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The ABFST (Amati-Bertocchi-Fubini-Sanghellini- Tonin) model modified by a particular
off-shell n'm-resonance vertex is shown to yield a reasonable description of the reaction
~+P Sr+2m P in normalization, energy dependence, and distributions. The off-shell mod-
ification is consistent with that required in theoretical calculations of the bare Pomeron
at 50 0.8 via the ABFST model. The calculation is also consistent with factorization of the
ABFST model in describing certain four-prong cross sections by single pion exchange.

I. INTRODUCTION

The description of exclusive multiparticle reac-
tions remains a basic challenge of hadron physics.
While inclusive reactions can demonstrate certain
simple patterns describable thxough unitarity and
a generalized Hegge phenomenology, detailed dy-
namical models must sooner or later come to
grips with the much more complicated task of de-
scribing exclusive distributions. Multiperipheral
models seem to hoId considerable promise in de-
scribing various qualitative aspects of inclusive
reactions. It remains to be seen whether a real-
istic sPecific multiperipheral model can be found.
From a theoretical viewpoint, the ABFST (Amati-
Bertocchi-Fubini-Stanghellini-Tonin) model' is a
promising candidate. However, it is known that if
the ABFST model is to provide a model for the
bulk of the inelastic cross section, the physical
wwX'(X=resonance) couplings are insufficiently
strong to generate anything near a constant energy
dependence. ' If an enhancing off-shell behavior of
the wmXcouplings is included, much more reason-
able results are obtained. ' Part of our exercise
here is to show that the same sort of enhanced
off-shell ~mX behavior is needed if the ABFST
model is to successfully describe the reaction o,
defined below in Eq. (l). We regard this as pro-
viding a partial verification of the consistency of
the approach. More convincing arguments would
depend on other successful exclusive applications
of the model, and additional applications are cur-
rently being pursued.

The reaction we have chosen to study is

oe o(w'p -Sw'-=2w p) .
We shall be consistent with one-pion exchange

calculations of various 4-prong reactions, 4 such as

This is most important, for by also considering o,'
we are checking the factorization property inher-
ent in the model. It is strange but true that the
factorization property of the ABFST model has not
been thoroughly examined via comparison with ex-
clusive processes having more than 4 prongs.
Factorization is a severe constraint. If, for ex-
ample, conventional nnX form factors are used,
the shapes of the experimental distributions are
reasonably reproduced, but the normalization of
e,' is a factor 5-10 too small. ' Our n~X form
factor V,ff(t f t 2) will be chosen such that

(i) when only one pion is off-shell, the value of
V,ff(m„', t„) is in substantial agreement with con-
ventional form factors;

(ii) V,ff(t', t') for t„=t„=t' is in rough agree-
ment with the off-shell behavior needed in theoret-
ical calculations assuming that the resonance-
ABFST model generates the "bare Pomeron" at
~, -0.8; 3'

(iii) Vff has a form consistent with analyticity
requirements.

We shall for simplicity choose the baryon (wp-
resonance) vertex as that used by Wolf in fitting
the 4-prong data. This, along uith (i), automat-
ically guarantees that the 4-prong cross sections
(2) and (3) &vill be fitted here as smell as the one-
pion exchange model usually fits them.
this description is quite reasonable, "we need not
consider these 4-prong reactions further.

Our form for V,g is
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(4)
where t=-t-m, '.

This function has three parameters: A. , b, and
They are the only free parameters in the model.

Two of them (X, b) are roughly fixed by the require-
ment (i) (X -1.2 GeV', b -0.6 GeV'). Thus, the
model used to fit oe' has exactly one free Param-
eter, and the normalization of oe fixes

$ -0.15 GeV4.

As we have said, our form for V,ff is roughly
that used in Ref. 3 to generate the bare Pomeron. '
It should be noted that it is taken for simplicity as
independent of the s-channel partial-wave value l,.
Indeed, it is implicitly assumed that the threshold
behavior in l, is damped out rapidly, leaving Eq.
(4) as the effective behavior for the relevant
ranges of momentum transfer. V,ff(t', t') is typical-
ly much larger than conventional form factors,
even though V,tt(t', m, ') agrees with them.

The ABFST model we use is illustrated in Fig. 1.
The production amplitude is written as a multi-
peripheral chain of off-shell 2-2 amplitudes (see
Appendix). We will use experimental happ

and tttt

phase shifts for the on-shell amplitudes. The off-
shell amplitudes are then specified by Eq. (4) for
the mn -mn amplitude, while as mentioned above,
the off-shell np elastic. amplitude is determined
for convenience by a conventional (Benecke-Durr)
form factor. ' Exotic channels (e.g. , tt'tt') are
neglected. We shall examine all crossed graphs
required by Bose statistics and keep the most im-
portant of these, which is not possible in analytic
calculations. We shall see that most of these
crossed graphs are negligible, and all of them
are of decreasing importance with increasing en-
ergy.

We should mention those effects not included in
the model. The first is baryon exchange, i.e., the
generalized u channel, which manifests itself at
large t» (proton-proton momentum transfer). We
feel that this effect is the probable cause for those
distributions which do not agree with the model.
(Similar sentiments are expressed in Ref. 5.) The
second effect is diffraction. In the energy range
under consideration these effects are negligible in
o~ due to lack of phase space. The third effect is
the possible presence of three-pion resonances.
Since there is no reliable way of including them,
we leave them out. It is encouraging that for the
particular exclusive reaction under investigation,
no obvious Sm enhancements are observed in the
data. The fourth effect is the possible independent
emission of pions along the multiperipheral chain.

FIG. 1. ABFST diagram for 7(+p- 3m+2m p.

Since inclusive charged-neutral particle correla-
tions generally are observed to be so strong, this
probably is not an important effect. [It is interest-
ing to speculate that a possible mechanism for in-
cluding three-pion resonances along with unattached
pions may involve a 2m-4m kernel with the inter-
mediate state (Stt; tt) with the Stt state resonating,
but we shall not examine this here. ] The fifth ef-
fect is the existence of possible absorptive effects
of the multiparticle amplitudes, either in the ini-
tial two-particle state or the final multiparticle
state. These effects are no doubt present and are
probably crucial in generating Regge cuts, but as
we have no reliable method of estimating their
magnitude, we are forced to leave them out. Final-
ly, we have taken the pion as a fixed pole which is
wrong, but the additional freedom in Reggeizing it
would probably only help things phenomenologically.
However, absorption of a Reggeized pion would
lead to an effective decrease in its slope n'„. Ow-
ing to the very small subenergies in o,' this effect
would be sizable, making our a,' =0 approxima-
tion more reasonable than it might seem a Priori.

In Sec. II we describe the results of the "fit."
The relevant formulas, etc., are given in the Ap-
pendix.

II. RESULTS

The reaction o,' has been measured at 5 GeV/c, "
8 GeV/c, ' and 16 GeV/c. " Various experimental
analyses have been carried out on the data, in-
cluding some longitudinal phase-space analysis, "
which is mainly at 16 GeV/c. This latter analysis
is a much better probe into the dynamics than are
conventional analyses.

The model calculations were performed using
the Monte Carlo event generating program FOWL."
10' random events were generated at 16 GeV/c,
and the results checked for stability against 5x 104

additional events. At the lower energies, where
phase space is smaller, fewer events were re-
quired. Importance sampling was utilized to im-
prove the statistics.

The results for the energy dependence of o,' are
shown in Fig. 2. The agreement with the data is
good except at the lower energies. The threshold
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FIG. 2. Total cross section a+8 for the process 7I+p

3m+2m P. Filled-in triangles denote experimental
values with backward protons subtracted. X represents
Monte Carlo prediction; a sample statistical error on
the theoretical cross section is shown at 8 GeV/c. The
curve is a hand fit to the X's.

tracted from the data to produce the shaded points
in Fig. 2, the agreement of the normalization is
considerably improved. As our model does not
have u-channel effects, this is actually the ap-
propriate comparison. Unfortunately, we cannot
make this subtraction in the distributions which
have been taken from published experimental
paper s.

Figures 3 through 6 show comparisons of the
model to experimental data at 16 GeV/c. The
Monte Carlo curves have been smoothed by hand
and have statistical uncertainties of about 10%, ex-
cept where noted in the captions. They have been
normalized to the data in all curves below.

The longitudinal momenta of the pions (Fig. 3}
are well fitted, and show characteristic peaking
at p~=0. The n "s are slightly more likely to go
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behavior is clearly not correct. This situation is
similar to the pion-exchange description of 4-prong
final states, where the OPE (one-pion exchange)
contribution becomes more important with increas-
ing energy. ' However, much of the disagreement
is due to the neglect of baryon exchange. When
the large proton-proton momentum transfer
events, where the proton goes forward, are sub-

Ol

~ 400—
C9

O
o SOO

Vlzo 200
I

z
IOO--

00
U.
O
K
UJ
Cl

IOO—z

(a) m vr

100—

o 50
lh
X
O 0

g 200—
CO

0o 150—
O
lK

g) 100—

X
50—

0-2 0 I 2
(7T-) (GeV/c)

FIG. 3. Longitudinal momentum distributions for
~' at 16 GeV/c.
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FIG. 4. ~+& invariant mass distributions at 16 GeV/c,
for the cases (a) both pions in forward hemisphere;
(b) both pions in backward hemisphere; (c) no cuts on the
data.
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FIG. 5. Invariant mass distributions in LPS sector 5 (see Table I). The experimental histograms are the sum of

a+6 at 16 GeV/c, oe at 11 GeV/c, and a& at 16 GeV/c. The curve is the model calculation of 06 at 16 GeV/c. (06 are the
cross sections for m p- 5'.) Curve 6e has a larger (20%) statistical error than the others. (a) pm~+7)~; (1) xz+nz+xz,

(c) p~~; (d) 7(~~~; (e) pm&, (f) (7)~x&+ 7t&n~).

forward, as one would naively expect from leading-
particle effects.

The over-all w w mass distribution at 16 GeV/c
is shown in Fig. 4(c}. Agreement is good except
that the model predicts somewhat too much f, pro-
duction. Figures 4(a) and 4(b) show the w'w mass
distribution in the forward and backward hemi-
spheres. As expected, the model shows no reso-
nance formation between the backward w'p pair,
the m being almost always a decay product of the

This is in good agreement with the data.
More informal. on is gained from the data when

one concentrates on a particular longitudinal phase-
space (LPS) sector. Unfortunately, in this LPS
analysis, the available published experimental
distributions" have combined the data from
o, (w p -2w'Sw p} at 11 and 16 GeV/c, as well as
o,' at 16 GeV/c. (Our model calculation has only
been performed for o,'.) We will attempt to point
out where the difference between cr, and v,'is cru-
cial. In Fig. 5 we show the invariant mass distri-
butions in sector 5, defined by and including only
those events with the proton and one n'g pair
going backwards in the center-of-mass system.
We denote B=backward, E =forward. All distri-
butions are well fitted except for the pm~ mass,
Fig. 5(c). The lack of a strong h" peak in the
data is probably due to the o, contribution, where
4'+ production is much weaker. (In the frame-
work of the ABFST model, 4" production in a,
is forbidden since it is accompanied by an off-
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FIG. 6. Invariant mass distribution of forward 7r+x

pair in sector 8 at 16 GeV/c (see Table I). The experi-
mental histogram is the sum of o& and a&.

shell exotic w g amplitude, rather than the larger
amplitude w'w .) The theoretical distribution in
the (w'w ) mass when the two pions are in opposite
hemispheres [Fig. 5(f)J shows somewhat more
resonance contribution than the data, but is quali-
tatively correct.

Figure 6 shows the (w w )w mass distribution in
LPS sector 8, where all particles other than this
forward dipion pair are backward. The 16-GeV/c
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TABLE I. Normalizations for the various LPS {longitudinal phase space) sectors.

Sector
No,

Fraction of cross section
Particles 5 GeV/e 8 GeV/c 16 GeV/c

Backvmrd Forvmrd Expt. Theor. Expt. Theor. Expt. Theor.

1
2
3

5
6
7
8
9

10
11

12-22

p
p+
p
p++
p +

p
p+++
p++
p +
p+++
p++ «~
mes ons p, mesons

0,01
0.10
0.05
0.12
0.17
0.03
0,02
0.10
0.04
0.01
0,01
0.33

0.02
0.09
0.12
0.07
0.30
0.13
0,01
0.08
0.15
0.0
0.01
Q.03

0.06
0.17
0.06
0,12
0.20
0,01
0.01
0,12
0.05
0.0
0,02
0,19

0,02
0.17
0.11
0.12
0.40
0.02
0.0
0.08
0.06
0.0
0.0
0.005

0,10
0.23
0.06
0.09
0.21
0.01
0,0
0,14
0.04
0.0
0.03
0,07

0.01
0.26
0.02
0.17
0.39
0,0
0.0
Q.11
0.02
0.0
0.0
0.0

cr, data have been included here also." The p and

f ' resonance peaks now stand out distinctly, and
the model seems to have about the right amount of
each. The lack of a high-mass nw tail in our nn

amplitude is evident, but not significant at this
energy.

Table I shows the normalizations for the various
LPS sectors of ce at 8, 8, and 16 GeV/c. " The
statistical errors for both the data for 0,' and the
model are substantial. Although most sectors are
qualitatively correct, the "u-channel" LPS sector
12-22 ha.s no contribution in the model, as antici-
pated. The normalization of the fifth sector is the
largest one in the model and the data, "though the
model prediction is too large. Sector 1 is under-
populated, probably due to the fact that in the mod-
el the proton is always associated with a m'. How-
ever, this effect is, at most, 10% of os. The
heavily populated sector 2 is well described by the
model. On the whole, the detailed description of
the LPS normalizations are qualitatively correct.

Table II shows the results of a simplified LPS
analysis, which, although less detailed, is also
less subject to statistical fluctuations. It is also
more amenable to comparison with the model, as
it excludes the baryon-exchange region from the
start. Four sectors A-D are defined, as in Ref.
11(b) in the following way. The n' and m' with the

smallest values of ~p~' '~ are ignored, leaving a
pseudo-four-body final state

P Pwpwg w (w 'w )

where Pz, (w&) &pz, (ww+). The four regions of longi-
tudinal phase space A-D are then [the notation is
(backward) (forward)]

A: (p)s(wow, 'w )~,
B: (P» )s(ww'ww')~,

C: (P w w w' }e(w~ )w,

D: (pw', )w(ww'w )~.
The excluded events are practically all forward
proton events, with a few events from sectors 4,
7, S, and 10 also excluded. The results are con-
sistent with the data at both 8 and 16 GeV/c within
the accuracy that we might expect of the model.
The normalization of the model is in good agree-
ment with the data.

Figures V-ll show a comparison of the 8 GeV/c
distributions with the data. ' Most distributions are
reasonable. The neglect of u-channel effects shows
up in the longitudinal proton momentum distribu-
tion [Fig. V(a}], where the forward-going proton
spectrum is not correct. The mass distributions
in all eases are well fitted, except for a slight

TABLE II. Results of LPS analysis anth baryon exchange excluded.

Sector
Fraction of cross section O'AjKD

B C D (mb)

16 GeV/e Expt. 0,31+ Q.pl 0.09+ 0.01 0.14+ 0.01 0.45+ 0.02
Theory ~ 0.33+Q.Q3 0,07+ p, Q1 p.Q8 + Q.Q1 Q.52 + Q.Q3

Expt, 0.26 + 0.03 0.12 + 0.02 0.14+0.02 0.47 + 0.04
Theory 0.30+0.08 0,19+0,03 0.07 + 0.01 0.44 + 0,07

Q.32
0.28

0.31
0.29

~ Theoretical errors estimated.
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8 GeV/c.
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excess of S"production [Fig. 11)a)]. This excess
is probably also responsible for the excess of
small transverse momenta of the proton and n'"s.

At 5 GeV/c, "all distributions (Figs. 12-15) are
reasonably described in shape, with the exception
again of the proton peripherality [shown in terms
of the cosine of the proton scattering angle ia Fig.
12(b)]. Figure 13 shows the cosine of the w-w

opening angles defined as
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FIG. 11. + invariant mass distributions at 8 GeV/c.
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cos8„, =, ', ' (over all c-enter-of-masssystem).

The model provides at least a qualitative fit. The
slight disagreements are probably due to a some-
what strongex p' production in the model than in
the data. Other than the latter, the mass distribu-
tions (Figs. 14 and 15) are very well described.

Summarizing, the fits to the distributions are
reasonable. Disagreements exist mainly in dis-
tributions associated with the baryon vertex, and
can probably be ascribed either to the neglect of
baryon exchange or possible inaccuracy of the
baryon vertex (which we have not varied from
Wolf's parametrization). The w distributions are
all reasonable, indicating that our nn off-shell
vertex V,~~' is consistent with the data.

It is of great interest to investigate the extent
of peripherality in the model in more detail.
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Figure 16 shows the momentum transfer distribu-
tions t, of the direct graph at 16 GeV/c. It is
seen that the model is highly peripheral, even with
the off-shell vertex enhancing large momentum
transfers. The average t, value is around 0.5
OeV', and clear t~ effects are seen.

Finally, we consider the relative importance of
crossed graphs. Figure 17 shows the twelve pos-
sible configurations. The first four of these ac-
count for approximately 86%%up, 93%, and 9)% of the
model for o,' at 5, 8, and 16 GeV/c, respectively.
The direct graph (No. 1) is responsible for 40%,
55%, and 7()% of the calculated o, at these energies.
Thus, most of the graphs are negligible, and the
direct graph is the largest contributor. This in-
dicates the extent to which conventional multipe-
ripheral calculations neglecting crossed graphs
are valid; it is seen that an error of about a fac-
tor of 2 is made by neglecting crossed graphs. It
is possible that this could be approximately ac-
counted for in theoretical mu)tiperipheral calcula-
tions of 0&&by increasing the average zm resonance
coupling G somewhat. Since a,' -G~, we would have
to increase G' by about W to accomplish this. An
increase of about this magnitude is needed in multi-
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FIG. 16. Invariant momentum transfer distributions
at 16 GeV/c. We plot the t& for the direct graph with the
correct total weight. t&~&+&i'= q;2, where q& =four-
momentum of the ith momentum transfer starting from
the incident w+ (q;=q -Q'. |P&).
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( )

+p++p+
FLQ. 17. The 12 graphs contributing to the cross section c+&.

peripheral calculations in addition to V„«effects if
the bare Pomeron is to have an intercept 8, -0.8.' M'3 ~ = M'3'~ (A2)
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APPENDIX

In this Appendix we present the formalism used
in the text. The cross section for the process n'P

2N' p is

+( )
(2w)"

3!2!21"'(sm ' m ')

We define the standard permutation j =1 corre-
sponding to Fig. 16, where the momenta of
(w'w ) (w'w ) (w'p) are (P,p, ) (p,p, ) (p,p, ). For
this permutation

M, 'f™~~(s~2&ti~™~,t23)P(t23)

~w( so~ s4! trna~ ss)

(A3)

Here s„=(p, +p, )' and t„=(q —P,',p, }', where
q' is the incoming pion momentum.
M„,(s, t; u„u, }is the off-shell elastic w'w ampli-
tude for initial particles of mass squared u, and
u, . The pion propagator is

S(t}=(t-m„')-' .

The off-shell elastic w'p amplitude M'j~9(s, t; t, )
has the initial pion at q,.

' = t„and the other parti-
cles on shell. Its spin structure is

M:,'~(s, t; t„)=u'~(P, )f-w+ gaJ u'~(P. ), (A5)

(Al)

where I'~'~ is the symmetrized 2-6 amplitude for
initial (final} proton spin s, (sI). It will be written
as the sum over the twelve permutations

where 2Q =q, +@~, q~ being the final pion momen-
tum.

Defining e, and P& as equivalent inelastic invari-
ant A and B amplitudes by multiplying them by
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j.2
M & ~= u j'

pe -o.~+ .p~
u~& p. (A6)

M„+M„+, we obtain the spin decomposition of
E(l. (A2) as

with Qf = —,'(p~ -p. + 2q») being the jth permutation
of —,'(q, +qf) in the elastic w'p amplitude at the end
of the chain. With the projection operator (p'+ m„)
we obtain

~ g ~M &'f~ =Re ((m +p 'p )c(&a~
8f' Sf 2,

'-P 'P.)@ '@;+(Q 'Pd(Q P.)+(0 P.)(Qj P }]PP;-2 q, {p +p,),p,*}.

The off-shell w'm amplitudes are parametrized
by

16gs
)f)f( 4 4 lf s2) 1/ 24 2 2% ~os( 1) +2)

A. (Sy 81~ P SZff

Ofl m~

(A14)

x (2 l+ 1)c)fP)(cos eoff)
l,

s'
X e &Slnl5) (A8)

Here q,„(q,„)is the on (off)-shell wp c.m. momen-
tum, 8 =cos8off{f„),

a =s"'~m
where c,', =-', , c'„=—,', and c',&„=1, the others being
zero. cos80g is the cosine of the off-shell scatter-
ing angle, and our off-shell vertex V,w(~„u, ) com-
mon to all partial waves is

V.„(u„u )= 1-~——"'+ "'"' e"'~'"2),

1
54 2sll2 q4(t)f)q4(m)( )

q, {x)= [(s~'+ m„)' —x]~'

(A15)

(A9)

where u =u-m„'. The values of the parameters
used were (see text}

v 4 (q()c

foal

)j )

v, (q,„R,)
The Benecke-Diirr functions g, required are~

(A16)

A, =1.2 QeV

5=0.6oeV ',
$ =0.15 GeV

(A10)

v, (x)=, ln(1 +4x'),1

v, (x)=, 1+, ln(1+4x') -21 1
4x 2x

(Al'I)

A(4, t:4 ) 44'f, —
4 f)=

+
(All)

The calculations were performed using the on-
shell s-, p-, and d-wave phase shifts'~ which were
assumed elastic, and the integrals wexe cut off for
m~ subenergies above 1.5 GeV. These approxima-
tions are reasonable for o,' at these energies.

We next consider the (conventional) wp paramet-
rization. As we are neglecting exotic nn channels,
the only + state required is I= ~. Here, the only
important partial waves are the l = 0 wave s» and
the l =1 wave p». The Benecke-Durr continuation
relates the scattering in each wave to the physical
amplitude. s The off-shell invariant amplitudes are

dg 1

(

d(f)6(v) M, Mf*,d5 =1 j =1
(A18)

The value of 8, (=1.'l6) is taken from the fits of
Wolf (Ref. 4), and B, was set e(lual to zero (which
is very close to Wolf's value}, so that v, becomes
simply unity.

The mN phase shifts and elasticities were taken
from Ref. 14 and used up to gN subenergies of 2

GeV, above which the integration was cut off.
For computer purposes, we have employed a

simplification, which we now describe. For any
differential distribution dc,'/dv in the variable v,

we have (omitting the spin indices but retaining
permutation indices)

1 1
4)(4, 4; ( )= 4 —f+ —f,)„,

+
(A12) where M,. is the unsymmetrized 2 6 amplitude

corresponding to the jth permutation of the mo-
menta (p, p,} generated by FGWL for that event.
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The measure d4, (v) is symmetric in the identical
particle momenta (i.e., we add histograms of all
identical particle combinations). Now any given
integral JMM~* can always be made equal to an
integral fM,Mf, where 0= k(l, j) is some permuta-
tion which is distinct for given L,j . This follows
from simply changing variables in the integral so
that permutation l becomes the standard permuta-
tion 1. Hence the double sum in Eq. (A18) col-
lapses, and we obtain

(A19)

It should be clear that this equality holds formally,
but since the computer only performs integrations
approximately by random generation of points, it
is actually only valid up to some statistical error
in practice. Considerable computer time is saved
by this trick, although due to statistical errors oc-
casional negative weights are generated (giving,
in fact, an estimate of "reasonable computer sta-
tistics"). In the limit of infinite statistics, Eq.
(A19) is exact without taking the real part.

To save further computer time we have only cal-
culated the first four terms of the sum since they
account for practically all of o,' (see text).
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