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A continuous-energy partial-wave analysis of 4148 data points on the processes +—7).+p,~- x'p, and pn x p in the range of center-of-mass energy from 1160 to 1780 MeV has
been made. The method used is parameterization of resonances and background in the imag-
inary parts of the amplitudes, with the real parts being calculated from fixed-t dispersion
relations, thus ensuring a proper treatment of the Born terms. It is found that the imag-
inary parts of the amplitudes are resonance dominated, though not resonance saturated.
Many N*Np couplings (of both isospin~ and isospin-z resonances, N*) are determined for
the first time. A comparison of the signs and magnitudes of the various resonance forma-
tion partial-wave amplitudes (depending on the product of the N*Np and N*Nn couplings)
is made to the predictions of the essentially parameterless naive quark model. The critical
comparison of the signs is found to be extremely favorable to that model, while there is an
over-all qualitative agreement in magnitude.

I. INTRODUCTION

Over the last few years pion photoproduction has
been playing an increasingly important part in
resonance systematics. The photon has two helici-
ties, and isospin 0 or 1, so that it has two inde-
pendent helicity couplings to isospin- & resonances
(Nss'„} and four independent couplings to isospin--, '

resonances (PP'~, ); moreover, these couplings can
be determined relative to the Born approximation
in sign as well as magnitude. This contrasts with
the determination of mN couplings from nN elastic
scattering where, for each of these resonances,
we can only determine the magnitude of one num-
ber. Thus, from photoproduction we obtain knowl-
edge of numbers associated with each resonance
which can be a test of, or a guide to, theories of
elementary particle structure. None of the num-
bers are predicted by SU(3) alone because, since
y belongs to a different SU(3} multiplet from w, the
process y+N w+N is "SU(3) inelastic. "' More
particularly, SU(3) even together tuith the F/D ratio
and vector-dominance photon couplings (with, for
example, quark-model signs) only predicts the
ratio of the two isospin couplings of any one iso-
spin-& resonance in any one helicity transition.
Much more powerfully, a quark model will predict
every number in magnitude and sign. ' ' These
predictions may be compared with the numbers
obtained from a partial-wave analysis of the data. '

To improve our knowledge of these numbers, an
experiment on pion photoproduction, by polarized
photons on hydrogen and deuterium in the reso-

nance regions, is underway in the 82-in. bubble
chamber at SLAC, which will furnish a consider-
able increase in the world data of polarized events
in photoproduction. As a preparation for analyzing
the new world data set, which will result from
this and other forthcoming experiments, and also
because there have been new experimental results
since the previous photoproduction' ' analyses,
we have undertaken a partial-wave analysis of
existing data. The analysis includes most existing
data from 250 MeV/c to 1200 MeV/c photon labora-
tory energy in the reactions (i) yp -w'n, (ii) yp

w'p, and (iii) yn- w p. The method and results
are interesting enough to report in full, a short
report containing our preliminary results having
already been made. '

The difficulty with the analysis of photoproduc-
tion is that for each process (i)-(iii) there are
four independent complex amplitudes at each ener-
gy and angle, giving seven independent real quan-
tities apart from the over-all phase, and thus to
make an independent determination at one energy
and angle we need to make at least seven experi-
mental measurements —say one differential cross
section and six measurements involving polariza-
tion of one or more particles. Meanwhile the ex-
perimental situation within our energy range is
that the coverage of differential cross sections is
barely adequate in quantity and quality, while the
total number of data points on all measured po-
larization quantities is less than the number of
differential cross section data points.

There is a similar though less severe problem
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in the analysis of pion-nucleon elastic scattering
where, if for simplicity we illustrate by the iso-
spin-~ reaction n'p-w+p, there are two indepen-
dent complex amplitudes at each energy and angle
giving three independent real quantities in addition
to the over-all phase. Experimentally, over much

of the resonance region there is differential cross
section and one polarization measurement. The
problem of finding the scattering amplitudes is
resolved firstly by including only a limited num-
ber of partial waves in the fit to the data (which

among other things resolves the over-all phase
indeterminancy) and secondly, by making strong
use of the continuity in energy of the amplitudes.

We can make use of these same means in the
analysis of pion photoproduction, but because of
the relatively much worse data situation, we

would not expect to be successful without further
input. Fortunately such input exists, because
from the pion-nucleon partial-wave analysis we

already have a list of the s-channel resonances
which are active in photoproduction through the
processes yN-N*-mN and thus, so far as these
processes are concerned, the only unknowns to be
determined from the photoproduction data are the
(N*Ny) couplings. Moreover, there are indica-
tions from existing data and analyses "' that
resonances dominate the imaginary parts of the
amplitudes and, to the extent that this is true, the
energy variation of the imaginary parts of the par-
tial-wave amplitudes will be largely predeter-
mined and the analysis of pion photoproduction
correspondingly simplified.

In choosing a method of analysis, there is a
further important feature of the data to be con-
sidered. It is well established that the real part
of the amplitudes is important —in particular, the
pion exchange in charged pion photoproduction that
can be expressed gauge-invariantly by the Born
approximation. 3'6

It seemed clear to us that the combination of
poor data with a knowledge of energy dependence
indicated analysis by a continuous energy para-
meterization of the amplitudes. Also the presumed
resonance dominance of the imaginary (but not the
real) parts of the photoproduction amplitudes led
us to parameterize the imaginary parts (in terms
of resonances and background), but to calculate
the real parts from these imaginary parts by
fixed-t dispersion relations. The parameters are
then determined by fitting the resulting complex
amplitudes to experiment. A further advantage of
this method is that by definition, the fixed-t dis-
persion relations include the Born terms in the
real parts. This neatly solves the problem of dou-
ble counting of the Born terms, which may occur
when real parts of background and resonances are

added to the explicit Born or pion pole terms in
more naive resonance or isobar models such as
those in Refs. 6 and 7. Of course the fixed-t dis-
persion relation approach raises some problems,
for example, that of the parameterization of the
high-energy imaginary parts outside the range of
detailed experimentation. Such points are dis-
cussed in Sec. II below.

We should briefly distinguish our method from
previous uses of fixed-t dispersion relations in
pion photoproduction phenomenology, which has
been mainly in the first resonance region. " One
line of work' has been to project the fixed-t dis-
persion relations into multipole amplitudes, ob-
taining a set of coupled integral equations which

can then be solved self-consistently in principle
without reference to the photoproduction data, ex-
cept for the useful assumption of the dominance of
the M, multipole of the P»(1230) resonance. These
theoretical calculations are by large successful,
but are necessarily approximate, and adjustments
to the calculations are made from time to time to
give better agreement with outcoming data. Al-
ternatively, stronger assumptions on the dominant

M, multipole of P»(1230) can be made. " Recently,
over an energy region similar to ours, Devenish,
Lyth, and Rankin, " in a series of papers, have
used imaginary parts from previously existing
partial-wave analyses in fixed-t dispersion rela-
tions and have inspected the resulting fits to data;
they have examined what adjustments to these pre-
existing imaginary parts are necessary to fit the
data better. Unlike our parameters, their imagi-
nary parts were not in a computer minimization
loop.

In our approach using fixed-t dispersion rela-
tions we determine the imaginary parts, which are
our only variables, by fitting to the experiments
and we are enabled to do this by our extensive
data range and the use of all three measured
charge channels simultaneously.

II. THE INVARIANT AMPLITUDES AND THEIR
PARAMETERIZATION; THE DISPERSION

RELATIONS

In this section we explain in detail the K-matrix
formalism for the imaginary part of the ampli-
tudes and the variable parameters used therein;
we also formulate the construction of the imagi-
nary part of the invariant amplitudes from the K
matrices and our use of the fixed-t dispersion
relations for generating the real parts of the in-
variant amplitudes. We also give explicitly all
other necessary parts of the formalism, such as
the isospin structure, and the connection of the
invariant with the helicity amplitudes.
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A. The expression of invariant amplitudes
in terms of helicity amplitudes 6', = (Dp2)'/2q[(E -M)A. , +A, -A4],

The T matrix for any single-pion photoproduc-
tion process such as +-)/'n may be written (in
the Pauli metric} as and

q2[-(E +M)A, +A, -A, ],
E M D

I

T =[,'iy—,y„y„A, (s, t) + 2iy, P„(q 2k)—„A,(s, t)

+y2y2q2A2(S~ t)

+y,y„(2P„-(My„)A,(s, t)](e„k„-e„k„), (2 1)

where q&, k& are the four-momenta of the pion and

photon, respectively, P„=-,(p»+p») being the
average of the four-momenta of the initial and
final nucleon, c„being the photon polarization,
and where A, (s, t) (i = 1, 2, 3, 4) are invariant func-
tions of the usual Mandelstam invariants s and t .
The nucleon mass is M.

The transition matrix elements are obtained by
sandwiching Eq. (2.1}between initial- and final-
state spinors. For the calculation of experimental
quantities, it is usual and easier to work in the
center-of-mass system and reduce the T matrix
to a form F, where

u(p2}Tu(p() =
M X/t6:X(, (2 2)

where yz, X, are the Pauli two-component spinors
of the initial and final states quantized along the z
axis. The factor 4((E/M is a conventional normal-
ization, with E being the center-of-mass energy.
Using projection operators to express Dirac spin-
ors in terms of Pauli spinors, one finds the stan-
dard expression

= to ~ e 6') + (8 ' q}0 ~ ( k x e )6'2

+i(B k)(q e)6'2+i(o'q}(q Z)6'4, (2.3)

where %, q are the center-of-mass three-momenta,
and & the polarization of the photon in the radia-
tion gauge. The normalization of the T matrix is
such that the differential cross section from an
initial nucleon spinor X, to a final nucleon spinor

Xy is

A„,(8, y) = u (p„X,)T (X„)u(p„X,) (2.6a)

=x.'(x.)~(&„)x,(x,), (2.6b}

A. =A.„-A7, P, =-A,„ (2.7)

where u (p, , A.() is a spinor representing a nucleon
of four-momentum p, , helicity X(; T(X ) is such
that in Eq. (2.1) the photon has helicity X„; and

X((A(), 6:(A. ) are the corresponding quantities in

the two-component spinor expression. Equation
(2.V} defines the initial-state helicity A. and the
final-state helicity )(. In Eqs. (2.6) we have con-
ventionally omitted functional dependence on energy
of the helicity amplitudes.

There are four independent helicity amplitudes;
the dependence of the other four being expressed
through the relationship

(8 y) ~((x-2) (2-2(2)A (8 y) (2 6}

We choose the four independent amplitudes to be
those with A. =+1, and by separating the phase fac-
tor e "~ "'e we define amplitudes H„(8), H$~(8)
H$„(8), H~(8) (where the suffixes refer in an ob-
vious way" to the helicity-flip properties of the
amplitudes) through

//( }-=A)/2
~ (/2 (8t P )

=&2cos28[(6'2 —F,) +-,' (1 -cos8)(6:2 —6:,)],

D, = (M'+k')'"+ M, D, =(M'+q')'"+M. (2.5)

From Eqs. (2.3}and (2.4} one can readily deduce
the expressions for the experimental quantities in

terms of the F, as given, for example, in Ref. 9.
However, we prefer rather to work in terms of
helicity amplitudes which are given by writing in
the center-of-mass system

„„=kl(x/ I &Ix(&l'.

The relationship between the A. , and 8', is

(DP2) A) + (E -M)A. 4

P
koqp —k'q

(A A )E-M

(2.4)
(2.9a)

H$/(8) -=e ' A, /, ,/, (8, (t)}

=-I/&2sin28[(1+cos8)(6'2+ F~)], (2.9b)

H$+(8) e A )/2 ~ (/2(8, p)

=v2 sin28[(P, + 6:2}+2(1 +cos8) (F2+ 6'4)],

(2.9c)

F2= ~ q -A, +(K+M)A,E
7T 7

H$(8) =e "~A „,„,—(8, (t))

= I/icos —,
' 8[(1-cos8) (6'2 —6',)]. (2.9d)

Experimental quantities can be expressed in terms
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of theH„, H», H», H~ as described and given
in Appendix A. For example, the differential
cross section is

d0 =2 &
(IH~I'+ I&HDI'+ fH, ~/'+ /H»f') . (2.10)

B. The expression of helicity amplitudes in

terms of partial-wave amplitudes

The helicity amplitudes have the expansion

A„„(8,&P) =+A„1(2j+1)de„(8)e"1&"e, (2.11)
f

where Af „comprise four independent amplitudes
of total angular momentum j, which can be com-
bined into four independent partial-wave ampli-
tudes (proportional to A11 a A1„„}of good parity
and total aagular momentum j. For these latter
we employ the normalization and notation as used
by Walker. ' The notation A», Bg, is used for par-
tial waves with j = l a-,' and parity -(-1}'. Thus the
subscript l is the orbital angular momentum of the
mN system. The amplitudes A, B have initial
total photon-nucleon helicity [A. in (2.11)]of —,

' and
2, respectively. Equation (2.11) can be rewritten
in terms of the amplitudes Her, Hsr,„, Hs„, HI)
defined by Eq. (2.9) on the left-hand side, and the
amplitudes A, B instead of the amplitudes Af~ on
the right-hand side:

H„(e) =&2 cos-.'eg (A„-A&„,&3(P,'-P„,'),
g=0

H (8) sin-,'8 (1+cose) (B„-B&„,& )
1

&2 g= I

x (P,"-P„,"),

(2.12}

gH~( )=8&2sln28+ (A&++A&1+1& ) (P& +P&y& ) y

g=0

H~(8) =—cos,'8 (1 -cose—) (B,++B&„» )
1

g=l

( & P&+1

C. Charge and isospin amplitudes

The formalism of subsections A and B applies to
amplitudes for any of the processes +-m'n,
yn-w p, yp-n p. For none of these amplitudes
is isospin a good quantum number, but the nN in-
teraction conserves isospin, and mN resonances
are in states of definite isospin. Consequently it
is necessary to distinguish the isospin properties
of the amplitudes. If we consider the amplitude
A, as referring to the emission of a pion of iso-
spin index a, we obtain the well-known formula

Ixa & &[ &&&& sl & R' (2.13)

The expressions for the transitions yp- n'n,
yn-m p, yp-w'p, and yn-m'n in terms of the
isoscalar and isovector amplitudes Eq. (2.14) are
from Eq. (2.13):

A, + —=(&&'n ~A&gyp) = -(-')'"A"'+ (-,')"'(A ' -A )

A„=-(v'pg, ~yp) = (-')'"A" + (-')'"(A"'-A')

(2.15)

A, -=(v pg, ~yn) = (-'}1&'Nv1- (-'}1&2(A"'+A')

A =—(»'n g, ~yn) = (—')' 'A "'+ (—)'"(A "'+A )

Exactly corresponding linear relations to Eq.
(2.15) hold between helicity amplitudes and partial-
wave amplitudes with corresponding isospin prop-
erties, and in what follows we will use the indices
of the left- or right-hand sides of Eq. (2.15) for
any amplitudes without further explanation. [We
have no further use for the amplitudes A,'+', A,' '

and A,"' of Eq. (2.13), so no confusion will arise. ]
Since the combination (—',)'"(A"'+As} gives the

coupling of photons to positive and neutral isospin-
—,
' states, respectively, we define explicitly

A' =+ (-')'"(A"' -Ae),

An (2)1/2(Av& +As)

D. The parameterization of the partial-wave amplitudes

Having formulated isospin we can proceed with
our constructive approach and explain the para-
meterization of the imaginary parts of

V3 V3 Vl Vl S SAgy y Bgy y Agy p Bgy p Agy p Bgy (2.16)

for insertion into Eq. (2.12). Any of Eq. (2.16) can

Equation (2.13) only assumes that the photon in-
teraction with hadrons occurs through isoscalar
and isovector parts, so that A"' is an isoscalar
amplitude and A",A' ' are isovector amplitudes.
By taking pion-nucleon final states of definite iso-
spln, we find that the combinations Af(')+2Af(-)
A,"'-A,' ' lead to isospins in the final state of iso-
spin —,', &, respectively, and we define

A' = -(3)'"A"& (isoscalar amplitude),

A"' = (—')'"(A,"'+2A,' ') (isovector amplitude
leading to isospin —,

' in
&&N),

(2.14)
A v' = (1)'"(A&&'& -A,' ' ) (isovector amplitude

leading to isospin a in
&&N) .
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be regarded as a partial T matrix (which we shall
just denote by T without any indices where no con-
fusion can arise), which may be constructed from
a K matrix by the formula

(2.19b)

where y,
'"" are constants and E~ is the position of

the lowest energy resonance pole in the sum (2.18):

T =K -iq, (2.17) (2.20)

where q denotes the diagonal matrix of center-of-
mass momenta. In principle, T and K are of di-
mensions to include all the open channels, but that
is impracticable and a suitable approximation is
to take three channels, two being strong-interac-
tion channels and one being a yN channel. Qf the
strong-interaction channels, one is the mN chan-
nel and the other is a pseudochannel representing
all the other energetically possible strong-interac-
tion states; we will call this pseudochannel the in-
elastic channel. By the nature of our amplitudes
(2.16) both the ((N and the inelastic channel cor-
respond to eigenstates of isospin.

Our notation is

rN: channel 1,

inelastic: channel 2,

yN: channel 3,

and we write the K matrix as a sum of factorizable
poles

R

K;,(E) =Q h, E„=, "E„-E (i,j =1, 2, 3) . (2.18)

{r( (sir Bi (r;" =r( B (E )i p

(2.19a)

In Eq. (2.18), E is the center-of-mass energy and

E„ is a parameter which may take on any value,
and the corresponding pole in (2.18) would only
necessarily be a resonance if it lay in or near the
physical region where we analyze the data. In
particular, the poles such that E„ is in the un-
physical left-hand region of the E plane do not cor-
respond to resonances and are a representation of
the singularities in that region. $„=+1for poles
in the left-hand region, while $„=+1 for poles in

the physical region, from causality. For an iso-
lated resonance pole (y,'"'}' is proportional to the
partial width for decay into channel i.

There are motivations for the use of factoriza-
tion in Eq. (2.18). Firstly, the factorizable form
is economical in parameters. Secondly, it ensures
that the zeros of the T-matrix denominator de-
rived through Eq. (2.17), are given by an equation
of orders in E, where g is the number of poles.
Without factorization of the K matrix, the order in

E is greater than R, thus giving extra poles in the
T matrix. "

Our partial waves contain barrier factors as fol-
lows:

where q, is the c.m. momentum in channel i, and

l, the orbital angular momentum in channeli; y is
a parameter in the range 0.5 to 1.5 fm and may be
different for different partial waves. D, (qr) is the
Blatt-Weisskopf denominator factor" so that, e.g.,
Do(x) =1, D, (x) =1+x, D2(x) =9+3x +x .

There is a problem in the definition of l„ the
orbital angular momentum of the yN system, since
our partial waves are not eigenstates of the total
yN orbital angular momentum. A. l+, B„both in-
volve photon orbital angular momenta l = l and

Y

l+ 2, while A, , B, both involve photon orbital
angular momenta I = I and I —2 (with the obvious

y
exception of I =1). We have always taken the low-
est possible value for l, :

(I =I, I +2)& A„,B„: I, =I,
(I =I I —2), A(, B, : Is=i —2,

(l„=l), A, : I, =1.
(2.21)

In connection with a possible inadequacy of this
choice we may note: (i) At center-of-mass ener-
gy 1403 MeV, k is already 0.58 GeV/c compared
to k =1.08 GeV/c at the third resonance energy of
1705 Mev so that for those partial waves, namely,

D„, and upward, which are only important above
1400 MeV, the choice of I, is not critical; (ii) the
value of I, is exact for the P», wave (A, ) and for
the dominant M1 multipole of the P„,wave. This
leaves just the lower-energy S„,wave and the
(small) E2 part of the P,(, wave as possibly being
critically affected by the choice of l, in the part of
our energy range from 1160 to about 1240 MeV
center-of-mass energy. We see from Eq. (2.21)
that our prescription for S„,waves is l, =0, but
in our preliminary work ' [Table V(a) below] we
had chosen l, =1; we obtained a significant im-
provement in the fit to the lowest energy region in
changing to l3 =0.

We return now to the consideration of the form
(2.18) of the K matrix where we see that the y,'""s,
which [when (r) corresponds to a resonance state]
determine Ny partial width, are the only param-
eters pertaining peculiarly to the Ny system. We

determine the yx" y y2 y E~y and ~r by fitting the
pion-nucleon elastic scattering partial waves (in

the energy range where we will use the photopro-
duction data} using the purely hadronic part of the
K matrix (2.18)." This fit determines the N* reso-
nances and background terms which appear in our
parameterization (2.18). The variable parameters
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to be determined by a fit to the photoproduction
experiments are the y,""'.

We must now construct the proper charge am-
plitudes, using the isospin properties. As shown
in subsection C, there are three independent am-
plitudes (2.14) and so correspondingly there are
three types of photon couplings y,'"', which we de-

(r) (r) (r).n«e yv3, yv„ys .

the last two being couplings of positive and neutral
isospin-& states, respectively. It is more mean-
ingful to use these couplings, which are more di-
rectly connected with experimental processes,
and so lead to fewer questions of error correla-
tion.

E. The fixed-t dispersion relations and the

real parts of the amplitudes
(r) (r) (r) (r)

y3 yV3 yV1 yS (2.22}

For the isovector photon coupling to isospin-a
resonances, y„'"2', (r) must be an isospin-2 reso-
nance (or background term) while for the iso-
vector and isoscalar photon couplings to isospin--,'
resonances, y„'",' and ys'"', (r) must be an isospin=, '
resonance (or background term).

Consequently for a given J~ and total yN helicity
g (-,' or —,') we define three different K matrices:

Having constructed the imaginary parts of the
amplitudes in terms of (fixed) parameters deter-
mined from pion-nucleon elastic scattering and
variable yN couplings, we can proceed to con-
struct the real parts of the amplitudes using the
fixed-t dispersion relations for the invariant am-
plitudes. These can be written, for the ampli-
tudes A„, A, , A«(corresponding to yp-II'n,
yn-II p, and yp-II'p, respectively), as

y(r) y(r)

r (I= 3/2) E —E 3 V3

(r) (r)
KV1 yi » y(r) y(r)y3 yV1r(I=1/2) Er -E

y(r) (r )
K (r ) (r)

r(I=1/2)

(2.23a}

(2.23b}

(2.23c)

HeA„0(s, t) =B, (s, t)

, ImA„, {s', t)
(~+ fft ) S —S

ImA„, (s', t)
s'-u

(2.27)
which, through the relation T '=K '-iq, con-
struct the corresponding T matrices:

V3 V1 STgf f T$g y Tjg ~ (2.24)

We only require the T» elements of these ma-
trices, and using Eq. (2.15) we can form the
photoproduction T-matrix elements, for a given
J and total yN helicity A. for yp-n' n, yp-m'p,
yÃ~7T p,

yp I/'n T-'„= (-')'"T"'+ (')'"(T ' T,*,),

(2.25a)

yp SOp. T0 (2)1/2Tv2 + (1}1/2(Tvl Ts )

(2.25b)

yn II p T ( )I/2Tv2 (2 )I/2 (Tvl + Ts )

where the Born terms are given by

B„(s,t) = It2 GS, B2+(s, t) = -v 2 GST,

2G

B4,(s, t) = — (tI ' S+p, '„U),
2 G

B, {s,t) =$,B,+(u, t) (i =1, 2, 3, 4),

B (s1,0t}=2G(S+U), B20(s, t) = =2G(S+U)T,

B„(s,t)=- G "(S U),

(2.28)

(2.25c)
Since we are working to first order in the electro-
magnetic coupling constant, Tva is a linear func-
tion of yv,

' while T ', T are linear functions of
yv",', ys'"' with the same coefficient for a given (r}.
Consequently, instead of yv3 p yv1, ys we can define
the couplings

yv21"' —= y~"2' (isospin of r = 2),

y '"'=—I)'/ (y„'",' —ys1"') (isospin of r =2), (2 28)
y"I"' —= -(2)I/2(yVI'II+ys1") (iSOSPin of r =2),

Here G =ge/4II, S=l/(s -M'}, U =1/(u -M'),
T =1/(t -m2), and /Is, iI'„are the proton and neu-
tron anomalous magnetic moments, respectively.
We take g'/4I/ =14.7, e2/4I/ =1/137, lI' =1.793,
y, '„=-1.913. In Eqs. (2.27) and (2.28) t', =+I if
i =1, 2, 4, and $, = -1 if i =3.

For practical application we divide the range of
integration in Eq. (2.27) into two parts so that
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ReA, »(s, t) =B«0(s, t)

„,ImA«, (s', t)
Of+ m) S -S

, ImA«o(s', t)
+ ds

A S —S

ImA„, (s', t)
s-g

(2.29)
where E=A is the upper limit of the energy range
in which we are fitting the photoproduction data
(or slightly greater than that upper limit) so that
in the first integrand of Eq. (2.29) we already have
a parameterized form of ImA„, (s', t) through the
following steps:

(i) According to subsection D, construct the
imaginary parts of the T-matrix elements Im T$3,
Im T», and ImT, , corresponding, respectively,
to the processes yp-m'n, yp-n p, and yn-n p.
There is a T-matrix element for each J~ and pho-
photon-nucleon helicity X(=-,', —,), and each element
is a linear function of the photon couplings —three
for each J, ~, ands, namely, y~3') y~,', y~"'.

(ii) To construct, for example, the invaria. nt
amplitudes ImA, +(s, t) we make the following sub-
stitution in Eq. (2.12):

A „=Im T»(J' = l + &, P = —(-1),X =—,'),
A«+, ) =Im T+,~(J'=l +2, P = —(-I)'+~, A. = q),
B„=ImT»(J =l+ —,', P =- (-1),A. = s),

B«+» =ImT»(J =l+ ,', P =-(-1)'",-A. = —,),
to find Hfh~ (8) (flip =N, D, SP, SA). By inverting Eqs.
Eqs. (2.5) and (2.9), we readily construct the re-
quired ImA, +(s, t) (i =1, 2, 3, 4). Similarly for A,
and A«.

Two points of fundamental difficulty arise:
We have formed ImA„, (s', t) for (M + m)'& s'

&A', in terms of our parameters, as the sum of a
partial-wave series, cut off at some upper limit
of angular momentum. However, the convergence
of the partial-wave series is not proved except for
certain processes within certain regions (the Leh-
mann ellipse of convergence in the cos8 plane).
Nevertheless, convergence can hold outside this
region and it is possible that a cut-off series pro-
vides a good approximation in a considerably ex-
tended region. Devenish, Lyth, and Rankin" have

argued on the basis of the Mandelstam double-
spectral representation that the cut-off series for
ImA, (s, t} is good for t &1.0 (GeV/c)' in w-'
photoproduction and t& 1.5 (GeV/c)2 in so photo--

production.
The troublesome region is that of larger ~cos8~,

that is, small s and large t. The most likely
source of trouble at smaller s is in the P»(1230)
resonance region, since the P» makes a big con-
tribution to ImA, linearly proportional to (cos8}.
To take account of possible nonconvergence, we

have added to the partial-wave series a term non-
zero only for ~t~ & 0.8. The form adopted is given by

ImA„, (s, t) = (partial-wave series)

+ C(~ 08 (t —to)(t —to}5(s —s~)

(2.30}

where C„,are 12 parameters [see Table III(c)]
to be determined by the fit to experiment, tp

=-0.8, and s~=(1.23)'. The extra term in Eq.
(2.30) is only nonzero in the unphysical region, so
that its only contribution in the physical region is
to the real part via the integral (2.29}. Conse-
quently the use of a 6 function in s rather than a
Breit-Wigner or other more spread-out form is
not greatly significant. The form (2.30) is not gen-
eral enough to correct for all possible difficulties;
this is not possible without introducing too many

parameters to be meaningful.
The other point of fundamental difficulty is that

the second, high-energy integral of Eq. (2.29)
contains parameters referring to the amplitude
outside the data region. Obviously, without direct
data restriction on the high-energy imaginary part
we cannot hope to determine these, in principle
infinitely many, parameters. The problem is to
find an adequate parameterization involving a
minimum number of parameters; the smaller the
contribution to ReA, from the high-energy integral
in Eq. (2.29), the more satisfactory is the fixed-t
dispersion relation analysis. We did not adopt in

the present work a Regge parameterization for
large s, ImA, (s, t) ~s"&"' ', where o., (t) might a

priori be taken as the p- (d-A, trajectory, partly
because the high-energy data suggest a.ff = 0 for
0& -t&1.5 (GeV/c)'. However, recent work" with

fixed-t dispersion relations at high energy seems
able to resolve this seeming contradiction by suc-
cessfully using the p-~-A, trajectory (though it may
well leave some fundamental questions about the
significance of n, ff unanswered) and it may be that
future low-energy analyses will be done with a
p-~-A, Regge parameterization for large s.

In the present work we have dealt with the prob-
lem rather arbitrarily by representing
ImA, +,(s, t) for s & A' as a sum over a few pseudo-
resonances, and we do not give physical signifi-
cance to the values of the parameters of these
pseudoresonances, but regard them as param-
eterizing the whole contribution to the high-energy
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integral. An exception to this nonsignificance is
the E»(1950), which gives a large enough contri-
bution to the real part, through the dispersion in-
tegral, in the upper end of our data region that the
5-function parameters D of Eq. (2.31) below can
be regarded as estimating the couplings of this
resonance. To a lesser extent we will also con-
sider giving weight to the corresponding E»(1890)
parameters. The general form of our para-
meterization is to add to the imaginary parts of the
partial-wave amplitudes of Eq. (2.12) for each
charge state a contribution given by

creased by a factor of 2.5.
(b) If experimental data are given in the litera-

ture only with their statistical errors, systematic
errors as quoted by the authors or as estimated
by us have been added quadratically.

(c) In some cases results are quoted up to an
over-all uncertainty in absolute magnitude. In
these cases the data have been varied within the
quoted range.

IV. TECHNIQUE AND PHYSICS OF DATA FITTING

ImA„=D~, '"5(s —s",,'),

1mB„=Dg,="6(s -s', ")
(2.31)

In this section we shall deal with some details
and technicalities of the fitting procedure and
some questions concerning the uniqueness of the
fits achieved.

where s~, & A' and D~, are constants. In practice,
we do not use more than eight parameters D in
parameterizing the high-energy imaginary part.
(See Table III, Part d. )

This completes the construction of ReA,„,(s, t)
[and incidentally of ImA «0(s, t)], using Eq. (2.29).
The variable parameters used are the photon cou-
plings and the C and D parameters of Eqs. (2.30)
and (2.31). Using Eqs. (2.5) and (2.9) we then find
the experimental quantities of Appendix A as a
function of our parameters, and vary the param-
eters to find the best least-squares fit to experi-
ment. Our "theoretical" expression also contains
parameters such as the resonance or background
energies E„ found from a fit to pion-nucleon elas-
tic scattering data. We will hold ourselves free to
vary such parameters (by a small percentage) in
our fitting procedure.

III. DATA USED

We have based our data collection on the com-
pilation by Spillantini and Valente. " Amendments
and experiment points not yet contained in that
compilation have been added. In an effort to select
data which are in fair agreement with each other,
we have excluded some experimental data which
were included in previous analyses. We have not
used any data points which are quoted in the form
of graphs only. The data references list" con-
tains the selected data which were used for this
analysis, together with the energy range for which
the data were selected. A total of 4148 data points
was used in the analysis.

Some special treatment has been given to the
data in the course of the fitting process:

(a) The data on differential cross section are
so abundant that they tend to outweigh the informa-
tion on asymmetries and polarizations. To in-
crease the weight of the asymmetry and polariza-
tion data, their errors have been artificially de-

A. Program technique and physical assumptions

The aim of this analysis is to measure the
(N*Ny) couplings and not to hunt for resonances.
We therefore have to impose a reasonable set of
nN parameters, i.e., poles and couplings to chan-
nels 1 and 2 in the K-matrix formalism described
in Sec. II. A precursor analysis of 2 channels
(vN and the pseudochannel containing all other
hadronic final states) was undertaken" using
elastic phase-shift data from various analyses"
in the energy range between threshold and 2100
MeV as restricting data. Variables in such fits
were the pole energies, the couplings y, and y, in
the mN and pseudochannel, and the masses rep-
resenting the pseudo-two-body final state. Such
masses were restricted to lie between the masses
of the nucleon and the P»(1236) for the final bary-
on and between the masses of the pion and the p
meson for the final meson. Within bounds the in-
teraction radius was treated as a free parameter
for each partial wave. The K-matrix parameters,
as obtained as an average of such analyses and as
imposed as starting values on the pion-photo-
production analysis, are listed in Table I. These
parameters were treated as constants for most of
the yN analysis and were varied within bounds of
a few percent only after all photon couplings of
any importance had been varied.

The minimization of the It' function (as defined
in Sec. II) was done under control of the minimizer
VA04A (Ref. 20)—very efficient in using conju-
gate direction techniques without the need for cal-
culating derivatives with respect to variable pa-
rameters.

Our variables X appearing in VAO4A are not
directly physical parameters like P =y, 's, but are
related to these through

XP=A +B
1 +
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TABLE I. Initial values for the parameters of the
hadronic part of the E matrix.

E
Wave (MeV)

71 72
(n H) (inelastic)

Part (a): I =)

r/2 m2 M2
(Me V} (MeV) (MeV)

F27

1617
1950
2988

1925
2145

684

1235
2356

1658
2092

—2649

2327
—1938

1869
-161Q

1955
3247
-201

0.295
0.365
1.748

0.244
0,357
1.153

0.525
0.597

0,181
0,094
Q.885

0.235
0.765

0.147
0.427

0.257
0.649
0.655

0.363
-0.743
-0.712

0.357
-0.394
-0.740

0,0
O.SSQ

0.542
-0.578
-1.030

O.706
-1.480

0.362
-1.057

0.296
-0.343
-1.114

Part (b):

+ 117
+

+ 476

1
2

350

333 1223

414 1092

137 1196

940

0.199 0.329
1772 0,520 -0.465
-SGS 0.352 1.048

1474 0.491
1792 0.358
2285 0.658
1004 0.556

0.412
-0.404

0.389
-0.028

+ 165
+ 182

940

1841 0.251 0.525
2136 0.193 -0.495
311 0„947 -0.108

1511 Q.271 -0.289
2547 0.538 0.946

966 0.410 0.666

1674 0.232 -0.249
2395 0.378 0.671
-358 0,520 1.476

1681 0.264 0.232
2042 0.249 -0.471

422 0.505 -0.754

+ 176

60

301

400

940

940

940

We thus have a control over the range in which
parameter P can vary, namely, PC[A-B/2,
A+B/2]

Each X2 evaluation involves the calculation of
the helieity amplitudes for all 4148 data points,
therefore efficient organization of the calculations
is advisable. Figure 1 illustrates the approach
taken here. The imaginary parts of the helicity
amplitudes 8 (defined in Appendix A) are calcu-
lated at each grid point spanned in the plane of

' These values were obtained from a two-channel elastic, inelastic
fit to elastic xN partial-wave amplitudes for (a) isospin-g, (b) isospin-
21 waves. E, denotes the pole positions in the K matrix, y 1 and y2 the
(dimensionless) couplings to the elastic and inelastic channel, respec-
tively, $ a sign factor multiplying the pole term in the K-matrix sum.
jlf2 and m2 are pseudomasses describing the inelastic channel. I' is the
total width of a resonance in the approximation I'/2 =y fat(E„}+y2'2@2(E„),
where ql, q& are the c.m. momenta in the two channels. For more details
see Sec.IV A.

energy and t, by a total of 55 energy points and 9
t-dispersion integral points. They lead to the in-
tegration points in the fixed-t dispersion relations
and thus form the basis for the real parts of H.
These real parts do not contain the Born terms
yet and since the partial waves employed in this
analysis are restricted to E», waves, the angular
dependence at a fixed energy can be at most of or-
der cos38 in ImH and terms of higher order in
ReH are small corrections. In addition, the
strongest energy variations are governed by nar-
row resonance structures like the s» (1540) with
a width of -60 MeV in our parameterization. The
energy spacing is chosen as 20 MeV in laboratory
photon energy (-10 MeV in total c.m. energy). To
evaluate H at the energy and angle of an experi-
mental point we are thus lead to a simultaneous
interpolation which is quadratic both in energy and
t. %e then add in the Born terms, which are pre-
calculated at the exact energy and angle of the ex-
perimental point, and apply the missing angular
factors to arrive at the full helieity amplitudes H.
Isospins have been combined such that we are left
with helicity amplitudes appropriate for m'n, s'p,
and m p final states.

To ensure the right phases and the appropriate
low-energy behavior, we add two additional con-
tributions to y'. Firstly, we calculate the phases
of the 8,&, P,&2, and I'3&2 waves in three isospin
combinations and compare those with phases
which are derived from elastic mN scattering. "
Secondly, the low-energy behavior of the real
parts of 8 and P waves is compared with the cor-
responding real parts from other low-energy
analyses. " Both contributions are calculated at
four energies, the highest being Eh,b =450 MeV.
These phases and real parts as well as the errors
adopted here are listed in Table II.

8. Data fitting and physical assumptions

So far we have described our model, based on
reasonable general physical assumptions, in Secs.
I, II, and IVA, and have described its implementa-
tion in a program in the immediately preceding sub-
section, IVA. In using the program, we are faced
with the problem of how many and which photon
coupling parameters, y, (and other parameters),
to vary to obtain a fit to the data. "All simul-
taneously" is not a good answer because the great
extent of the parameter space leads to well-known
fundamental difficulties as well as more mundane
difficulties of computer-time limitation.

Rather we choose to vary a first batch of param-
eters and make a partial X' minimization, then to
vary both a second batch of parameters and the
first batch and make a partial y' minimization,
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FIG. 1. Kinematical environment for this analysis in the grid variable t and E& the photon laboratory energy. Indi-

cated are lines of constmt t along which the im~nan parts of the invariant amplit des are calculated ln steps of d Ey
=20 MeV. The solid parts of such lines indicate the energy range for which the fixed-t dispersion integral is calculated
in the same energy steps, circles marking the two ends of the energy range. The two arrows mark the threshold for

mb) and the energy A up to which the dispersion integral is deters&&ed by E-matrix parameters. The physical
boundary for backward scattering is indicated, as well as the energy positions of the 5 functions for the g parameters
(compensating for possible nonconvergence of the partial wave expansion in the unphysical region) and for that part of
the D parameters which represents the E3&partial wave (used in the parameterization of the high-energy part of the

dispersion integral). The dashed lines indicate constant u = (M&) and u = (MN+ m) where m, M~, and M& refer to the
masses of pion, nucleon, and P33(1230), respectively.

then to vary both a third batch and the second and
first batches, and so on until the varying of fur-
ther parameters leads to negligible further fall in
X'. Obviously the choice of batches and their or-
der can have a large influence on the speed of the
minimization and possibly also on the final X' and
final values of the parameters as discussed below.
The choice of the first batch is particularly im-
portant and we are fortunate in having some defi-
nite knowledge to guide us.

In the choice of the first batch of variable pa-
rameters we use the following facts:

(i) The P»(1230) is important in photoproduc
tion right up to 600 MeV in photon laboratory en-
ergy, and its photon couplings are known to at
least 20% accuracy.

(ii) The D„(1520}and F»(1690}are important
resonances in their energy regions (particularly
in their helicity- ~ couplings).

We, therefore, always use as our first batch of
variable parameters the photon couplings of
P»(1230), D»(1520), and F»(1690},and, moreover,

we always limit the P»(1230) couplings to lie with-
in -20% of their "known" values. Having made a
partial minimization, we then vary them along
with further batches. The different choices of
further batches generate our various good or bad
fits to the data. In the first variation of a new
batch we notice whether or not there is a consid-
erable over-all decrease in X' or a strong local
effect. The number of variations possible in rela-
tive order of introduction of parameters is so
large that we certainly may have missed different
good fits to the data. Nevertheless it should be
noted that first variation of certain parameters,
for instance, these of the D»(1635}+S»(1620)and
the D parameters of Sec. II E, always leads to a
huge decrease in X', while the first variation of
other parameters, for instance, the C parameters
of Sec. IIE, never makes any significant differ-
ence. We sometimes find that branches end up at
the same X', and nearly the same final parameter
values, when they correspond to equivalent param-
eters which have been added in different orders.
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TABLE II. Real parts and phase angles for S and P
wave amplitudes as used to constrain the fitted ampli-
tudes by testing the phase prediction through the Watson
theorem and the low-energy continuity of the real parts. ' Part (a)' I =-'

TABLE III. Parameters resulting from the three best
fits I-III.

Wave A. Real part Angle Real part Angle Wave E„(MeV) p
I

yy
I ~ivs

(7IN) (inelastic) (yN)

~lvs
S/2

(yN)

El,b =250 MeV Ebb =290 MeV

Pjs
Pis

~Sf
Psl
Pss
Pss

5.6 + 0.07

0.7 + 0.60
2.35 + 0.10

-11.0 + 0.70

5.9 + 0.60
-18.75+ 0.40

8.4 + 0.4
-2.0+ 0.8
-0.9+ 0.4
-0.9+ 0.4

-8.5 + 0.4
-1.9+ 0.4
21.9+ 0.8
21.9+ 0.8

4.20*0.07

0.70+ 0.60
2.35 + 0.10

-10.0 + 0.70

7.0 + 0.60
-16.7 + 0.40

9.6R 0.4
0.1+0.8
1.6+ 0.4
1.6E 0.4

12.2 + 0.4
-3.3 ~ 0.4
44.8+ 0.8
44.8 + 0.8

Ssj 1, Fit I
Fit II
Fit III

1598
1593
1605

[1950]
[1950]
[1950]

2992
3002
3051

0.320
0.327
0.349

[0.365)
[0.365]
[0.365)

1.744
1 ~ 735
1.725

0.394 -119
0.399 -131
0.400 -115

[-0.743] 0 (X )
[-0.743] 0(X)
[-0.743] 11

-0.724 443
-0.733 404
-0.756 466

Pls
Pis

S»
Psl
Pss
Pss

4.2 +0.07

0.7 + 0.60
2.35 + 0.10

-7.0 ~0.70

0.0 + 0.60
0.0 +0.10

10.7 + 0.4
4.0+ 0.8
2.2 6 0.4
2.2 + 0.4

-15.6 + 0.4
-4.7 + 0.4
94.5 + 0.8
94.5 + 0.8

E i,b = 350 MeV Ei,b -450 MeV

13.7 ~ 0.4
18.6+ 0.8
-3.6+ 0.4
-3.6+ 0.4

-21.1+ 0.4
7.2 + 0.4

134.2+ 0.8
134.2 A 0.8

Psl 1

Pss 1

[1925]
1911
1925

1231
1231
1231

[23S6]
[2356]
[2356]

[0.244]
0.272
0.244

0.534
0.532
0.532

[0.597]
[0.597]
[0.597]

[0.357] -173
0.402 -81
0.357 -60

[0] 126
[0] 126
[0) 125

[0.880] -86
[0.880] -105
[0.880] -130

-268
-266
-267

-165
-180
-179

X denotes the total helicity of the yN system. Real parts are in units
of (10 GeV ), phase angles in degrees. The isospin-2 amplitudes are
related to the amplitudes defined in Eq. (2.25a) by (g) (T" -T ), iso-
spin- —' amplitudes by (~) T

V. RESULTS

Dss 1

Dss 1

1673
1678
1676

[2327]
[2327]
[2327]

0.172
0.164
0.147

[0.235]
[0.235]
[o.23s]

0.556 15
0.589 59
0.619 66

[0.706] 48
[0.706] 73
[0.706] 53

-56
3

—28

7
-24
-10

Havi~ gone through these obviously very sub-
jective ways of obtaining fits to the data, we ended

up with a total of 11 basically different fits out of
which S (set B) are eminently better than the re-
maining eight (set A) as judged by the over-all X'/
data point of -3.5 as opposed to 5.0-9.0. We
therefore report in this section on these three fits
(set B) as our best results, and comment in Sec.
VI below on the significance to be given to set A.

Tables III (a)-(c) display the fixed and fitted pa-
rameters of those three accepted fits which will
henceforth be identified as I, II, and III. The num-
ber of free parameters of type y„C, and D are
56, 68, and 74, respectively —one of the major
differences being that no parameters of type C
are excited for fit I, thus accounting for 12 fewer
parameters.

For the purpose of the discussion which follows,
we recall that (N*Ny) resonance couplings corre-
spond to total y-nucleon helicity, A,, where

1 3
2 y

Also, according to Sec. IID [for example, Eq.
(2.26}]we express the N*Ny couplings of isospin-
& resonances as y„'~' and the two independent
(N*Ny) charge-state couplings of isospin--,' reso-
nances as yP (corresponding to N~+-yp) and y~"
(corresponding to N*'- ys). As explained in Sec.
IID, the primes on the couplings denote that these
are reduced widths, without kinematical energy

Fs-,, 1

Fs7 1

[1869]
[1869]
[1869]

[1955]
[1955]
[1955]

[0.147]
[0.147)
[0.147]

[0.25?]
[o.2s?]
[0.257]

[0.362] 17
0.362 16
0.362 18

[0.296) 27
[0.296] 31
[0.296) 9

Part (b) ' I =-,'

YI/2 ~s/2 Y5
() p) hp) hp)

Sff 1 1546 0.281
1548 0.262
1548 0.262

2 1707 0.527
1674 0.563
1676 0.595

0.412
0.417
0.417

-0.434
-0.417
-0.421

42
45
47

75
72
66

-38
-22
-40

-128
-112
-82

3 -773 0.352
-780 0.337
-637 0.32 7

0.982 -607
1~ 071 -848
0.988 -797

2111
2307
2181

P II 1 1439 0.476
1467 0.431
1446 0.426

2 1787 0.386
1783 0.392
1777 0.344

X X
X X

[2285] [0.658]

4 1004 [0.556]
1009 0.548

977 0.606

P js 1 [1841] [0.251)
1846 0.227

[1841] [0.251]

0.388
0.474
0.469

-0.390
-0.362
-0.348

X
X

[0.389)

[-0.028]
0.045

-0.001

[0.525]
0.447

[0.525]

106
107
102

12
-38
-37

X
X

-41
21

-94
-55

13
-29
-17

-56
-24
-38

-106
-64
-57

X
X

-66

12
170
139

10 42
-34 -12
-54 -23

Wave r E„(MeV) 72
(nN) (inelastic)

11
9
6

-17
-14
-1

13
119
110
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TABLE III (Continued)

Wave r E, (Mev) Yi 'Yig +3/l /i/R +$/I

(VfN) (inelastic) ()'p) (pp) (1p) ()/p)
Reaction Type a Number of

data points Fit I
g 2/data point

Fit II Fit III

TABLE IV. )(2/data point for the three best fits I-III.

311 [0.947j
311 [0.947~
311 [0.947]

D13 1 1513 0.310
1518 0.357
1519 0.347

X X
X X

1678 0.129

D15 1 1664 0.219
1669 0.178
1669 0.178

[-0.108j
[-0.108)
[-0.108]

-0.291
-0.266
-0.252

X
X

0.281

-0.259
-0.276
-0.276

-132 -171
-69 -170
-55 -150

182
5 173
2 175

X X
X X

-22 38

14 -9
20 -7

9 -9

158 -166
17 52
13 55

83 -146
78 -108
71 -110

X X

X X
14 30

-15 25
-15 28
-10 25

yp —Ii'n

yn~r p

P
Z

T

1846
13

116
27

1393
129
37

541
1

45

Number of variable parameters

2.44
6.03
2.81
1.50

5.64
2.83
2.78

5,11
0.65
4.22

56

2.59
6.76
2.81
1.50

5.91
2.92
3.66

4.96
0.65
5.03

68

2.38
7.11
2.57
1.62

5.19
2.79
3.02

4.32
0.99
4.97

74

E15 1 1681 0.263
1691 0.211
1691 0.211

0.226
0.271
0.271

13 78
10 82

76

-15 -20
-18 -23
-21 -23

' o =differential cross section, P =recoil nucleon polarization, &

=linearly polarized photon asymmetry, and T =polarized target asym-
metry.

yP —If'g

C1

0(X)
0.042
0.146

0(X)
0.057
0.132

0(X)
-0.038
-0.140

Part (c) b

C2

0(X)
0.044

-0.141

0(X)
-0.008
-0.122

0(X)
-0.050

0.140

C3

0(X)
0.046
0.154

0(X)
0.053
0.151

0(X)
0.039
0.153

0(X)
-0.023

0.122

QI)
0.051
0.125

0(X)
0.055

-0.109

to better than 15%.

S~~(1620): y~'&23,' P3~(1230): y~'&v2~, y~/v~~, .

S»(1545): yf'„S»(1700): y,'/~„' P«(1470): y,'~/„'

D (1520): y~'f~, y,'/2, y3'/2, D„(1670):y~/2'

E„(1690):y'~

In all fits the following couplings are found to be
weak:

Part (d) '
E& (MeV) Wave D 1&& D&&z Df~ Df~ D3/2 D3+

1950

1950

2125

E35 281 131
294 217
283 240

E31 551 -426
549 -447
677 -450

X X
X X
X X

X X X X

X X X X
X X X X

X X X X
X X X X

X X X X

178 1300 729 -899
-294 1568 984 -745
-148 1529 973 -780

Parts (a) and (b) list the fitted K-matrix parameters for isospin-g
and -2 partial waves. Results are quoted for those K-matrix poles
which have been coupled to the yN channel in at least one fit, succes-
sive rows corresponding to fits I-III, respectively. X marks those
parameters which have not entered in a particular fit; brackets indi-
cate that this number has been kept constant at the value of Table I.
The index ~ refers to the pole sequence within a partial wave as given
in Table I, the pole position being E„. The dimensionless couplings y'
are defined in Sec. IID. The dimensionless photon couplings y f12 etc.
have been multiplied by 10 . To get partial widths I'~& see Eqs. (2.19)
and (5.3).

b Part (c) contains the fitted results for the parameters C defined in
Eq. (2.30), which compensate for the possible nonconvergence of the
partial-wave amplitudes in the unphysical region. Again for each pa-
rameter, successive rows correspond to the results of fits I-III, the
units being defined by Eq. (2.30).

c Results for parameters D of Eq. (2.31) are listed in part (d). E&
denotes the position of the energy 5 function and D~& their strengths,
where A, = ai, g refers to the total helicity in the yN system, and I =V3,
p, n to our isospin convention.

dependence.
We next point to some of the features of the

(V~Ny) resonance couplings which turn out to be
common to the three fits. The following couplings
are in agreement between the three fits of set B

D 1$ ( 520)' ~1/2 D 15(1670)' yl/2 y3/2 yl/2

&»(169 ): yi'i'2 +l/2 y3/2 ~

The three fits agree to within +30% on the strong
couplings to the neutral resonances So (1545) and
S«(1V00), and the weak, but non-negligible cou-
pling to P,', (1450). Furthermore, sll fits agree
on the necessity for background excitation in s
and p waves in all isospin states, although the
relative amount of background is considerably at
variance among the three solutions.

There are two places of major disagreement
among the three solutions: D»(1670) and P„(1750).
While fits II and III agree very well on a strong
helicity=, ' and weak helicity-& coupling for the D„
resonance, solution I finds the opposite relation
to be favorable. The P»(lV50) resonance is found
by both fits II and III to be ..xcited in equal amounts
off protons as off neutrons (i.e., to be predomi-
nantly isoscalar), while fit I finds it entirely pro-
duced off neutrons with almost no coupling to pro-
tons.

For those K-matrix poles outside the data range,
not restrained by experimental data, the fitted pa-
rameters are not necessarily expected to be very
similar for different fits and, indeed, for some
couplings [e.g., to P»(1640)j Table III exhibits
large discrepancies among the three fits. How-
ever, it is remarkable that the coupling to
P„(1910)is found with the same sign and similarly
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FIG. 2. Angular distributions of differential cross section measurements for positive-pion photoproduction from

protons, compared with fit BIII.

large magnitude in all three solutions, a notable
result in view of the large pN couplings found in
an isobar model analysis of wN-mmN. 23

We comment now on the parameters of type D
(introduced in Sec. IIE), which represent a para-
meterization of the high-energy contributions to
the dispersion integrals. The 5 functions in ener-
gy were chosen to represent poles in the F35 and

F37 partial waves at an ene rgy of 1950 MeV and in

the 6» partial wave at 2125 MeV. These reso-
nances are suspected to have strong yN coupling.
In addition both the F35 and F» resonances are
coupled to the yN system as K-matrix poles and
thus contribute to the imaginary parts of the he-
licity amplitudes as well. We could measure the
strength of the resonance coupling in many differ-
ent ways. In these fits, the signs of equivalent
couplings to the resonance poles and the high-
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FIG. 3. Differential cross section excitation curves for photoproduction of positive pions from protons, compared
with fit BIII.

energy poles are constrained to be the same.
Since in the energy region where data are tested
we are more than a full width away from the reso-
nance energy, the real part dominates the imagi-
nary, and we therefore estimate the resonance
couplings from the real part in the higher-energy
portion of our data region. The E„estimates are
to be found in Table V(d), and are discussed in Sec.
VI below; none of the parameters of Table III is

to be interpreted as being these resonance cou-
plings. Of course these real oarts in the data re-
gion are mostly due to the parameters D of Table
III. We find a remarkable agreement among the
three fits for the D parameters corresponding to
the F,7 resonance and also, to a lesser extent,
for the E» . Not surprisingly, the contribution
from the G» resonance is found to vary both in
sign and magnitude in these solutions. These lat-
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ter parameters seem to compensate for the effects
of several strongly coupled partial waves at higher
energies. We tried to artificially constrain the
signs of both E» and E3, couplings in other con-
stellations, but in each case encountered a large
decrease in the fit quality.

Parameters of type C (introduced in Sec. II I)
are meant to compensate for a possible noncon-
vergence of the partial-wave expansion for lax ge

and small s. Such parameters are found not to
influence the quality of the fits by any large
amount; fit I does not even need any such param-
eters and the fitted C parameters disagree be-
tween fits II and III. Somewhat surpxisingly, we
do not find a considerable diQ'erence in the mag-
nitude of these parameters for the three different
reactions, while the above-mentioned findings of
Ref. 11 would suggest a stronger influence on the
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charged-pion channels than on the w'p final state.
Concluding the comparison of our three fits, we
remark that we find a definite need for a modest,
but non-negligible amount of nonresonant contribu-
tions to low (S and p) partial waves. There is an
almost unanimous agreement among the three fits
on the sign of such backgrounds, and magnitudes
agree to within factors of 2. In Table IV we col-
lect the contributions to y' from the three differ-

ent reactions and the various types of experimen-
tal quantities separately for the three fits. The
information is contained in the number of data
points employed in each fit and in the individual
y'/data point as averaged over energy and angle.
It is obvious from Table IV that we fit cross sec-
tions for the yp v'n reacti-on (i) better than those
for the other two reactions; this is to a large
extent due to inconsistencies among various
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experiments for ~-s p (ii) and ~-w p (iii).
The measurements of asymmetries aad polariza-
tions are, on the whole, fitted satisfactorily ex-
cept for the measurements of the polarization of
the final-state nucleon in the reaction yp -w'n,
these representing the measurements of one ex-
periment at energies between the first and second
resonance region.

In comparing the resulting y'/data point of our

three fits, we find fit III to be better by approxi-
mately 10% and we shaQ use this fit to now com-
pare our results to the data in the form of figures.

In Figs. 2 and 3 we present the results and the
experimental points for the differential cross sec-
tions of reaction (i) at eight energies between 330
and 1130 MeV. We notice the generally excellent
interpretation of the data exhibiting the strong for-
ward peak at lower energies, which is due to the
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above 1150 MeV/c, near the end of our data range
|Figs. 5 and 8).
In Figs. 8-13 we present all three of our fits to

polarization-type data. The data are sparse and the
figures illustrate how further data can discriminate
between different fits to the present data.

In the final part of this section we present the

results of our fits in a form easily comparable to
quark-model predictions of photon couplings. We
introduce the resonance couplings A„, and A,i, in
the convention first used by Copley, Karl, and
Obryk' and subsequently used for comparisons to
quark-model predictions. ' ' Vfe relate A„»A.„,
to the fit parameters given in Table III by
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Ys v's

g Fs tFs
s/2 =~ ~s&sos

where

(5.1)

(5.2)

E m
a, =2 ~—(2j+1)

(2j -1)(2j+8) "'
s= 1 16

The superscript for the I =& resonances refer to the
positive and neutral charge state of the resonance.
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I'.n/2 = &x'n (E.» (5.3)

and its total width by F, where

I'/2 = r, 'q, (E„)+ ~.'q. (E„), (5.4)

The amplitudes are then measured in GeV '".
To arrive at this formulation we have defined

the elastic width of a resonance (one of the K-
matrix poles) by I',„, where

where q, and q, denote the c.m. momenta at the
resonance energy E„ in the elastic and inelastic
channels. In this approximation the free param-
eters employed in this analysis are related to
Walker 's' amplitudes at resonance A„(E,),
B»(E,) through

A(E, ) =2r, r,'/. /I'; B(E,) =2r,r,'&2/I' (5.5)

In Tables V(a) and V(b) we present again some of
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our preliminary results obtained from an average
over seven fits as published previously. ' The "ex-
perimental" couplings are compared to the pre-
dictions calculated using the FKR~ quark model.
We found a generally good agreement between the
pion-photoproduction analysis and the predictions
from this quark model, especially for the signs of
the prominent resonances. While the spread in the
couplings found was rather large in some cases,

our new solutions (with a much improved fit of the
data) display a much more consistent picture, as
marked above. Therefore, in Tables V(c) and V(d)
we present the results of these three fits, opposing
them again to the quark-model predictions. We
shall evaluate the agreement between quark-model
and pion-photoproduction results in Sec. VI. We
conclude this part by pointing out that the new re-
sults, on the whole, are within the spread of val-
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ues given in Tables V(a) and V(b). The results of
these three fits display a much smaller spread
than those previously observed.

VI. DISCUSSION AND CONCLUSION

A. General features and comparison with previous analyses

The most important previous analysis is that of
Walker, "since it is the only one covering all

charge states from the first through the third reso-
nance region. Most of the Walker analysis was
performed in 1966-67,' but it was modified and
updated in some respects for comparison with the
quark model in 1969.' Our analysis contains a
good deal more data (Sec. III) and employs the en-
tirely different method outlined in Sec. II; these
two features help us to determine real photon cou-
plings of many more resonances than the Walker
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analysis. There is one other most important dif-
ference: In the present state of the data —and for
the foreseeable future —no single fit, with its re-
sulting helicity amplitudes and its resonance pa-
rameters, is the unique best fit. In this paper we
have presented the reader with several fits to the
data and the range over these various fits of any
given resonance parameter, which gives a quan-
titative indication of the error in the determination
of that parameter. We regard this as a more real-

istic determination of errors than a deduction from
the error matrix or finding the real error, ' in any
one given fit.

As explained in Sec. II, in all our waves we have
the possibility of background in the imaginary
parts, as well as resonance contributions. In our
fitting procedure (Sec. IV) we do allow an excii'a-
tion of this imaginary background in nearly all
waves, and the fitting program indeed finds some
background. However, in general this background
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TABLE V. Average resonance couplings [Eqs. (5.1)
and (5.2)] compared with quark-model predictions.
Units are 10 GeV

N»(mass)
[SU(3), 2$ +1]J+

I=): A"'
1f2

I=): A~~,

TABLE V (Continued)

A3p
V3

A f~2 Ant(2 A3nt2

N»(mass) I=): A"'
[SU(3) 2$ +1)J+ I =g.' Aft2

A3t2
V3

Afn A

{56),L =o'

Part (a) (based on seven 1972 fits)

An3f2

E f5(1690)
[s,2]g'

F35(1870)
[10,4]~

{56}2L=2+

-14+3
-10

qb

-20

147~ 6
60»

qb

-90

23 + 3
30»

-41+4
Q»

P33 (1230)
[1o.4]9'

-142 + 6
-108»

-259+ 16
-187»

{70),L, =1-

E3g (1950)
[10.4]f

80c
-50»

{se&,I. =o'

180 c

-70»

Sit(1545)
[s, 2]i-

53+20
156

-48 + 21
-108

P»(1470)
8 2]1+

-87*2
27

33+ 13
-18

D f3(1512)
[8,2]$

$3,(1610)
[10,2]—

D55 (1660)
[10,2]5

Sli(1690)
[s.4]-'

D i3(1ZQQ)

[8,4]2

D l5(1670)
[8,4)3

F f5(1690)
[8,2]~+

F35(1870)
[10%4]-

E37 (1950)
[10,4]g~

-26 R 15
-34

90% 76
47

68+42
88

66~ 42
0

3+?
Q»

11+12
Q»

-8+4
-10
-60 +?
-20

-133~ 46
-50»

194~ 31
109»

22~52
84»

20+?
0»

21%20
Q»

{564L=2+

100+ 12
60»

-1004?
-90

-100+ 41
-70»

85% 14
-31

-72+ 66
30

-28+?
-10»

10~40
-38»

17+ 14
30»

-124+ 13
-109»

27+?
-40»

-35*14
-53»

P &&(1750)

[s, 2],'+

{70&,L =o'

57+22
10

' Part (a) lists the previously published (see Ref. 5) results from an
average over seven fits where the error is the spread over the seven
fits; part (b) is taken as an average over the three best fits I-III, with
the errors now being the spread over these three fits. In part (b), the
errors probably do not represent a realistic estimate of the uncertain-
ties of the couplings due to the relatively small number offits of good
quality and the appreciable uncertainties in the estimation of the n'N

resonance parameters. A~' denotes decays of N«'z (I =-,') and
A~ N3/2(I =2) through helicity A, =2, g, respectively. Units are 10
GeV ' . Directly underneath the partial-wave analysis result we
give the quark-model result for the usual assignment of the resonance
to an {SU(6)). [SU(3), 2S +1] multiplet, where S denotes the spin of
the quark state. An asterisk labels quark-model results which do not
involve a difference of two terms. Tables V(a) and V(c) comprise reso-
nances assigned to the {56)o L =0' and {70),L =1 multiplets and Tables
V(b) and V(d) the {56)2L =2', {56)2 L =0', and {Zo)g L =0 multiplets,
where the subscript n indicates the equivalent harmonic-oscillator en-
ergy level.

See comment in Sec. VI.' Estimate from real part (see text).

P ll(1470)
[s.2]-"

P»(1750)
[8,2]-,"

P33 (1230)
[10,4]g+

Sf f (1545)
[s,2],'-
D f3 (1512)
[8,2]g

S3 f (1610)
[10,2] 2i

D33 (1660)
[10,2]8

Si l (1690)
[8,4]-,'-
D f3 (1700)
[8,4]g

D f5(1670)
[8,4]s-

{56),L =O'

-55+ 28
27

{70),L =o+

26 +28
-40

2+25
-18

27+22
10

-142 + 1
-108»

{70)&L =1"

36+2
156

0+6
~ -34

78+ 6
47

41~ 28
88

54+5
0

23+ ?
0»

19+ 7
Q»

174+ 6
109»

21+20
84»

35 ~?
Q»

16+2
Q»

-27~ 9
-108

-88+ 7
-31

-82% 19
30

-15+?
-10»

-17+4
-38»

Part (b) (based on recent best fits I, II, III) '

{56)0L=0&

-119+25
-109»

28+?
-40»

-49+ 4
-53»

is small compared to the resonance contribution.
Consequently, we can say the, t we have resonance
dominance of the imaginary part though not reso-
nance saturation. The only waves where imagi-
nary background makes a contribution comparable
to the resonance contribution are the low angular
momentum waves S», P», and P». The analysis
of Walker" also found resonance dominance of
the imaginary part, but there was a strong con-
straint in the fitting procedure in favor of reso-
nance dominance; consequently our evidence is
somewhat stronger. As we would expect from the
importanceof the Born terms (and inter alia the
partial-wave projections of the dispersion integral
over the P» resonance}, the real parts are not
resonance dominated.

We now comment on those real photon resonance
couplings which have been determined for the first
time in the present analysis. The mest important,
in view of the quark model as discussed below, and
also most remarkable in view of the fact that we
do not fit data in that resonance region, is the
E»(1950). The determination comes from the im-
portant contribution to the real part via the dis-
persion integral. Devenish, Lyth, and Rankin»
in their dispersion-relation investigations based
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on previous analyses"' have also obtained values
of these couplings in qualitative agreement with
our values.

We could also obtain a value for the F»(1890)
couplings by the same means, but we place less
reliance on these because (i) the partial wave is of
smaller magnitude and consequently somewhat
less well determined from interference with other
amplitudes, and (ii) there may well be two F»
resonances at not dissimilar energies; if so, we
would be observing, at our low energies, the com-
bined effect of both [A. reason for suspecting a
further F» resonance is that the existence of the
F„(-2000)1P' resonance and some other observa-
tions suggests that the (70}L = 2' quark-model
multiplet exists and this contains an F» in addi-
tion to the normal F» usually assigned to the (56}
L =2' multiplet. ] As far as the principal reso-
nances other than the F„go, namely, the
D„(1520) and F»(1690), we determine for the
first time the D,', (1520), X=-,', and F„, A, = —,

'
amplitudes. We also have determined, quite well
enough to indicate the sign (and the very approxi-
mate magnitude), the couplings of the Do»(1670),
S„(1690), P«(1750), P'„(1450), S»(1620), and
D»(1660). The theoretical significance of these
couplings is discussed below, in Sec. VI B.

The other resonance couplings have been studied
in previous analyses; before comparing our values
to previous ones we should say something about
our various solutions. They are in two classes:
(A) eight solutions, seven of which were reported
previously by Moorhouse and Oberlack' having
9& X'/(data point) & 5, and (B) three new solutions
having 4& X'/(data point) & 3. The markedly better
X' per data point was due partly to a revision of
the yp-m p Wolverton data" and mostly to a
change from the threshold behavior adopted by
Walker ' to the threshold behavior described above
in Sec. GD. In fact our eight preliminary solu-
tions are a reasonable qualitative fit to the data,
and in a situation of sometimes inconsistent data,
subject to large systematic error, we would not
advise the reader to completely ignore these solu-
tions. We will refer to the solutions as our set A
and B of solutions.

Generally, we have qualitative agreement with
those resonance couplings found by Walker, with
some exceptions which we note below along with
other comments:

(i) D»(1520). The big couplings here are the
A~„, and A"„„but our A~», appears 10% bigger than

Walker 's and our A,"„10%smaller, so that this
helicity- —,

' amplitude no longer appears to be nearly
pure isovector. The range of variation of the A~»,
parameter found by us is approximately 15% and
this "error" is somewhat less than that suggested

by the "real error" found by Moorhouse and
Rankin. ' Arai et al. ,

"in an analysis of their and
other data following Walker, find a value of A»,
between our average and the value of Walker.

(ii) S„(1530). Our value for both couplings is
significantly less than those of Walker, perhaps by
as much as 50%, but of course there is agreement
in sign.

(iii) P„(1470). We have a considerable proton
coupling, A/f2, of the same order (or larger) as
the S„couplings and a smaller (perhaps quite
small) neutron coupling.

B. Comparison with the quark model

Over the past several years the developing
agreement between the quark-model predictions' 4

for the (N"Ny) couplings and the results of par-
tial-wave analysis of experiment, "' has been a
major impetus behind interest in the L-excitation
quark model. In making the comparison in the
present work, we could use either the traditional
nonrelativistic quark model as used and developed
in the papers of Refs. 2 and 3, or the model of
Feynman, Kislinger, and Ravndal, which, though
it solves none of the fundamental relativistic dif-
ficulties, has some relativistic features. Among
these features is the inclusion, in a way definitely
prescribed by the formalism, of terms corre-
sponding to "recoil" terms in the nonrelativistic
model. Though the nonrelativistic quark model
(using the most elementary and natural formula-
tion of recoil terms)" returns very similar nu-
merical answers to the model of Feynman, Kislin-
ger, and Ravndal, it is the model of these latter
authors which we use here.

We first compare the signs of the theoretical
and partial-wave analysis amplitudes, as given in
Tables V(a) and V(b). The signs of the partial-wave
analysis amplitudes are determined relative to the
gauge-invariant Born terms (pole terms) in the
fixed-t dispersion relation (Eq. 2.30); so, also are
the signs of the quark-model calculation, since the
quark-model coupling constants appear in the
quark-model calculation of the pole terms. Thus
we are not free to multiply all the theoretical
signs in Tables V(a} and V(b} by a minus sign; the
sign given is determined and is compared with the
similarly determined "experimental" sign.

The theoretical sign is a product of the reso-
nance decay amplitudes ' into mN and yN in which
the arbitrary sign of the intermediate state drops
out. It has been previously emphasized '" that
the resulting signs are nontrivial and do not follow
from SU(3}. The most vital comparisons are those
in which the quark-model prediction does not in-
volve recoil and nonrecoil terms of opposite sign
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in either of the matrix elements; the consequent
prediction cannot depend on details of the quark-
model wave functions; the wrong sign here would
either be a failure of the quark model or an indi-
cation of strong mixing of states.

In fact, out of 13 starred signs in Table V, three
are experimentally undetermined and 10 out of 10
of the determined signs agree. The probability
that this is just good luck is 2 ", and it should be
emphasized that these agreements are obtained
without variable parameters. The agreements de-
pend on the existence of both the recoil and non-
recoil terms and therefore verify the dynamical
assumptions of the quark model. The symmetry
SU(6)~ fails completely, for example, predicting
the large A~», and A», amplitudes of the D»(1512}
to be zero. A broken version" of this symmetry
can succeed, but at the expense of introducing
arbitrary couplings in each multiplet, and even
with these extra arbitrary couplings, this phe-
nomenological theory appears, till now, to have
no phenomenological advantage over the quark
model.

Of the unstarred signs, we find nine which are
reasonably determined [we have included P„(1470)
but excluded P»(1750) in this count]. Of these, six
agree and three disagree, the disagreeing ones
being P„(1470)A~»„A«, and S»(1690)A"„,.
Since cancellations between recoil and nonrecoil
terms of different sign are involved, we cannot
say for sure that this is not a consequence of such
details of the model. However, none of the can-
cellations are very fine, and in view of this and
the six agreements, we prefer to attribute the dis-
agreements to configuration mixing. In the case
of the S» (1690}belonging to the [8, 4] of the (70}
L =1, mixing with the S»(1545) belonging to the

[8, 2] of the [70}L =1 seems indicated by the non-
zero signal observed in the A~„, amplitude of the
S„(1690), where the quark model predicts zero.
Also the comparative nearness of these two Szz
states would make such a mixing certainly possi-
ble, and the strong quark-model photon coupling
of S»(1545) would give a large effect for a mixing
angle of -40'. Mixing is also possible between the
P„(1470}and the P»(1750), and there is still some
doubt about the primary assignment of these states
to quark-model multiplets. ' While on the subject
of mixing, we should remark that the smallness
of the flN width of D„(1700)makes considerable
mixing between D»(1520) and D»(1700) extremely
unlikely; consequently, the force of our (unmixed}
successful predictions for D»(1520) is undimin-
ished.

The six unstarred agreements are noteworthy,
especially for the unmixed resonances D»(1520},
S»(1630), and D»(1660). We see in it a, prelimi-

nary indication that even the approximate relative
magnitudes of recoil and nonrecoil terms may be
given correctly by the quark model. It is inter-
esting that the sign of the S„(1630)depends on the
recoil-nonrecoil balance in the nN decay. "

We see that the agreement for magnitudes is
qualitative, even bearing in mind that the uncer-
tainty in the nN decay width should be multiplied
into the partial-wave analysis uncertainty in the
numbers given. When a large amplitude is pre-
dicted, a large amplitude always occurs; also the
actual large amplitude is always greater than the
predicted "large" amplitude; these are all starred
cases.

A special case of magnitude comparisons is
when the quark model predicts zero as in the pro-
ton couplings of the [8, 4] of the (70}L =1 and

A», coupling of the [8, 2] of the (56}L = 2'. A valic
comparison may be made for the D,', (1670}and

F»(1690) A»„where little mixing is expected.
The values in our set A were in all these cases
compatible with zero. In set B, the D» couplings
are still small even though nonzero, but the E»,
A 3/2 coupling has become considerable . If this
latter trend is supported in future work and if the
F„(1690)is unmixed, this amplitude should be
very revealing for. refinement and reform of the
quark model.
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APPENDIX A

To express experimental quantities in terms of
the H, (e) we write the differential cross section in
the center-of-mass frame as [see Eq. (2.4)]

where X» X& are two-component spinors appro-
priate to the polarization of the initial and final
nucleon, and 5 contains the polarization of the y
according to Eq. (2.3); the summation (or average
where appropriate) is taken over unobserved spine.
The matrix elements in (Al } can be trivially ex-
pressed as superpositions of the helicity matrix
elements (2.6) and via (2.9) in terms of the Hfl p(e)'
and P. One readily obtains the following expres-
sions which we need for the existing data:
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(i) differential cross section o(8) [see Eq.
(2.10)]:

o(8) =q [IHs(8) I'+ IH, (8) I'+ IHg (8)I'+ IH, z(8)l'];

(A2)

(ii) differential cross sections for photons po-
larized perpendicular and parallel to the produc-
tion plane:

o (8) =- —[IHss(8}+Hss«)l'+ IHs(8} -Ho«)l']
(A3}

o (8) =- -[IH, (8) H»(-8)l'+IH, (8)+H, (8)l'];

4}

nomial functions of cos8 give a representation of
the H to any desired accuracy. ]

It is enlightening to display the experimental
quantities in terms of the 8, thus explicitly ex-
hibiting some necessary angular characteristics
of the experimental quantities:

o(8) =—8 [IS I'c'+ IHol'css4+ IHsglss'c4

+ IH»l's'],

o, (8) =2 —[IH„Hss'-I'c'+IHg„+Hg gc'I's'],

ca(8) = [1Hz+Has I'c'+IHgs+Hsg c'I's'],1 q

(iii) polarized photon asymmetry [from (ii)],
Z (8):

Z (8)&r(8) =—(oi —o'i, )

=- Re[H»(8)Hg„(8) -H„(8)Hs(8)];

(A5)

(iv) polarization of the final nucleon in the di-
rection kxq, P(8):

P (8)o'(8) = = 1m[Hz g (8 )Ho~(8) +H„(8)Hg~„(8));

&(8)o(8) = [Re(H,~~„-H„Hg)]"c,

P(8)o(8) = &[Img -K~s'c'+H„H+„)]sc,

&(8)o(8) =~ [Im(HgsH~'+HoHg„s')]so,

where in (A9) s = sin 8 and c =cos-,'8 so that at
8 =0': s=0, c=1, and at 8 =180': s =1, c=0.

APPENDIX B

(A9)

(v) polarized target asymmetry, where o, and
0' are the cross sections for nucleons polarized
parallel and antiparallel, respectively, to kx q,
r(8}:

T(8)o(8) =—(o —o' )

In this section we define and introduce the par-
tial-wave amplitudes as given in Table VI. We
make use of the standard expressions to resurrect
the helicity coefficients A„~ defined in the partial-
wave expansion (2.11) from the helicity amplitudes
H», Hs„, Hgs, Hs of Eq. (2.12):

=- Im[H„(8)H„*(8)+H, (8)H~„(8)].

(A7) Aiq =—dQA„q(8, $)di„(8)e
1

(BI)

H„(8) = cos-,'8H„(cos8),

Hgs(8) =s (1 +cos8) sins8 H»(cos8),
H»(8) = sin —,'8Hs„(cos8),

Hs(8) = —,
'

(1 —cos8) cos—,'8 Ho(cos8},

(A8)

where it can be seen from Eqs. (2.5), (2.9), and
(2.27) that the H are functions of cos8 only without
poles in the physical region. [In fact, from (2.12)
the H are polynomial functions of cos8 if only a
finite number of partial waves contribute; in-
deed, even taking account of the pion pole explicit-
ly exhibited in Eqs. (2.27) and (2.28), the partial-
wave series is convergent, so that some poly-

It can be convenient to work in terms of amplitudes
H defined by

Since the amplitudes A„,H„(introduced in Sec.
II B) are linear functions of the A~„, we may com-
bine expressions of type (81}to arrive at the fol-
lowing projection formulas:

A„= dz[Hg„(z)(1 -z)[Pg„'(z)+Pg'(z)]4 /+I

-H„(z)(1 +z)[P„,'(z) P, '(z)]], -
(B2)

A, =4L d H 1- P +P,
-1

+& (z)(1+z)[P,'(z) -P, ,'(z)y,
(B3)
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TABLE VI. Parti. al-wave amplitudes of fit III as a function of photon laboratory energy.

Proton
E& (MeV)

A(yN he). =$)
Real Imag

B(yN he(. =g)
Real Imag

A(yN hei. =$)
Real Imag

+i)2
B(yN he). =g)

Real Imag

Part (a), y+proton, I =~

250
270
290
310
330

350
370
390
410
430

450
470
490
510
530

550
570
590
610
630

650
670
690
710
730

750
770
790
810
830

850
870
890
910
930

950
970
990

1010
1030

1050
1070
1090
1110
1130

1150
1170
1190
1210

1.366
1.384
1.397
1.405
1.411

1.416
1.419
1.423
1.425
1,428

1.430
1.432
1.432
1.431
1.429

1.423
1,415
1.402
1.384
1.360

1.329
1.291
1.246
1.191
1.073

0.876
0.669
0.509
0.432
0.423

0.448
0.483
0.515
0.541
0.561

0.574
0.583
0.589
0.592
0.594

0.596
0.599
0.604
0.612
0.625

0.647
0.685
0.753
0.902

0.067
0.084
0.102
0.122
0.144

0.169
0.195
0.224
0.256
0.290

0.327
0.368
0.412
0.459
0.510

0.564
O. 622
0.683
0.748
0.815

0.885
0.959
1.036
1.129
1.262

1.321
1.287
1.165
1.012
0.881

0.788
0.729
0.692
0.670
0.657

0.647
0.640
0.633
0.625
0.616

0.607
0.596
O.585
0.572
0.559

0.545
0.531
0.516
0.501

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000

0.196
0.231
0.271
0.317
0.372

0.434
0.501
0.568
0.634
0.695

0.744
0.777
0.787
0.772
0.729

0.662
0.577
0.480
0.379
0.278

0.185
0.097
0.015

-0.059
-0.124

-0.181
-0.230
-0.272
-0.309
-0.339

-0.365
-0.388
-0.406
-0.420
-0.431

-0.437
-0.438
-0.435
-0.426
-0.411

-0.389
-0.362
-0.326
-0.286
-0.243

-0.200
-0.164
-0.150
-0.201

-0.017
-0.017
-0.016
-0.011
-0.001

0.023
0.059
0.111
0.178
0.263

0.365
0.482
0.609
0.739
0.864

0.976
1.068
1.136
1.181
1.205

1.209
1.203
1.184
1.154
1.116

1.071
1.022
0.970
0.915
0.859

0.800
0.740
0.678
0.614
0.547

0.479
0.409
0.336
0.262
0.187

0.111'
0.038

-0.034
-0.101
-0.163

-0.218
-0.267
-0.309
-0.345

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
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TABLE VI (Continued)

Proton

g& (MeV)

+S(2
A(ylV hei. = 2') B (yN hei. =f)

Real Imag Real Imag

Part (a) (cont. )

A(yN hei. =2)
Real Imag

Dg]
B (yN hei. =~2)

Real Imag

250
270
290
310
330

350
370
390
410
430

450
470
490
510
530

550
570
590
610
630

650
670
690
710
730

750
770
790
810
830

850
870
890
910
930

950
970
990

1010
1030

1050
1070
1090
1110
1130

0.224
0.240
0.253
0.264
0.274

0.283
0.291
0.298
0.304
0.310

0.315
0.319
0.323
0.326
0.329

0.331
0.333
0.334
0.334
0.334

0.334
0.333
0.332
0.330
0.333

0.333
0.325
0.319
0.313
0.306

0.299
0.291
0.283
0.275
0.267

0.259
0.250
0.241
0.232
0.222

0.213
0.204
0.194
0.184
0.173

-0.003
-0.005
-0.006
-0.008
-0.009

-0.011
-0.012
-0.014
-0.016
-0.017

-0.018
-0.020
-0.021
-0.022
-0.024

-0.025
-0.026
-0.027
-0.027
-0.028

-0.029
-0.030
-0.031
-0.032
-0.037

-0.025
-0.025
-0.024
-0.024
-0.024

-0.025
-0.026
-0.028
-0.030
-0.033

-0.036
-0.039
-0.043
-0.047
-0.052

-0.057
-0.063
-0.070
-0.076
-0.084

0.500
0.542
0.576
0.604
0.626

0.644
0.658
0.668
0.676
0.681

0.684
0.685
0.684
0.683
0.680

0.677
0.673
0.668
0.663
0.657

0.652
0.646
0.641
0.635
0.647

0.648
0.627
0.616
0.604
0.589

0.575
0.563
0.551
0.540
0.529

0.519
0.509
0.499
0.490
0.481

0.472
0.465
0.458
0.450
0.441

-0.009
-0.012
-0.016
-0.020
-0.024

-0.029
-0.033
-0.037
-0.041
-0.045

-0.049
-0.053
-0.056
-0.059
-0.062

-0.065
-0.068
-0.070
-0.072
-0.074

-0.076
-0.078
-0.080
-0.085
-0.098

-0.063
-0.062
-0.060
-0.058
-0.058

-0.062
-0.067
-0.073
-0.080
-0.089

-0.099
-0.110
-0.123
-0.137
-0.153

-0.171
-0.191
-0.212
-0.235
-0.259

-0.069
-0.077
-0.083
-0.089
-0.094

-0.098
-0.101
-0.105
-0.108
-0.111

-0.113
-0.115
-0.117
-0.119
-0,121

-0.122
-0.124
-0.125
-0.126
-0.128

-0.132
-0.137
-0.145
-0.155
-0.169

-0.183
-0.198
-0.212
-0.225
-0.238

-0.252
-0.268
-0.286
-0.305
-0.323

-0.326
-0.295
-0.218
-0.114
-0.022

0.038
0.071
0.088
0.096
0.099

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.001

0.001
0.002
0.003
0.004
0.006

0.008
0.011
0.014
0.019
0.025

0.032
0.040
0.048
0.055
0.059

0.059
0.056
0.051
0.043
0.033

0.022
0.007

-0.014
-0.046
-0.093

-0.161
-0.246
-0.319
-0.343
-0.318

-0.271
-0.225
-0.188
-0.158
-0.135

0.389
0.458
0.526
0.592
0.659

0.727
0.798
0.874
0.955
1.043

1.140
1.247
1.365
1.497
1.642

1.803
1.977
2.161
2.342
2.500

2.599
2.589
2.419
2.064
1.561

0.999
0.488
0.058

-0.293
-0.539

-0.691
-0.768
-0.791
-0.779
-0.758

-0.761
-0.832
-0.988
—1.175
-1.314

-1.376
-1.382
-1.363
-1.330
-1.292

-0.001
-0.00.'.
-0.001
-0.002
-0.002

-0.002
-0.002

0.000
0.004
0.013

0.026
0.047
0.078
0.122
0.186

0.277
0.403
0.578
0.816
1.133

1.538
2.023
2.544
3.017
3.347

3.479
3.425
3.294
3.071
2.810

2.551
2.318
2.128
1.990
1.913

1.899
1.925
1.922
1.821
1.640

1.444
1.271
1.130
1.017
0.925

1150
1170
1190
1210

0.161
0.145
0.122
0.078

-0.091
-0.099
-0.107
-0.115

0.429
0.407
0.362
0.252

-0.284
-0.310
-0.337
-0.363

0.099
0.096
0.088
0.067

-0.117
-0.103
-0.092
-0.083

-1.247
-1.189
-1.098
-0.909

0.849
0.786
0.732
0.686
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TABLE VI (Contsnued)

Proton
E (MeV)

A(yN hei. = ~~)

Real Imag

+ 5/2

B {yN hei. = g}
Real Imag

A(yN hei. =- ~~)

Real Imag
B (yN hei. =@~)

Real Imag

Part {a) (cont. )

250
270
290
310
330

350
370
390
410
430

450
470
490
51D
530

550
570
590
610
630

650
670
690
710
730

750
770
790
S10
830

850
870
890
910
930

950
970
990

1010
1030

1050
1070
1090
1110
1130

1150
1170
1190
1210

0.077
0.088
0.096
0.104
0.112

0.118
0.124
0.130
0.136
0.141

0.147
0.152
0.158
0.164
0.169

0.175
0.181
0.18S
0.194
0.201

0.208
0.216
0.224
0.232
0.240

0.250
0.259
0.270
0.281
0.293

0.306
0.319
0.332
0.343
0.348

0.345
0.327
0.296
0.261
0.234

0.218
0.213
0.215
0.222
Q.232

0.243
0.256
0.270
0.290

0.000
0.000
O.QQO

0.000
0.000

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000

0.001
0.001
0.001
0.001
0.002

0.002
0.003
0.004
0.005
0.007

0.009
0.011
0.014
0.019
0.024

0.032
0.042
0.057
0.076
0.102

0.132
0.161
0.179
0.178
0.163

0.140
0.117
0.096
0.080
0.067

0.056
0.048
0.042
0.037

0.095
0.111
0.125
0.138
0.150

0.161
0.170
0.179
0.186
0.193

0.198
0.203
0.206
0.209
0.211

0.212
0.213
0.212
0.211
0.209

0.206
0.203
0.199
0.194
0.188

0.181
0.174
0.166
0.157
0.147

0.136
0.125
0.114
0.104
0.100

0.106
0.125
0.158
0.194
0.224

0.242
0.250
0.251
0.248
0.243

0.237
0.230
0.222
0.209

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
O. OQO

-0.001
-0.001
-0.001
-0.001
-0.002

-0.002
-0.003
-0.004
-0.005
-0.007

-0.008
-0.011
-0.014
-0.018
-0.024

-0.032
-0.042
-0.056
-Q.075
-0.100

-0.130
-0.159
-0.177
-0.176
-0.161

-0.138
-0.115
-0.Q95
-0.079
-0.066

-0.056
-0.048
-0.041
-0.036

-0.037
-0,044
-O.Q52

-0.058
-0.065

-0.071
-0.077
-0.082
-0.087
-0.093

-0.098
-0.103
-0.108
-0.112
-0.117

-0.122
-0.127
-0.131
-0.136
-0.141

-0.145
-0.149
-0.154
-0.157
-0.161

-0.164
-0.167
-0.170
-0.172
-0.173

-0.173
-0,173
-0.171
-0.169
-0.167

-0,167
-0.171
-0.184
-0.207
-0.240

-0.277
-0.310
-0.336
-0.357
-0.371

-0.378
-0.380
-0.374
-0.357

0.000
0.000
Q. OOO

0.000
0.000

0.000
O. OQO

0.000
O.OQO

0.000

0.000
0.000
0.000
0.000
0.000

Q.OOO

0.000
O.QOO

0.000
0.000,

0.000
0.000
0.001
0.QQ1

0.001

0.002
0.003
0.004
0.006
0.008

0.012
0.017
0.024
0.033
0.047

0.065
0.089
0.117
0.143
0.162

0,168
0.162
0.153
0.139
0.123

0.108
0.095
0.084
0.074

0.069
0.086
0.103
0.120
0.136

0.152
0.16S
0.184
0.200
0.216

0.232
0.249
0.265
0.2S3
0.301

0.320
0.340
0.361
0.383
0.408

0.434
0.463
0.494
0.52S
0.566

0.608
Q.655
0.708
0.767
0.833

0.907
0.991
1.082
1.180
1.276

1.356
1.394
1.356
1.216
0.988

0.726
0.502
0.331
0.208
0.149

0.147
0.196
0.304
0.521

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000

O.DOO

0.000
0.000
0.001
0.001

0.002
0.003
0.006
0.009
0.013

0.019
0.027
0.039
0.055
0.078

0.110
0.155
0.218
0.307
0.432

0.602
0.822
1.076
1.319
1.489

1.543
1.494
1.409
1.278
1.134

0.996
0.873
0.769
0.682
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TABLE VI (Continged)

Neutron

E& (MeV)

S(12
A(yN hei. =~)

Real Imag
B(yN hei. =32)

Real Imag
A(yN hei. =~)

Real Imag
B (yN hei. =~3)

Real Imag

Part (b), y+ neutron, I = 2

250
270
290
310
330

-2.022
-2.088
-2.141
-2.182
-2.213

-0.147
-0.182
-0.219
-0.260
-0.304

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000

-0.357
-0.406
-0.452
-0.496
-0.539

0.034
0.034
0.030
0.020
0.003

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000

350
370
390
410
430

-2.236
-2.250
-2.256
-2.255
-2.245

-0.351
-0.402
-0.456
-0.513
-0.575

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000

-0.579
-0.614
-0.642
-0.661
-0.668

-0.023
-0.059
-0,104
-0.159
-0.222

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000

450
470
490
510
530

550
570
590
610
630

650
670
690
710
730

2.227
-2.201
-2.166
-2.121
-2.066

-2.001
-1.923
-1.832
-1.729
-1.611

-1.478
-1.333
-1.177
-1.007
-0.724

-0.640
-0.708
-0.780
-0.855
-0.933

-1.012
-1.093
-1.174
-1.254

1.332

-1.405
-1.472
-1.537
-1.616
-1.754

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000

-0.661
-0.638
-0.598
-0.541
-0.472

-0.394
-0.314
-0.237
-0.168
-0.109

-0.060
-0.021

0.007
0.025
0.034

-0.291
-0.362
-0.431
-0.493
-0.542

-0.575
-0.591
-0.592
-0.580
-0.558

-0.531
-0.501
-0.469
-0.439
-0.411

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000

750
770
790
810
830

850
870
890
910
930

950
970
990

1010
1030

-0.321
0.053
0.291
0.354
0.297

0.193
0.086

-0.004
-0.076
-0.129

-0.167
-0.195
-0.213
-0.225
-0.231

-1.721
-1.507
-1.157
-0.798
-0.518

-0.332
-0.219
-0.153
-0.115
-0.094

-0.082
-0.075
-0.070
-0.066
-0.062

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000

0.036
0.032
0.022
0.009

-0.007

-0.025
-0.044
-0.061
-0.077
-0.089

-0.097
-0,100
-0.095
-0.081
-0.058

-0.388
-0.370
-0.358
-0.351
-0.352

-0.359
-0.374
-0.394
—.0.422
-0.456

-0.495
-0.539
-0.586
-0.635
-O.684

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000

1050
1070
1090
1110
1130

1150
1170
1190
1210

-0.234
-0.235
-0.234
-0.232
-0.230

-0.227
-0.223
-0.219
-0.210

-0.057
-0.052
-0.045
-0.038
-0.030

-0.021
-0.012
-0.002

0.008

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000

-0.027
0.013
0.057
0.104
0.148

0.182
0.193
0.155

-0.008

-0.730
-0.770
-0.803
-0.825
-0.836

-0.835
-0.822
-0.799
-0.767

O.OO0

0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000

0..000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000



ANALYSIS OF m', m, AND m PHOTOPRODUC TION FROM.

TABLE VI (Continued)

Neutron
E„(MeV)

+31'2
A(yN hei. =2) B(yN hei. =32)

Real Imag Real Imag

D3i2
A(yN hei. =&) B(yN hei. =2)

Real Imag Real Imag

Part (b) (cont)

250
270
290
310
330

350
370
390
410
430

-0.129
-0.130
-0.129
-0.127
-0.124

-0.121
-0.118
-0,115
-0.113
-0.110

0.001
0.002
0.002
0.003
0.004

0.004
0.005
0.006
0.007
0.008

-0.716
-0.798
-0.871
-0.936
-0.996

-1.049
-1.097
-1.140
-1.179
-1.213

0.002
0.002
0.003
0.003
0.004

0.004
0.005
0.005
0.005
0.005

0.152
0.179
0.206
0.234
0.263

0.293
0.325
0.359
0.397
0.438

-0.000
-0.000
-0.001
-0.001
-0.001

-0.001
-0.001

0.000
0.002
0.005

-0.528
-0.625
-0.717
-0.807
-0.894

-0.980
-1.066
-1.151
-1.239
-1.328

0.000
0.000
0.001
0.001
0.001

0.001
0.001
0.000

-0.003
-0.009

450
470
490
510
530

550
570
590
610
630

-0.107
-0.105
-0.102
-0.099
-0.097

-0.094
-0.092
-0.089
-0.086
-0.082

0.009
0.009
0.010
0.011
0.012

0.013
0.014
0.015
0.016
0.016

-1.244
-1.271
-1.294
-1.314
-1.332

-1.346
-1.358
-1.367
-1.374
-1.378

0.004
0.004
0.003
0.003
0.002

0.001
0.000

-0.002
-0.003
-0.004

0.483
0.533
0.589
0.650
0.718

0.793
0.874
0.959
1.044
1.119

0.011
0.019
0.032
0.050
0.077

0.114
0.165
0.237
0.334
0.464

-1.421
-1.518
-1.620
-1.727
-1.842

-1.964
-2.092
-2.224
-2.351
-2.461

-0.018
-0.032
-0.053
-0.084
-0.126

-0.186
-0.269
-0.383
-0.537
-0.742

650
670
690
710
730

750
770
790
810
830

850
870
890
910
930

950
970
990

1010
1030

1050
1070
1090
1110
1130

1150
1170
1190
1210

-0.079
-0.076
-0.071
-0.067
-0.060

-0.054
-0.051
-0.046
-0.042
-0.038

-0.035
-0.030
-0.024
-0.017
-0.010

-0.002
0.006
0.016
0.026
0.036

0.047
0.059
0.071
0.084
0.097

0.109
0.118
0.118
0.092

0.017
0.018
0.018
0.019
0.017

0.024
0.024
0.025
0.026
0.026

0.024
0.022
0.018
0.015
0,010

0.004
-0.002
-0.009
-0.017
-0.026

-0.035
-0.046
-0.058
-0.070
-0.083

-0.096
-0.110
-0.124
-0.138

-1.381
-1.381
-1.379
-1.374
-1.388

-1.388
-1.360
-1.340
-1.317
-1.287

-1.256
-1.226
-1.196
-1.167
-1.137

-1.108
-1.078
-1.049
-1.020
-0.992

-0.966
-0.942
-0.918
-0.896
-0.872

-0.843
-0,798
-0.712
-0.501

-0.006
-0.007
-0.007
-0.005

0.008

-0.034
-0.038
-0.042
-0.046
-0.046

-0.038
-1.026
-0.012

0.006
0.026

0.050
0.077
0.108
0.143
0.182

0.225
0.272
0.322
0.376
0.433

0.493
0.554
0.615
0.677

1.172
1.180
1.122
0.990
0.797

0.580
0.384
0.223
0.093
0.007

-0.040
-0.056
-0.051
-0.031
-0.006

0.009
-0.001
-0.043
-0.096
-0.130

-0.136
-0.121
-0.094
-0.063
-0.029

0.007
0.048
0.103
0.197

0.631
0.829
1.043
1.236
1.371

1.425
1.403
1.349
1.258
1.151

1.044
0.948
0.869
0.811
0.777

0.768
0.774
0.769
0.727
0.654

0.576
0.508
0.452
0.407
0.371

0.341
0.316
0.294
0.276

-2.530
-2.526
-2.417
-2.188
-1.861

-1.494
-1.156
-0.866
-0.624
-0.443

-0.314
-0.226
-0.162
-0.114
-0.076

-0.057
-0.079
-0.162
-0.290
-0.418

-0.514
-0.576
-0.615
-0.640
-0.658

-0.674
-0.690
-0.716
-0.772

-1.004
-1.315
-1.648
-1.949
-2.157

-2.238
-2.199
-2.105
-1.953
-1.773

-1.589
-1.412
-1.246
-1.087
-0.925

-0.750
-0.559
-0.380
-0.261
-0.214

-0.209
-0.216
-0.224
-0.228
-0.228

-0.226
-0.222
-0.216
-0.210



G. MOORHOUS E, H. OBERLACK, AND A. H. ROSENF E LD

TABLE VI (Continued)

Neutron

E& (MeV)

&sn
X(qN hei. =-,')

Real Imag
B(yN hei. =2)

Real Imag

+sp
a(yN h«. =)) &(v& h«. =2)

Real Imag Real Imag

Part (b) (cont. )

250
270
290
310
330

-0.084
-0.095
-0.106
-0.116
-0.126

0.000
0.000
0.000
0.000
0.000

-0.090
-0.105
-0.117
-0.129
-0,139

0.000
0.000
0.000
0.000
0.000

0.031
0.036
0.041
0.045
0.048

0.000
0.000
0,000
0.000
0.000

-0.063
-0.078
-0.092
-0.106
-0.119

0.000
0.000
0.000
0.000
0.000

350
370
390
410
430

-0.135
-0.144
-0.152
-0.161
-0.169

0.000
0.000
0.000
0.000
0.000

-0.148
-0.156
-0.163
-0.168
-0.173

0.000
0.000
0.000
0.000
0.000

0.051
0.053
0.054
0.055
0.056

0.000
0.000
0.000
0.000
0.000

-0.131
-0.143
-0.154
-0.165
-0.175

0.000
0.000
0.000
0.000
0.000

450
470
490
510
530

-0.178
-0.187
-0.196
-0.205
-0.215

0.000
0.000
0.000
0.000

-0.000

-0.177
-0,179
-0,181
-0.182
-0.182

0.000
0.000
0.000
0.001
0.001

0.056
O.Q56
0.056
0.055
0.054

0.000
0.000
0.000
0.000
0.000

-0.185
-0.194
-0,204
-0.213
-0.222

0.000
0.000
0.000
0.000
0.000

550
570
590
610
630

650
670
690
710
730

750
770
790
810
830

850
870
890
910
930

950
970
990

1010
1030

1050
1070
1090
1110
1130

1150
1170
1190
1210

-0.225
-0.235
-0.246
-0.257
-0.268

-0.281
-0.293
-0.306
-0.319
-0.334

-0.348
-0.364
-0.380
-0.397
-0.415

-0.434
-0.453
-0.472
-0.489
-0.501

-0.502
-0.488
-0.461
-0.430
-0.405

-0.393
-0.391
-0.397
-0.408
-0.421

-0.435
-0.450
-0.466
-0.487

-0.001
-0.001
-0.001
-0.001
-0.002

-0.003
-0.003
-0.004
-0.006
-0.007

-0.009
-0.012
-0.015
-0.020
-0.026

-0.034
-0.045
-0.060
-0.080
-0.1QV

-0,138
-0.169
-0.188
-0.187
-0.171

-0.147
-0.123
-0.101
-0.084
-0.070

-0.059
-0.051
—O.Q44
-Q.039

-0.181
-0.179
-0.176
-0.172
-0.167

-0.160
-0.153
-0.145
-0.135
-0.124

-0.111
-0.097
-0.080
-0.062
-0.041

-0.019
0.005
0.028
0.045
0.050

0.028
-0.032
-0.126
-0.231
-0.318

-0.372
-0.399
-0.405
-0.399
-0.386

-0.3VO

-0.350
-0.326
-0.289

0.001
0.002
0.003
0.004
0.005

0.006
0.008
0.011
0.014
0.018

0.023
0.030
0.039
0.050
0.065

0.086
0.114
0.153
0.205
0.274

0.355
0.433
0.481
0.481
0.438

0.377
0.315
0.260
0.215
0.179

0.152
0.130
0.113
0.099

0.053
0.052
0.050
0.048
0.046

0.044
0.041
0.037
0.033
0.029

0.024
0.018
0.010
0.002

-0.008

-0.019
-0.032
-0.046
-0.062
-0.076

-0.085
-0.082
-0.057
-0.003

0.076

0.165
0.246
0.312
0.367
0.405

0.429
0.440
0.436
0.404

0.000
0.000
0.000
0.000
0.000

-0.001
-0.001
-0.002
-0.002
-0.004

-0.005
-0.007
-0.011
-0.015
-0.021

-0,030
-0.042
-0.060
-0,084
-0.119

-0.165
-0.226
-0.295
-0.362
-0.409

-0.424
-0.410
-0.387
-0,351
-0.311

-0.273
-0.24Q
-0.211
-0.187

-0.231
-0.240
-0.249
-0.258
-0.267

-0.2 77
-0.28S
-0.299
-0.311
-0.324

-0.338
-0.353
-0.370
-0.390
-0.411

-0.435
—0.461
-0.490
-0.521
-0.551

-0.577
-0.590
-0.580
-0.539
-0.471

-0.393
-0.327
-0.277
-0.242
-0.227

-0.230
-0.249
-0.286
-0.357

0.000
0.000
0.000
0.000
0.000

-0.001
-0.001
-0.002
-0.003
-O.004

-0.006
-0.008
-0.012
-0.017
-0.024

-0.034
-0.047
-0.067
-0.094
-0.132

-0.184
-0.251
-0.329
—0.403
-0.455

-0.472
-0.457
-0.431
-0.391
—0.347

-0.304
-0.267
-0.235
-0.209



ANALYSIS OF +
7f

p
7T 7 AND m PHOTO PRODUC TION FROM.

TABLE VI (Continued)

V3
E (MeV)

A(yN hei. = ~)
Real Imag

B(yN hei. =2)
Real Imag

A(yN hei. =2)
Real Imag

B(yN hei. =g)
Real Imag

Part (c), y —nucleon, I = 2
'

250
270
290
310
330

—1.469
-1.504
-1.534
-1.560
-1.577

0.175
0.210
0.247
0.284
0.322

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000

-0.585
-0.645
-0.695
-0.736
-0.770

0.019
0.025
0.031
0.037
0.042

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000

350
370
390
410
430

-1.590
-1.604
-1.619
-1.637
-1.648

0.360
0.398
0.435
0.468
0.494

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000

-0.796
-0

~ 815
-0.829
-0.837
-0.840

0.047
0.052
0.057
0.061
0.065

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000

450
470
490
510
530

-1.656
-1.671
-1.690
-1.712
-1.739

0.532
0.568
0.603
0.636
0.667

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000

-0.839
-0.834
-0.827
-0.816
-0.804

0.069
0.073
0.077
0.080
0.083

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000

550
570
590
610
630

-1.771
-1.808
-1,851
-1.901
-1.957

0.694
0.719
0.739
0.753
0.761

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000

-0.790
-0.774
-0.759
-0.743
-0.730

0.087
0.090
0.092
0.094
0.092

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000

650
670
690
710
730

750
770
790
810
830

850
870
890
910
930

950
970
990

1010
1030

-2.022
-2.092
-2.169
-2.252
-2.339

-2.428
-2.514
-2.592
-2.653
-2.688

-2.690
-2.642
-2.541
-2.387
-2.186

-1.954
-1.708
-1.466
-1.244
-1.049

0.761
0.750
0.728
0.690
0.634

0.558
0.457
0.329
0.172

-0.011

-0.217
-0.435
-0.651
-0.847
-1.005

-1.111
-1.161
-1.154
-1.101
-1.011

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000

-0.695
-0.664
-0.658
-0.645
-0.632

-0.622
-0.613
-0.605
-0.597
-0.590

-0.586
-0.580
-0.5-76

-0.573
-0.572

-0.571
-0.571
-0.572
-0.574
-0.577

0.072
0.109
0.113
0.117
0.121

0.126
0.128
0.127
0.127
0.125

0.124
0.122
0.120
0.118
0.115

0.111
0.108
0.103
0.098
0.092

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000

1050
1070
1090
1110
1130

-0.886
-0.753
-0.651
-0.571
-0.510

-0.897
-0.769
-0.635
-0.501
-0.370

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000

-0.581
-0.585
-0.589
-0.592
-0.595

0.085
0.076
0.067
0.055
0.042

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000

1150
1170
1190
1210

-0.463
-0.424
-0.381
-0.305

-0.245
-0.128
-0.019

0.083

0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000

-0.597
-0.601
-0.607
-0.624

0.027
0.009

-0.012
-0.036

0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000



G. MOORHOUS E, H. OBERLACK, AND A. H. ROSENFE LD

TABLE VI (Continued)

V3
E„(MeV)

P3]2
A& (yN hei. = ~) B (yN hei. =g)

Real Imag Real Imag

Part (c) (coat.)

A(yN he). =$)
Real Imag

8(yN hei. =g)
Real Imag

250
270
290
310
330

350
370
390
410
430

450
470
490
510
530

550
570
590
610
630

650
670
690
710
730

750
770
790
810
830

850
870
890
910
930

950
970
990

1010
1030

1050
1070
1Q90
1110
1130

1150
1170
1190
1210

0.883
1,106
1,109
0.761
0.161

-0.434
-0.879
-1.162
-1.311
-1.373

-1.382
-1.362
-1.325
-1.279
-1.229

1y 177
-1.124
-1.072
-1,021
-0.971

-0.922
-0.875
-0.831
-O.VSS
-0.748

-0.Vll
-0.678
-0.649
-0.635
-0.611

-0.563
-0.520
-0.479
-0.439
-0.401

-0.365
-0.331
-0.299
-0.269
-0.241

-0.215
-0.193
-0.174
-0.161
-0.152

-0.152
-0.161
-0.193
-0.281

0.466
0.914
1.550
2.170
2.495

2.487
2.297
2.028
1.761
1.527

1.333
1.173
1.043
0.936
0.847

0.772
0.708
0.653
0.605
0.564

0.526
0.493
0.462
0.434
0.408

0.383
0.359
0.335
0.310
0.249

0.206
0.17Q
0.137
0.106
0.076

0.019
-0.008
-0.035
-0.061

-O.OSV

-0.112
-0.137
-0.161
-0.185

-0.208
-0.231
-0.253
-0.275

-2.696
-3.184
-3.154
-2.349
-1.028

0.232
1.133
1,673
1.925
1.997

1.968
1.883
l.771
1.646
1.517

1.389
1.262
1.140
1.022
0.908

0.799
0.694
0.592
0.495
0.400

0.308
0.217
0.127
0.026

-0.083

-0.176
-0.254
-0.326
-0.393
-0,456

-0.514
-0.567
-0.617
-0.862
-0.703

-0.740
-0.773
-0.803
-0.831
-0.857

-0.884
-0.919
-0.975
-1.099

-1.085
-2.085
-3.463
-4.748
-5.345

-5.215
-4.715
-4.074
-3.461
-2.935

-2.504
-2.155
-1.871
-1.640
-1.448

-1.287
-1.151
-1.035
-0.934
-0.845

-0.766
-0.696
-0.633
-0.575
-0.521

-0.471
-0.424
-0.377
-Q.328
-0.305

-0.301
-0.296
-0.291
-0.287
-0.286

-0.286
-0.287
-0.291
-0.296
-0.302

-0.310
-0.319
-0.329
-0.340
-0.353

-0.366
-0.3SQ
-0.395
-0.411

0.118
0.136
0.153
0.1'20

0.185

0.200
0.214
0.229
0.243
0.258

0.2 73
0.288
0.305
0.322
0.340

0.359
0.380
0.402
Q.426
0.452

Q.480
0.510
0.542
0.576
0.613

0.650
0.688
O. 725
0.760
0.789

0.809
0.822
0.826
0.823
0.814

0.804
0.795
0.789
O.788
0.796

0.806
0.813
0.819
0.827
0.838

0.853
0.879
0.926
1.027

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000

-0.001

-0.001
-0.001
-0.001
-0.001
-0.002

-0.002
-0.002
-0.001
-0.001

O.Q01

0.004
0.007
0.013
0.021
0.032

0.04S
0.067
0.093

.0.124
0.160

0.200
0.241
0.279
0.312
0.336

0.352
0.359
0.360
0.357
0.351

0.355
0.357
0.35S
0.357
0.355

0.353
0.350
0.347
0.345

-0.427
-0.498
-0.565
-0.626
-0.682

-0.734
-0.781
-0.825
-0.864
-0,900

-0.932
-0.961
-0.987
-1.011
-1.032

-1.050
-1.066
-1.081
-1.093
-1.104

-1.114
-1,122
-1.129
-1.134
-1.139

-1.142
-1.144
-1,144
-1.141
-1.134

1e 123
-1.107
-1.085
-1.059
-1.030

-0.999
-0.967
-0.936
-0.906
-O.SV9

-0.852
-0.823
-0.794
-0.V64
-0.735

-0.708
-0.685
-0.669
-0.678

0.000
0.000
0.000
0.000
0.000

0,000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
Q. 001
0.001

0.001
0.001
0.001
0.000
0.000

-0.002
-0.003
-0.006
-0.009
-0.014

-0.020
-0.029
-0.040
-0.053
-0.068

-O.OS5
-0.103
-0.119
-0.133
-0.143

-0.150
-0.153
-0.154
-0.152
-0.150

-0.151
-0.152
-0.153
-0.152
-0.152

-0.151
-0.149
-0.148
-0.147
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TABLE VI (Contingent)

V3

E& (MeV)
A(yN hei. =2)

Real Imag
B (yN hei. =~2)

Real Imag

Part (c) (cont. )

A(yN hei. =-,')
Real Imag

F )]2
B(yN hei. =2)

Real Imag

250
270
290
310
330

350
370
390
410
430

450
470
490
510
530

550
570
590
610
630

650
670
690
710
730

750
770
790
810
830

850
870
890
910
930

950
970
990

1010
1030

1050
1070
1090
1110
1130

1150
1170
1190
1210

-0.083
-0.096
-0.109
-0.121
-0.132

-0.143
-0.153
-0.163
-0.173
-0.182

-0.191
-0.200
-0.208
-0.216
-0.223

-0.229
-0.235
-0.241
-0.245
-0.249

-0.251
-0.253
-0.254
-0.254
-0.253

-0.251
-0.247
-0.241
-0.234
-0.226

-0.214
-0.202
-0.189
-0.175
-0.159

-0.141
-0.122
-0.100
-0.077
-0.053

-0.026
0.002
0.034
0.068
0.103

0.144
0.187
0.239
0.311

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000

0.000
-0.001
-0.001
-0.001
-0.001

-0.001
-0.001
-0.001
-0.001
-0.002

-0.002
-0.002
-0.001
-0.001

0.000

0.001
0.003
0.005
0.008
0.011

0.014
0.018
0.022
0.027
0.032

0.037
0.043
0.049
0.055
0.062

0.069
0.077
0.085
0.093

-0.067
-0.076
-0.084
-0.091
-0.096

-0.101
-0.104
-0.107
-0.109
-0.110

-0.111
-0.111
-0.111
-0.111
-0.110

-0.110
-0.109
-0.108
-0.108
-0.107

-0.107
-0.106
-0.106
-0.107
-0.107

-0.109
-0.110
-0.112
-0.115
-0.118

-0.122
-0.127
-0.132
-0.138
-0.144

-0.152
-0.160
-0.169
-0.179
-0.189

-0.201
-0.213
-0.227
-0.242
-0.257

-0.274
-0.293
-0.314
-0.339

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
o.ooo

0.000
0.000
0.000
0.000
0.000

0.000
-0.001
-0.001
-0.002
-0.002

-0.003
-0.003
-0.004
-0.005
-0.006

-0.007
-0.008
-0.009
-0.011
-0.012

-0.013
-0.015
-0.016
-0.018

0.02 7
0.031
0.035
0.039
0.042

0.044
0.046
0.047
0.048
0.049

0.049
0.050
0.050
0.049
0.049

0.049
0.048
0.048
0.048
0.047

0.047
0.047
0.048
0.048
0.049

0.050
0.052
0.055
0.058
0.062

0.066
0.071
0.077
0.085
0.094

0.103
0.115
0.128
0.144
0.161

0.180
0.202
0.227
0.255
0.286

0.323
0.365
0.417
0.495

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.001
0.001
0.001

0.001
0.002
0.003
0.003
0.005

0.006
0.007
0.010
0.012
0.015

0.019
0.024
0.030
0.038
0.047

0.058
0.072
0.088
0.106

-0.055
-0.068
-0.080
-0.091
-0.102

-0.113
-0.122
-0.131
-0.140
-0.147

-0.155
-0.161
-0.167
-0.173
-0.178

-0.182
-0.186
-0.190
-0.192
-0.195

-0.197
-0.198
-0.199
-0.199
—0.199

-0.198
-0.197
-0.195
-0.193
-0.190

-0.186
-0.182
-0.177
-0.172
—0.166

-0.159
-0.151
-0.142
-0.132
-0.121

-0.109
-0.096
-0.081
-0.064
-0.046

-0.025
-0.001

0.028
0.065

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000

0.000
0.001
0.001
0.001
0.001

0.002
0.002
O. 003
0.004
0.005

0.006
0.008
0.010
0.012
0.015

0.019
0.023
0.029
0.034
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V3
E„(MeV)

TABLE VI (Continued)

F &&2

A(yN hei. =2)
Real Imag

Part (c) (cont. )

B (yN hei. = g)
Real Imag

250
270
290
310
330

350
370
390
410
430

450
470
490
510
530

550
570
590
610
630

650
670
690
710
730

750
770
790
810
830

850
870
890
910
930

950
970
990

1010
1030

1050
1070
1090
1110
1130

1150
1170
1190
1210

-0.024
-0.028
-0.032
-0.035
-0.038

-0.040
-0.042
-0.043
-0.043
-0.044

-0.043
-0.043
-0.042
-0.040
-0.039

-0.037
-0.034
-0.031
-0.028
-0.024

-O.020
-0.015
-0.010
-0.004

0.002

0.009
0.017
O. 025
0.034
0.044

0.055
0.067
0.080
0.094
0.110

0.127
0.146
0.167
0.189
0.215

0.243
0.274
0.308
0.346
0.389

0.437
0.493
0.559
0.641

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.001
0.001

0.001
0.001
0.002
0.002
0.003

0.004
0.004
0,006
0.007
0.008

0.010
0.012
0.015
0.018
0.021

0.025
0.030
0.035
0.042

-0.022
-0.028
-0.033
-0.039
-0.044

-0.050
-0.055
-0.061
-0.066
-0.071

-0.077
-0.082
-0.087
-0.092
-0.098

-0.103
-0.109
-0.114
-0.120
-0.126

-0.132
-0.138
-0.145
-0.151
-0.158

-0.166
-0.173
-0.181
-0.190
-0.199

-0.208
-0.219
-0.229
-0.241
-0.253

-0.267
-0.281
-0.297
-0.314
-0.333

-0.353
-0.375
-0.400
-0.427
-0.457

-0.490
-0.528
-0.570
-0.619

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000

0.000
0.000

-0.001
-0.001
-0.001

-0.001
-0.001
-0.001
-0.002

The symbols Proton [Table VI(a)], Neutron [Table VI(b)], and V3 [Table VI(c)] refer to our
usual isospin labels p,s, V3, while A, H denote amplitudes of total yN helicity X = a', g, re-
spectively, apart from a scale factor [see Appendix B, Eq. (B.7)].
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1
'+ 4l(l+1)(l+2)

1
x I dz(1 -z)

"(If ( )(1- )[P „"()+,"( )]

( )(1+z)[P ~ "(z)-P "(z)]1

(B4)

A+ (1)1/2A V3 +A2

= (—)1/ 2A v3 + (1/~2 )A&

(1)1/2A V3 +An

Ano ( )I/2A 3 (1/~2 )An

(»)

For completeness we give the amplitudes for the
physical processes [cf. Eqs. (2.15), (2.25), and
(2.26)]:

1
4(l —1)l(l +1)

x dz 1-z2
-1

x {& (z)(1 z)[P,"(-z)+P, ,"(z)]

+& (z)(1 +z)[P,"(z) P, "(z-)]},

(B5)

A& —(2 )1/2 (/1V1 A 3)
An (2)1/2(/iV1 +AS)

(E5)

where the H are defined in Appendix A, and
z =cose.

The isospin convention is given in Sec. II C and
we define amplitudes A2 and A" (or B2 and B") as

The partial-wave amplitudes are then given in
dimensionless "Argand units" and are, for practi-
cal purposes, multiplied by a factor 100. The
quantities listed in Table VI under the labels Pro-
ton, Neutron, and V3 are therefore related to A~,
A", and A"' (or B2, B", and BV3) by relations
like

Proton: A(ZN hei. =-,') =100(qk)'/2A2,

(Bs)
Neutron: B(yN hei. = 2) =100(qk)"'B", etc.,

with q and k the c.m. momenta in the mN and yN
systems.

The helicity amplitudes H„, II», H», H~ as
defined in Eq. (2.12) are not contained in this pub-
lication, but can be obtained as Ref. 29.
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