which
weighs more than the proton of the theory. The
point of the calculation is not so much that one
should take one Higgs content more seriously than
another, but rather to emphasize that a lot of
physics lurks in the Higgs sector of a theory.
(This dependence of calculable quantities on the
symmetry breaking may well carry over into the-
ories in which the symmetry is broken dynamical-

ly. )
Section IV of this paper is concerned with under-

standing pions in the context of gauge theories.
Before the interest in gauge theories, it was often
believed that the smallness of the pion mass is
due to the spontaneous breakdown of a global
chiral SU(2) x SU(2) symmetry. Here the pion is
considered as a Goldstone boson; it has nonzero
mass because the SU(2) x SU(2) symmetry is only
approximately true. However, in spontaneously
broken gauge theories, the Goldstone theorem is
evaded via the Higgs mechanism —the would-be
zero-mass Goldstone scalars get "eaten up" to be-
come the longitudinal modes of the massive Yang-
Mills fields. From this viewpoint it is difficult to
understand what the pion is and why its mass is
so small.

There have been several attempts to integrate
pions into weak and electromagnetic gauge the-
ories:

(1) Hagiwara and Lee put pions into the Higgs
sector in the Weinberg SU(2)x U(1) model. ' How-
ever, as was stated by these authors, their model
is artificial in the technical sense defined in their
paper: Parity and isotopic-spin symmetry in the
mN coupling are approximate and depend on setting
two coupling constants almost equal to one
another. This approximate equality is not stable
under renormalization since it does not follow
from any symmetry argument. In general, even
if parity is a natural strong-interaction symmetry
in a model, it may be difficult to guarantee that
parity is not broken to order a when there are
strongly interacting scalar fields in the Lagran-
gian. '

(2) Weinberg's theory of pions as pseudo-Gold-
stone bosons is a mechanism for producing spin-
less mesons which are massless in zeroth order
but pick up finite calculable masses in higher or-
der. ' If the potential V of the model is forced be-
cause of gauge invariance and renormalizability
to be invariant under a larger group than the
gauge group, then the model contains pseudo-
Goldstone bosons. These masses appear to be of
order m'- ng' (p, a typical vector-meson mass),
which may be too large unless they are numerical-
ly damped.

Suppose the gauge group is G, but the potential
is invariant under the larger group G. When the
Higgs fields acquire vacuum expectation value,
the potential remains invariant under a subgroup
S of Q for all values of parameters in the Lagran-
gian and the Lagrangian remains invariant under
U(1), the electromagnetic gauge invariance. For
each generator of Q not in S, there is a scalar
meson whose mass is zero in zeroth order. Those
mesons corresponding to generators of the true
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symmetry group 6 are the true Goldstone bosons
of the theory. They become the longitudinal com-
ponents of the massive vector mesons. Those
mesons corresponding to generators of Q neither
in S nor in G are the pseudo-Goldstone bosons
(see Fig. 1). In Weinberg's theory the pseudo-
Goldstone bosons can be either fundamental fields
in the Lagrangian or bound states. Attractive
though Weinberg's idea is, there have been no
models implementing it in the context of unified
weak and electromagnetic interactions. (Bars and
Lane, however, have a model utilizing the pseudo-
Goldstone mechanism in a strong-interaction
gauge theory. ")

In our variation of the Weinberg'SU(2)xSU(2)
x U(1) model, we have a mass-degenerate pseudo-
scalar triplet, with charges +, 0, —,which inter-
acts strongly with nucleons as pions do in the
SU(2)xSU(2) o model. Isotopic spin and parity is
a natural strong-interaction symmetry in this
model. The triplet, which arises out of linear
combinations of the Higgs fields, we identify with
the pion triplet. Since it is degenerate in zeroth
order, the mass difference Sn' = m, +' -m~' is
calculable. We find that 6m' is of order np. ',
where p, is a typical vector-meson mass. Al-
though it is possible that numerical factors could
damp 6m' by order of 10 ', the estimate is still
too large for the pion mass difference.

We shall show that if we modify our model by
imposing a reflection symmetry on the Lagran-
gian, we enlarge the symmetry group Q of the po-
tential. We thus have an opportunity to explore
the pseudo-Goldstone mechanism in some detail.
In this version of the model, G is O(4)xO(4)xO(4).
When the Higgs fields acquire vacuum expectation
value, the potential symmetry is broken down to
O(3)&&O(3)xO(3). Nine scalar fields have zero
mass in zeroth order: Of these, six are true Gold-
stone bosons and three are pseudo-Goldstone .

bosons. The pseudo-Goldstone bosons are the
same linear combinations of Higgs fields which

LL

S g~G

(b)

FIG. 1. (a) Pseudo-Goldstone bosons correspond to
number of generators in G —(SQG). (b) Pions as pseudo-
Goldstone bosons in our model. G = SU(2) x SU(2) x U(1);
G = O(4) x O(4) xO(4); S=O(3) xO(3) xO(3).

we call pions in the non-pseudo-Goldstone realiza-
tion of the model. However, now they are mass-
less in zeroth order, and therefore we can cal-
culate not only their mass difference but also
their masses. As before, they interact with nu-
cleons as in the 0 model with strong Yukawa cou-
pling g, .

When we perform the mass calculation in the
one-loop approximation, only the charged mem-
bers of the triplet acquire mass, while the neu-
tral pion remains massless. Thus in our model
the mass differences of pseudo-Goldstone bosons
are of the same order as the pseudo-Goldstone-
boson masses. We believe that this phenomenon
may be more general than for the specific realiza-
tion considered here and may be a property of
pseudo-Goldstone mechanisms embedded in uni-
fied weak-electromagnetic gauge theories. This
is not a bad approximation for the m-K mass dif-
ference, but is not acceptable for the pion triplet.

Compared with the mass-difference problem,
the order of magnitude of the pseudo-Goldstone
masses does not seem an insurmountable obsta-
cle. The value of m' can be damped by numerical
factors (in our model damping by factors of 10 2

is not implausible; in that case m -10 'np, ,
which is reasonable). However, if we consider
our calculation of m, +' as an estimate for 6m'
(since m, 02 is zero) then we again have a result
which is too large for the pion triplet. Another
possible way around the large estimate for the
pseudo-Goldstone masses is uncovered by our
calculation. The one-loop calculation of m' may
be zero for some of the pseudo-Goldstone masses
as it is for our neutral pion. In that case, m' for
those mesons would be nonzero only in the two-
loop approximation and hence presumably of order
m'- n'g' (We cou.ld perhaps imagine a model in-
cluding strange particles in which, in the one-
loop approximation, the pion triplet remained
massless, while the K and q picked up mass. )

We also raise the question: Is there parity vio-
lation of order e? Weinberg has shown that in
certain classes of models involving strongly in-
teracting vector mesons parity violation does not
occur to order e." However, our model which
contains strongly interacting scalar fields in the
Lagrangian is not covered by his result. A pre-
liminary investigation of the pion-nucleon form
factor reveals that the parity-violating piece of
the one-loop radiative corrections is a calculable
weak effect of order nm„„,~ „'/p2 Our calculat, io.n
only treats the strong interactions perturbativelv,
but we expect that the result is more generally
valid.

The aim of this paper is to study the effects of
symmetry breaking on calculable masses and
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mass differences and on how pions can fit into
gauge theories. Of course, we do not pretend that
our model is realistic, but we find it an interest-
ing model to test some of these ideas. The limi-
tations of the model are readily apparent. It does
not include strange particles and the extension to
strange particles is no easy task. Perhaps a more
complete model involving strangeness would give
us a more realistic mass spectrum for the pseudo-
scalar octet realized as pseudo-Goldstone bosons.

Furthermore, the complications of the strong
interactions have been completely neglected in all
of the calculations. Clearly, the strong interac-
tions must be treated nonperturbatively if the cal-
culations are to be "realistic. " Future work using
the tools of current algebra can perhaps remedy
this shortcoming.

In Sec. II we describe the model in detail. The
proton-neutron mass difference calculation is
performed in Sec. III and its dependence on the
Higgs content is displayed. In Sec. IV we explore
the two options for incorporating pions in the
model: the non-pseudo-Goldstone alternative in
which the pion triplet has mass in zeroth order
and the pseudo-Goldstone realization of zeroth-
order zero-mass pions. In Sec. V we look at the
question of parity violation in the pion nucleon
form factor.

After the completion of this work, we discovered
that Lee, Rawls, and Yu had the same idea of us-
ing this model to examine the pseudo-Goldstone
mechanism. " We come to slightly different con-
clusions, however. The above-mentioned authors
take g~ = gs (andv'=v"), and because of this as-
sumption they arrive at a lower bound on m, +'
[m, +' - (3 a/4v)p'j which causes them to rule out
the pseudo-Goldstone mechanism unless the
pseudo-Goldstone bosons acquire mass only in the
two-loop approximation. However, the assump-
tion gz = g„, v'= v" is natural (in the technical
sense) only if the group is O(4) x U(1), in which
case there is a reflection symmetry between mul-
tiplets: For every multiplet (Tz =m, Ts=n, Y)
there must be a corresponding (T~ = n, Ts = m, Y).
In the model at hand the reflection symmetry can-
not be realized because of the (asymmetric) lepton
content of the theory. Therefore, their lower
bound on m, +' cannot be consistently derived in the
context of the model. Qn the other hand, no as-
sumptions on g~ vs g„or v' vs v" are needed in
our work.

II. THE MODEL

We construct the model by writing down the most
general renormalizable Lagrangian which is in-
variant under the gauge group. " All particles are

assigned to representations of SU(2)~ x SU(2)s
XU(1). The electric charge operator is Q=T~,
+Ts, + Y. The left-handed leptons (electron or
muon —we treat only the electron sector, but the
muon and its neutrino may be added to the model
in the same way as the electron) form a doublet:

=—,
' 1+y,

Tl, -&, T„=O, Y = -~ .
The right-handed electron is a singlet:

R=es= —,'(1 —y,)e, T~ =0, Ts=0, Y=-l.
There are seven gauge vector mesons transform-
ing as the adjoint representation of the group:

AL", , TI, =1, T„=O Y=O

AR~, T, =O T„=1 Y =O

Bu Ts =, TR=, Y=1

To this model we add the left- and right-handed
nucleons in a symmetric manner:

NJ. = --,'1+y, , Ti=-,', TR=O, Y=-,'
L

Ns p(1 -y,), Tl =0, T„=2, Y=~

Scalar mesons are added to break the symmetry
and to give masses to various particles through
their nonzero vacuum expectation value. A com-
plex doublet (t) gives mass to the leptons:

T~=—, , T„=O, Y=+—, .

A real quartet H gives mass to the hadrons:

0'+ Z71'0
Z7r

o -im'

The notation for the H fields is chosen to be sug-
gestive. The interaction of H with nucleons is pre-
cisely that of the o model. Actually, a "physical"
pion triplet will emerge later as that linear com-
bination of all the Higgs fields which is an eigen-
vector of the mass operator. For later purposes,
we also include a doublet p:
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By group transformation, we may simultaneously
choose {H) proportional to the unit matrix with v
real and {Q)= (1/&2)(„'I) with v' real H. owever,
we are not free to choose N. e phase of v" con-
currently.

The most general Lagrangian constructed from
these fields is

2D„Q t-D&p —2D„ptD~ p —2D„HtD~H —V(Q, p, H)

-I y2D21 RQD-2R N~y2D-2N~ -NRy2D2NR

—g„(IQR +H.c.) g„(N~-HNR+H. c.), (1)

ER2„-—&„AR„—8 „AR2 gRe —&A„2A]'2, ,

[g~ is the coupling constant associated with SU(2)~,
gR with SU(2)„, and gr with U(1). They are as-
sumed to be small (of order e), whereas g„, the
Yukawa coupling between the "pions" and nucleons,
may be large],

(b) the covariant derivatives of the scalar and
spinor fields are

2v'(c+dv" +fv'+zj~v" j2)+@2 kvv"*=0,

2v"*(a+b'av" ~2+k v'+-,' jv"}+&2kvv'=0,

(2)
v(2e +4fv'+kiev" i2+ fv") + (v"+ v"*)=0,

kv'(v" —v"*)=0.
These equations must be satisfied for a range of
coupling constants a, 5, c, . . ., I if the theory is to
be renormalizable. Therefore unless h =-0, which
can be achieved by imposing an added discrete
symmetry on the Lagrangian, then v" is also real.

To calculate physical processes, we shift the
scalar fields and define new fields which have no
vacuum expectation value:

j. 0
Q =Q'+—,, {Q')=0, etc.

After shifting fields, all but one of the previously
massless vector mesons as well as the electron
and the nucleons acquire mass. Six of the scalars,
the Goldstone bosons, have zero mass, while the
remaining scalars pick up mass.

The zeros-order vector-meson mass matrix
becomes

(~O 0)

00 B)
where A is the mass matrix for the charged sec-
tors and B is the mass matrix for the three neu-
tral vector mesons:

Dp = (s& +ig~2r A„+2ig„B„}p,

D„p = (&„+igR27 A„"+2igrB„}p,

D„H = (82H+ig 'T ~ A„H -—ig H '7' ' A„"), —

D„I.=(s„+ig;2r A'„- 2ig„B„)r., -

D„R = (s„ig„B„)R,-
D„N~ =(8„+ig~27' A~+2ig„B2)N~,

D„NR = (s„+igR2v 'A2 +2ig„B2)NR I

(c} V(P, p, H) is the most general gauge-in-
variant fourth-order polynomial in the fields:

V (4, p, H) =ep'p+b(p'p)'+c4'4 +d(4'0)'+e(H'H)

+f (H'H)'+k(4 'Hp+ p'H'4 )+i (p'p)(4 '4 )

+k(ptp)(HtH)+l(titttjt)(HtH) . (2)

The condition that the potential be a classical
minimum, {8V/Sg) „=0, where g is any of the
scalar fields, gives relations for the vacuum ex-
pectation values:

(g2 (v +2v ) 2gI gRv

2gI.tv z v + 2v

g~2(v" +2v')
1 2B= —2gr ggv8

-Rygr, v

+ 2" ) grgR"''
vlt2 g 2(vl2 + vll2)

The mass eigenvalues are

= i~(gI (v +2v )+gR (v +2v )

+ {[gI2(v"+2v') +gR'(v"'+ 2v')]'

2g 2(vl2vl I2 + 2v2vt2 + 2v2vtt2))112»

/222 = ~22(gr (V +2v ) +gR (v +2v ) +gr (v + v )

+ ([g~2(v" + 2v') +g„'(v"'+2v')

+g '(v" +v" )]'

—4(gI. gR +g~ gr +gR gr }
x (v"v'" +2v'v" + 2v2v" 2)f12» .
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The electric charge is

gg g'~ gr
(Z/. 8's + 8'I, 8'r + msgr )'

The electron picks up a mass m, = g,v'/W2. The
proton and neutron have the same zeroth-order
mass m = m~ = m„=g,v. Therefore the proton-
neutron mass difference is finite and calculable in
the model. We will return to this in Sec. III.

The scalar mass matrix is given by

s'i'(4, p, If)

The condition that the potential be a true minimum
is equivalent to the condition that the scalar mass
matrix be semi-positive-definite. Six linear com-
binations of scalars (two positively charged, two
negatively charged, two neutral) have zero mass
to all orders. These are the Goldstone bosons
which get "eaten up" to become the longitudinal
component of the six massive vector mesons.
There remain three massive neutrals and a mass-
degenerate triplet with charges +, 0, —and with
mass

m =-— I] + I +v" v' v
(4)

The triplet of scalars, which we shall interpret as
pions, is

v'v"v' —vv'(p'-p')/&2i+vv" (P'-P)/v 2i
(v v +v2v +v vte2)1/2

v v v zvv p +2vv Q (Hp)t
(V V

2 + V V + V V 2)1/2 t

Since we have a zero-order mass relation, the
pion mass difference is also finite and calculable
in the model (see Sec. 1V). The remaining massive
neutral scalars are linear combinations of(p'+p')/
v2, (p'+p'}/v2, o with mass-squared matrix

The massless photon A„corresponds to the linear
combination

gggpAp + gL, gpAp + gL, g~Bp

III. THE PROTON-NEUTRON MASS

DIFFERENCE

In this section we calculation the proton-neutron
mass difference in several stages. First we cal-
culate ~~2 „for the Higgs content specified in
Sec. II. Then we examine the dependence of ~m
on the Higgs content for any general irreducible
Higgs multiplet. We then exhibit a modification of
the Higgs system of Sec. II which gives the cor-
rect sign, nv2~2 „&0, and also maintains the other
features of the model (massive electron, equal
nucleon masses, etc. ) discussed above.

A. Higgs content of Sec. II

The calculation with fixed Higgs content (/t/, H)
has already been made by others. ' For this con-
tent, it was found that ~m=m~-m„&0, which is
the wrong sign, at least from the point of view of
the naive quark model. The sign remains positive

I
I \

(c)

that the model incorporate universality of the weak
interactions. The pieces of the Lagrangian which
contribute to P decay and p, decay are

Z„=G„[ey"2 (1+y,)v][v„y„2(1+y2)i2],

28 =GB[ey2 —2(1+y )2v][py„-2(1 +Ay )2e].

Weak-interaction universality in gauge models
means that G„=G8 and A=1 in the approximation
that vector-meson momenta in propagators are
ignored relative to vector-meson masses. In our
model

2 I I 2

G V +2V V +4V

Both conditions are satisfied for V«v". There-
fore our implementation of universality is un-
natural in the technical sense that it depends on
one parameter in the theory being much smaller
than another.

h

2 v" v2

hv'
2kvv" + ~

2 ~ I IIM=jvv +-
vs

hvv" , hv"
2d v"—,2lvv' +

W2 v' W2

r
t II

I
I
I

(e)
hv'

2kvv" +
W2

hv"
2fvv'+

2

hV'V"
8fv' —~

Before turning to the nucleon-pion sector which
is the main concern of this paper, we will require

FIG. 2. Diagrams which contribute to the fermion
self-mass in the one-loop approximation: (a) vector-
meson exchange, (b) Higgs-scalar exchange, (c) vector-
meson tadpole, (d) Higgs tadpole, (e) fermion tadpole,
(f) ghost tadpole.
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when we add the p Higgs field.
In the one-loop calculation of the mass diQer-

ence, there are three types of diagrams that may
contribute: vector-meson exchange, scalar-meson
exchange, and tadpole diagrams (Fig. 2). In this
problem, the tadpoles contribute equally to the
proton-neutron self -masses, since contributions
proportional to y, only contribute to wave-function
renormalization in this order. If we neglect the
nucleon mass relative to the vector-meson mass-
es, then we ean ignore the scalar-meson exchange
term. This leaves vector-meson exchange. The
contribution from the k„k, part of the vector-
meson propagator vanishes when the fermions are
on their mass shells and therefore does not con-
tribute to ~. Thus we find

This formula is more general than for the specific
Higgs content stated above. The quantity in square
brackets has the general form

A +Bk2
ks(ks+ is, ')(hs+ isss) '

where p, , and p,, are the neutral-vector-meson
mass eigenvalues. Simplifying the integral, we
find

mrs
)

1 A J(P,s/m') J(Pss/nP)
(2~}4 is 2 is 2 ms p 2/ms is s/ms

i "dsk y„( i(p'--$)+m)y"
2 g (2r)' (p-k)s+ms

[gr{gI, (~ + &'4, s a

+ &res + & )zs, s

Pi has shown that J'(P) is a monotonically increas-
ing function of P, whereas Z(P)/P is monotonically
decreasing. ' Therefore the conditions A «0,
B «0 together are sufficient to guarantee the cor-
rect sign for ~.

' For the Higgs content of Sec. II, we find that

2 2

g (I
s + ~s} -1 8L {gr [u&sl)s + kg 2(u&su&&s + 2usv&s +2usv&)s)]

BIss(Iss+ p, s)(ks + ass)

2 2

g g (ps+ps) -' = g" gr [v'")'ss+ —'g '(v"v'"+2u'u" +2u'v"')]B Y 6&'0'+V ')0'+u ') )

in which ease A & 0 and B& 0, so that we find the
wrong sign for ~. This calculation contains the
earlier result (without the p field) by setting v"=0.

8. One irreducible Higgs representation

Vfe next ask the question: Is the sign of ~m
typical for this gauge group or does it depend on
the representation content chosen and vary with the
way the symmetry is broken' Since the only kind
of symmetry breaking we know how to calculate is
via the Higgs mechanism, we look at the sign of
zm for general Higgs content. Equations (6)-(8)
for the mass difference are valid for any Higgs
system, except that A and B depend on the Higgs
sector through the neutral-vector-meson mass
matrix:

2 2 2 24—I. Sr&I"1,3,ZS &ZS,B —I"1.3,B I"Zq,~s &

3 2 2 2%+gear(&r, s,zs &ms, a &as, a &Is,ls &

~l ~Y~J Ss B ~B~Y~Ms8
2 2

The condition 8 «0 is linear in p and therefore
additive with respect to different Higgs multiplets,
whereas the condition A. «0 is not. Therefore,
for simplicity we suppose that the Higgs fields
all belong to a siagle irreducible representation
K,~ of the gauge group with quantum numbers
T~ =m, T~=n, F. Then

T~{,=5„T~s=(m-i+1)5,~, i =1, 2, . . . , 2m+1

T„'~, =5,qTfs =(n i1+)5„,-i =1, 2, . . . , 2n+1.
The contribution of K,z to the neutral vector-me-
son masses (NVMM) comes from the term in the
Lagrangian
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Since (K;z) =0 unless K,&
is neutral, we use the

relation Q =T»+T»+F to simplify the mass
term: QK, z

= (n+ m+V+2-i -j)K&&. Eliminating

j =n+I+F+2-i, we define

Kq ——((K(,n+ m+K+2-i)(. (10)

~NVMM 2 I [gg(~ ~ + 1)+p

C. Modification of Sec. II Higgs content to give 6m&0

The model of Sec. II can be modified by adding
the scalar K (T~ =1, T„=—,', F =-,') to the Higgs
sector. The other Higgs fields remain to give

I l
I

(b)

1 I
yW

I

(g)

Using this equation to substitute the values of p,',
&

into Eq. (9) for A, we find that A =—0 for an irre-
ducible representation. That leaves condition B
which becomes

[1'g„'+Y'(m f + 1)—(g„'+g~')]K, '& 0.
It is not difficult to satisfy this equation. Suppose,
for instance, that we add a Higgs multiplet with
quantum numbers T~ =1, T„=—,', F=—,'. Then 8
becomes

gs Kp —(gs +2g~ )Ks & 0 .

This is positive if K, is chosen sufficiently larger
than K, .

mass to the fermions. However, if E, is suffi-
ciently large compared with the other vacuum ex-
pectation values, ~ has the correct sign. In that
case, we also preserve weak universality. More-
over, since K does not couple to the fermions in
the theory, it does not alter the zeroth-order fer-
mion mass relations. However, we see that it has
a profound influence on dynamics via the change it
introduces into the vector-meson mass matrix.
It will also change the physical interpretation of
scalars in the Higgs sector since we must include
in the potential a term (KtK)'(g i() for all other
Higgs representations P.

The point of the calculation is not so much that
we should add this particular Higgs scalar K to
our model, for criteria of economy in model build-
ing make us reluctant to do so. More importantly,
the lesson we learn is that by changing the Higgs
content in a theory, even when the new scalars do
not interact directly with fermions, we can radi-
cally alter the calculable masses and mass differ-
ences.

IV. FIONS

A. Massive pions

Returning to the model of Sec. II, we recall that
we have a degenerate triplet of pions with zeroth-
order mass given by Eq. (4). Therefore, to en-
sure m„'= 0 the trilinear Higgs coupling constant
h would have to be small (of order h-em, '/p).
Although this implementation of the model can
give a realistic pion mass, we think that an ac-
ceptable model of pions should explain why they
are so light. Since we have a zeroth-order mass
relation, we can calculate the mass difference
5m' = m +' -m, o'. The diagrams which contribute
to the pion self-energy are shown in Fig. 3. We
expect them to be of order em„' or ep.'. Since
there are so many diagrams to calculate, we
would like to be able to pick out the o.p' diagrams
and ignore the am, ' diagrams. In Sec. IV B we
will discover a trick to enable us to do this, and
therefore we will complete the calculation of 5m'
in Sec. IV C.

B. Pseudo-Goldstone boson realization

FIG. 3. Diagrams which contribute to scalar self-mass
in the one-loop approximation: (a) vector-meson ex-
change, (b) scalar exchange, (c) vector-meson-scalar
exchange, (d) fermion exchange, {e) ghost exchange,
(f} scalar seagg, ll, (g} vector-meson seagull, (h) scalar
tadpole, (i) fermion tadpole, (j) vector-meson tadpole,
(k) ghost tadpole.

We now look more closely at the potential in the
Lagrangian [Eq. (2)]. The invariance group of V
coincides with the gauge group, SU(2) x SU(2) x U(1).
However, if we demand that the Lagrangian be in-
variant under a reflection symmetry g, which
sends p into -p but sends al1 other fields into
themselves, then the trilinear term h(gtHp+ptHtp)
drops from the potential. In that case V is in-
variant under a larger symmetry group. If we re-
write the fields in terms of real fields,
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Thus we have precisely three pseudo-Goldstone
bosons which we are going to connote as pions.
They are the II triplet of Sec. II. Their zero-order
mass,

QO+P
v2

' &2i

+0
W2

'
22 i

(12)

g +g I lT

v2
' K2i

then each of the Higgs fields Q, H, p is a real 4-
vector and the potential is a function only of their
lengths:

V(Q, p, H) = V(P2+P" +S'+S", E'+E"+T2+7",
c2 +vo2 + U2 + pt2)

Thus V is invariant under the larger group Q

=O(4)XO(4)XO(4). Each 4-vector picks a direc-
tion when it acquires nonzero vacuum expectation
value and therefore S =O(3) &&O(3)XO(3). Counting
dimensions, since d(G) =18, d(S) =9, and GAS
=U(1), we find that

number of pseudo-Goldstone bosons

=d(G -SUG)

=d(G) -[d(S)+d(G) -d(SnG)]

=18 —(9+'l —1)=3.

V' 2

becomes zero when the reflection symmetry g is
imposed (h =-0).

Thus we have two options to choose from: our
model of Sec. II with or without symmetry R. In
the first case we can calculate the pion masses
and expect them to be small; in the second case
the triplet mass is arbitrary and there is no rea-
son for it to be small, but we can calculate Sn'.

In the pseudo-Goldstone-boson realization, we
calculate the pion mass by examining the eleven
diagrams of Fig. 3. %einberg has shown that a
number of cancellations occur when we specialize
to the pseudo-Goldstone self-masses and that the
result is g-independent. Furthermore, the fermi-
on diagrams [(d) and (i)] do not contribute when

the Yukawa interactions are invariant under 6,
as is the case in our model. The only diagrams
which contribute are (a), (g), and (j) with the $-
independent piece of the vector-meson propagator
instead of the total propagator used in the calcula-
tion. ' The necessary Higgs-vector-meson ver-
tices are given in the Appendix.

For the neutral-pion mass, diagram (a) is absent
because the H' does not couple to two vector me-
sons. Moreover, diagrams (g) and (j) exactly can-
cel, so that m„0' =0 to first order as well. Using
the relation (5), we write

For simplicity we shall assume that the coupling constants j, k, f in V [see Eq. (2)] are absent —this makes
the E, P, 0 mass matrix diagonal. Looking at the E' contribution to 6 and J we find

d4
ie(3X2)

(2 )2[g'S. [(" +& 42 ~ s, i '+(~ +&4.2, Z. 2 '+& +& )I.2,1,2 ']

+gr |)2 +@ )s, a —~El,gr(" +& 4.2, s
~l

&(&', +') = — '",
8 (3 x 2) (2„).(g, '[(~'+ i2')„,„'+@'+~')„,. '+ (&'+ i2')...„']

The factor 3 comes from the (-independent piece of

jlv~ A 3 1
+eP 2~V P2+ P2 (y2+ g2
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and the factor 2 comes from counting in the vector-meson loop. Since g~I~, ~ = -dv' and m~2 =2dv", the
two diagrains cancel. Similarly, the 11' and P', G, and J diagrams cancel. For generalj, k, l, Eqs. (13)
are modified, but the calculation gives the same result: -m, o -=0 in the one-loop approximation.

When we calculate m, +', diagram (a) is no longer zero. Moreover, there are cross terms which con-
tribute to the physical Il mass from diagram (a). For example, consider

II+ +II 1 I II I I II III = =, , „,„, „„,)„,(vv U+vvS —vv T).
(VV +VV +V V

Then we have

A(n' n')= 1 [v"v'"A(U U)+v'v"A(S' S')+v'v" A(T' T )V2V + V VII2+ VI VII2

+2vv" v"A (U, S') —2vv'v"'A (U, T') —2v'v' v"A(S', T')] .
For example,

2A(T', T') = ~22v"gL gY'
( )4 (k +iL')L, L, '(k'+p)R R

'.
Similarly, in the approximation in which we set j, k, l =0,

d4k

4

+g Y'(k'+ 'iL)
RR

'+2g Lg(kr+P )L2 R ]t

+g Y.'(k'+ }r)R R
' —2gLgY(k'+ P )L, R ] .

Substituting into these equations the values of the inverse propagator matrix, we find

Z (T', T') =A(T't T') + G(T', T') +J(T't T')
4 V

I2

LgY 2 4 ~ 13~ B gLg Y 8 I LI,LI. ~ ~, B

2 32 ~ (2s) k2(k2+ iL,2(k2+ iL22)

im2 ln (p, ,2/p, ,'}
84gL gR g Y (2s}4 iL

2 g 2
1 2

3s' . . . , „,ln(p, ,2/i2, 2}
m Y, Y, =2Z(T, T )=, „gLg„g„vv

(27T ) &X -~2
In a similar way, we can compute the remaining matrix elements of m2,

~ (i,j =S', T', U):

V'V"
m'=

~

-v'v"v'
—VV V

II
II2 VVI VII2 3m' ln2 2 2 KP'1/ I 2

64(2~)4 gL gR g Y tt 2 tt 2
II2 I2 I I2

We note that m2 is proportional to the zero-order
mass matrix when h ~0—namely, the linear com-
binations of Higgs scalars which were true Gold-
stone bosons pick up no mass in one loop (and to
all higher orders as well). The charged pions ac-
quire mass:

3v'
2 2 2 ln (iL,2/ p, 22)

tt+ 64(2R)4 gL gR gY
iL

2
iL

2

X (V Vt2 + V Vt t2 + Vt2Vt t2)

This is of order ap. 2, but perhaps we should not
rule it out too soon since by experimenting with
different values of the parameters
(gL, gR, g„, v, v', v") we find that we can damp
this by factors of 10 '.

If, on the other hand, we wish to interpret this
calculation of m, +2 as a calculation of 6m2 (since
m, o2 =0), we seem to be in trouble. We would then
need damping by at least 10 ', which seems highly
unlikely in this model. Furthermore, to agree
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m

(a)

m pseudo-Goldstone realization, we can use our cal-
culation of the pseudo-Goldstone masses to find
the leading contribution to 5m 2~„„.„.

2 ~f 2 2Lu ri &mzssnIe~ pm~+ —m~0 gpseudo&oMstone

3II2
2 2 2 In (y, 22/y. ,2)

64(2]I)4 g1 (gR gY 2
IL

2
2

FIG. 4. Pion mass spectrum in one-loop approximation.
(a) Presence of zeroth-order pion mass (no reflection
symmetry R in Lagrangian). (b) Pseudo-Goldstone-boson
realization (reflection symmetry A).

with experiment, the mass of the II', a two-loop
calculation, would have to be an order of magni-
tude greater than 5m', a one-loop quantity. This
does not make much sense.

Thus in our model we find that the mass differ-
ences of pseudo-Goldstone bosons are of the same
order as the pseudo-Goldstone boson masses. We
expect that this may be a general feature of mod-
els which implement the pseudo-Goldstone mech-
anism in weak and electromagnetic gauge theories.

C. 5m2 for massive pions

We now return to the calculation of 5m2 in the
version of the model with massive zeroth-order
pions. We can apply Weinberg's analysis of the
scalar self-mass in the pseudo-Goldstone boson
case to eliminate those diagrams of order o.m„'.
They are precisely those diagrams which cancel
out when h =0. Since h =0 corresponds to the

X(V V +V V +V V'22)

Thus 5m' is of order ep, ' and it is unlikely that
this can be damped sufficiently to account for the
II'-II' mass difference. (See Fig. 4. )

V. PARITY VIOLATION

Gauge models with strongly interacting scalar
fields appear to violate parity to order e, which
is unacceptably large. In our model we look at
this question for the pion-nucleon form factor as
a preliminary study. The diagrams which may
contribute in the one-loop approximation to the
proper pion-nucleon vertex are shown in Fig. 5;
we are interested only in the parity-nonconserving
piece of each diagram.

We look at the special case II'pp for simplicity.
Diagram (a) does not contribute to parity violation
because of the symmetry of the vector-meson cou-
pling. Diagrams (c) and (d) do not contribute be-
cause the Higgs-fermion system is parity-con-
serving. Diagram (e) is absent because the II'
does not couple to two vector mesons. The parity-
violating piece of the (b) diagram is

d l (2k —l)„y]2[-i(]](—I')+m], , 2„1 ])2 Ii)I 4 8(( (2II)4 (k l)2 ~ III 2
(p l)2 ~ III 2 [ 2gL L32L3( ) DAISY B L3(

R3R3( ) +gRgr B,R3( )] 2

d'I (2k —l)„[i(P'+ g') -+ m]
II 4 g(( (2II)4 (k l)2 + IYI 2

(p +l)2 +(m2 ] [ 2gI, LsL3( ) gL g, Y B,L3(+m~

'2&R'&R~R3(1)+gsg Y &B R,(l))

Taking the sum, in the $ =1 gauge for simplicity and substituting the vector-meson masses into the formu-
las, we find

&=4~g 4 ~2 I. -gx +iegLgo ~ " XegZZ 3~ +U + g g ~ +»

[(2' ~ ) +(m'](2 22(''P'-(I-™)~ [(2 —()'+m'](l((' (I ™)(22—g))-
[(k —l)2+ m, 2] (P+ ]122)(P + @22)[(p —l)'+ m2][(p'+ l)'+ m']

I

I

I

I

I
I

I II

I

I

r
C

I I
~ I

I

I

I.
\

I I

(b) (c) (e)
FIG. 5. One-loop corrections to the pion-nucleon form factor.
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The apparent logarithmically divergent piece dis-
appears and the leading contribution behaves like
zz(m'/iz') in the region where the external momen-
ta are small compared with the vector-meson
masses. [We note that B =—0 when the left-r'ight

symmetry of the model is artificially realized

(gz = g„, v'=v"). ] To arrive at this estimate we

consider only the leading behavior of the numera-
tor and denominator, which is legitimate since the
denominator contains only massive particle propa-
gators and is not plagued by infrared singularities.
(A good check on our result is that B —= 0 when

m =0.) Thus in the form factor, parity violation is
a calculable, weak phenomenon. This is certainly
fine if we look at the term proportional to g„as
shown here. However, this is not sufficient since
we do not wish to treat g„as a perturbative con-
stant. However, we expect that our result is more
generally valid.
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APPENDIX

We now give the vertices necessary for the pion mass calculation.

1. Coupling of Q with vector mesons

PA' terms: —SFv'[gz'(—A«'+Az, '+Azs }+gr'B' —2gz grAz3B] —,'Tv'gz g„—Az,B+,'T'v'gz g—„Az,B,

Q'A' terms: -~«(F'+F")[gz'(Az, '+Az, '+Az, ')+ gr'B' —2gzg„AzP]

—~ze (T'+T")[g 'z(A ,z' +Az' 2A+z3}+gr B +2gzg„Az, B).

2. Coupling of p with vector mesons

pA' terms: ——,'Pv" [gs'(A„,'+A„,'+A»') + g„'B' —
2gzz g „A»B]—,'Sv"gs grA—s,B +,'S'v"gs g „A»B,—

p'A' terms: -~«(P'+P")[gs'(A„, '+As, '+A»')+ g„'B' -2ga g„A»B)

-xs(S'+ S' }[gs' (Aa'z+ A»'+ As's)+ gr'B'+2gs grA»B]

3. Coupling of 8with vector mesons

HA' terms: ——,'vo[gz'(Az, '+Az, '+Az, ')+ g„'(A„,'+A„,'+A„,')+2gzg„(A„,Az, +A„,Az, A»Az, )-]

+zvUgzgs(Az2 s3 A„,Az, }+zvU'gzg„(Az, A„, -A„,Az3)

H'A' terms: -8("o +o }[gz, (Azz +Az, '+Az, ')+gs'(As, '+As, '+As, '}+2gzgs(As, Azi+As2Az, -Aa, Az3)]

BU'[ gz (Azi—'—+Az2'+Az~')+g„(As, +A» +A» }+2gzg„(-A„,Az, +A„,Az +A2»Az3)]

-~s [gz (Az, +Az2 +Azs )+gR'(Asz +As, '+As~')+2gzga(As, Az, -As2Az2+As~Az, )].
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Operators are introduced, which make up the kernels of all N-body Faddeev-type scattering
equations. The hierarchy of these operators, and the equations they satisfy, are shown to
provide the minimal description of all Faddeev-type formalisms. By means of this hier-
archy, the N-body formalisms proposed by Yakubovskii and by Alt, Grassberger, and
Sandhas are shown to be equivalent. The four-body case is treated in some detail.

I. INTRODUCTION

After the pioneering work of Faddeev on the
formulation and solution of the three-body prob-
lem, ' several attempts have been made to obtain
viable systems of equations for N particles. Among
these, two approaches are particulaxly interesting,
namely the ones presented by Yakubovskii' and by
Alt, Grassberger, and Sandhas' (AQS).

The method of Yakubovskii relies on a powerful
index notation to handle the channel structure
arising from the separation of N particles into
subgroups. It can be understood as a repeated
application of the Faddeev procedure of removing
from the kernel of the N-body Lippmann-Schwinger
(LS) equations the pieces representing discon-
nected subprocesses.

The AGS approach is based on a scheme for
writing down three-body relations as matrix ver-
sions of two-body relations; in particular the
three-body Faddeev equations correspond to ma-
trix Lippmann-Schwinger -type equations. For the
four-body case, a matrix version of the Faddeev
procedure is applied to such LS equations, and the
resulting Faddeev-type matrix equations are again
written in two-body-like form. In this way, an
inductive prescription is established for the gen-
eration of matrices of operators for the N-body
case; their equations are obtained by simply writ-
ing down the N-body matrix version of the cor-
responding two-body relations.

In this paper we show that these two approaches
are equivalent, but that neither of them provides
the most concise description of the hierarchy of
N-body equations with Faddeev-type kernels. By

generalizing to the N-body case an alternative
formalism based on the th."ee-body K operators,
we obtain a hierarchy of equations for precisely
the operators of the kernels, and we identify these
as the minimal hierarchy for the N-body problem.

A detailed description of the Faddeev-Yakubov-
skii (FY) procedure for %=4 is given in Sec. II,
wher e, in addition to reproducing the Yakubovskii'
results, we obtain symmetric four-body M oper-
ators that form a more natural generalj. zation of
the three-body FaddeevM8 's than the operators
obtained by Yakubovskii.

The AGS formalism for N=4 is outlined in Sec.
III; M operators are also obtained within this
scheme.

In Sec. IV, the three-body K operators and their
equations are generalized to the four-body case.
In order to see the relevance of the K operators,
we show that all the four-body equations obtained
in Secs. II to IV have the same kernel, namely
maximal' subsystem K operators. In other words,
just as the two-body t operators make up the three
body Faddeev kernel, the (3+I)- and (2+2)-sub-
system K operators makeup the four-body Faddeev-
type kernel. Since they produce four-body equa-
tions with identical kernels, we conclude that the
AGS and FY four-body formalisms are equivalent.
We end Sec. IV with a detailed explanation of the
minimal characteristics of the N-body K-operator
hierarchy and its relation to other hierarchies.

The N-body scattering problem is treated in
Sec. V. The K-operator hjerarchy is constructed
within both the AGS and FY formalisms, thereby
provi. ng that the N-body equations of both formal-
isms have identical kernels. The equivalence of


