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An attempt is made to understand, both phenomenologically and theoretically, the details of
inclusive processes. A complete phenomenological analysis of all inclusive pion data in the
central region is presented (in the context of the Mueller-Regge picture with three trajectories
P, p, and f). Particular attention is paid to the constraints of charge conjugation and the
approach to scaling. All the data are found to fit quite well, including two-body correlations,
which have been in considerable variance in previous treatments. One consequence is the
prediction that 7w correlations scale from above. At NAL energies, the nonscaling part is
found to be large. The constraint on the couplings (y) imposed by charge conservation,
yPP=4(yPP)2/(ap—~a,), is satisfied. In addition, a number of couplings are found to be
approximately exchange-degenerate. Based upon the phenomenological indications, we try
to construct the simplest possible Mueller-Regge model with three trajectories obeying the
constraints of charge conservation and with an exchange-degenerate p and f. It is found
that it is not possible to consistently construct such a model without adding additional phys-
ical mechanisms such as narrow-width resonances. Nevertheless, a model satisfying the
above constraints without an exchange-degenerate p and f can be constructed and has many
interesting properties that are borne out by the data. In the calculation of this model, ex-
tensive use is made of the recently proven equivalence of the Mueller-Regge and multi-

peripheral models.

1. INTRODUCTION

Now that the initial results from the CERN ISR
and the NAL have been circulated, and the most
obvious conclusions drawn,! it becomes important
to attempt a more detailed analysis of the vast
amount of data available. A particularly fruitful
approach towards these new data has been the use
of Mueller-Regge ideas.? For our purposes, this
means the explanation of inclusive distributions by
Regge poles through the use of generalized optical
theorems. So far these ideas have been applied to
data in the crudest form. One of the most impor-
tant defects has been that charge and isospin con-
servation have not been imposed, nor has the
positivity of exclusive prong cross sections been
ensured.® We believe that an important next step
is to construct more realistic models. In pursuit
of this goal, we shall first compile the relevant
data into a form which is useful to any Mueller-
Regge analysis. Then we shall discuss the sim-
plest realistic model for these data, and the prob-
lems it encounters.

The phenomenological analysis is complete and
self-contained, and more detailed than any other
to date.® Particular attention is paid to the ap-
proach to scaling in both one-particle and two-
particle correlations, and constraints of charge
conservation. It is shown that the relevant two-
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body correlations scale from above, and that R
[see Eq. (2.17)] is a slowly scaling quantity which
accounts for the unsatisfactory results in other
analyses which fail to consider nonscaling terms.
The experimental equality of various charge and

y correlations is discussed and shown to be a gen-
eral Mueller result even for the leading nonscaling
terms. The relevant couplings in the Mueller-
Regge model (MRM) are extracted from the data
wherever possible.

That we encounter problems in our attempt to
construct the simplest realistic model is not triv-
ial, but a deep problem of the theory. Neverthe-
less, the problems we find are in some sense ob-
vious. One of the main advantages of the Mueller-
Regge approach is that we deal directly with the
Pomeron and secondary trajectories expected to
dominate the total and inclusive cross sections.
Important properties, such as early scaling and,
more generally, the approach to scaling, can be
treated directly.? Well-studied problems having to
do with the Pomeranchuk singularity® are not in
evidence. The difficulties become apparent when
one attempts to include internal quantum numbers
in the discussion, and go beyond those statements
made in simple models involving only scalar me-
sons. The attempt to understand the rate at which
various cross sections scale has been unsuccess-
ful. This problem of course is closely tied to the
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question of exoticity and exchange degeneracy in
two-body scattering. Indeed, the connection be-
tween the Mueller-Regge approach and the old
multiperipheral approach has recently been made
more precise.® Specifically, for the one-dimen-
sional version of the N-channel multiperipheral
model (MPM) where the dependence on transverse
momenta has been integrated out, an exact equiv-
alence has been found with the one-dimensional
MRM. This equivalence is expected to be true in
some sense for more general multi-Regge and
Mueller-Regge models, though the proof of this
more general statement is not complete. The gen-
eral connection, which is suggested, emphasizes
that every problem encountered in the MPM can
be expected and, in fact, must reappear in the
MRM. Consequently, the problems we uncover in
trying to construct a charge-conserving MRM are
precisely those found by previous authors’ trying
to construct a realistic MPM. It is in this sense
that our difficulties are obvious, but nevertheless
important to point out.

The specific problem we deal with in this paper
is that of constructing a MRM which conserves
charge and has a set of leading trajectories which
roughly agree with experiment. The highest tra-
jectory corresponds to the Pomeron (a =1), while
the lower ones are approximated by a p and f tra-
jectory with exchange-degenerate intercept at «
=3. As we shall discuss, these summarize the
bulk of present inclusive data. A charge-conserv-
ing MRM with these three trajectories must sat-
isfy an infinite set of sum rules,® and there may
or may not be a solution. In fact our result is that
it is not possible to find a simple solution. Never-
theless, a non-exchange-degenerate p and f solu-
tion does exist, and it displays many of the fea-
tures found in the phenomenological analysis.

The simplest solution to the problem is one in
which only three poles exist in the MRM. Such a
model is equivalent to a three-channel MPM: The
output poles of the MPM are just the Mueller-
Regge poles P, p, f. The construction we require,
therefore, is a charge-conserving MRM having
exchange-degenerate secondaries. It is well
known in some circles that this problem, as stated
stated, has no solution,” nor is the solution to a
simple generalization of this problem known.
Although the leading output pole has I=0, the high-
est secondary has /=1, and an intercept higher
than the mixed I=0, 2 pole. Reasonable values for
the input trajectories force the /=0, 2 pole to be
below a=0. :

One possible solution to this problem that we
discuss here involves converting the p and f tra-
jectories into narrow-width resonances in the
“dual” channels.® Then it is possible to make

them act as if they were a set of exchange-degen-
erate trajectories. This model agrees quite well
with experiment for integrated quantities. Of
course, for unintegrated quantities, there will be
a 6-function resonance whose interpretation is
somewhat dubious. Another possible solution ap-
pears to be to introduce a Pf cut contribution into
the input (at = $) in addition to the I=0 (PP), I=1
(pp), and I=0 (ff) cuts. This is being investi-
gated, although it too may have well-studied dif-
ficulties.

Section II contains a summary of the relevant
phenomenology, and Sec. III contains a calculation
of a charge-conserving MRM. The calculation is
formulated in multiperipheral language, and sev-
eral details are given for completeness. Sugges-
tions of where to go from here are given in the
Conclusion, along with a discussion of how inclu-
sive densities should be normalized (whether by
Oty Omer, OF Otherwise).

II. PHENOMENOLOGY

The data of interest to us, which are currently
available, are single- and two-particle inclusive
distributions of secondaries, charge multiplicity
distributions, and semi-inclusive distributions
such as the mean number of neutrals vs prong
number.! They have in common the property that
they characterize the bulk of the inelastic cross
section at lab momenta above =100 GeV/c. In the
current nomenclature, we study the “central re-
gion” processes, ignoring those processes which
are dominant in “fragmentation” or “triple-Regge”
regions. In what follows, we make the reasonable
assumption that the dependence of transverse mo-
menta can be integrated over, without losing any
essential physics other than the known fact that
mean transverse momenta are small. The dif-
ferential behavior of cross sections is studied as
a function of the longitudinal momenta; for these
variables we use the center-of-mass rapidities,
y;, defined as

1. E+py
y—zlnE—Pn’

for a particle of c.m. energy E and c.m. longitudi-
nal momentum p .

With these brief remarks which limit our in-
quiry, we turn now to the task of summarizing the
data in the Mueller-Regge language. This sum-
mary will then be used as a guide for constructing
specific Mueller-Regge models.

At the present level of accuracy of data, it ap-
pears possible to explain the gross features of pp
and 7p reactions yielding pions inclusively in a
simple Mueller picture, which includes a Pomeron
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with intercept approximately unity and two nor-
mal-parity, positive-G-parity trajectories p and
f, each with intercept approximately 3. The ap-
proximate equality of p and f intercepts is needed
to account for total-cross-section data.

We realize, of course, that as data become
more accurate, the simple Mueller picture may
have to be modified. Nevertheless, we believe
that, as in two-body scattering, those modifica-
tions need not change our simple qualitative under-
standing in terms of a few simple Regge poles.

A. Single-particle distributions

For the process ab - cX (where c is the observed
particle and X represents the unobserved states),
Fig. 1 shows the various contributions (to order
s71/%) expected in our simple Mueller-Regge pic-
ture. The single-particle density, normalized by
Owt, NOt 0, (this choice will be discussed in de-
tail in the conclusion),

-1 d
P =5 d—‘y’(ab-cx), (2.1)

receives five contributions, one for each diagram
in Fig. 1:

- 6 o
p2(y)=yFP+e Y/4 [ey/l.<3_p_ yPf E%y:p>

A 58 ’
+e VL (5% v P +E% y,{.”)] .
a a

(2.2)

Here Y =In(s/s,) is the total “volume” of rapidity
available, the &} are the “end” MRM couplings
(isospin symmetry requires 65=-65), the yi’ are
the Regge-Regge-particle-particle couplings of
the center vertex, y*F is the asymptotic height of
the plateau, and

1
E:ap—au (2'3)

is the difference in intercept of the Pomeron and
meson (p, f) trajectories. In this notation, the
total cross section for ab scattering is, asymp-
totically,

o2k =5P6F . (2.4)

For the present analysis, a constant limit for o,
is assumed since the Pomeron is assumed to be a
simple pole. A rising cross section, requiring a
‘complicated Pomeron singularity,'® would neces-
sarily change some of the analysis presented here.

If we consider 7 production, then isospin con-
servation requires the following relationships be-
tween the Mueller couplings vi':

yEP=— Py PP =y P = PP
v =y Py =y [P=y Py = ¥¥, (2.5)
v6r=v5"=0.

Empirical information about individual couplings
can then be obtained from a consideration of data
onpp-m*X, n*p~r*X, and n"p~-n*X at y=0.
Available data!! on these reactions are given in
Figs. 2 and 3, plotted vs e~¥/%. For consistency
with the simple model used here, we want the sin-
gle-particle densities to have the form

p:b(o) = ,yPP + h‘;be -Y/4

for each reaction. The results for %%® using “eye-
ball fits” to the data are given in Table I. The
MRM couplings can then be obtained by taking par-
ticular combinations of cross sections at y=0:

y""—ﬂ —i(RT =BT BT - BT TP (2.6a)
—z(n? - n?), (2.6b)
ald 22 aiak GASE ACE NS iy
=—y P 2—1— , (2.6c)
-
id %é =18+ 1) (2.6d)

f
Yp, O+ l(h" tp hvr*p) ,(h’ﬁ+h”) (2.6e)

%=
=Y 5F (2.6f)

(b)
FIG. 1. (a) The leading (scaling) MRM amplitude.

(b) The nonleading corrections to order s~/ assuming
only pion production from pp and mp reactions.
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TABLE I. Exclusive and inclusive couplings. The exclusive couplings 6’,-' are taken from
Ref. 12; the inclusive couplings k% are taken from fits to data p =y PP+ h®e~Y/4 in Figs. 2
and 3. The fits determine y £7=0.75+0.1; Egs. (2.6a)—(2.6f) determine y** =-0.4+0.2,
-0.5+0.2, —0.46+0,06, 'fo =-0.44+0.04, —0.34+0.1, —0.4+0.1, respectively.

X =total X=X X=1"X"
f/5P=
pp—X {‘Sﬂ/é: 1'0} h?%, =—0.69+0.08 W= _1.120.1
60/65=0.2
f P _
Tp—~X 8%+/0 ' =0.8 RTi? =-0,27+0.1 RT? =-1,220.05
68+/6P+=0.8

f_/5P_=
X {5,, /6B-=0.8 }
6P-/6P-=-0.8

RT+? =-1120.1

RIZ? =_0.520.1

The external ratios 6’:: / bf are known from two-
body reactions'? (Table I), leaving three free pa-
rameters, y*?, y¥, and y*%, to be determined
from the single-particle inclusive data. The sep-
arate determinations are consistent with®

yPP=0.75£0.1,
yPP=yPP=_0.4540.1, (2.7
yP =P =_0.400.1,

showing that the p and f have approximately ex-
change-degenerate couplings

00 0.5 1.0
-1/4

(PLag)

FIG. 2. The approach to scaling of the pp —nX
single-particle density (L/op)do/dy at y=0. The straight
lines are hand-drawn fits through the data (see Ref. 11).

yPf oy PP = ypu

within the errors of our determination (see caption
of Table I). Note that for n~ production p and f
couplings have opposite signs, whereas for 7* pro-
duction the couplings have the same sign. Itis
worthwhile pointing out that the signs of y*? and
y®f depend upon the convention that for b=p and n*
82>0 (5°<0) and the empirical determinations that
yPP60/6F and y™&), /67 are negative. Other than
the above sign conventions, we know of no funda-
mental reason why »2* must be positive.?® In the
multiperipheral models we discuss later, we show
that y*¥ can be negative in certain cases.

0.0 0.2 04 0.6

(y=0)

o.oo 0.5 1.0

-1/4
(PLag)

FIG. 3. As in Fig. 2 for mp —7X,
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B. Two-particle correlations

The number of possible MRM graphs for the two-particle inclusive density is 27 in our three-pole phe-

nomenology. Not all contribute, of course, to order s

ing the two-particle correlation function

T S _(_1_ E)( 1 1‘1)
cyep\ Y12 V2 Otot dY1dy; \Otor @Y1/ \Otor @,

-1/4

, and some are identically canceled when comput-

(2.8)

for the process ab— c,c,X. For pp and mp reactions producing pions, to order s"** we can again, as in the
single-particle density case, restrict attention to only p- and f-meson exchanges. Then all MRM graphs
having a Pomeron in the center rung cancel in C,?ZCZ, leaving ten graphs having a Pomeron at one end and
p and f exchanges in the other rungs. In addition, four terms from the product of single-particle densities

survive. The net result of all these graphs is

Cglbcg(ylv Y, 1Y) = exp<&%22> Yg Yfzf (1-77)

15 1P P/ £p pe
- [ Yo, = Ty Ve, J Yoo + Ty Ve )]
+e ”"{—nggpe"l/" [3_%(1___%___&)‘__1 Tl__.L__J-_Z

b

vE

P PP
61, 702

- & - ,v5P\ &P AT R %4 ]
_yg,y:lpe n/L[Eg‘(l__L_Pg_.l _3:1., 7-2__1__2_1

for y, >y, and where T; =y,‘_ﬁ"" /yf‘ f, For charged
pion production, the correlations C;‘;’c2 so computed
depend upon three new parameters /= yf?, y**
=y{’, and y”=y?. Ultimately, data on CZ’, will
give the magnitudes of these quantities.

We now proceed to use the available data on pp
- 77X to obtain some rough information on the me-
son-meson couplings, as well as to check some
of the qualitative predictions of the MRM scheme
for the correlation functions. We shall assume in
the following the approximate exchange degeneracy
yPf =+PP=+P¥ found above. One immediate con-
sequence is the vanishing of C,, and C__ (i.e.,
correlations for ab -7 7*X and ab-7"7"X, re-
spectively) asymptotically. To order s~'/* further
statements can be made. The sum of C,, and C__,

O, +C_)==yP PPy P =y )

& of -
x(-g%eyl/" +E%e"’2/" e Y/4,
b a

.2y (2.9a)

has P and f end couplings only. Experimental in-
formation on pp ~w*7*X at 205 GeV/c indicates
that*

C,.(0,0)=0.36+0.04 ,
C._(0,0)=0.20+0.02 .

(2.10a)
(2.10b)
At the same energy, the MRM gives

PP
Ve,

—

N .ny_.yff
E[C.H,(O, 0)+ C__(O, 0)] =+0.14 (1 + ——)T— ’
(2.11a)

compared with 0.28 from the data. The data are
too preliminary for us to draw a strong conclu-
sion, but the present indication is that

I = PP (2.12a)

It is worth noting the prediction that 3(C,, +C__)
decreases to zero like s™/%, Present data do not
yet have sufficient accuracy over a wide enough
range of energy to allow a reliable determination
of this nonscaling.

Next, we consider the difference between C, ,
and C__,

%(C«{»{v -C.) ='YP”('VPP— Yfp— ,ypp)

yP—y

5p /L 5 - /L) ,=Y/4
X(E‘%e”l +E%e Y2/t e ,
b a

¥22y; (2.9b)

which has only P and p end couplings. For y, =y,
=0, the fact that 6°. and &} couplings differ by
sizable amounts leads to the ratios (at the same
Y)

(pp):(a*p): (m=p)=0.4:1:-0.6

for 3(C,, - C__). At 205 GeV/c, for pp reactions,
this difference is
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Py PP
4cC,,~C__)=-0.03 <1 -l—yj“,—l—> ,  (2.11b)
compared with the experimental value’ of +0.08.
We certainly obtain a qualitative understanding of
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the smallness of the difference. At this point, the
data are not accurate enough for us to check the
sign, and hence we obtain no information about
p TP PP,

Experimentally, the largest correlation,

_ _ Gf f
C+_=2(),P”)2e Iy2 yll/L___yPM(,yPP_yfp_.yff)<3%ey1/L+_§_%e—y2/1.>e-y/4
b a

6f o°
+Ypu(,ypp+),fp - ypp)<_g% en/L __E%e—yz/:.> e'”", Y, 9, (2.9¢)
b

a

has the approximate maximum?!*

C,_(0,0)~0.50+0.02 (2.10c)
at 205 GeV/c for pp~n*n~X. Compare this with
the MRM value

fp ff
C,_(0,0)=0.36+ o.14<1 _%—> . (2.11¢)

Equivalently, one can compare the experimental
value of
Caean(0,0)=2C,_+C,,+C__
=1,56+0.15
with the model

V7
Canen (0,0)=0.72+0.56 <1 -YT,> .

The value of 0.5 for C, _ indicates
yIP=y It (2.12b)

which yields, coupled with Eq. (2.12a), the addi-
tional result

LT VL (2.12¢)

fP

Finally, we analyze some preliminary CERN
ISR data on charge-charge and charge-y correla-
tions:

Ceny 22C,+2C_,, (2.13)

Cyy=4Coq, (2.14)

where the subscript 0 refers to 7° production. In
obtaining these formulas, we assume that all y’s
come from 7° decay, and that for C,, the y’s
come from different 7”s. Moreover, we assume
the y-y and y-charge correlation lengths to be
about L. Inthe MRM to order s~'/%, we find

CEen(v1,,) = C'c‘l’x’y( V15 ¥2)

=C;by(yu ¥2) s (2.15)

where for y, >y,

r

ny= 4( .},Pf)ze-]yz-yﬂ/la

ff f
— 4yPf PP (1 "Y_Pﬁ) <'6J}5 en/L +§% e—yz/L>
Y 63 bn

x e~¥/4 (2.16)

without assuming exchange degeneracy.

This exact equality (2.15) is probably a reflec-
tion of the isospin structure of the four-to-four
Mueller amplitude, and can probably be derived
on more general grounds. ISR data!® (Fig. 4) in-
dicate that these relations are well satisfied.

B 15+ 15 GeV/c 7
Q\\é\ o ch=ch |
L \+\ } o ch-Y )
_ \{ } A Y=Y
! L {\% -—-- O.75exp{-IA'r7|/2} |
N AN y
b|& \+
v|o
ble /%
°|o

/__..
T

—ar =
85—
—0—

~ R .
b 5 {\\
o &
° {\\\
c
6 N 7
\
N\
AN
AN
AN
AN
| | |
o.! 0 1.0 20 3.0

1= 2|

FIG. 4. The normalized correlation data (2.17) for
charged-charged, charged-vy, and y-y taken at the CERN
ISR (Ref. 15) at colliding-beam energies of 15 GeV/c
upon 15 GeV/c. The correlations are plotted against
An= | p — |, where n=Intan(,,/2).
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(Note that one has to first convert the data plotted,

do/dy.d
Ri.nel =q. -1
Tinel (do/dy,)do/dy,) ~°

to the correlation function

(2.17)

Clyay o) =[ (R 1) 7%~ 1] p(y,)0(3s) . (2.18)

Oinet

The relation holds since 3[p,(0)+p_(0)] and p,(0)
are approximately equal at ISR energies and hence
pch Epy-)

It is important to note that the quantity R has a
large nonscaling part. The reason for this is that
the numerator scales from above while the de-
nominator scales from below, and the effects add.
As a result, we can expect a large variation for
NAL energies to ISR energies. With the param-
eters we have found

R$hh(0,0)=0.940.3 at NAL (200 GeV/c),
RS (0,0)=0.5+0.15 at ISR (1500 GeV/c).

The experiments unfortunately have large relative
normalization uncertainties, making comparison
impossible at this time.

Certainly the above results for y*, y/? and
(when the data improve) y”* are very preliminary.
Nevertheless, they indicate the trend of present
data and provide a basis for discussing the MRM.
The qualitative conclusions are the following:

(1) y# =yP? and y*f =~y /?; namely, the p and f
are exchange-degenerate in coupling.

(2) y**==3yFP; the Pomeron and f have different
couplings, although we do find y /=y /f,

(3) The value y*?P=§, which gives (#,-) per in-
elastic collision increasing like 29" Ins =1ns, is
in rough agreement with available data.

(4) There are appreciable nonscaling contribu-
tions to C,,, C,_, and C__; this nonscaling be-
havior can be tested in a way analogous to that of
the nonscaling behavior in the single-particle dis-
tribution.

(5) Data on charge-y correlations give tentative
support for the MRM picture obtained from study-
ing C,, and C, _.

() There is an exact equality to order s™'/¢,

Cchch=cchy=07'y ’

which holds over the entire pionization region if
the connection between y’s and 7%s is made in a
simple intuitive way.

C. Charge-conserving MRM

Before calculating an explicit model, we check
first some general constraints on the MRM due to
charge conservation. For studying these con-
straints it is sufficient to consider only integrated

inclusive quantities, or equivalently the moments
of the multiplicity distribution. We define

I(x,y,2)= 3 0(n,, n_, no)x"y"-2"

in terms of the cross section for producing =,
positive, n_ negative, and n, neutral particles.
The infinite set of charge-conserving sum rules
are equivalent to the requirement!®

(2.19)

I(x,y,2)=x°I(1, xy,2), (2.20)

where ¢ is the charge of the initial state (pp scat-
tering has ¢=2). It will also be convenient to use
the Mueller-type moments f;;, defined by

(2.21)

For brevity, we use f,,,=f;;z> Whenever no confu-
sion results. At NAL energies, available data in-
dicate that three-particle and higher moments are
zero (i.e., small).'” Although there may be reason
to believe that this situation may change at asymp-
totic energies,’® these statements can be useful
approximations in the NAL-ISR energy regime.
In what follows, we shall assume the statements to
be true.

With the above assumption, the charge constraint
Eq. (2.20) implies that I(x,y, z) has the form

I(x,y,2)=x%exp[(xy.~ 1) fo10] ; (2.22)

we ignore for now neutral-particle production
(z=1). This form, in turn, implies that f,,,=/,0,
ie.,

(n.y=(n,n_)-(n){(n.). (2.23)
If we use the leading behavior of the MRM inte-
grated over y, and y,, (2.23) implies

YPP=2[( P ¥+ (PPP]L. (2.24a)

From (2.22) we see that the absence of three-body
and higher correlations requires f,, and f,,, to
be absent, i.e.,

(n_(n_=1)-(n_y>~0. (2.25)

This is equivalent to the statement that o, is a
Poisson distribution. Again using the leading be-
havior of the MRM for f,, we find

2L[(™)? - (PPP]=0,
implying that

O yP=02)2,
which is satisfied approximately by the data. Thus
charge conservation and the fact the three-body

and higher correlations appear to be small over
the present range of energies imply exchange de-

(2.26)
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generacy in the square of the coupling. In addi-
tion, we have the constraint of charge conserva-
tion!® from (2.24a) and (2.26):

yPP=4L(PP) . (2.24b)

This result, however, is more general than the
discussion here and is derived from applying our
MRM to the exact relation [see Eq. (3.37)]

So0=f11.0=fo.z2,0 -

If we use y72=0.75, (2.24b) requires |y™|=0.31,
in approximate agreement with y™ ~-0.42 as de-
termined from analyzing p(y).

Additional constraints result from considering
neutral-particle production. The generating func-
tion has the charge-conserving form

I(x,y,2)=x"exp[(xy = 1)f 510+ (2 = 1)f g0,
+3(2 - 1)*f o2
+(xy = 1)z = 1)f o] (2.27)
under the assumption of no correlations higher than
two-body. (Note that, in fact, a three-body corre-
lation, f,,,, is introduced; we ignore this contri-

bution.) Since pions are the predominant type of
particle produced, we assume in addition f,,

= foo1
(n.)=(n,) ~(n,) .

With these assumptions, we can compute the aver-
age number of neutral particles vs number of pro-
duced negative particles. The general expression
for this quantity is

(2.28)

NG By
(1) - 25 P (2.29a)
where
B L) (_l)k-r
Fo= 20 fou (o (2.29)

and o,_ is the cross section for negative particles
which we found to be Poisson,

O =(4fnm¥ e fow0 | (2.30)
and therefore
(1) = Foor = Fomy + 8 m_ . 2.31)

fOlO
Equation (2.24b) implies that f,,,/f o0~ Since as-
ymptotically C,,=3C, _ and the integral of C,_ is
(n_) by Eq. (2.23). The result is
(1) -=3(foro*+n.) , (2.32a)

which is consistent with available data.?° The
MRM f{it gives asymptotically the ratio

4( Pfy2
LQ“:-——YPP) =1.0;

2.32b

Soto Y ( )
this leads to

(ng).=1.0n_, (2.32¢)

which is also consistent with the data. Note that
this shows the degree of accuracy to which Eq.
(2.24b) has been checked, and emphasizes the
crudeness of our analysis.

It is important to note that Eq. (2.32b) involves
y¥f, while the charge constraint (2.24b) only in-
volves yPP. Therefore, (n,)_ can be used as a
check on the exchange degeneracy of the p and f
coupling. Since y*f comes into (2.32b) squared,
it is quite sensitive. A 40% breaking of exchange
degeneracy, for example, would allow (n,)_=n_,
a result which has been argued for previously in
the literature,®2° a5 well as allowing (2.24b) to be
satisfied.

III. AMODEL

As formulated in the Introduction, we wish to
construct a charge-conserving Mueller-Regge
model (MRM) with three singularities correspond-
ing to the Pomeron P and the secondary exchanges
p and f. We emphasize that the MRM does not
automatically give exclusive cross sections which
conserve charge [Eq. (2.24b) is necessary but not
sufficient], nor are the cross sections necessarily
positive. A trivial example is the elastic cross
section

0a(s) =) Z (=)"pi(s),

which is a sum over all n-particle inclusive cross
sections oy, p,. Since the terms alternate in sign,
the positivity of 0 is not guaranteed. Similar
statements can be made about charge conservation.
Therefore, it cannot be taken for granted that the
model of Sec. II as it stands will yield results
consistent with exclusive data. Nevertheless, it
would be extremely satisfactory to have a fairly
simple model which agreed with the trend of both
inclusive and exclusive data. To this end we sub-
ject the three-pole model of Sec. II to certain min-
imal requirements needed to describe exclusive
data.

The plan of this section is to start with a three-
channel MPM in which charge and positivity are
ensured for all choices of couplings and trajec-
tories. By a recently proved equivalence,® any
charge-conserving MRM giving positive cross
sections is identical to some MPM. Our assump-
tions on the MPM correspond to charge symmetry
rather than complete isospin conservation. After
some algebraic manipulations, we show that »zo
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reasonable MRM of the form we envisioned in Sec.
II can be constructed in the three-channel formula-
tion. Since charge must be rigorously conserved,
we then suggest that a simple improvement may
be to include resonances in the model. Such a
modification would necessarily change the inter-
pretation of the peak in C,(Ay) from evidence of
low-subenergy Regge behavior to evidence for a
resonance enhancement. The advantage of such an
addition would be to keep the Regge interpretation
of inclusive distributions at large subenergies
without violating charge conservation or exclusive
positivity.
A. Calculation of the MRM from the MPM
The most general three-channel MPM, in a one-

dimensional approximation (integrating out trans-
verse momentum), has the form?®!

o (Y)=e"Y f dy,** +dy, D"F(3,)GF(y, = y,)**

XGF(Y -y,)D (3.1)

for the cross section for producing » particles.
The notation® is that the external (D and D) and in-
ternal (G) couplings, as well as the propagator F,
are 3x3 matrices. In general, the propagator
F(x) is diagonal, and has the form

el 0 0
Fx)=| 0 €2 0], (3.2)
0 0 e'%

where [, =2a,; -1 is related to the position of the
input Regge pole. Through unitarity, the quantity
1, is the position in the J plane of the resulting cut
in the absorptive part of the elastic amplitude due
to the Regge exchange in the production amplitude.
We ignore cuts due to interference terms where
l=a+a-1.

The form of the coupling matrices depends upon
the basis. In a charge basis, where rows and
columns are labeled by 0, +, and - charge ex-
changed, the coupling matrices to produce 0, +
units of charge are

0 0+V2ZB

G.,=|(vZB 0 © =GT, (3.3)
0 0 O
A0O

Go=| 0 c 0 {, (3.4)
00cC

where by convention we have charge flowing to the
right. To keep track of the amount of produced
charge, we write

G=xG,+yG_+2G, (3.5)

so that x, y, and z generate +, —, and 0 units of
charge in (3.1). In this same basis, the external
couplings are

zdy; ydy, xdy,
D=| xV2d,, 2zV2d,, 0 R (3.6)
yVZ2dy, 0 zV2d,,

2dy, yV2dy xV2dy
DT=| xd, 2V2d,, O . (3.7)
ydy, 0 2V2d,

The rule for obtaining a particular cross section
0, from (3.1) is to take the matrix element
(DT+++D),5. For example, the ++ cross section
is the 23 element, while the +- cross section is
the 22 element, etc.

In the charge basis, the form of (3.3) and (3.4)
ensures charge conservation and leads to the
charge constraints in the MRM. The requirement
that A, B, C,d;; > 0 ensures the positivity of all
cross sections. We must have additionally that

l,=1, (3.8)

i.e.,, a,=a_. With these constraints, the model
is specified (up to certain arbitrary parameters),
and we can turn to the question of rewriting the
model in the Mueller-Regge form.

It has been shown in Ref. 6 that the change of
(3.1) to the MRM is accomplished by the orthogo-
nal transformation S which diagonalizes (L +G,),
where (L);;=06,,1, and G,=G(x=1, y=1, z=1); that
is, S satisfies

ST(L+G,)S=A, (3.9) .

sTs=1, (3.10)
where A =X;6,; is the diagonal matrix of the output
poles, X, =at.

This is a straightforward calculation by standard
techniques. However, experience and some physi-
cal insight help to reduce the calculational diffi-
culties. Since the Mueller model has only neutral
exchange, the symmetric and antisymmetric com-
binations of the + and — charges tend to be a more
natural basis. As a result of this, S will have the
simple form
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1 0 0 cosf -singd 0
s=|lo0 1/v2 -1/V2 sind cosf 0
0 1/¥v2 1/V2 0 0 1

We find after straightforward manipulations
A p=s(A+ L +C+)

{34+ -C~1,)]2+4B%}2, (3.11)

A =C+1,, (3.12)
4B

ta“ZG'Au,—c-zz’ (8.13)

From positivity of A, B, and C, several con-
straints follow immediately. First we rewrite the
expressions for (3.11)-(3.13), so that A, B, C, and
9 are expressed solely in terms of the input and
output singularities {; and A;:

A=n+0,= 2= 1,>0, (3.14)
C=xg=1,>0, (3.15)
B=1[(, = 2) (5= 1,)]Y/2>0, (3.16)
o = A, \1/2
(3 2
tang (M- Aé> . (3.17)

In order that some amplitude for charged particles

exist, we see that A; #), and A, #2;. Moreover, if

we want the Pomeron (1) to be leading, we have
—
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from (3.16)
A2, (3.18)

a very important constraint expressing the results
that the antisymmetric (I =1) output trajectory
is higher than the symmetric (I =0, 2) output tra-
jectory. We believe this result to be more general
than the simple model considered here. I is be-
cause of this result that an exchange-degenerate
solution cannot be found in the simple framework
considered heve. Note that the constraints (3.14),
(3.15) require simply that
2o —1<adt, (3.19)

2ai - 1<ag,

showing the well-known result that the Pomeran-
chuk singularity cannot be generated by an input
singularity at unity.

It is appropriate at this time to mention the re-
sults of the calculation for the inclusive coupling
matrices

r,=57G;s,

F=(x-1T,+(y=1)T_+(z=1T,,
3.20
A=STD, (3-20)
AT=D"S=AT(x=7y) .

After some uninteresting algebra, we obtain

Bsin20 Bcos2§ Bcosf
I',=I'T=| Bcos20 -Bsin20 -Bsing | , (3.21a)
Bcosf  Bsinfd 0
3(A+C)+3(A-C)cos28 -2(A-C)sin26 0
o= -4(4-C)sin20 3(A4+0)-3(A-C)cos26 0 |, (3.21b)
0 0 c
2dy; cos0+ (x+y)dy, sin  yd,, cosf +2zd,, 8inf  xd,, cosf+2d,, sinf
A=| —zd,, sinf+(x+y)d,, cos0 —yd,,sind+zd,,cos0 —xd,,sind+zd,,cosb (3.21¢)
~(x=y)d,, ~2dy 2dy,
Various properties of these matrices will be used below.
B. Qualitative features of the internal couplings v, ¥ Q, (J)= f « dve~(y=D YO,, (¥)
Now let us be more explicit about the calculation _°
of inclusive distributions and the total cross sec- =DTF()[GFN]"D, (3.22)

tion. Step one is to compute the Laplace trans-
form

where F(J) is the Laplace transform of F(x). Step
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two is to use the result of Ref. 6 that 1
(Q(J»"j:b”J——A N (325)
A
Q= Z Q, (N =Z P,(N, (3.23) and 4, A, and I'" are defined above (3.20). The in-
n=0 n=0 terpretation of P,(J) is that P, is the transform of
the total cross section, P, the transform of the
where single-particle rate, etc. For example, the
_ (transform of the) total cross section of ++ scat-
P,(J)=2T®()[Ire()]"A, (3.24) tering is

J

2
Py(+£) (d);c086+dy, 8in6)*  (~d;8in6 +dyy c086)*

J=x J= 1,

2

Gz
J .’ (3.26)

showing the standard result that the p(I =1) contribution to pp scattering, for example, is negative, where-
as the contribution to pp scattering is positive. The two symmetric contributions behave as expected, by
not changing signs between ab and ab scattering and by being positive. As a further example, the single-

particle + production in ++ scattering is

Pi(++)=(ATEI ;@ A),,

_Bsin26(dy; cos6+ dzlsme)2 2B c0s26(d;, cos6 + d,, sinb)(-d,, sinb +d,, cos6)

(J- K;)(J 7\1)

2Bcosf(d,, cos6+d,, sinf)d,,
(=2 =2y)

In a similar way, higher inclusive cross sections
can be calculated. Note that the three trajectories
behave formally like a P, f,and p trajectory, and
so the calculations can be done as in Sec. II with-
out the formal matrix manipulations used here.

Denoting the matrix elements of I', by y*/ and
those of I', by yi’, and using the suggestive nota-
tion ¢,j=P, f, p, we now compute the MRM inter-
nal couplings, It will be convenient to introduce
the following additional notation:

B=x=2Ag=ag" - agu>0, (3.28a)
Zo=hg= A =a@t— agt >0, (3.28b)
I
Rl 0,
=230, (3.28¢)
M- n- A=
W S e (3.28d)

The elements of I', , are obtained by using (3.21),
where in the above notation

A=go(€-f):
=%(3go)1/2;
C=pf,
/
sim9=:¢;<i‘?—>1 : ,
Zo+B

1/2
cose=t< B ) .
&g

+lower terms .

(=2, =2,)

(3.27)

—
The sign ambiguity for sinéd and cosé is tentatively
resolved by adopting by convention the negative
sign. The results for the internal coupling are

pp___sr__ P&

0% ¥ Brg,’ (3.292)
pr__ B2 _sr_80(e=f)+B?

75 €B+g0 , Y5 Brg, , (3.29b)
yPr=yfP= ‘(Bgo)‘/”J’B+g (3.29¢)
Yol =y 1P (Bg)‘/z‘*—,ff;f—'f—’, (3.29d)
Po__.oP__lg( 8o 1
yos—ytr=-ip(E) (3.29¢)
yeP==v§¥F=0, (3.29f)
192yt B\ 20
Y TE=Y 2go<B go) ’ (3- g)
yiP=—yff =0, (3.29h)
yPP=0, (3.29i)
6P =Bf. (3.29j)

We are now in a position to compare certain
qualitative features of the above charge-conserving
MRM internal couplings with those couplings found

-in Sec. II using available data. The charge sum

rule (2.24b) is seen to hold exactly in the form in-
volving only the p coupling,
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4 Ppy\2
yPP= Py i

(3.30)
ap=-a,

A second result to note is that the relative signs
(with our convention for sind and cosd) are in
agreement with the signs of the empirically de-
rived couplings. Namely, with y** positive, both
vPf and yP° can be negative, ¥’/ and yf? have op-
posite signs, and y’* is positive. Moreover, y**
=—+PP js within a factor 2 of the empirical result
yff=_1yPP  Finally, the couplings that vanish are
yPP, v3P . and yP?. Isospin required y%® and y&*
to vanish, and y* is a coupling that could not be
determined.

Of course, in determining the couplings, we have
not enforced all the isospin constraints necessary
to ensure realistic P, f, and ptrajectories. For ex-
ample, the P should couple equally to n* and 7° so
that y2?=yPP, This would require €=1, implying
that <1 since A=g,(1-f)>0. If we take ag"t=1,
the implication is then

(3.31)

ut i
agi<az’,

i.e., the asymmetric output pole must lie lower
than the input charged trajectories.

Isospin also requires that v =y#/, which with
€=1 implies that f=4. This is necessary to en-
sure the equality of Cechen, Cen,, and C,, observed
experimentally (see Sec. IT). If we continue, how-
ever, and try to enforce yff=y#/, we arrive at a
contradiction, namely that g,=-3, whereas both
£, and B are strictly positive. The result is there-
fore that the three poles cannot represent two pure
I =0 states and one I =1 state. In what follows, we
will assume only that one channel is 7 =0, one
channel is I =1, and the lower symmetric channel
is a mixture of /=0 and 2. The only results we
might want to enforce would be e=1, because P
should be pure I=0, and f =3, since Ciqen, Ceny,
and C,, are empirically equal. Setting =1, f =3,
and ag't=1, we then find

3 3 1 3
ap=zad™+3=1-38,
ain=1- 3(a"- ag™)

=1"'%g0’

J

o, (xy,2)=x,==3B[1=(z - 1)f] - 380[1- (2 = 1)(e- )]
+({38[1 = (2 = 1)f] = 3go[1 - (2 = D)€ = £)]}* + xy9Bge) /2.

r

In terms of this, the cross section for ++ scatter-
ing is

o(xy, z) = x? residue(xy, z)exp[a,(xy,2z) - 1],

(3.35)
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showing that ag" and ag"t are the only free param-
eters left in the theory.

A final comment on the couplings is the note that
a negative value for y*f implies that

a,—a;>ap—Q,

[which, if e=1, f=4, and e =1, implies o
>ai, i.e., the p must lie further above the 7 than
the P lies above the p (recall @, >a,). This result
emphasizes once again the defect the model has,
namely, it does not allow exchange-degenerate
intercepts a, =a,. Nevertheless, the model we
have constructed may be of some theoretical in-
terest since it is a charge-conserving model, even
though the exchange degeneracy we initially sought
cannot be realized. For example, the couplings
y*/ have some features in common with the data,
as is true also for the multiplicity moments as we
shall see. Some of these general features may
well persist in more complicated models. With
this expectation, we proceed to an investigation of
the leading behavior of the integrated correlation
moments.

C. Multiplicity moments and the inclusion
of resonances

The moments of the multiplicity distribution we
obtain in closed form by evaluating the generating
function @ as a function of x,y,2z: Derivatives of
InQ with respect to x,y,z (evaluated at x=y =2 =1)
will yield the moments in question. The evalua-
tion of @ for our problem can be done explicitly
[see (3.22)]:

Q=D"F())[I-GF)] ™D, (3.32)

where the leading behavior of the cross section is
determined by the position of the leading zero of

det[ 7 - GF(J)]=0. (3.33)

We denote the leading zero by J=a,(xy, z), since
charge conservation forces @ to have the form
x%f(xy,z), where q is the initial charge. Using
the notation (3.28) we calculate the position a, to
be

(3.34)

and asymptotically the first few multiplicity mo-
ments

8% 8! o™

..fklm-'__axk o7 a—zﬁm(xy,z)l’ (3.36)

are
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(19) =foor =€ Zf—% Y, (3.37a)
(ny) =fxoo=fo1o’f% Y, (3.37)
[(nana= 1) = (1) a0 o= =275 ¥,
(3.37c)
[(nin.) -(”+)(n-)]=fuo-M Y, (3.37d)

(go+B)°

. _ - f) -
(o= 1) = (o)) = =2 SXEKELZ Y

(3.37e)
[{7mom) = (mo)( n)]=fio

=fou ~ EoB(go - B)[ gole - f) - Bf]y
(g+B)° ’

(3.37f)

ete.

The quantities f,,,, foe, and fio, [(3.37d)—(3.37f)
are measured at ISR energies and found to be
positive. More precisely, ISR measurements
yield the two-particle correlations for charge-
charge, charge-y, and y-y:

S enen = (2f 110* f 200+ Fo20) »
fch1-.2f101+2f011 ’
fyy"4fom ’

All three quantities are approximately equal and
positive. Consider for a moment the implication
of having f,,, >0; it implies that

(go-B) gole-f)-Bf1>0. (3.39)

The two possible choices of parameters are (1)
&o/B>1and g,/B>f/(e~f) or (2) go/B<1 and g,/B
<f/(e-f). On the one hand, we come closest to
exchange degeneracy when g, <8, i.e. [from (3.28)],

(3.40)

On the other hand, if the highest secondary (agt)
is at 3 and a{=1(8=3), then the slope of the mean
number of particles (n,,)/¥ <3; the maximum
slope (n)/Y comes for g, large and hence g, >8:

(3.41)

The latter may be the most natural solution, em-
phasizing that a,, the /=0,2 symmetric output
secondary, does not represent the f, but rather
I =0 and 2 low-lying daughter and exotic: trajec-
tories. As shown above, it also ensures that y*/

(3.38)

agu!>2agnt - agut .

agut <20{‘3’“t - aim: .
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[(3.29¢)] is negative.

In (3.37c), we see that the second correlation
moment for negatives and for positives is less
than zero, contrary to the data. In part this is due
to the lack of exchange degeneracy in the model.
To fake an exchange-degenerate model, we let 8
-~ go that A,/x,—~1. In this case, the moments
(3.37) become

Soo1 = €8oY (3.42a)
S100=f010=&0Y (3.42b)
S200=f020=0 s (3.42c)
Suo=&Y, (3.42d)
Fooa =280 Y, (3.42¢)
f101=fo11=&fY - (3.42f)

All the moments are positive or zero, a situation
completely in agreement with data. In fact, the
generating function becomes in the limit 8-«

(xy=1)+(z = l)zfz]
1-(z-1)f ’

a,(xy,z) =go[(z -1)e+

(3.43)

The physical basis for this model will be discussed
elsewhere.?? For present purposes we note that
the limit B -« is equivalent to a 6-function prop-
agator F(x);; for i=2 and 3. This would be the
case for resonance production using a narrow-
width-type approximation. The positive correla-
tions are then due to the presence of resonances,
whereas the absence of negative-negative correla-
tions is a constraint of exchange degeneracy and
charge conservation. The situation is therefore
analogous to two-body scattering where exchange-
degeneracy requirements exclude exotic channels.

IV. CONCLUSION

We now return to the delicate question of nor-
malization. It is extremely important and goes
right to the heart of the central problem in strong
interactions today, the nature of the Pomeron.
The problem arises when one attempts to have a
unitary and self-consistent theory. For example,
in the MPM if we have a 2 -#» amplitude without
Pomerons, the model will generate an output Pom-
eron which can be made to have intercept unity
(as dictated by the data). However, if we include
this Pomeron in the 2 -~» amplitude, unitarity will
generate an amplitude violating the Froissart
bound. As a result of this fundamental problem,
an interim procedure called the two-component
model has been developed.?

In this procedure, the 2 -7 amplitude is divided
into a diffractive part and a nondiffractive part,
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each of which is handled separately, and only one
of which can be unitarized (the nondiffractive). If
one were to use this two-component model to cal-
culate inclusive processes, each component would
be normalized according to its appropriate part of
the total cross section. Then the two pieces would
have to be combined in the appropriate way to get
the full inclusive process. To the extent that o

is all diffractive, it may be entirely removed from
the process as a matter of taste, since it cannot
be properly unitarized anyway.

In the phenomenological analysis, however, our
objective is not a guide to the construction of a
two-component model, but rather a guide to the
construction of the ultimate model. Ultimately,
it is hoped that we will learn how to unitarize the
entire theory and that the effect of the diffractive
component will be to renormalize the Pomeron
that is generated by the nondiffractive 2 —» ampli-
tudes, as well as the other trajectories involved.
Furthermore, it is hoped that the leading-pole
spectrum will not be changed in any fundamental
way. That is to say, the same primary poles will
give the major numerical contribution to all physi-
cal processes.

With this point of view in mind, we have tried
phenomenologically to fit all inclusive data with
what are expected to be the most important J-
plane singularities. Since the poles are viewed as
the poles of the full amplitude, we must normalize
to the total cross section.

The theoretical problems that we are facing now
divide into two groups: (1) dynamic and (2) con-
servation-law constraints. We think it is clear
from what we have seen here that the constraints of
charge conservation play an important role in the
behavior of inclusive cross sections. The con-
straints of other conservation laws may be equally
important.?* For example, the reason for the slow
scaling of p inclusive may be here. The basic iso-
spin properties also need investigation. For ex-

P f.p P

FIG. 5. The scaling MRM graph. The p contribution
is absent for ch-ch, ch-y, and y-y correlations.

ample, the equality of C,, Cy, and C,, can
be understood to leading order as a result of no
isospin-2 exchange.?® The leading contributions to
these correlations come from the diagram shown
in Fig. 5. The center section of the diagram is
identical to 77 scattering as far as the quantum
numbers go, and the three correlation functions
receive only I =0 exchange contributions, assum-
ing the absence of 7 =2. No doubt, the equality of
the nonscaling pieces follows from similar though
more complicated arguments.

The dynamical problems that we are facing are,
of course, much deeper. The equivalence between
the MRM and the MPM tells us that all the prob-
lems that beset the MPM bootstrap will reappear
here. It is therefore going to be difficult to make
progress on the well-studied problem of the Pom-
eron bootstrap. However, it may be possible to
find models which have sufficient complication
and freedom to have exchange degeneracy in both
the input and output trajectories. As we saw, the
6-function model which simulates this property
seems to have many nice phenomenological prop-
erties.
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