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We examine a quantum group extension of the standard model. The field operators of the extended
theory are obtained by replacing the field operators W of the standard model by \IJD’ > Where D’ Ly are
elements of a representation of the quantum algebra SLq(2), which is also the knot algebra The D he in
this algebra and carry the new degrees of freedom of the field quanta. The qu L are restricted Jomtly by
empirical constraints and by a postulated correspondence with classical knots. The elementary fermions are
described by elements of the trefoil (j = %) representation and the weak vector bosons by elements of the
ditrefoil (j = 3) representation. The adjoint (j = 1) and fundamental (j = %) representations define
hypothetical bosonic and fermionic preons. All particles described by higher representations may be
regarded as composed of the fermionic preons. This preon model unexpectedly agrees in important detail
with the Harari-Shupe model. The new Lagrangian, which is invariant under gauge transformations of the
SLq(2) algebra, fixes the relative masses of the elementary fermions within the same family. It also
introduces form factors that modify the electroweak couplings and provide a parametrization of the
Cabbibo-Kobayashi-Maskawa matrix. It is additionally postulated that the preons carry gluon charge and
that the fermions, which are three preon systems, are in agreement with the color assignments of the

standard model.

DOI: 10.1103/PhysRevD.89.125020

I. INTRODUCTION

The possibility that the elementary particles are knots has
been suggested by many authors, going back as far as
Kelvin [1]. Among the different field theoretic attempts to
construct classical knots, a model related to the Skyrme
soliton has been described by Fadeev and Niemi [2]. There
are also the familiar knots of magnetic field; and since these
are macroscopic expressions of the electroweak field, it is
natural to extrapolate from macroscopic to microscopic
knots of this same field. One expects that the conjectured
microscopic knots would be quantized, and that they would
be observed as solitonic in virtue of both their topological
and quantum stability. It is then natural to ask if the
elementary particles might also be knotted. If they are, one
expects that the most elementary particles, namely the
elementary fermions, are also the most elementary knots,
namely the trefoils. This possibility is suggested by the fact
that there are four quantum trefoils and four classes of
elementary fermions, and is supported by a unique one-to-
one correspondence between the topological description of
the four quantum trefoils and the quantum numbers of the
four fermionic classes. We have attempted to determine the
minimal restrictions on a model of the elementary particles
in the context of weak interactions if the quantum knot is
described only by its symmetry algebra SLq(2) indepen-
dent of its field theoretic origin. The use of this symmetry
algebra to define the quantum knot is similar to the use of
the symmetry algebra of the rotation group to define the
quantum spin.
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II. KINEMATICS
A. The knot algebra and the quantum knot

Let
a b
c d

be a two-dimensional representation of SLq(2), the knot

algebra.

Then
ab = gba bd = gdb ad — gbc =1 bc =cb
ac = qca cd = gdc da —q,chb =1 g =q"
ey

where we take ¢ real.
Let Dfn . b€ a 2j+ 1 representation of SLq(2) [3,4].
Then

D’ (a,b,c,d)

nm m

= Af;lm,(q, 5,0)8(s +t,n )a’b™ S c'd"-"!

0<s<
0<r

I/\

(@)

where
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and where
_ qul -1 o /A /
(n), = and nyo=j+tm n'.=jtm.
g1 —1
The algebra (1) is invariant under the gauge
transformations:
U,(1): d =e%a  d =e%d
’ | | 3)
U,(1): b =e'"b ' =ec.

Then U, (1) x U,(1) induces on D, (a, b, ¢, d) the gauge
transformation [3]

D{np(a/, b, d)= ei<‘”a+‘”h)mei(‘”“_‘/’b)pD£np(a’ b.c.d)

“)
or
D}y = U, x U,Dj,. (5)

If |n) is a ket lying in the state space of SLq(2), we define a
quantum knot by the state function

D ) (©6)

where y is a standard quantum mechanical state function
and

(N,w,r+0). 7

N —

(s m,m') =

Here (N, w, r) are the number of crossings, the writhe, and
the rotation of the 2D projection of the corresponding
oriented 3D-classical knot. The factor % allows half integer
representations of SLq(2). Since 2m and 2m’ are of the
same parity while w and r are topologically constrained to
be of opposite parity, o is an odd integer which we set = 1
for a trefoil knot [3]. '
The knot degrees of freedom are confined to the Dfn w
factor and are introduced here similarly to the way spin
degrees of freedom are introduced by adjoining a spin
factor to a state without spin. This definition of the quantum
knot allows only those selected states (j,m,m’) of the
full 2j + 1-dimensional representation that are permitted
by the (N,w,r) spectrum of the 2D projection of the
corresponding classical knot. Equation (7) is the "corre-
spondence principle” of the model where (j,m,m’)
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describes the quantum knot and (N,w,r) refers to the
corresponding classical knot.

Note: One counts only two classical trefoils because
classical trefoils of opposite r are not topologically differ-
ent. Their 2D projections can be distinguished, however,
and states of quantum trefoils, as here defined, with
opposite r can be distinguished by different m’.

B. The knotted standard model

To go from the standard model to the knotted standard
model we try to replace every field operator, W, of the
standard model by the “knotted field operator,”
W) (x|a, b, c,d), where

Uha(xla,b.c.d) = U}, (x)Dh(a.b.c.d)  (8)

Since D}, lies in the SLq(2) algebra, (8) adds new
degrees of freedom to the field quanta. Then after ¥ is
replaced with ¥}, by £8) in the standard model Lagrangian,
the spacetime factor W/, (x) will be determined by a new
Lagrangian containing form factors generated by Dj,.
Then ¥/,,(x) will have an induced but clear dependence
on (j, m,n).

Under U, x U, transformations of the algebra (1) the
new field operators transform, by (4), as follows:

Ul = Ul (x)Di (' B, ¢, d) ©)
=U,, x U, W, (10)

For physical consistency the new field action must be
invariant under (10), since (10) can be induced by U, x U,
transformations that leave the defining algebra unchanged.
There are then Noether charges associated with U,,, and U,,
that may be described as writhe and rotation charges, Q,,
and Q,, since m =% and n =1 (r + 1) for trefoils.

We define

Y= —kwm<z —kw%) (11)

Qr = _krn (E - k,%(l" + 1)) (12)

where k,, and k, are undetermined constants with dimen-
sions of electric charge.

We now compare the so defined Q,, and Q, charges of
the four quantum trefoils with the charge and hypercharge
of the four fermion families in Table I [3].

Note that with the particular row to row correspondence,
(f1, f2, f3)<>(w, r), in this table, and only for this corre-
spondence, is there proportionality between the (13, 7y, Q..)
and the (Q,,, Q,, Q,, + Q,) columns.

To construct and interpret this table we have postulated
that k is a universal constant in the following sense:
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TABLE I. Comparison with the standard model.
Standard model Quantum trefoil model
N
D2
(fl?f27f3) t I3 Iy Qe (W7 r) %izl Qw Qr Qw+Qr
(emr), 3 -1 -} - Gy k() k() 3k
33
22
3
Westpove), 5 3 —3 0 (-3.2)  p? —k(=3) k() 0
—22
3
(d,s,b), -4 t —le (3,-2) D —k(3) —k(—13) -k
272
3
(u,c,t), 1L Ze (-3,-2) D*,; , —k(-3) —k(—1) 2k
2 2
Qw = _kw% Qr = _kr%l
ky, =k, =k (13) Q,=0,+0, (19)
and or Q,=e(tz3+ 1) (20)
k=S (14) similar to the way that their total angular momentum and
3 magnetic moment may be written as the sum of the spin and

with the same value for all trefoils.

Then it follows from the table that the total electric
charge (Q,, + Q,) of each trefoil is the same as the electric
charge Q, of the corresponding family of fermions [3,5]:

O,+0,=0, (15)
and that
0, =en (16)
and
0, = ety. (17)

Then (15)—(17) are in agreement with the standard model
for which

0, = e(t3 + to). (18)
Since these relations hold for the special (f;, f2, f3) <>
(N,w,r) row to row correspondence in the Table I,
and only for this particular match between the trefoils
and the fermionic families, the correspondence itself, in
addition to the value of k as £, is empirically fixed and
unique.

We accordingly identify the writhe charge, Q,,, of the
trefoil with the isotopic charge of the standard fermion,
measured by 73, and the rotation charge, Q,, of the trefoil
with the hypercharge of the standard fermion, measured by
to. We shall then assume that the elementary fermions are
quantum trefoils and that their total electric charge may be
written as either

orbital contributions. (The correspondence goes further
since the spin and writhe are both localized: the spin is
localized on the particles, and the writhe is localized at the
crossings, while the orbital angular momentum describes
the entire orbital motion, and the knot rotation is computed
for the entire knot.)

From Table I one may also read the following relation
between the quantum trefoils of the knot model, as measured
by (N,w,r), and the fermions of the standard model, as
described by the isotopic charge and hypercharge [3,5]:

(N,w,r+1) =6(t, —t3,—tg) (1)

or by (7)

(j.m.n) = 3(t,—13.~1o). (22)

The empirical correspondence between the topological
description of the four quantum trefoils and the quantum
numbers of the four families of fermions is encapsulated in
(21). Otherwise stated, there is a unique way of satisfying
(21) with the four quantum trefoils and the four classes of
fermions.

C. The Fermion-Boson interaction in the knot model

According to the rule (8) the Fermion-Boson interaction
terms of the standard action are multiplied by the form
factors

D/, .D},D),

m/p/

(23)

in passing from the standard model to the knot model. Here

Df:l, p, and ]_)f;”p” multiply the initial and final Fermi
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operators, respectively, while D}, p multiplies the mediating
boson operator of the standard model.
By U, (1) x U,(1) invariance of (23) we have

(m.p) = (m’.p") = (m'.p"). (24)
By (22) the empirical relations

(m', p") = =3(t3. 1)’

(m', p") = =3(t3. 1) (25)

hold for the fermion operators.
Then by (24) and (25)

(m.p) = =3[(t3.19) = (13.19)’]. (26)

In passing from the standard model to the knotted model we
retain SU(2) x U(1) invariance and therefore the conser-
vation of #; and t, separately: t; = f; + t3 and t, = £}, + f,.
The conservation of #; and ¢ is also a consequence of the
required U, (1) x U, (1) invariance of the action, and is
expressed by the separate conservation of the writhe and
rotation charges.

Then by (26)

(m, p) = =3(13, 10) 27

for the intermediate boson as well as for the initial and final
fermions. Also since

JHizjzlj=j ad j=j=3 (28
j is fixed by
3>j>|m|. (29)
Then one has by (27)
D}, = D3y, (30)

for the charged vector bosons, where (z, #3, 1) = (1, +1,0)
and we set j = 3. We assume a similar relation for the
neutral vector boson where (f,13,%,) = (1,0,0).

Hence there is an empirical basis, dependent also on the
postulated symmetries, for

(Jom,m') = 3(t, ~t3, —ty) 31

for both the fermions and vector bosons of the knot-
ted model.

In both cases one may write for the field operator of the
knot model

(1,15, 1)) = U(1, 153, 1))D’,

mm

= U(t,13,1))D™ (32)

—3t3-319
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where U(t, 13, 1) is the field operator of the standard model
and in both cases we have (31).

Here ¥ means left chiral when it refers to the elementary
fermion. As in the standard model, we assume that the right
chiral field is an isotopic singlet, but in the knot extension
we assume it has the same knot factor as its left chiral
partner. The right chiral state does not satisty (32).

D. The preon representations [4,5]

In the model that we are describing, the elementary
fermions, with = 1, are the simplest quantum knots, the
trefoils, with N = 3 and by (7)

1 3
= —-N == (=31). 33
j=3 5 (=31) (33)
In the same model the electroweak bosons, with t = 1, are
quantum ditrefoils, with N = 6 and

1 6

j= 2N = 2(—3t). (34)
Then the elementary fermions lie in the j = 3 representa-
tion while the electroweak bosons lie in the j = 3 repre-
sentation of SLq(2).

We now consider the adjoint (j = 1) representation
and the fundamental (j = %) representation of SLq(2) as
defined by (2). After dropping the A{n ,, these are shown in
Tables II and III.

We shall refer to the members of the D and D!
representations as fermionic and bosonic preons
respectively.

To determine (5, ¢y, Q) for the fermionic and bosonic
preons we shall extend the relations empirically established
for the elementary fermions, then extended to the electro-
weak bosons, and generally expressed in D3_’3t3_3t0.

The results for preons are shown in Tables IV and V
where equations (18) and (22)

TABLE II. D’

ml

1 1
m 2 )
% a b
_ % c d
TABLE . D! ,

ml

m 1 0 -1
1 a? ab b?
0 ac ad + be bd
-1 2 cd &?
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TABLE IV. Fermionic preons ¢ = ¢.

4 I3 f 0

: T

b T

: e

a R
(1,13, 10) = § (j, —m, —m) (22)

e

Q:ff(f3+fo):—§(m+m/) (18)

are now read from right to left.

The values of (¢, t3, f) in these tables have meaning for
the knot model but not for isotopic spin. In this respect the
knot model provides an extension of the isotopic spin. The
fractional values of #; and ¢, follow from (22) and measure
the writhe and rotation charges, respectively.

According to Table IV there are two preons, a and b,
charged and neutral respectively and their respective
antiparticles, d and c, with opposite charge and hyper-
charge. These preons agree with the preons proposed by
Harari and by Shupe [6,7]. We may also regard a and ¢ and
d and b as belonging to ;3 doublets.

We now show that all particles belonging to higher
representations may be regarded as built up out of preons
(a, b, c,d) insofar as the values of (z3,1y, Q) for all the
composite particles may be obtained by adding the
(13, 19, Q) of each of the constituent preons.

We have in general by (2)

(a,b,c,d)= ZA{nm, (q.s,t)6(s+1t,n' )a*b™Sc'd"-~"
(35)

D’

mm'

0<s<n, 0ZLt<n_.

Denote the exponents of (a, b, c,d) by (ng,, ny, n.,ng).
These will vary from term to term but there are the
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(j.m,m') =3(t,—t3,—1)) (39

and

(jym,m") ==(N,w,r+ o). (40)

N[ —

Equations (39) and (40) are the basic empirical and
topological constraints defining the knot model. We have
shown how they hold for the j =3/2 and j = 3 repre-
sentations. We now assume that they hold for all repre-
sentations allowed by the model.

We may now rewrite the structural equations (36)—(38) in
terms of (7, 13,1) or alternatively in terms of (N, w,r).

We shall also retain (18)

Q = elty+10) = =5 (m+ )

for all representations.
In terms of (z, t3, £y, Q) Egs. (36), (37), and (38) become
by (39)

1

tza(na+nb+nc+nd) 41)

1
I3 = ~5 (ng +n, —n.—ny) 42)

1
toz_g(na_nb+nc_nd)' (43)

Then
e

Q:e(f3+fo>:—§(”a—”d>- 44)

By Table IV Egs. (41), (42), (43), and (44) may be written
as follows:

following structural constraints on the sum (35): t=nut, + npty, + n.t. + ngty (45)
ng+ny,+n.+ng=2j (36) ts = ng(t3), + np(13), +1c(t3). +n4(13),  (46)
ng+n,—n.—ng=2m (37 to = na(to)q + np(to)y + nc(to)e +nalto)y  (47)

ng—ny + ne—ng = 2m’. (38) Q = naQa + anb + anc + nde (48)

But by (21) and (22) or

TABLE V. Bosonic preons (¢t = %).

I3 lo % llnm’ 3 Iy % llnm’ I3 Ty % rlnm’
D}, -1 -1 -2 2 D, 0 -1 -1 ac D!, -1 0 ¢
Di, -1 0 -1 ab D}, 0 0 0 ad+bc D!, 10 %1 cd
D{.—l _% % 0 b? D(l),—l 0 % % bd D1714,71 % % % &

125020-5



ROBERT J. FINKELSTEIN

PHYSICAL REVIEW D 89, 125020 (2014)

TABLE VI. Preons (j = %). TABLE VIII. Electroweak vectors (j = 3).
0 13 1y D3_[3,[3_3,0 0 t I3 Iy D3—t3[3—310
B 1 3
a -3 -3 ~% Dj, ~a wr e 1 1 0 Do~
1 WA —e 1 —1 0 Dg 0~ a’h’
b 0 —é é Di_l ~b 3 3 ’
272 W- 0 1 0 0 D()A,O ~f3 (bc)
1
‘ 0 oo Dhee W [0 0 0 0 DYy~slbe)
1
d § 6 5 D ~d
- b preons while the up quarks contain one ¢ and two d
preons.
(1,13, 10, Q) = Z Nyt tsptop. Q). (49) These descriptions of the elementary fermions as three

p=(a,b,c.d)

If we now interpret (a, b, ¢, d) as the creation operators
for the (a, b, c, d) preons, then the (n,, n,, n., ng) represent
the number of (a, b, ¢, d) preons respectively in each term.
Then (49) states that the composite particle on the left with
quantum numbers (z, 3,75, Q) may be regarded as a
superposition of separate states, all of which have the
same (1, t3, ty, Q) but contain different numbers of preons
(ng.np,ne ng) with quantum numbers (t,.13,.1%,. Q)
where p = (a, b, c,d).

We illustrate (45), (46), (47), and (48) in Tables VI, VII,
and VIIL

These tables may be read in two ways:

(a) as describing creation operators representing the in-
ternal state of a composite particle, or

(b) as describing a product of creation operators for the
component preons.

Tables VI, VII, and VIII are computed by (35) after

dropping the A/ .

The field operators are now expanded in the complete
polynomials Dfn » €xpressed in terms of the preon operators
(a,b,c,d). All terms in these polynomials have the same
charge and hypercharge as the composite particle on the left
side of (2). If Dfn ,, 18 a monomial (like the elementary
fermions) the field operator creates a single state, but
otherwise it creates a superposition of several states.

According to Tables VI and VII the leptons are com-
posed of three a preons while the neutrinos are composed
of three c preons. The down quarks contain one a and two

TABLE VII. Fermions (j = %).

3t
0 I3 ) D—3t3—3zo
1 1 3
[ —e -3 -3 Dﬁ_? ~ a3
22
1 3 3
14 O 3 ) DZ_E ~C
2
d - % e - % 1 D; |, ~ab?
= 22
3
2 1 1 2 ~ cd?
u 3 e 3 3 D_%_é Cd

preon structures are in agreement with the Harari-Shupe
model [6,7]. In Table VIII the charged vectors are also in
agreement with the same model, but the neutral vector W;34
is the superposition of four states of six preons given by

DYy = A(0,3)b°c + A(1,2)ab*c*d + A(2, 1)a*bed?
+A(3.0)d3d

according to (2) and expressible by the algebra of (1) as a
function of the neutral operator bc.

E. The complementary models

Since (N,w,r+o0) = 2(j,m,m’), Egs. (36)-(38) giv-
ing (j, m, m") may also be read as knot relations as follows:

N=n,+n,+n.+ny (50)
W=n,+n, —nR.—Ny (51)
r+o0=n,+n.—n,—ng (52)

There are only three equations to determine the four
(ngy, ny, n.,ng). Therefore the composite particle, either
(t,13,19) or (N,w,r), is in general a superposition of
several components with different sets of (n,, ny, n., ny).

Equation (50) states that the total number of preons
equals the number of crossings (N).

Since we assume that the preons are fermions, the knot
describes a fermion or a boson depending on whether the
number of crossings is odd or even.

The meaning of Egs. (51) and (52) becomes clear if we
note that a and d are antiparticles with opposite charge and
hypercharge, while b and ¢ are neutral antiparticles with
opposite values of the hypercharge.

We may therefore introduce the preon numbers

v, =n, —ny (53)
Vp = Np — Ne. 54)

Then (51) and (52) may be rewritten as

125020-6
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(w,r,0) (w,r,0)
3 1
Leptons, D2, ~ a? a-preons, D? |
22 22
a
SNV
a a a
5
(3,2,1) — (1,0,1)
Neutrinos, D%g 5 ~el c-preons, D%;;
22 22
C
LN
Cc Cc Cc
S ~—
~ (—3,2,1) (-1,0,1)
d-quarks, D%,; ~ ab? b-preons, D%,l
2 2 2 2
b
W\ —~
a b b
-
(3,-2,1) (1,0,-1)
u-quarks, Dégil ~ cd? d-preons, D%;,;
2 2 2 2
d
& —
c d
()
~ (—3,-2,1) (~1,0,-1)

FIG. 1. Q=-¢w+r+o),

v, +uv, =w=—01; (55)

v, — U, =1+ 0= —0t,.

(56)

By (55) and (56) the conservation of the preon numbers and
of charge and hypercharge is equivalent to the conservation

(j,m,m) :%(N,w,r—l—o).

of the writhe and rotation which are topologically con-
served at the classical level. In this respect, these con-
servation laws may be regarded as topological.

The SLq(2) equations (50), (51), (52) hold for all
representations and therefore for preons as well as for
knots, although the preons are twisted loops rather than
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knots. If the indices (N,w,r) for the twisted loops
interpreted as fermionic preons are determined in the same
way as for knots, one finds N =1, w= %1, and r = 0.
Then by (52) the odd integer, o, is for fermionic preons

0 =n,+n,—n.—ny. (57)

It follows that o = 1 for a and b, and that o = —1 for the
antiparticles, d and c.

Viewed as a knot, a fermion becomes a boson when the
number of crossings is changed by attaching or removing a
curl. This picture is consistent with the view of a curl as an
opened preon loop.

Corresponding to the representations of the four elemen-
tary fermions as three preon states, there is the comple-
mentary representation of the four trefoils as composed of
three overlapping preon loops as shown in Fig. 1.

In interpreting Fig. 1 note that the two lobes of all the
preons make opposite contributions to the rotation, r, so
that the total rotation of each preon vanishes. When the
three a preons and ¢ preons are combined to form leptons
and neutrinos, respectively, each of the three labeled
circuits is counterclockwise and contributes +1 to the
rotation while the single unlabeled shared circuit is clock-
wise and contributes —1 to the rotation so that the total r for
both leptons and neutrinos is +2. For the quarks the three
labeled loops contribute —1 and the shared loop +1 so
that r = 2.

Written in terms of (N, w, r) and (N, w, r) » Eqs. (50)=(52)
describing the composite particles are

N=> n,N, (58a)
)
w=> n,w, (58b)
P
F=> i, (58¢)
P
where p = (a, b, c,d) and
F=r+o. (59)
For preons
7, =0,. (60)

p p

For the elementary fermions of the standard model

F=r+1. (61)

These considerations lead one to view the symmetry of
an elementary particle, defined by representations of the
SLq(2) algebra, in any of the following ways:

mm

Dj — D3l — D% _ ISN’ 62
/ =313-31, ui VaUp ( )
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where N’ is the total number of preons. The point particle-
flux loop complementary representations are related by

(63)

BN
g

DY, =Y 8(N'.N)d(vy + vp w)3(vy — vp. 7D,
Nwr

9]
el

Since one may interpret the elements (a, b, ¢, d) of the
SLq(2) algebra as creation operators for either preonic
particles or flux loops, the Dy,, may be interpreted as a
creation operator for a composite particle composed of
either preonic particles or flux loops. These two com-
plementary views of the same structure may be recon-
ciled as describing N-body systems bound by a knotted
field having N crossings with the particles at the cross-
ings, as illustrated in Fig. 2 for N = 3. In the limit where
the three outside lobes become infinitesimal compared to
the central circuit, the resultant structure will resemble a
three particle system tied together by a Nambu-like
string. Since the topological diagram of Fig. 2 describes
loops that have no size or shape, one needs to introduce
an explicit Lagrangian to go further.

F. Gluon charge

The previous considerations are based on electroweak
physics. To describe the strong interactions it is neces-
sary according to the standard model to introduce SU
(3). We may assume that only the a and ¢ preons carry
gluon charge and that the b and d preons are color
singlets [8]. The a and ¢ preon operators then appear in
triplicate as (a;, ¢;) where i = (R, Y, G) without chang-
ing the (a,b,c,d) algebra. These colored preon oper-
ators provide a basis for the fundamental representation
of SU(3) just as the colored quark operators do in
standard theory. To adapt the electroweak operators to
the requirements of gluon fields we make the following
replacements:

leptons : a® — e/*a;a,a; (64)
neutrinos : ¢* — eV c;c;cp (65)
down quarks : ab> — a;b* (66)
up quarks : cd?> = c;d°. (67)

Here (a;,c;) are creation operators for colored preons.
Then the leptons and neutrinos are color singlets while
the quark states correspond to the fundamental repre-
sentations of SU(3), as required by the standard model.

The need for additional SU(3) symmetry to satisfy the
Pauli exclusion principle thus appears already at the level
of leptons (a’) and neutrinos (c3) in the SLq(2) preon
model. Then there is gluon charge on the a and ¢ preons,
but not on the » and d preons. This distribution of gluon
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(w,r,0) (w,r,0)
Neutrinos, D % 33 ~C Leptons, D %g a®
22 22
~ -3,2,1) 3,2,1)
d-quarks, Dg L~ ab? u-quarks, Di,,l ~ cd?
2 2 2
b d
W\ TN-
a b ¢
~
(3,-2,1) ~ -3,-2,1)

FIG. 2. The preons conjectured to be present at the crossings are not shown in these figures.

charge among the preons agrees with the distribution of
gluon charge among the hadrons in the standard model [8].

II1. DYNAMICS
A. The knot Lagrangian

The Lagrangian of the standard model at the electroweak
level may be written as follows:

1 1 . _
Ly=—7 TrWHW,, — ZHMH’” + i[LVL + RVR]

1 m .- _
+5VoVo - V(pe) - [LoR+RPL].  (68)

2

To obtain the knot Lagrangian we attempt to replace every

field operator of the standard model by

v - 9D/ (69)

where the Dfn ,» are determined empirically, as discussed in

part I, Sec. 2 B subject to the requirement that every term of

the modified Lagrangian be SU(2) x U(1) and U,(1) x
U, (1) invariant.

To implement (69) we begin with

W(t, 13, 1) = W(t,13,10)D%, 5, (70)

and

Q = €(t3 + to) (71)

e e
Q:—g(m—f—m’):—g(w—kr—i—l) (72)
for the left chiral field, L, and for the vector bosons as
discussed in part I, Sec. 2 B.

We assume that every right chiral field, R, has the same
knot factor, D{n > as the corresponding L field. We shall
also assume that R is an isotopic singlet, with ¢t = 0, here as
in the standard model. Then R does not and is not required
to satisfy (70). Since we shall, however, assume that

Q —

(m +m') (73)

holds for both L and R, it follows that L and R carry the
same electric charge.

If the modification of the standard model is made
according to the preceding substitutions, it will be shown
that the new Lagrangian will be U, (1) x U,(1) invariant as
required, and all new factors and terms appearing in the
new Lagrangian will be functions of bc.

The new operator Lagrangian is then numerically valued
on eigenstates of bc and is therefore a function of fy, the
eigenvalues of bc. In the simplest use of this model, the
physical knot Lagrangian is defined on a single eigenstate,
|n), which is identified by the empirical value of Sy, that is
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in turn determined by measurement of the physical observ-
ables from the new Lagrangian.

To obtain the knot Lagrangian the standard Lagrangian
will be replaced term by term beginning with the
mass terms.

B. The mass terms

In the standard model L and ¢ are isotopic doublets
while (Lg) and R are isotopic singlets. We retain this
isotopic structure and continue to follow the standard
model by going to the unitary gauge where ¢ has a single
component which is neutral. In passing to the SLq(2)
algebra we assume that ¢ is a SLq(2) singlet.

To obtain the mass term for the leptons, we write for the

left chiral fields
D, c3
> (AL ) (74)
lLCl3

where (ll/) is the doublet of the standard model and
L

( lfL ) is the corresponding doublet of the knot model. In
L

the following equations the knot symbol, [, will be
dropped in some terms but should be understood. The

numerical coefficients in Dfn ,, have been temporarily
3 3

dropped and the monomials D’,, and D3, have been
22 22

replaced by ¢ and a*. Now, having assumed that ¢ is a
SLq(2) singlet and that the knot factors for R and L are the
same, one has

Z(l)¢,R(l):[<DLE3 ZLa3)-</?Z>](1Ra3). (75)

Here the Higgs doublet is in the unitary gauge and p; is its
neutral component.

Then
L)gR(1) = p(@a) - 1,1g. (76)
Similarly
RO = @i -[(0 ) (45)]
=p(@a’)lgl,. (78)
Hence

L(DgR(1) + R L(1) = py(@a®) (Il + Igl) (79)

and
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(n|L(DgR(L) + R(D@,L(1)|n) = py(n|aa®|n) (1) = m,ll
(80)

where
m; = py(nla’a’|n) 81)

and p, is the vacuum expectation value of the Higgs that
fixes the lepton masses [multiplied by numerical factors
dropped in (74)].

In (81) @*a? is an operator holding for any member of the
lepton family and by the algebra (1) is expressible as a
simple polynomial in bc. We shall distinguish the three
mass states by |n), n = 0, 1,2, where |n) is an eigenstate of
b and ¢ and of the mass operator, expressed as a function of
b and c. We therefore replace the lepton contribution to the
mass term of the standard model by

> (nlLigiR; + Ry Ly|n) (82)

n

where n is summed over the three generations of leptons.
Since (n|a*a®|n) depends on n while p; does not depend on
n, one may compute the mass ratios Z’l— and % from (81) in
terms of the eigenvalues  and y of b'and ¢ on the ground
state |0)[9,10].

To obtain the neutrino masses one needs a conjugate

Higgs doublet (p(;, ) Then

[(hﬁ hf)<%>ywﬁ)—m@%5hw (83)

L,p,R, + R, p,L, = m,iv (84)
where
m, = p,(n|c*c3|n). (85)

The same discussion may be repeated for the up and
down members of the quark doublet, and summarized by
replacing the mass term of the standard model by [9,10]

> (LOe(DR() + R@(L()n) — (36)

where n is summed over the three generations of each
family and i is summed over the four families:
i = (l,v,u,d). The quark masses obtained in same way
as (81) and (85) are

my = pa{n|b*a - ab*|n) (87)

and
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m, = p,(n|d*c - cd®|n). (88)
C. The fermion-boson interaction
In the standard model this interaction is expressed by
i(LVL + RVR) (89)
where V is the covariant derivative
V=d+W (90)
and W is the vector connection
W = igW*e, +W-r_ +W3t) +igoWor.  (91)
We shall describe in detail only the non-Abelian contri-
bution to W. [The Abelian (g, ) term may be described in a
simpler way.]
To go over to the SLq(2) model, replace (W+, W=, W?)
according to (70) by
(W¥D?5,, W™D3,, WD) ©2)
and replace
(WHe,, W=t_, W3t3) (93)
in (91) by

(WrD3, -1, ,W™D3) - 1_, WD}, - 1) (94)

or by
(WHe, ,W™z_, W3z3) 95)

where
7, =cyt, Dy (96)
73 = 313 D;. 97)

Here the (c4, c3) are undetermined constants and

D, = d*(=D2;/Aly) ©8)
D_ = a3b3(EDgO/A§O) (99)

D; = f3(bc)(=Dgy)- (100)
In defining D, and D_ we may set
d=a c=b

i.e., we may identify the creation operators for the d and ¢
preons with the creation operators for the antiparticles
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of the a and b preons, respectively, in agreement with
Table V.
Then

D —D,.

The A3, numerical factors are absorbed in the c... The
(c4,co) will be empirically determined in the next
section 10.

The non-Abelian contribution to the covariant derivative
in the knot model is now

V=38+igWtr, + W r_ +W3r3) (101)

and the non-Abelian part of the fermion-boson interaction
in the knot Lagrangian is

> D (nlL(D)VL()n)

where L, R, and V are now all lying in the SLq(2) algebra,
and where the sum over n is over the three generations,
while the sum over i is over the two doublets. The only
modification of V in going over to the knot model is the
replacement of 7 by 7.

We next consider the detailed dependence of (102) on
knot form factors. For the lepton-neutrino doublet we have,
dropping the Feynman slash,

(102)

EVLz(D 7)L(8+igW)(I;>L. (103)

The first term in (103) is

(a 7)La<7>L = (&0,)0(c,) + (@%1,)0(d*1,)

= (E3C3)DL61/L + (Zl3a3)7LalL.
(104a)

Here

is the knot doublet and

VL
I
is the doublet of the standard model.
Equation (104a) may be rewritten as

<n|(a 7)L8<I;>Ln):DLADyL+7LA,lL (104b)
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where

A, = (n|e*c3|n)0 A, = (n|a*a’|n)0. (104c)
Then A, and A; are modified momentum operators rescaled
with the same factors that rescale the neutrino and lepton
rest masses found in the previous section.

The second term of (103) is by (96), (97), and (101)

I C3D3W3

c, D, Wt ] [C3I/L ]
Lc_.D_W~

—C3D3W3 a3lL

(105)

_ _C3D3W3 . C3I/L + C+D+W+ . Cl3lL
= [E3DL a31L}
L c_.D_W~ - v, —c3DsW3 - d’l,
= c3(ED3¢) (0, Wiup) + ¢ (@D @) (0, W)
+ C_(aSD_C3)(ZLW_IJL) - c3(a3D3a3)(zLW3lL).
(106)

There are four form factors stemming from the knot
degrees of freedom, namely:

Fy, = c3(n[e* D3’ |n) = c3(n|ef3(be)c’ln) - (107)
Fy = c3(n|@*Dya’|n) = c3(nl@’ f3(be)a’(n)  (108)
F, = ¢, (n|e*D, a’|n) = c (e3(d)a’|n) (109)
F, = c_(n|@*D_c3|n) = c_(n|a@*(a*b®)c3|n).  (110)
Here f3(bc) = D}, as in (100).
Then the interaction is
Foy (0, Wu) = Fy(LLW1,) + By (0, W)
+F,(ILLW™y). (111)

All of these form factors are invariant under U, (1) x U, (1)
since a and d, as well as b and ¢, transform oppositely and
each operator transforms oppositely to its adjoint.

For the up-down quark doublet we have

IVL= (@ d) (0+igWV 112
(u )( ig )(d)L (112)
where
u B cd® u;
(@), - (@) oo

PHYSICAL REVIEW D 89, 125020 (2014)

uy,

is the knot doublet while (
dp

Here again (Z) ) is the
L

doublet in the standard model.
The first term of (112) is

(ﬁ d) 6 . = JﬁLa(CJZ)ML + W&La(abz)dL
L d L
= (chz)ﬁ[‘au[‘ 4+ (Wﬂbz)aLadL.
(114a)

Equation (114b) may be rewritten as

<n|(u Ez)La(Z> n) = i, Ayuy +d Ayd,  (114b)
L
where

A, = (n|cd®cd?|n)d Ay = (n|ab®ab*|n)d. (114c)

Here A, and A, are modified momentum operators again
rescaled with the same factors that rescale the rest masses of
the u and d quarks in the previous section.

The second term is

CSKW)DS(C‘F)K’T‘LV\ﬂ“L)
+ ¢, [(cd®)D. (ab?))(a, Wd,)
+c_[(ab*)D_(cd)|(d,W~uy)

— ¢3[(ab?)D5(ab?)](d, W3d,). (115)

The interaction term in Eq. (112) is then the sum of four
parts.

Fo (i, W3uy ) — Fau(d,W3dy) + Fog(a, Whdy)

+Fy,(dW™uy) (116)
where the four form factors are

Fu. = c3(n|cd*f5(bc)cd?|n) (117)

Fs, = c3(n|abf5(bc)ab?|n) (118)

Fug = .. (n|(cd?)Dy (ab?)|n) = ¢ (n|ed?(c>d*)ab?|n)
(119)

F;, = c_(n|(ab®)D_(cd?)|n) = c_(n|ab*(a3b3)cd?|n).
(120)

All of these form factors are invariant under U, (1) x U, (1)
since a and d transform oppositely as do b and c.
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After passing to SUq(2) all of the four form factors may
be evaluated in terms of ¢ and  where f is the eigenvalue
of b on the ground state.

Since the R fields are SU(2) singlets, they are invariant
under SU(2) transformations and are not subject to SU(2)
interactions. They do transform according to hypercharge
(ty), or rotation charge. These are U(1) gauge transforma-
tions, and RVR is the sum of the following four parts:

(n|c3c|n) (Dg(0 + WO)ug) (121)
(n|@a®|n)(Ig(0 + WO)l) (122)
(n|cd®cd®|n > (iig(d + WO)ug) (123)
(n|ab?ab*|n > (dg(d + WO)dyg). (124)

All these terms are again invariant under U, (1) x U,(1)
gauge transformations on the SLq(2) algebra.

D. The Higgs kinetic energy term

The weak neutral couplings are
i(gWst3 + goWoto) = i(AA + Z7) (125)

where the ¢ of the standard model has been replaced by 7 as
in (101) and

Wo = Acos0 —Zsin6 (126)
W3 = Asinf + Zcos6. (127)
Here 6 is the Weinberg angle:
tang = %0 (128)
g
Then
A = go(73 + 1) cos € (129)
Z = g(tr3 — 1ytan®@) cos 6. (130)
If |0) is a neutral state
Al0 >=0. (131)
By (129)
(73 + 7)]0) = 0. (132)
Then by (130)
2|0) = < kE >|o>. (133)
cos @
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Then by (91), (125), (131), and (133)

V(9|0)) = 9(e|0) +ig| Wiz + Wz +— 731 (¢]0)
(134)
and
1 _
S 01T, 9%)0)
1 - _
= Eaﬂp(?”p + ¢*p? [I++W’iW+M +IL_WEW_,
L 5
Va4 135
T os0 ”] (139)
where
o= ()
p
and
1 _
Ikk = 5 Tr<0|Tka’O> k= +, -, 3 (136)

and Tr is taken over 7.

To agree with the vector masses that are satisfactorily
given by the standard model we have set (0|0) = 1 and
shall also set

1
i = 5 Tr(0fzzJ0) = 1. (137)

Since

Ty = thka k= -+, -, 3 (138)
the previously introduced and undetermined constants in

(96) and (97) are now fixed by

lex| ™ = 5 (0D Dy [0) (139)

1
2
where the D, are given by (98)—(100)

The c; are properly invariant and may be evaluated as
functions of ¢ and ||? in the same way that the form factors
are evaluated in Sec. 9.

We now replace the Higgs kinetic energy term of the
standard model by

%Tr<0|vﬂ(pvﬂtp|0> (140)

where V¢ = 0,0 + igW, 7, + W_t_+ Z;73]¢ is the
knot covariant derivative of the Higgs field.
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E. Field invariants

We replace the field invariant of the standard model by

(O[TrW,, W4 |0) (141)
where W, are the field strengths of the knot model and
where |0) is the ground state of the commuting b and ¢
operators.

The covariant derivative is

Vﬂ = 8” +W, (142)
where Wu is the vector connection
W, =ig(Wit, + Wyr_+ Wir;) (143)

where 7, and 73 are given by (96)—(100).
The field strengths are

Wy = [V,.. V)] = iglo,W] — 0, Wiz, — FWEW [z, 7]
(144)

and differ from the W, and W, of the standard model by
the substitution of z; for 7.

The © commutators lead to structure coefficients invari-
ant under the gauge transformations U,(1) x U,(1) that
leave the SLq(2) algebra invariant and hence are functions
of bc only. The structure coefficients in (144) will therefore
be functions of fy, the value of bc on the ground state
in (141).

F. Fermion and preon dynamics

Interactions and masses of the fermions and preons are in
principle determined by the Lagrangian described in the
preceding section. The fermions and preons, are described
by the D2 and Dz representations, and interact by the D3
vector bosons and by the D! vector bosons respectively.

Since the number of preons equals the number of
crossings by (50), one may speculate that the crossings
and preons are pointlike, that there is one preon at each
crossing, and that the elementary fermions are composed of
three preons bound by a trefoil of knot-electroweak and
gluon fields. If this is a realistic picture, there should be
three bound states, corresponding to the three members of
each family, with their observed masses; and assuming that
the preon dynamics is entirely determined by the knotted
action, the calculation of these bound states could be
formulated as a well-defined mathematical problem. On
the other hand, to reach a physically credible picture,
one needs some experimental guidance at relevant
and presumably very high energies. For example, one
should expect the electroproduction of a and d particles
according to

PHYSICAL REVIEW D 89, 125020 (2014)
et +e sa+d+ ...

since they are charged (+%).
The following decay modes are also kinematically
possible:

3 1
Down quarks : D2 | - D} + D} | (ab? - a+b?)
2 22

2

3 1
Up quarks : D, , > D*, + D!, | (cd* = c+d°).
22 22

These decays could limit to three the number of gen-
erations by permitting the quark to decay if given a critical
dissociation energy. In that case one would expect the
formation of a preon-quark plasma at a sufficiently high
temperature.

Currently there is data at hadronic energies on electro-
weak reaction rates and on the masses of the three
generations. This data at present constrains and in principle
is predicted by the knot model. To discuss this data we now
introduce some simplifications based on the same physical
picture and on SUq(2), the unitary version of SLq(2). Let us
first consider the masses of the three generations of
fermions.

G. The masses of the fermions [9,10]

The mass terms (81), (85), (87) and (88) of the knot
Lagrangian contain the mass spectra of the four families
that are listed in Table IX [9,10].

These masses are all of the form

p(m.m')(n|D%, D} |n)
where (m, m’) labels the family and 2 labels the generation.
The |n) are eigenstates of D> D2 . Since the electric
charge is —§ (m + m'), the pair (m, m") determines both the
mass and the charge.

In this table, as before, only the operator factor of the
monomial D? . is recorded. The four prefactors
(p(1),p(v).p(d),p(u)) represent the products of the
numerical factors in D; , with the Higgs factor. The
magnitude of p sets the energy scale and differs for each
family.

The M(i,n) in Table IX are invariant under U,(1) x
U, (1) transformations since the preon operators (a, b, ¢, d)
transform oppositely to their adjoints.

TABLE IX. Masses of Elementary Fermions.

,- D} ) o

l a’ p(1)(n|@®a’|n)

v o p(v)(n|c3c?|n)

d | ap? | p(d)(n|B2a - ab?|n)
u | cd® | p(u)(n|d*e - cd®|n)
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To numerically evaluate the expectation values of these
operator products we may go to the unitary version of SLq
(2) by setting

d=a (145)
c=—qb. (146)
Then
ab = gba aa+bb =1 ab = gba
_ . (147)
aa+qibb =1  bb = bb.

The identification of d with @ and ¢ with b is in
agreement with the physical identification of the creation
operators for the d and ¢ preons with the creation operators,
a and b, for the antiparticles of the a and b preons
respectively. Then the operators a"a" and a"a”" are charge
neutral and are expressible in terms of bb which is also
charge neutral.

The reduction of a"d" to a polynomial in bc may be
shown as follows:

a'd" =a" ' -ad-d"! (148)
=a""'(1 + gbc)d™!
=a" 'd" (1 + ¢**'bc). (149)
By iteration one finds
2n—1
a'd" =[] (1 + ¢*be) (150)
s=1
and in SUq(2)
2n—1
a'a" = (1—¢q*'bb) (151)
s=1
and
a'a" = || (1 —¢*bb). (152)

—_

§=

We take the states |n) in Table IX to be eigenstates of a
mass operator expressed as a function of bb. Then the
expectation values for these states are functions of S, the
eigenvalue of bb on the ground state. The M(i, n) are then
functions of (g, 3, n) and p, but the ratios of the masses in a
single family depend only on (g, 3, n) and not on p.

The three generations, corresponding to the ground and
two excited states, may be labeled by any three choices of
n. The three expressions for the mass M (i, n) correspond to
the three choices of n within a single family and are
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functions of the four parameters of the model (g, S, n, p)
according to

M(i.n) = p(i)F(q*.|p|*.n)

where F(g?,|B|?,n) is a polynomial in || of the third
degree, and a polynomial in ¢” of the degree determined by
Table IX, Eqgs. (151) and (152) and the algebra (1) [9,10].

Depending on the assignment of n to the three gener-
ations, one may determine g and f by Eq. (153) from the
two ratios of the three observed masses [10].

(153)

H. Electroweak reaction rates [11]

The matrix elements of the standard model acquire the
following form factors in the corresponding knot model:

, 3
<n D2—3t;—3tBD3—3’3’—3f0’D2—3’3—3fo|n> (154)

where n and n' run over the three generations.

As an example consider
T+ Wt -y (155)
with the following form factor:
-3 . 3

<VI‘D2_3_3D—30D§_§|Z>- (156)

If this form factor is reduced in the SUq(2) algebra, it
becomes a function of g and /3, where f is the eigenvalue of
b on the ground state |0). Comparison of (156) with
experimental data on lepton-neutrino interactions like
(155) indicates that

ﬁ) (157)

@z (12

in approximate agreement with the universal Fermi inter-
action [10].

More demanding tests of the model are provided by the
Cabbibo-Kobayashi-Maskawa (CKM) and the Pontecorvo-
Maki-Nakagawa -Sakata (PMNS) matrices that relate to
(154), depending on whether n and n" label quarks or
leptons and neutrinos. In making these tests we introduce
the further assumption that the flavor states are the
“coherent states,” i.e., the eigenstates of the operators a
and a, that are raising and lowering operators and thereby
transmute particles of one generation into particles of the
adjoining generation [11].

Starting from the mass states, one may obtain the flavor
states as follows. The orthonormal mass states |n > are
defined to satisfy

n) = a"|0) (158)

(n|n’y = &(n,n'). (159)

125020-15



ROBERT J. FINKELSTEIN

Then a is a raising operator:

aln) = A,ln + 1) (160)
and
(nla = A (n + 1. (161)
By (159) and (147)
Aa|* = 1= q*"|p]. (162)

Similarly, a, working to the right on |n), is a lowering
operator.
Let |a > be an eigenstate of a with eigenvalue a:

ala) = ala) (163)

(ala = (ala*. (164)
We now compute the matrix element (n|aja) connecting
mass and coherent states.

If a operates to the right, one has by (163)

(n|ala) = a(n|a) (165)
and if it operates to the left, one has by (161)
(nlala) = A;(n + 1|a). (166)
Then
(n+1|a) = ; (nla). (167)
By iteration,
() = s 00 (168)

and (O|a) may be fixed by normalizing |a) [11].
Let the flavor states |i) be expressed as superpositions of
the mass states |n):

(169)

= In){nli)

Then the matrix elements between flavor states are related
to the matrix elements between mass states as follows:

= (iln){nM[n)(n'|").

The mass states are orthonormal but the flavor (coherent)
states are not orthogonal and their normalizations are also
left free to be fixed by the data.

(iMi") (170)
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Let

(171)

We are now interested in the generalization of (156) to the
cases for which

M= 152 D%, ,D%np, (172)
when taken between flavor states, describes the weak
vector interactions of all the elementary fermions. In
particular

(D)W d( ")>

=2 _ul u(n)[WHd(n') (d(n)|d(i))  (173)
(d(i) W |u <">>
—Zd< D) (d(n) [W=[u(n')) () u(i')) (174

holding for the flavor states of the up and down quarks.
With the same model for the PMNS matrix the form
factor is
_3 3
(ilD2 ;DD i) (175)
22 22
where i =0, 1,2 label the three generations of neutrino
flavor states.

Because of the U,,(1) x U,,(1) symmetry, the matrix
element M in (172) is neutral, i.e., n, —ng = n, —n. = 0.
It is therefore a function of b and ¢ only and has no off-
diagonal elements:

(nM|n’))

=M, 8(n,n') (176)

and by (170)

(M) (177)

= (iln)

n

M, (n]i").

We propose that the quantities |(n|i)| correspond to the

matrix elements of the CKM matrix and may be expressed

as a function of

(a) the eigenvalues of a: a

(b) the norms of the eigenstates of a: N;

(c) the matrix elements of a between neighboring mass
states: A; = (nlaln + 1).

I. Comments on the present stage
of the model

(1) This model has been used to parametrize flavor
states, the CKM matrix, and mass ratios between
generations.
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(2) The states of composite particles described by D;nm,

are superpositions of preon states described by Dfnm,
according to Eq. (49) where the (1, 13, to, Q) describ-
ing D/, ., are sums of the (7, 13,1, Q), describing

the D%nm, of the component preons. For j :% the
composite particles are the elementary fermions:
leptons, neutrinos, up and down quarks, which are
composed of 3 preons in exact agreement with the
charge and hypercharge assignments of the Harari-
Shupe model and with the experimental data on
which their model is based.

(3) Since the knot dynamics and the preon dynamics are

obtained by adjoining D%nm,, and D%nm, factors,

respectively, to the field operators of the standard

model as described in Eq. (8), the knot and preon

Lagrangians may be described as two SLq(2) repre-

sentations of the Lagrangian of the standard model

that differ by form factors induced by their different

Dfn - Lhe so constructed knot and preon actions have
to be either compatible or have to be supplemented or
adjusted. The problem of relating the microscopic
(j =1) to the macroscopic (j = 3) descriptions has
not been directly addressed but one may try to
approach it with the aid of an effective Hamiltonian.
Basic compatibility between the knot and preon
actions would require that the effective preon Ham-
iltonian have three bound states with the masses and
angular momentum of the observed j :% leptons,
neutrinos, and up and down quarks.

(4) It is possible to construct effective Hamiltonians

describing three preon systems bound by a trefoil
field as suggested in Fig. 2. If the external loops are
infinitesimal, this structure would resemble a three
particle nucleus like H3. The interaction fields would
be Coulomb- or Yukawa-like, depending on the
masses of the vector preons by which the fermionic
preons interact.
Current experimental knowledge requires very
heavy preons and very small knots and therefore
very strong binding. The binding problem remains a
serious challenge for the model if the preons are
observable as free particles. On the other hand, if the
preons are not observable as free particles, it is
natural to associate them with the crossing points of
the trefoils since the number of preons equals the
number of crossings, or N’ = N as shown in (50)
and (63). Then one possibility is that the preons are
solitonic field concentrations of mass, momentum,
and charge, which occur at the crossing points.

J. The physical interpretation of “g” [12]

In the present context ¢ is a parameter that measures
the deformation of the standard model caused by the
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“knotting” of the elementary fermion. The empirical value
of ¢ obtained from electroweak reaction rates is in the
neighborhood of unity. In particular, if the knot identifi-
cation of the flavor states is accepted, then the observed
CKM matrix indicates that the parameter, g, may be very
close to unity. On the other hand, if there is any SLq(2)
substructure at all, the possibility that g is precisely unity is
excluded.

The primary substructure of quantum fields is deter-
mined by the Heisenberg algebra holding for the conjugate
fields and realized by field quanta. Here there is another
substructure determined by the SLq(2) algebra and imple-
mented by preons.

The Heisenberg and SLq(2) algebras may be related by
the following quadratic form:

K =Al¢,A (178)

where
0 -3
e, = (—qé qo ) e =-1. (179)

This form is invariant under SLq(2) transformations of A.

Choosing
A= <2X) and K=gq

one has by (178)—(180) the following SLq(2) invariant
relation

(180)

D.x —qxD, = 1. (181)

Equation (181) is identically satisfied if D, is chosen as
the g-difference operator, namely

g -
D, U(x) = Dlgx) = ¥(x) (182)
gx —x
If we introduce
n
P, —-D, (183)
i
then we have the SL.q(2) invariant relation
n
(Pox — qxP,) U(x) = = U(x). (184)
i

If ¢ — 1 then (184) becomes the Heisenberg commutator
applied to a quantum state. Otherwise D, resembles, by
(182), the differentiation operator on a lattice space and ¢
may play the role of a dimensionless regulator.

In view of the physical evidence suggestive of sub-
structure, which has been described here, as well as the
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natural appearance of the nonstandard ¢ derivative, it may
be possible to utilize SLq(2) to describe a finer level of
structure than is currently considered.

We have ignored the gravitational field in this paper
since it is not immediately relevant. As we have, however,
discussed the knot symmetries of the fundamental particles,
we have thereby also discussed the knot symmetries of
these sources of the gravitational field. Since one expects
that the symmetries of its source would in some measure be

PHYSICAL REVIEW D 89, 125020 (2014)

inherited by the gravitational field itself, it is interesting that
knot states have emerged in a natural way in attempts to
quantize general relativity [13].
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