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Covariant gauges without Gribov ambiguities in Yang-Mills theories
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We propose a one-parameter family of nonlinear covariant gauges which can be formulated as an
extremization procedure that may be amenable to lattice implementation. At high energies, where the
Gribov ambiguities can be ignored, this reduces to the Curci-Ferrari-Delbourgo-Jarvis gauges. We further
propose a continuum formulation in terms of a local action which is free of Gribov ambiguities and avoids
the Neuberger zero problem of the standard Faddeev-Popov construction. This involves an averaging over
Gribov copies with a nonuniform weight, which introduces a new gauge-fixing parameter. We show that
the proposed gauge-fixed action is perturbatively renormalizable in four dimensions and we provide
explicit expressions of the renormalization factors at one loop. We discuss the possible implications of the
present proposal for the calculation of Yang-Mills correlators.
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I. INTRODUCTION

The understanding of the long distance properties of
non-Abelian gauge theories is a problem of topical impor-
tance. Perturbation theory breaks down at low energies
since the running coupling constant increases without
bound. The highly nontrivial infrared dynamics of Yang-
Mills (YM) fields is thus thought to be accessible only
through nonperturbative techniques. Among existing such
approaches, only lattice calculations can directly access
physical observables. In contrast, continuum methods, such
as truncations of Schwinger-Dyson equations [1,2] or the
nonperturbative renormalization group [3], are based on
computing the basic correlation functions of Yang-Mills
fields and require a gauge-fixing procedure. It is thus of key
importance to have a quantitative understanding of such
correlators.

When possible, gauge-fixed lattice calculations provide
an important benchmark for continuum approaches. An
important issue concerns the algorithmic complexity of
fixing a gauge numerically. For instance, covariant gauges,
which are the most convenient for continuum calculations,
are not easily implemented on the lattice as they require
one to find the roots of a large set of coupled nonlinear
equations. The Landau gauge is a remarkable exception
because it can be formulated as a minimization procedure
well suited to numerical methods and which, for this
reason, has been extensively studied [4-9]. Precise
determinations of the ghost-antighost and gluon two-
point correlators in this gauge have now been obtained.
In particular, these show the so-called decoupling behav-
ior in the infrared, where both the gluon correlator
and the ghost dressing function are finite at zero
momentum [10-17].
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However, the Landau gauge is a peculiar representative
of the class of covariant gauges as it possesses additional
symmetries. It is of great interest to investigate other gauges
within both lattice and continuum approaches in order to
distinguish the specific features of the Landau gauge
from more generic ones as well as to study the gauge
dependence—and thus the possible gauge independent
feature—of Yang-Mills correlators.” Attempts to formulate
general linear covariant gauges on the lattice were made in
[21,22] and, later, in [23,24], but these were not completely
satisfactory. In particular, although the proposal of [24]
solves most of the problems afflicting the methods pro-
posed earlier, it is limited to infinitesimal gauge transforma-
tions as a result of trying to enforce a linear gauge-fixing
condition.

The proposals mentioned above rely on a suitable
extremization procedure. An alternative strategy has been
proposed in [25,26], which is based on sampling each
gauge orbit with a nontrivial measure. This was shown to
be tractable in lattice simulations, although numerically
demanding, and exploratory physical studies were per-
formed [27,28]. However, the corresponding continuum
action appears to be nonrenormalizable [26,29], which
makes a proper continuum limit of lattice calculations
problematic [28]. To our knowledge, this has not been
pursued further.

The second, related issue concerning gauge fixing in
non-Abelian theories is the existence of Gribov ambiguities
[30] for the most common choices of gauge, including
covariant gauges. Continuum approaches are essentially

'For analytical studies of the infrared gluon and ghost
two-point correlators including nonperturbative features, see,
e.g., [18-20].
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based on the standard Faddeev-Popov procedure, which
neglects Gribov copies but which is assumed to be a valid
starting point at sufficiently high energies. On the lattice,
the Faddeev-Popov construction is, however, plagued by
the Neuberger zero problem [31], due to the degenerate
contribution of many Gribov copies with alternating signs.
The easy way to cope with this issue is to pick up a single
copy per gauge orbit. This is the essence of the so-called
minimal Landau gauge [16]. However, such a procedure is
not easy to formulate with continuum approaches, which
complicates the task of comparing results. The Gribov-
Zwanziger proposal [30,32,33] to restrict the path integral
to the first Gribov region is not sufficient since the latter is
not free of Gribov ambiguities [34].2

Recently, two of us proposed an alternative strategy in
the case of the Landau gauge, namely, to average over
Gribov copies in such a way as to lift their degeneracy in
the Faddeev-Popov procedure and avoid the Neuberger
zero problem [36].3 This is somewhat similar to the
proposal of [25,26] mentioned above, but where the
average is restricted to Gribov copies along each gauge
orbit and where we include a sign factor from the Faddev-
Popov determinant. Such an averaging procedure can be
formulated in terms of a local action, suitable to continuum
approaches and, for a proper choice of the weighting
functional, the gauge-fixed theory is perturbatively renor-
malizable in four dimensions. This introduces a new gauge-
fixing parameter, which controls the weight of the different
copies. Remarkably, the resulting theory turns out to be
perturbatively equivalent to a simple massive extension of
the Landau gauge Faddeev-Popov action, namely, the
Curci-Ferrari (CF) model [40], for what concerns the
calculation of ghost and gluon correlators. This is an
exciting result since a one-loop perturbative calculation
in this model had been shown earlier to give a remarkably
good description of lattice data down to the deep infrared
regime [41]. In particular, the model was shown to possess
infrared safe renormalization group trajectories, with no
Landau pole.

The aim of the present paper is twofold and concerns the
two issues mentioned above. In Sec. II, we express a one-
parameter family of nonlinear covariant gauges as an
extremization procedure valid for arbitrary, finite gauge
transformations. The corresponding extremization func-
tional generalizes the one of [24] and presents good
properties for the purpose of numerical extremization

?A refined version of the Gribov-Zwanziger scenario leads to
predictions for the ghost and gluon two-point correlators which
describe well the lattice data in the Landau gauge [35]. An
extension of the Gribov-Zwanziger scenario to linear gauges has
been studied in [19].

A similar proposal has been made earlier in Ref. [37]. We
thank L. von Smekal for bringing this to our attention. For other
proposals addressing the Neuberger zero problem, see, e.g.,
Refs. [38,39] and references therein.
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(minimization) techniques. Neglecting Gribov ambiguities
issues—which should be justified at high energies—and
implementing the standard Faddeev-Popov procedure leads
to the Curci-Ferrari-Delbourgo-Jarvis (CFDJ) Lagrangian
[40,42]. The latter is a perfectly valid gauge-fixed Lagrangian,
with all good properties, including unitarity, but with Gribov
ambiguities.

In the second part of the paper, we extend the method of
Ref. [36] to deal with these Gribov copies. This involves a
suitable averaging procedure along each gauge orbit, which
we treat formally using the replica trick, borrowed from the
theory of disordered systems in statistical physics [43].
This allows us to formulate our gauge-fixing procedure in
terms of a local action. The resulting gauge-fixed theory
admits an elegant and powerful superfield description. It
describes a set of replicated supersymmetric nonlinear
sigma models coupled to a massive extension of the
CFDJ Lagrangian, the general CF Lagrangian [40]. In
contrast to the case of the Landau gauge studied in [36], we
find that the nonlinear sigma model sector does not
decouple in that case, leading to explicit differences with
the CF model. This is presented in Sec. III. We analyze the
symmetries of our gauge-fixed Lagrangian and prove its
perturbative renormalizability in four dimensions to all
orders in Sec. IV. We then derive the Feynman rules
of the theory in Sec. V and we compute explicitly the
renormalization factors at one-loop order in Sec. VI.

We emphasize that the extremization functional pro-
posed in Sec. II is a slight generalization of the one
routinely employed for the Landau gauge. It is thus
interesting to investigate its numerical implementation by
means of existing techniques, e.g., along the lines of
Refs. [24,44,45]. We hope the present paper will motivate
such studies. We expect that for some value of the
weighting parameter, the average over Gribov copies
described in Sec. III is essentially equivalent to picking
up a random copy, as in the minimal Landau gauge. In that
case, our proposal predicts specific features for the basic
Yang-Mills correlators. For instance, we expect the ghost
correlator to develop a mass gap at vanishing momentum,
as discussed in Sec. VII, which may improve the infrared
properties of perturbation theory. We also briefly mention
in Sec. VII specific two-point correlators that can be
computed by numerical and analytical means and which
may carry interesting information concerning the role of
Gribov copies.

Some technical details and additional material are
presented in the Appendices. We discuss some aspects
of the issue of numerical minimization in Appendix A. In
particular, we show how the standard Los Alamos mini-
mization algorithm can be straightforwardly generalized to
the present proposal. Appendix B shows how to exploit
fully the replica symmetry relevant to our proof of
renormalizability. In Appendix C, we describe an alter-
native formulation of our proposal which does not use the
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superfield formalism. We provide explicit one-loop results
in this context and discuss in detail the relation to the
superfield formalism, which involves composite field
renormalization. Finally, we discuss the specific features
of the Landau gauge in Appendix D.

II. THE GAUGE-FIXING PROCEDURE

The classical action of the SU(N) Yang-Mills theory
reads, in d-dimensional Euclidean space,

Snld] = [ (7L (n

where [ = [dx and
FZI/ = aﬂAg - avAZ + gofabCA,}fAi, (2)

where g is the (bare) coupling constant and a summation
over spatial and color indices is understood. In the
following we use the convention that fields written without
an explicit color index are contracted with the generators ¢
of SU(N) in the fundamental representation and are thus
N x N matrix fields, e.g., A” = Aﬁ t*. Our normalization for
the generators is such that

i fab b
lfac_|_dacc

5‘117
14—, (3)

b = —

2N

with f%¢ and ¢, the usual totally antisymmetric

and totally symmetric tensors of SU(N). In particular,
we have

5ab

tr(19t?) = 5

(4)
In order to fix the gauge, we consider the functional

U'n+n'U

. 5)

H[A,n, U] _ltr{(A}j)M

for each field configuration A,, where » is an arbitrary
N x N matrix field and

i
AY =UA, U + " Uo,U" (6)

is the gauge transform of A, with a gauge element
U € SU(N). We define our gauge condition as (one of)
the extrema of H with respect to U. The latter can be
obtained by writing U — VU with V = ¢/%* and expand-
ing in A. Using A} = A, + D,A+ O(4%), with the usual
covariant derivative

(D,p)* = Debgb = 8,0° + gof " Abg* (7)
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for any field ¢ in the adjoint representation of SU(N), we
obtain the covariant gauge condition”

@AY =L wlewr . ®

This can be used as a gauge condition for any 7.
Alternatively, we can average over n with a given
distribution P[y]. Here, we choose a simple Gaussian
distribution’

2

Pil=Newp (=2 [win). o
450 X

with A/ a normalization factor.

Equation (5) is a simple generalization of the extremiza-
tion functional routinely employed in lattice calculations in
the Landau gauge [which is recovered for # = 0, that is, by
choosing &, =0 in Eq. (9)] and presents similar good
properties for the purpose of numerical minimization
techniques.6 In this line of thought, we emphasize that a
somewhat similar extremization procedure has been pro-
posed and implemented in actual lattice calculations in
Ref. [24]. There, the authors considered a similar functional
as (5), with in constrained to belong to the Lie algebra of
the gauge group, with the aim of enforcing a linear gauge
condition.” We see from Eq. (8) that this is only valid for
gauge transformations close to the identity: U = 1 4 igyA.
Here, we do not insist on having a linear gauge fixing and
Eq. (8) holds for arbitrary U along the whole gauge orbit.
Another important difference lies in the sampling (9) over
the matrix field 7. Here, the latter is not restricted to the Lie
algebra of the gauge group, which leads to a different gauge
fixing (see below). However, we believe that the numerical
implementation of Ref. [24] is not restricted to infinitesimal
gauge transformations in principle and we do not expect the

“The gauge condition selects particular representatives U
along the gauge orbit of a given field configuration A. In principle
this can always be written as a condition in the space of field
configurations, namely, in terms of A alone. For instance, the
Landau gauge condition can be written 9,4, = 0. In the present
case, such a rewriting is difficult since the gauge transformation
field U genuinely appears in the gauge-fixing condition.

We shall see below that this choice is convenient for being
able to factor out the volume of the gauge group in a continuum
formulation. Moreover, we mention that more complicated
distributions, involving either non-Gaussian or derivative terms,
would lead to nonrenormalizable actions in the procedure
described in Sec. III.

®Usual numerical minimization techniques require that the
discretized version of the minimization functional be linear in the
gauge transformation matrix U(x) at each lattice point. This is
the case of the standard discretization of the Landau gauge term,
the first one on the right-hand side of Eq. (5) and this is obviously
true for the second, #-dependent term as well; see the discussion
in Appendix A.

Linear covariant gauges correspond to demanding that
9,AY = ¢, with ¢ independent of U.
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different sampling on # to be an issue for what concerns the
question of numerical minimization. It would thus be of
great interest to investigate whether the numerical methods
employed in [24,44,45] apply to the present proposal.

To gain more insight on the gauge-fixing procedure
described above, let us consider the ultraviolet regime
where the standard Faddeev-Popov procedure is justified
because Gribov copies are irrelevant. Setting, again,
U — e%*U in (8) and expanding in A, we obtain the
Faddeev-Popov operator

>
{@D/‘jC[AU] —|—g—20tr(t"th;1T +nU %) }5(d) (x=y), (10)

where the derivatives act on the variable x and where the
covariant derivative, defined in (7), is to be evaluated at
AY(x). Introducing a Nakanishi-Lautrup field i/ to account
for the gauge condition (8) as well as ghost and antighost
fields ¢ and ¢ to cope for the corresponding Jacobian, the
Faddeev-Popov gauge-fixed action reads, for a given
external field 7,

ng[A, ¢, ¢, h, U] = SymlA] + Stp[A, ¢, e, h, U], (11)

with

SI[A .2 h, U] = / {a,,aaz)ﬂ [AV]ca + i (9,AV )"

X

1 %tr[nm 4 RM,]}, (12)

where we introduced®
R = (h— gycc)U. (13)

It is important to notice here that the effective action (12)
depends separately on A and U, not only on the combi-
nation AY, which makes the standard Faddeev-Popov trick
of factorizing out a volume of the gauge group inapplicable.
Here, the sampling (9) over 7 is of great help since

/ D,ﬂ)[,]]e—g?o fxtr['fRJrR"n] x &% fx tr[RTR) ( 1 4)

does not depend explicitly on U anymore.9 The resulting
gauge-fixed action is of the form Syy[A] + Sgp[AY, ¢, €, h]
and one can factor out the volume of the gauge group in the
standard manner. Remarkably the calculation of tr[R"R] in
(14) yields, after some simple algebra,

Set[A, ¢, &, h] = Sym[A] + ScepilA, ¢, €, A, (15)

8Here, ih = ih“t” is to be seen as an Hermitian matrix field and
similarly for ¢ and ¢.
We note that this is not true for the sampling proposed in [24].

PHYSICAL REVIEW D 89, 125019 (2014)

where

Scrpi[A, ¢, ¢, h]

= L {aﬂamﬂca + ih9,AY
he 2 2
+ é() |:% _ %fabcihaz.bcc _ % (fabcz.bcc)2:| }

(16)

is known as the Curci-Ferrari-Delbourgo-Jarvis gauge-
fixing action [40,42]. Thus, the extremization of the func-
tional (5) together with the Gaussian average (9) provide a
nonperturbative formulation of this class of nonlinear
covariant gauges.

The CFDJ gauges have been much studied in the
literature [40,42,46—48] and are known to possess various
good properties. For instance, they are perturbatively
renormalizable in four dimensions. Also, they have a
nilpotent BRST symmetry and are thus unitary.
However, they have Gribov ambiguities, just as the
Landau gauge. This is not a problem for lattice calculations
as one may easily select a particular copy, as done in the
so-called minimal Landau gauge.

ITII. AVERAGING OVER GRIBOV COPIES

At an analytical level, the action (16) suffers from the
Neuberger zero problem [31]. The Faddeev-Popov con-
struction ignores the Gribov copies, which contribute to the
partition function with alternating signs and eventually sum
up to zero. In order to cope with this issue, we follow [36]
and lift the degeneracy of the Gribov copies by means of a
suitably chosen nonuniform weight.

A. The general procedure

Gribov copies correspond to the extrema U; = U;[A, ]
of the functional H[A, , U], Eq. (5), for given A and 7. For
any operator O[A], we define the average over the Gribov
copies of a given field configuration A as'”

_ [ DyP] ¥ 0[AV s (i)eorAn i

(O[A]) [ DaPI> s (i) PorAnTT

(17)

"®We also considered the following definition:

ZiO[AU‘}S(i)e—/foH[A,ﬂ‘U,]
S2s(i)e oAUl

(OlA]) = / DyPl]

Following the procedure described below, we can express this
gauge fixing in terms of a local field theory. The latter is,
however, more intricate—it induces nontrivial couplings between
replica, see below—and we do not pursue this path further. We
emphasize that in both cases, the average over 5 is performed
before the one over the Yang-Mills field A.

125019-4



COVARIANT GAUGES WITHOUT GRIBOV AMBIGUITIES ...

where the sums run over all Gribov copies, s(i) is the sign
of the functional determinant of the Faddeev-Popov
operator (10) evaluated at U = U,, and f, is a free
parameter which controls the lifting of degeneracy between
Gribov copies'' according to the value of the functional
H[A,n, U;]. Equation (17) defines our gauge-fixing pro-
cedure. This is inspired from the averaging procedure put
forward in [50] to deal with potentials with nontrivial
landscapes in the context of the Random Field Ising Model."

Once the average (17) has been performed for each
individual gauge-field configuration, we average over the
latter with the Yang-Mills weight, hereafter denoted by an
overall bar:

= | DAO[A]e~SvlAl

O] = Pl (18)

To summarize, our gauge-fixing procedure amounts to
average first over Gribov copies and then over Yang-
Mills field configurations, that is

(O[A]). (19)

A crucial remark is in order here; observe that gauge-
invariant operators such that O, [AY] = Oj,,[A], are blind
to the average (17): (O [A]) = Oiny[A], which guarantees
that our gauge-fixing procedure does not affect physical
observables. In particular, one has

<Oinv [A]>

It is crucial to introduce the denominator in (17) in order for
this fundamental property to hold.

— O AL (20)

B. Functional integral formulation

The previous gauge fixing can be implemented within a
field-theoretical framework by making use of the identity

S XU s(i) = / DU, ¢, h)X[U)e~SkA"c2h (21

i

for any functional X[U], where S, is defined in Eq. (12).
Here, D(U, c,¢,h) = DUDcDeDh, with DU the Haar
measure on the gauge group. In the following, we collect
the set of fields U, ¢, ¢ and & in a single symbol V—we
shall see shortly how this can be realized explicitly in a
superfield formulation—and write D(U,c,¢,h) = DV.

""We mention that the sign-weighted averages over Gribov
copies proposed in [49] correspond to a flat weight in (17)
(Bo = 0) and thus suffer from the Neuberger zero problem [37].

As was argued in [36] for the case of the Landau gauge, the
denominator in (17) is a sum over real numbers—instead of
integers in the case f§; = O—and the set of field configurations for
which it may vanish is expected to be of zero measure.
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Using (21) with X[U] = O[AY]exp{—pyH[A,n, U]} and
performing the integral over the field # with the Gaussian
measure (9), we obtain

_ [ DVO[AY]eScrlAV]

<O[A]> - fDVe'SCF[A’V] ’ (22)
where we denoted
ScrlA, V] = ScrlAY, ¢, ¢, b, (23)

with
SCF[A, c, E, h] == S/}O [A, C, E'] + SCFDJ [A, C, E', h] (24)

The action Scgpy is defined in (16) and

Sp,[A. c. €] = By K {%(A,W + é‘oi‘“c"}. (25)

The gauge-fixing action (24) is a massive extension of the
CFDJ action known as the CF action [40]. Here, the gauge-
fixing parameter /3, induces a mass for both the gluon and
the ghost fields.

We now introduce an elegant and compact superfield
formulation which makes explicit some of the symmetries
of the problem. First, introducing 7% = ih® + @2 fabegbee,
the action (24) takes the ghost-antighost symmetric
form

ﬂ a 1 =da a =17 a
Scp = /X{EO(A”)z—f—E(aﬂc D,c* + D,c"0,c")

7ay2 2
+he9,A% + & {ﬂoé“c“ - —(hz) - % ( f"”“é”cc)z} }
(26)

The fields U, ¢, ¢ and h can be put together in a matrix
superfield ) that depends on the Euclidean coordinate x
and two Grassmannian coordinates @ and 6 as

V(x,0,0) = exp {igy(Oc + c0 + 00h)} U, (27)

where 7 is seen as a real field. V is a SU(N) matrix field on
the superspace (x,0, 9). It is convenient to define an
associated super gauge-field transform as

i
A =VAV + g—ova,,w. (28)

Similarly, we introduce the pure gauge (M = 6, 6)

i

A} =
M 90

VoV (29)
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The Grassmann subspace is taken to be curved with line
element ds?> = gyydNdM = 2g,5d0d0, where

Yoo = —Yo5 = PoBO + 1,
9" = —¢" = p0o - 1. (30)

Accordingly, we define the invariant integration measure in
Grassmann coordinates as [48]

L — / d0ddg'’*(6,0), (31)

where

g'7%(6.0) = B,60 — 1. (32)
Here and in the following, we denote the couple of
Grassmann variables (6, 6) by 6. It is an easy exercise to
check that, in terms of the curved Grassmann space and of
the fields (28) and (29), the Curcci-Ferrari action in (22)
takes the particularly compact form of a generalized
masslike term

sclav) = [ w{aprSomaiayf. o

which makes explicit a large group of symmetries corre-
sponding to the isometries of the curved superspace.
Equivalently, Eq. (33) can be written as

ScrlA V] = 7 / tr{DﬂvTDﬂVJr%gMNanTaMV},
0
(34)

where D,V =0,V +igyVA,. This is the action of a
supersymmetric nonlinear sigma model coupled to the
gauge field A, in a gauge-invariant way. This form of
the action makes explicit the invariance under the gauge
transformations A — AVR and V — VVj, with Vi = Vg(x)
a local SU(N) matrix."” Finally, for later purposes, it is
useful to rewrite, again, Eq. (33) as

1
salav = [ [ag-agr s Sonigag f os)
x0
where we introduced the vector fields

BIn terms of the original fields U, c, ¢, and h, see Eq. (27),
such transformations only affect U — U V; and leave ¢, ¢, and h
invariant. Here, it is essential to recall that the action Scr
appearing in Eq. (22) is to be evaluated at A = AY. The invariance

mentioned here follows from the fact that AU — (AV%)UVk =AV.
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i i
L,= —VTZ?,,V and L, =—V'o,V (36)
90 90

which belong to the adjoint representation of SU(N).

C. Replicas

The evaluation of Yang-Mills correlators or of physical
quantities with our gauge-fixing procedure involves two
subsequent averages, see Eqgs. (17)—(19). The average over
the Gribov copies of a given gauge-field configuration A
produces a complicated, highly nonlocal functional of the
latter because of the nontrivial denominator in Eq. (17) or,
equivalently, Eq. (22). A similar issue arises in the theory of
disordered systems in statistical physics [43]. Consider, for
instance, an Ising model in the presence of quenched
disorder, which means that the typical time scale of disorder
is slow as compared to that of the Ising degrees of freedom.
In that case, one first averages over statistical fluctuations
of the Ising spins for a given disorder configuration and
then over the possible realizations of the latter. Such two-
step averages can be efficiently dealt with by using the
method of replicas [43]. In the present context, the matrix
fields U play the role of the Ising spins and the gauge field
A of the quenched disorder.

In its simplest version, the replica trick consists in
writing formally the denominator of Eq. (22) as

1 n—1
Scr[AV]
[DyeSaliV] hm</ DYeSc )

n—1
_ Jim / [[ (DVie-saavil).  (37)
k=1

n—0

Here and below, the limit is to be understood as the value of
the (analytically continued) function of n on the right-hand
side when n — 0. The average over the disorder field A can
then be formally written as

f DA(HZ:1 ka) O[AUI ] eSIA{VY

(OlA]) = lim [ DAe=SilA] - (38)
where
SIAAV}] = SymlA] + ZSCF [A. V4. (39)

Finally, using Eq. (38) with O[A] = 1, we obtain the more
convenient expression

OTAT) = tim | DAL, DY)OIAT e 0%
=0 [DA([Ti, DVi)e SAVI]

Here, the choice of the replica k = 1 is arbitrary because of
the obvious symmetry between replicas.
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It may be necessary, e.g., for analytic approaches, to
explicitly factor out the volume of the gauge group f DU.
This can be done by performing the change of variables
A— AY' and U, - U UT!, Yk > 1 in (40). Renaming
(¢1,¢1,h) = (¢, ¢, h), we get

O = lim [D(A. c..h. {V})O|A]e=SAceh V)
=0 fD(A, ¢, ¢, h, {V})e—S[A.c,E,h,{V}] )

(41)
with D(A,c,¢,h,{V}) =D(A,c,c, h)(]]}_, DV;) and

S[A, .2, h, {V}] = Sym[A] + Scr[A. ¢, ¢, h]

£3 SerlA VL “2)
k=2

where we used the notation (23) in the last line. Thus,
we see that Eq. (39) describes a collection of n gauged
supersymmetric nonlinear sigma models coupled to the
Yang-Mills field A. It is invariant under the local right color
rotations A — AVx and V, — V,V}, Yk =1,....n. This
symmetry gets explicitly broken after one replica is singled
out to extract the volume of the gauge group. The action
(42) describes n — 1 gauged supersymmetric nonlinear
sigma models coupled to a gauge-fixed Yang-Mills field
with gauge-fixing action Scg[A,c,c,h]. As discussed
below, the action (42) possesses a BRST symmetry as a
remnant of the original gauge symmetry.

IV. RENORMALIZABILITY

A. Symmetries

We now prove the perturbative renormalizability of the
action (42) in d = 4. This is nontrivial given the presence of
nonlinear sigma models, which are, in general, renorma-
lizable in d = 2. Our proof follows standard arguments
[51,52] and consists in identifying all local terms of mass
dimension less than or equal to 4,1 compatible with the
symmetries of the theory in the effective action I'.

Let us first list the symmetries of the action (42) that are
realized linearly. Apart from the global SU(N) color
symmetry and the isometries of the Euclidean space
R*, there are the net ghost number conservation
(c — é“c, ¢ — e7“¢) and the isometries of the curved
Grassmann space. The latter only impact the superfields:
Vi = Vi + XMy, V., with M = 6,6, where XY is one of
the five independent Killing vectors on the Grassmann
space [48]. At the level of the effective action, these

“This relies on Weinberg’s theorem and assumes, in particular,
that the free propagators decrease sufficiently fast at large
momentum. We show in the next section that all free propagators
decrease at least as fast as 1/p? at large p, which is a sufficient
condition.
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symmetries simply imply that terms involving
Grassmann variables should be written in a covariant
way: integrals always come with the proper integration
measure, see (31), and derivatives are contracted with
proper tensors [48]. An important remark to be made is
that these transformations apply to each individual replica
superfield V;, independently of the others. This implies that
each such superfield comes with its own set of Grassmann
variables. There is also a discrete symmetry under the
permutation of the replicas: V; <> V, for k, [ =2,...,n.

These linear transformations are also symmetries of the
effective action I' and directly constrain the possible
divergent terms. We shall also exploit the fact that the
choice of the replica k = 1 singled out in (41)—(42), being
arbitrary, the divergences associated with the fields ¢, ¢,
and & are the same as those associated with ¢, ¢;, and h;
for k > 2.1

The action (42) also admits nonlinear symmetries. One is
a BRST-like symmetry, corresponding to the infinitesimal
transformation

SAL = 0,c* + gof P Abce, sc? = —%f”bccbcc,
sct = ih?, sith® = fyc?, (43)
and

sV, = —igoVye, k=2,....n. (44)

In the sector (A, ¢, V) this simply corresponds to a gauge
transformation with Grassmann parameters c; see the
discussion below Eq. (42). For the analysis to follow, it
proves convenient to employ the linear parametrization of
the SU(N) superfield Vy

Vi = (a0 + b1 + i(al + ibg) (45)

with an implicit sum over the N> — 1 color indices. Here,
we choose the af as the N? — 1 unconstrained superfields.
The fields a, b?, and b¢ are functions of a¢, determined by
the constraint that V, € SU(N). In practice, we will not
need their explicit expressions. The BRST transformation
(44) of the basic field af reads

1 1
sai = go (—agca + Ef’”’"aﬁc" + Ed”bcb,’gc”) (46)

and those of the constrained fields are

For instance, upon the change of variables A — AY2, U, —
U U3t for k> 2, Uy - Us' and ¢ <> ¢, T <> T, and h <> hy,
one gets that it is now the replica k = 2 which is singled out.
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0_ 90 b.b 0_
S = 5 sby =

1
sb{ = gy <—b2c“ + Ef“b”bzc"

bb h
2N

1
) d“”"aZc") .47

It is easy to check that s> = 0 in the sector (A, ¢, V). The
full BRST transformation is, however, not nilpotent:
s> = Pyt, where t is another nonlinear symmetry of the
problem [53], whose action on the primary fields is

~a

1t = ¢, tih® = —%f”h"chc", (48)

and tAj = tc® =tV =
Finally, there is a third family of nonlinearly realized
symmetries, one for each replica, which corresponds to
global left color rotations of the nonlinear sigma model
fields V;, — V. ,Vy with V; ;, € SU(N). These symmetries
are nonlinear because V; is a constrained superfield. Each
replica superfield can be transformed independently of the
others and there are thus (N> —1) x (n— 1) generators.
The infinitesimal transformations are
5(1:])1 - i5k1t“Vl. (49)
In terms of the representation (45), the transformation of
the basic field af reads

I I
spal = 6 (6%a) + 5 f¥eag -3 dvng)  (S0)

and those of the constrained fields are

af b“
8al = —5;(15];7, 8 = =6y N
1
8bY =&y, <5abb2 +3 feebg + 3 dabCa,g> : (51)

‘We mention that the generators of the nonlinear symmetries
considered above induce a closed (super)algebra:

{S,S} = 2ﬂ0t,
[0, s] = [6¢.1] =

[5%,5;’] = iéklf"bcéi,
[s.1] = 0. (52)

We wish to derive Slavnov-Taylor identities associated
with the nonlinear symmetries described above in the form
of Zinn-Justin equations [51,52]. To this aim, we introduce
(super)sources coupled to both the (super)fields and their
variations under s and 7. We define'®

"Note that the variations of the (supenr)fields under s2,
$6¢ = 8¢5, and 6¢8Y can be fully expressed in terms of either
the (super)fields themselves or their variations under s or &;.
Therefore, they do not require independent (super)sources.

PHYSICAL REVIEW D 89, 125019 (2014)
= + 7%t + et + i + K4sAd + Lésc
JZAIL; I,Ia a a,,la 'haMa KZ AZ La a
X
n —_
3 | {Phai+ Prag + R+ Ribg + O
= X,
+ Q¢sai + Tsb) + T{sbi} (53)

and consider the Legendre transform I" of the functional
=1In [D(A,c,c,h,{V})e S5t with respect to the
sources Jy;, n¢, 7, M and P{. It is a straightforward
procedure to derive the desired identities [51,52].
Following [52], it proves convenient to introduce a
generalized transformation § as

§= AN 5a8) 22
s—%j[w%fk};[ﬁ( SRENCY

where the sum runs over the fields ¢ = A, ¢, ¢, ih. Here, we
introduced the covariant functional derivative §,I"/6¢p =
(g7'/2)oT'/6¢p, with any superfield ¢, where the metric
factor ¢ is defined in (31). This accounts for the curved
Grassmann directions. The variations of the fields are

defined as
or or oI
SAY=——, Sc'=-—. Saj=-—— (55)
oK, SL¢ 00¢
and
= ih?, Sih* = foct. (56)

In analogy with Eq. (54), we introduce the transformations
1 and &} defined by their action on the primary fields

~ ~ or
= a, tiht = ——
Cc 1 SLa

(57)

and

- s 1
5]{(1;7 :5](1( 5ab5P0 2 abc c dabc 5Ra> (58)

with all other variations being zero. With these notations
the relevant symmetry identities read

n 5,7 5,0 5,7
T=§ POl L RO L RaE 59
T4 /g{ K500 T MaTo T N aTy (59)
T =0, (60)
and
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TABLE I. Mass dimension and ghost number of the fields, sources, and Grassmann coordinates.

A ¢ c ih K L R 0 T 0 0Oy de 0 05  do
Dimension 1 1 1 2 0 2 2 2 1 1 -1 1 1 -1 1 1
Ghost number 0 1 -1 0 0 -1 -2 0 -1 -1 1 -1 -1 -1 1 1

. 1 o 60 50 .. 6,0
Sr= [ {_— (poga— o2 _ _j0%
k K,Q{2N< K™ Tk sRa 0 50¢ kﬂg)

NP Y.
+ ( 5R0 + Qk 5Q0 k 5T0)

abe [ S0 Sl -, ST
S R 0 I Qk 0 b 00

2 5RC 5Qk

abc

d S0 -, 6,7
-T0— 7. 61
2 ( k + Qk 5Tk k 5Qi> } ( )

B. Constraining ultraviolet divergences

+

The proof of renormalizability follows standard lines
[51,52]. It eventually boils down to constraining the form of
the divergent part ' of the effective action through
the Zinn-Justin equations derived in the previous
subsection. Standard power counting arguments imply that
I = [@*xL%(x) with L9 the most general local
Lagrangian density including operators of mass dimension
lower than or equal to 4 compatible with the symmetries of
the problem. Here, one must take into account the fact that
the Grassmann integration measure has mass dimension
two'”: [d0df)] = 2. This implies that a contribution to £4
of the form [, £,(x,0) is such that the Lagrangian density

L, is of mass dimension two; a contribution of the form
Jow £3(x.0.0') is such that L5 is of mass dimension 0, etc.

The constraints from the linear symmetries listed below
are trivially implemented. In order to write the most general
local Lagrangian £%" consistent with power counting and
those symmetries, it is convenient to recall the dimension
and ghost numbers of the building blocks of the action.
These are resumed in Table I. Finally, we recall that each
replica comes with its own set of Grassmann variables and
thus with its own set of isometries. We can thus make a
joint expansion in the number of free replica indices and
Grassmann integrals. By inspection, we see that the
divergent terms are at most linear in the sources. By
analogy with (53), we write

Ly, =Ty — T, (62)

where I’ is independent of the sources and

This can be seen as follows. The metric of the Grassmann
subspace (30) must be dimensionless. It follows that

[6] = [6] = [#;"/*] = —1. The identity [d00 = [dBO =1 then
implies that [d0] = [d6] = 1.

I = / {Kii3A; + L5c}
+Z/ {PY%a0 + R9bY + R4b§

+ 09X9 + Q%5a¢ + TOYY + T¢y¢}.  (63)

Here, the unknown functions 5Aj, 5¢¢, and 5aj are defined
in Eq. (55) with I — I';,. Notice that the functions ?12, l;(,z,
and Z;Z are of dimension zero and can only depend on the
superfields a? /- When restricted to the divergent part of the
effective action I'y;,, the variation (58) thus reads

sa b ab ~0 1 abc ¢ 1 abe 1,¢

5ed! :(sk,((s & +5 fag —d bk). (64)
Inserting Eq. (63) in the symmetry identity (59) and
extracting the terms linear in PY, R, and R{, we find that

X0=5a9,  YO=35b),  v¢=5b{, (65)
with the transformation 5 defined in (54). Similarly,
extracting the terms linear in the remaining sources in
Eq. (59) as well as the terms linear in the sources in
Egs. (60) and (61), we conclude that the renormalized
transformations 5, 7, and &} satisfy the same algebra as the
bare ones, Eq. (52), with the bare parameter 3, appearing
explicitly.

In order to find the most general form for the trans-

formations 5 and 5%, it proves convenient to group the fields
a} and the unknown functions &2, bg, and b} in the matrix

Ve = (@ + ib))1 + i(a? + ib§)r°. (66)

The operator 5 is of dimension one and has a ghost number
one. By inspection, we find the most general form of the
renormalized BRST variations of the fields to be

SA[ = Kk10,c + @f“bCAch gf“bccbcc

V= —igVe,  k=2,..n. (67)

Similarly we get, for the most general form of the
transformation Jy,

SV, = ibytV,, (68)
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which shows that f/k transforms under a linear representa-
tion of SU(N). It follows that

ViV, =21, (69)
with Z a (possibly divergent) constant.
Finally, there remains to determine the source-
independent term I, which satisfies
5Ty = Ty = 6iTy = 0. (70)

Using the fact that, by power counting, there can be at most
two set of Grassmann variables, we parametrize the
solution as

FO/E (A,c,c,h) +

n

+ 3 La(@(0). ap(@)). (71)
k=2 Y %00

/EzAcchak())

Power counting implies that £; is of mass dimension
zero. Therefore, it cannot involve the fields A, ¢, ¢, or h.
Similarly, it cannot involve any derivatives 9, or Jy. It
is thus a potential term for the superfields a; and ap (or
equivalently V; and V). The only possible such term
compatible with the symmetry (68) is a function of
ViV, and V|Vy, which is trivial due to (69) so
that £3 =0.

Notice that, in the sector (A, c, f}k), the transformation §
is, up to a multiplicative factor x;, a (left) gauge trans-
formation with Grassmannian gauge parameter ¢ and
effective coupling constant g/k;. A trivial solution to
sL; = 0is thus a Yang-Mills-like term with an appropriate
field-strength tensor, see below. It is easy to check that apart
from this term, the combinations

Po
2Kl

X == (A7) — 5(Aj0,e). (72)

Y = Byt —§ {E“ (ih“ + gf“’”ﬁbcc)] (73)

are the only independent solutions to s£; =0 with
the correct dimension, symmetries, and ghost number.
Thus

Z, ~ K
L, = Zl (F&,)% + 1, X + g Y. (74)
with
-a a a g abc c
Fy, = 0,A¢ — 0,A% + p feeAbAL. (75)

PHYSICAL REVIEW D 89, 125019 (2014)

Explicitly, one has

Zy =

Li="(F) +K2{ﬂ° (A)° —iA,‘iﬁ,,h“Jraﬂa“@A;}

h)? g ~2

+K5 ﬁoaaca+u_gfabcl-haEbcc_g_<fabcz,bcc)2 ’
22 4

(76)

with A given in (67). This is trivially invariant under 7
and &¢.

Let us now consider the nonlinear sigma model sector
L,. The constraint 5{£, = 0 is trivially accounted for by
using the SUg(N) invariants V}d...0V,, with an arbitrary
number of bosonic and Grassmannian derivatives, as
building blocks. The term with no derivatives is trivial
due to (69). The isometries of the embedding superspace
and the fact that £, can only contain local terms of mass
dimension lower than two restricts the set of possible
invariants to (M = 6, 0)

Zk’” - éf)}taﬂf}k and Zk.M = éf/,taMf/k (77)

Both li,w and lN,k‘M have mass dimension one. Their ghost

numbers are O for I:k,ﬂ, 1 for ik_é and —1 for likﬁ. The
variation of Z,k‘ﬂ under § is

SLY, = Z0,c + gf*eLy ,c-. (78)

It follows that Zk‘ﬂ /Z —A,/x, transforms covariantly

= Z - ~ Z
s(LZ’” - K—1A5> = gfabe (LZ# - K—IA,IZ) c. (79)

Similarly, L, ,; transform covariantly:
EZZ,M = —sz“bcii,McC- (80)

The most general dimension two Lagrangian £, satisfying
5L, =0 is thus

Z /(- V4 2 Z SR
£=5 <LZ# - K—}A,‘j) + 0" LNy (81)

We see that the most general divergent part compatible
with the symmetries has the same form as the bare
Lagrangian. This demonstrates the (multiplicative) renor-
malizability of the present theory. So far we have eight
independent renormalization constants x; » 3, Z; 53, Z, and
g. As described in Appendix B, the original symmetry
between the replicas k=1 and k >2, mentioned in
Sec. IVA, leads to the relations
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2222 = K1Kp and Z3Z2 = K3 (82)
which reduce the number of independent renormalization
constants to six. In particular, it follows that all replicas
contribute a mass term for the gauge field

7,77 Bok
2 [ =2 g (83)
1 4

identical to the one in (76). The total A% contribution is thus
proportional to n, as expected from the replica symmetry.

C. Relation with perturbation theory

To make a link with perturbation theory, we introduce the
usual renormalized fields and constants as

A=/Z,A,, c=+/Z.,,
¢c=+/Z.c,, ih = \/Zih, (84)
and
Bo = Zyp, $o =2, 9o =Z49.  (85)

It 1s useful to also introduce rescaled Grassmann variables
0, and 6, such that the measure (32) reads £,00 — 1 =
$0,0, — 1. We thus define

—1/2 1/2
0=2,""0,.  0,=2y0,.

7 —1/2 4 1/2
0=2,"0,.  9=2]0,,

do = 7,]*do,.

do = 7,/*do,. (86)

Accordingly we introduce a renormalized metric as
g (0,) = ¢ (0). (87)

with M,, N, = 6,,0,. In particular, this implies

[-n] 55)

where [, = [ d0,do,(p0,0, — 1). Finally, parametrizing

the bare nonlinear model superfields as

Vi = exp{igoAs}, (89)

we define the corresponding renormalized superfields as

_ |2
A= [ (90)

The replica symmetry imply that Z, is the same for all
k > 2. Here, we extracted a factor ,/Z; in such a way that
the kinetic term of the fields Af, is normalized as

PHYSICAL REVIEW D 89, 125019 (2014)

3 or =5 [ @ o

For later use, we also mention the identities
AAzaﬂAZ =\ /Z,;ZAZAA Af L0, (92)
and

i—o/gMNaNAZaMAZ —i—O/AZDQAZ
0 0

5 a a

where

1

NG /99" Oy

= 2p0(00y + 003) + 2(1 — By00)0y0;  (94)

DQ:

and where [, is defined accordingly with the renormal-

ized metric (87).

To make link with the divergent constants of the previous
section, we need to relate the matrix (66) to the superfield
Ay. We write

f}k =z eXP{igoj\k} (95)

and expand the exponentials in (89) and (95). Comparing
with the linear parametrizations, Eqgs. (45) and (66), we find
Ak = ANJVZ + O(A2). Inserting (84), (85), and (95) in the
expressions (76) and (81) and demanding that the effective
action written in terms of renormalized quantities be finite,
we obtain the following relations for the divergent parts of
the various renormalization factors:

Z,=1/Zy, Ka/K1 = 1/(ZpZy),
Kk = 1/Z,., K3 = 50/(2/}Z§ZC)’
9k =90/ ZNZs).  Z=12,Z3]Z (96)
as well as the constraint
Zy =ZyZ,, (97)

where we used Eq. (82).

To end this section, we mention that the above results
generalize those of Ref. [36] corresponding to the case of
the Landau gauge, &, = 0. As shown there and rederived in
detail in Appendix D, in that case the number of indepen-
dent renormalization factors is reduced from 6 to 3 thanks
to further nonrenormalization theorems. In particular, one
has ZyZ . Zy = Z\ZpZ, = Zp[Z. = 1.
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V. FEYNMAN RULES

The superfield formalism makes transparent the conse-
quences of the supersymmetries—the isometries of the
curved Grassmann space—for loop diagrams. Here, we
employ the exponential parametrization (89). Expanding
the action (42) in powers of the (super)fields A, we obtain
the vertices of the theory. We work in Euclidean momentum
space. Because of the curvature of the Grassmann sub-
space, it is of no use to introduce Grassmann Fourier
variables. Inverting the quadratic part of the action to obtain
the free two-point correlators therefore requires a bit of
Grassmann algebra. The various correlators in the
(A, c, ¢, h) sector read

A-pat(p)] = o { 0 S )

where PL,(p) = p,p,/p* and PL,(p) = 5,, — pup./ P

. ) 5ab
[c“(=p)e°(p)] BTN (99)
ino (=p)itt (p)] = P
[ih®(=p)ih®(p)] T (100)
and
ih4(— b _ iéabpﬂ
i =P)ALP) = gt (101)

Here, the square brackets represent an average with the
action (42), with n finite. The correlators (98)—(101)
assume similar forms as in the CF model with the exception
that the square mass term in the transverse part of the
gauge-field correlator gets a factor n from the replicated
superfield sector.'®

The correlator of the superfields A; reads

5u5(0.0) & (1 +8u)
A (=p. 0N (p.0)] = 6|4 ’
[Af(=p.0)A7 (p. €)] p*+Boko  P*(P* + Podo)
(102)

where §(0,0') = g7'/2(8)(0 — 0')(0 — @) is the covariant
Dirac delta function on the curved Grassmann space:
fg 5(0,0)f(0) = f(8'). Notice that, for &, # 0, there is a
nontrivial correlation between different replicas. Finally,
there are nontrivial mixed correlators

5ab

[ih*(=p) A (p.0)] = 7+ foks

(103)

and

The CF model is recovered for n = 1.
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igoéabpu

AL (=p.0)AL(p)] = P2+ fo)

(104)

Besides the obvious replica symmetry between the
replicas k > 2, the symmetry with the fields (c,c, h) of
the replica k=1 is encoded in the structure of the
correlator (102). It is made explicit by using Eq. (27) for
the replica k, with U, = exp{igo4;} and writing

A{(p.0) = 4{(p) + Oci(p) + &L (p)0 + 00ih (p) + - --
(105)

where the dots stand for terms nonlinear in the fields.
Identifying the coefficients of the terms 6, 6, and 66 on
both sides of Eq. (102), we obtain [c{c?] = y[c?c”] and
[ih¢ih?] = 8y[ih®ih®]. Doing the same exercise with
Eq. (104) one finds that the mixed terms [hZAz] =0+
[h“AL]. The replica k = 1 which has been singled out to
factor out the volume of the gauge group has a nontrivial
mixing with the gauge field.

The interaction vertices are obtained from terms higher
than quadratic in the fields. From Eq. (42), it appears
clearly that the vertices of the sector (A, ¢, ¢, h) are identical
to those of the CF model or, equivalently to those of the
CFDJ action. These include the Yang-Mills vertices with
three and four gluons as well as a standard gluon-ghost-
antighost vertex whose expression depends on whether one
employs the nonsymmetric or the symmetric version of the
CF action, Egs. (16) and (26), respectively. In addition,
there is a four-ghost vertex whose expression also depends
on the choice of the nonsymmetric or symmetric CF action.
Finally, in the case of the nonsymmetric formulation, there
is a hee vertex." These vertices are well known and we do
not recall their expressions here. In the following, we use
the nonsymmetric version of the theory.

The vertices of the replicated nonlinear sigma model
sector are obtained by expanding the exponential (89) in
powers of A;. In this part of the action, being linear in
the gauge field A, there are vertices with an arbitrary
number of A, legs and either one or zero gluon leg.
Vertices with no gluon legs involve two (normal or
Grassmann) derivatives whereas those with one gluon
leg come with one normal derivative 0,. Furthermore,
since the color structure of these vertices only involve the
antisymmetric tensor f9¢, there is no cubic A} vertex:
P 0,M0,APNE = fobegMNONALDy AJAS = 0. Finally
we emphasize that such vertices do not couple different
replicas and are local in Grassmann variables, i.e., they are
proportional to []#7} 5(6;,6,1) where §; are the couples of

'An alternative formulation of the theory consists in integrat-
ing out the field & explicitly. This generates a quadratic term
(OMA,‘j)2 and renormalizes the four-ghost and the ghost-gluon
vertices.
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Grassmann variables associated to the n Ay legs.zo As an
example, the lowest order vertex with A legs, coming from
the A,0,AA; term in the action, reads

5 5y 5
SAL(p1,0) SAY(p).0) 8A;(ps3)

"g aoc
= lzof b5 (27) 8D (py + pa+ p3)8(60.0') (p1 = p2),-

(106)

S

For one-loop calculations, only the cubic and quartic
vertices are needed. These include all the vertices of the CF
model described above, the cubic AA% vertex (106), as well
as the quartic vertices AA; and Af. The expression of the
latter is quite cumbersome and we do not give it here. In
fact, at one loop, those quartic vertices appear in tadpole
diagrams for the A-A and the A-A self-energies, as depicted
in Figs. 4 and 5, respectively.

To end this section, we mention that we recover the
Feynman rules of [36] for £, = 0. In that case the superfield
propagator (102) is local in Grassmann space which leads to
dramatic simplifications. In particular, closed loops involv-
ing the superfields A; vanish and the latter thus effectively
decouple in the calculation of the gauge-field and/or ghost
correlators. It follows that the £, =0 is perturbatively
equivalent to the corresponding (Landau gauge) CF model.
This is not the case for &, # 0. The superfields do not
decouple and the theory is not equivalent to the CF model.

VI. RENORMALIZATION AT ONE LOOP

In this section, we illustrate the renormalizability of the
theory by computing the divergent parts of the various vertex
functions at one-loop order using the Feynman rules described
above. We explicitly check that the six renormalization factors
introduced in Sec. IV C are enough to make the theory finite.
We work with renormalized fields and parameters® and
employ dimensional regularization with d = 4 — ¢.

We introduce the following notation for renormalized
two-point vertex functions in momentum space:

5T

st = & Tom(p).
5o (p)sps(=p)lo ne

(107)

where ¢, denote renormalized fields in the sector
(A,,c,,¢,,ih,) and the derivative on the left-hand side is
evaluated at vanishing sources. Here, we explicitly extract a
trivial color factor. We use a similar definition and notation
for vertex functions involving the superfields A, ,,

We recall that each replica comes with its own set of
Grassmann variables. We omit the replica index k on the latter
for simplicity.

Grassmann variables are understood as renormalized ones
throughout this section; see (86).
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FIG. 1. One-loop diagrams for the vertex I“EfA). We use the
standard graphical conventions for the gluon (wiggly) and ghost
(dashed) lines. The plain line represents the superfield correlator
(102). The second diagram on the second line involves a mixed
A-A correlator (104).

which now involves a covariant functional derivative
5/8¢(p) — 89/0AL (. 0), as defined in (54).

The one-loop diagrams contributing to the gluon self-
energy are depicted in Fig. 1. There are the usual diagrams
of the CF model plus two diagrams involving the superfield
sector. Let us illustrate the calculation of Feynman dia-
grams with superfield loops on the example of the A;-loop
diagram. Using the expression of the correlator (102) and
the vertex (106), its contribution to éal’FAﬂ 4,(p) reads

2 ) dd
Gt [ Sia=na=n,

X zn: AH’ [Ai(_% Q)A{(C], Q/)} [Ag(—r’ Q)Af(r’ Q/)]

5abg pe(n—1)
X/ dd (g=1r)g=71), {1 n+2@}
2a)* ¢*(q* + BE)(1* + &) 4 r
(108)
where r = p — g and where we used f*?fbcd = N5 In

computing the Grassmann structure, we used 5(6, 8) = 0 and
Jo 1 = p. The UV divergent piece of the resulting momentum
integral is obtained as a simple pole in 1/&. The second term
in brackets on the last line of (108) is UV finite. The divergent
contribution of this loop diagram is thus proportional to the
number of replicated nonlinear sigma model fields n — 1.
Moreover, the superficial degree of divergence of the integral
being zero, its divergent part is a constant and can be obtained
by simply setting p = 0. It reads

’N
5ab 9 (

T (109)

— 1)p&6,,.

This is a divergent contribution to the gluon square mass.
Each replica k > 2 contributes the same. There is a similar
contribution from the ghost loop, hence from the replica
k = 1, which reads

125019-13



J. SERREAU, M. TISSIER, AND A. TRESMONTANT

gZN

5ab

(110)

We see that the replica k = 1 contributes the same as all the
other replicas and the resulting contribution is thus propor-
tional to nf, as expected from the replica symmetry.
A simple calculation reveals that other contributions to the
gluon mass only come from transverse gluon loops and are
thus proportional to the transverse gluon mass nf. It follows
that the total contribution to the gluon mass renormalization is
proportional to nf, as expected from our general proof of
renormalizability; see Sec. IV C.

The relevant one-loop diagrams are shown in Figs. 1-5
and can be evaluated along similar lines. Introducing the
notation k = ¢g°N /87, we obtain, for the divergent parts

(2)div

of the two-point vertex functions,
3+¢
FAﬂAb (p) = nﬁéﬂ,,ZAZﬂ{l + K 1 }

srrbizdi-x(-3) ) am

. . .
.~ L .~ L
“p- “p-

FIG. 2. One-loop diagrams for the vertices Fl i (left) and Fih)h
(right). Double lines stands for the field ih.

£ )
f\ /%)

FIG. 3. One-loop diagrams for the vertex I' EZL) The last two
diagrams involve the mixed h-A correlator (101).

OOC O

FIG. 4. One-loop diagrams for the vertex FE\zA.

OROEY,

FIG. 5. One-loop diagrams for the vertex Ff/i.
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T (p) = ~€Z4Z: (1 + K§>, (112)
F%‘iw(p) = iPy\ ZaZy (1 + x%), (113)

r?™(p) = p*z. (1 s : 5) + PEZ 25 <1 + K§> ,
(114)

(115)

iv . é:
T (p.6) = —%\/ZATZﬁ<1 + Kg),

and
3 ¢
(i-1))

+§5leQ5(Q’ Q’)ZAZ;:Z/;{I + KE}

TV (p.6.0) = p25,8(6. 9'>ZA{1

12
(116)

Here, we used the definition (94) for the Laplace operator
on the curved Grassmann space as well as the identity
[y5(0.6') = =2+ 2p5(0.0'). The divergent parts of the

renormalization factors are easily obtained as

13 ¢
=1 ——= 117
zo=1+x(g-5), (117)
3 ¢
Z. =1 ——=, 118
=1+x(3-5) (g
35 ¢
Zg=1—-x|—=-=> 11
4 K<12 4)’ (119)
13 ¢
Z:=1 — , 120
e=tx( =) (120)
3 ¢
Zy=1 - 121
=1k 5) (121
We verify Eq. (97) at this order of approximation:
13

The nine divergent structures of Eqs. (111)-(116) are
renormalized by the five independent counterterms
(117)—(121). Observe, in particular, that nontrivial corre-
lations between different replicas do develop but are UV
finite. The contrary would spoil the renormalizability of the
theory. The remaining renormalization constant Z, can be
determined from the ghost-gluon vertex Acc. At one-loop
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order, there is only one diagram involving superfields
contributing to the latter, which 1is trivially finite.
Therefore, the calculation of the divergent contribution
follows the corresponding one in the CF model and the
renormalization factor can be taken from the existing
literature, see, e.g., Refs. [54,55]22:

11

Z,=1-x—. (123)

We notice that the divergent parts of the renormalization
factors are independent of n at one loop. We thus recover
the expressions of the independent factors Z,, Z., Zs, Z,
and Z, of the CF model (which, we recall, corresponds to
n = 1), where Z; is identified to the square mass renorm-
alization factor; see [54,55].23 We do not see any reason for
this trivial n dependence to hold beyond one loop and we
expect explicit differences with the CF model to arise at
higher loop orders. We stress that such differences already
arise at one-loop order in the finite parts of the vertex
functions. Similarly, the factor Z,, is a specific feature of the
present theory which, contrarily to the CF model, is an
actual gauge-fixed version of Yang-Mills theories. It is
interesting to relate it to the normalization Z of the SU(N)
matrix superfields; see Eq. (69). The last relation (96) gives,
at one loop,

Z=1-x2.
3

(124)
Again, we check that, in the Landau gauge, we recover the
results of [36], as discussed in Appendix D: Z=1
and Z, = Z,.

As a final comment, we mention that in a wide variety of
renormalization schemes, one can deduce the beta func-
tions of the theory in the UV from the divergent parts of the
counterterms, obtained here at one loop. In particular, from
Eq. (123), we recover the universal one-loop beta function
for the coupling constant for any finite value of n.
Therefore, the presence of replicated scalar fields does
not affect the asymptotic freedom of the theory, as expected
since these fields arise from a particular gauge-fixing
procedure. This happens because the replicated scalar
fields come together with replicated ghost and antighost
fields which cancel their contribution to the beta function.
Just as the renormalizability of the theory described here,

“The only difference is the mass term nf for the transverse
part of the gluon correlator. This does not affect the divergent
contribution.

ZIt follows that the nonrenormalization theorems proved in
[47,48] for the CF model are satisfied at one loop: with the
present definitions of the renormalization factors, they read, for
the divergent parts, Z,Z.Zy = Z,\/ZsZ, = Zi/Zé. Note that in
Refs. [47,48,54] the renormalization factor Z: is defined as
Z4/Z:.
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this is a consequence of the supersymmetry of the
action (34).

VII. SUMMARY AND PERSPECTIVES

We have proposed a formulation of a class of nonlinear
covariant gauges as an extremization procedure, which
has good properties for the purpose of numerical mini-
mization techniques. It is of great interest to investigate its
possible lattice implementation, e.g., along the lines of
Refs. [24,44,45]. Ignoring Gribov ambiguities, which is
probably a valid procedure in the UV regime, this class of
gauge is equivalent to the CFDJ gauges. Gribov ambiguities,
which corresponding to various possible extrema, can be
handled in lattice calculations, e.g., by selecting a given
extremum (minimum) as done in the minimal Landau gauge.

We have applied the method proposed in Ref. [36] to
deal with Gribov ambiguities in an analytical way, which
amounts to averaging over the Gribov copies along each
gauge orbit with a suitable weight. This lifts the degeneracy
between the different copies and avoids the usual
Neuberger zero problem. We have shown that our averag-
ing procedure can be formulated as a local action that is
perturbatively renormalizable in d = 4. This requires a set
of six independent renormalization factors. We have
provided explicit expressions of the latter at one-loop order
in perturbation theory.

The resulting gauge-fixed theory has the form of the CF
model augmented by a nontrivial sector of replicated scalar,
ghost, and antighost fields, which can be written as
supersymmetric nonlinear sigma models coupled to the
gauge field; see Eq. (42). This extends the proposal of
Ref. [36] away from the particular case of the Landau
gauge and provides a more generic framework. For
instance, unlike in the Landau gauge, the nonlinear sigma
model fields do not decouple in the perturbative calculation
of ghost and gluon correlators and the present gauge-fixed
version of the Yang-Mills theory exhibits explicit
differences with the standard CF model.

The present proposal opens the way to both lattice and
continuum studies of Yang-Mills correlators in covariant
gauges away from the Landau gauge. In particular, this
allows one to study the gauge dependence of such
correlators as well as to gain a more generic—and maybe
deeper—understanding of their structure as a function of
momentum and, possibly, of the role of Gribov copies.
Assuming that, for some range of the weighting parameter
Po, the average over Gribov copies proposed here is
essentially equivalent to randomly picking up a single
one,” we expect the action (42) to provide a good

A possible picture is, e.g., that the minima of (5)—the analog
of the first Gribov region in the Landau gauge—are deeper in
average than other extrema in the landscale of (5). In that case, we
expect the minima to be essentially equiprobable for f, not too
large and other extrema to be suppressed for 5, not too small.

125019-15



J. SERREAU, M. TISSIER, AND A. TRESMONTANT

starting point for an analytic description of the lattice
results. An important observation is that the weighting
parameter f§, provides an effective mass to the various
degrees of freedom of the theory, see Sec. V, and thus
regulates infrared fluctuations. As a consequence, we expect
perturbation theory to be well defined down to the deep
infrared, as in the case of the Landau gauge [41].

A key point in the scenario described in [36] is to
absorb the trivial n dependence of the transverse gluon
correlator, see Eq. (98), in a renormalized square mass
parameter m?, defined as nf, = Z,,»m?, in such a way that
the latter survives the limit n — 0. It appears natural to
employ a similar renormalization scheme in the present
case in order to recover the Landau gauge scenario in the
limit &, — 0. Similarly, the ghost mass in (99) should
vanish in this limit. This suggests including an n depend-
ence in the renormalization of the parameter &, as well
such that f,&, is finite in the limit » — 0 (to be taken
before the Landau gauge limit). A simple choice is
&o/n = Zz¢&', with &' a finite n-independent renrormalized
gauge-fixing parameter. In this scenario, one has
Po&oy — const. whereas &, — 0 in the limit n — 0. Thus,
the only departures from the Landau gauge which survive
this limit are those involving the product py&,. For
instance, a definite prediction is that the ghost correlator,
not only its dressing function, is finite at vanishing
momentum.” Similarly, we expect from (98) the
longitudinal component of the gluon correlator to
develop a mass gap at zero momentum and to be sup-
pressed by loop effects since its tree-level expression
is x & — 0.

We stress that the average over Gribov copies proposed
here could, in principle, be implemented on the lattice, e.g.,
along the lines of Ref. [56], at least in the case where
minima dominate. This offers an interesting possibility to
measure new nontrivial quantities such as, in the notations

of Sec. III, (A)(A) which, as opposed to the correlator

(AA), concerns correlations between different gauge orbits
and might thus bring some information concerning the role
of Gribov copies in computing gauged-fixed correlators.
This deserves further investigation.

Finally, we mention that since the BRST symmetry of
the gauge-fixed Yang-Mills action proposed here is not
nilpotent, see Eq. (52), the standard proof of unitarity
does not apply, a situation similar to that of the CF
model [40,46,57]. It is important to study the question
of unitarity in the present context and, in particular, the
possible role of the replicated (super)fields and/or of the
limit n — 0.

SThe possibility of a nonperturbative infrared finite
ghost correlator in the Feynman gauge has been discussed in
Ref. [20] in the context of Schwinger-Dyson equations.
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APPENDIX A: LATTICE FORMULATION AND
MINIMIZATION ALGORITHM

Let us briefly discuss how the Los Alamos minimization
algorithm [58], routinely used in lattice calculations in the
minimal Landau gauge, can be generalized to the functional
(5); see also [59]. We consider the case of the SU(2)
group for simplicity.26 Introducing the lattice link variable
W, (x) = exp {—iagyA,(x)} and the rescaled matrix field
M(x) = a*g3n(x)/2, where a is the lattice spacing, a
simple discretization of the extremization functional (5)
reads [16,58,59], up to an irrelevant constant,

d
Hyg[W. M, U] = Re trZ{M* UE) =Y wl(x) }
X u=1
(Al)

with WY(x) = U(x)W,(x)U'(x + ) the gauge trans-
formed link variable, where i denotes a lattice link in
the direction u. The second term on the right-hand side of
Eq. (A1) is the usual discretized version of the Landau
gauge extremization functional. Note that this term, being
the trace of a SU(2) matrix, is bounded from below by
—2dNy,, Where Ny, is the number of lattice sites. It is easy
to prove that the first term is also bounded from below by

=5 V/2tr[M7(x)M(x)]. For a finite lattice and for a given
matrix field M(x), the previous functional therefore admits
a minimum.

The Los Alamos procedure, that we aim at generalizing
in this appendix, relies on minimizing the functional (A1) by
making a gauge transformation on one site x. An essential
property in this respect is that the functional to be extremized
is linear in the gauge transformation matrix U(x) at each
lattice site x. As is well known, this is the case of the second
term of (A 1), and the first term obviously shares this property.
Under the previous restriction, minimizing the functional
(A1) reduces to minimizing

Hyae|[W, M, U] = const — Retr{U(x)B(x)}, (A2)
where the matrix B(x) can be given the following compact
expression:

R\ possible generalization to SU(3) consists in applying
the SU(2) minimization step described below to the three
SU(72) subgroups of SU(3) alternatively.

7'With  the averaging over M proposed here, see
Eq. (A6) below, the typical value of the lower bound is

~=2(d+ gO\/ES)Nlatt-

125019-16



COVARIANT GAUGES WITHOUT GRIBOV AMBIGUITIES ...

B(x) = =M'(x) + > W,(x)U' (x + f1)

p=—

(A3)

with W_,(x) = W} (x — 1) and Wy(x) =0. Note that the
matrix B is a generic 2 X 2 matrix with complex entries
because 7, and consequently M, are unrestricted in our
implementation, see Sec. II. However, since only the real
part of the trace appears in Eq. (A2), the extremization
procedure is only sensitive to the matrix (¢, , 3 denotes the
Pauli matrices)

C(x) = (B) + BT () + 2 tlo, (B(x) - B ()]
(A4)

which is proportional to a SU(2) matrix. As is well known
[60], the minimum of (A2) is attained for U(x) = U, (x)
with:

C'(x)

/detC(x)’

The generalization of the standard Los Alamos algorithm
for computing the average of some operator O goes as
follows:

(i) For each configuration of the link variables W, (x)
and of the noise field M(x), apply the gauge trans-
formation U(x) = U, (x) at all even lattice sites
(which can be treated independently) and U(x) = 1
at all odd lattice sites. This decreases the functional
(A1). Then perform another minimization step on
odd lattice sites. Repeat these operations until a local
minimum is reached.

(i) Compute the operator O for this gauge configura-
tion, and repeat the previous point with another
matrix field M. Perform the average over the matrix
field M with weight, see Eq. (9),

Umin (X) = (AS)

PralM] = exp {—ﬁtrzw (M (x) }

090 X

(A6)
(iii) Finally, average over gauge links with the
(discretized) Yang-Mills action.

“Note that there are equivalent classes of noise fields M
which lead to the same extremization problem, Eq. (A2).
Indeed, it is always possible to add to M a traceless, real
matrix, such that C is not changed in Eq. (A4). We stress,
however, that we extremize the functional (A1) with respect to
U at fixed M such that the existence of such equivalent classes
has no influence on the minimization procedure. Our formu-
lation relies on taking into account all the matrices belonging to
the equivalence class and averaging over them with possibly
different weights.
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Of course, the above considerations do not guarantee that
the algorithm converges fast enough for actual implemen-
tations,”’ but our point here is to demonstrate on this
particular example that standard algorithms used in the
Landau gauge may be easily generalized to the functional
(Al). The Los Alamos minimization step is the basis of
more refined methods such as the (stochastic) over-
relaxation algorithm [62]. We hope this will motivate
lattice studies of the present proposal.

APPENDIX B: REPLICA SYMMETRY

There is an obvious permutation symmetry among the
replicas k > 2. The latter guarantees for instance that Z, and
Z5 do not depend on k; see Eq. (82). There is also a less
obvious permutation symmetry between the replicas k£ > 2
and k = 1, which has been (arbitrarily) singled out to factor
out the volume of the gauge group. To exploit this symmetry
we employ a parametrization of V; similar to (27)

1}]( = \/ZGXp{l@(C‘,ﬂ—i—@Ck+9€ﬁlk)}0k, (Bl)
with A¢ = iH¢ +1fC2C; and ULU, = 1. Here, we
introduced the fields (Cy, Cy, Hy, U ) in order to take into
account a possible renormalization between the bare fields
introduced in (27) and the variables of the effective action I'.
A simple calculation leads to

7,72 ,
Aﬁzz 2 {‘B()(A/‘j)z—lA;’jaﬂHz

K1 2K1

+ 0,C¢(x,0,C¢ + gfabCA;jC;)}

(H)?
2

A=Ak

aca -a abc; rya ¢ c
+Z3z2{ﬁ0ckck + —5f beiHICYCE

~2
9 abc c

-Eymeperr). (B2

To make contact with the original fields (¢, ¢, i) to which

the replica symmetry applies, we introduce possible renorm-
alization factors as

C¢ =70+ Co =220+

iHS = Z,ihi 4+ Z,0,A% + goZee fPThcs + - -

i (B3)

where the dots stand for terms involving 4; and nonlocal
contributions. Here we included all possible local terms
having the correct dimension, ghost number, and symmetry
properties. The replica symmetry guarantees that the factors

A

Z.n.a.cc above do not depend on k. Inserting (B3) in the
equation above, setting U « = 1, and identifying terms

29 . . . .
In practice, it may be important to couple the previous
procedure with some Fourier acceleration methods; see [61].
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involving (cy, ¢y, hy) with the corresponding ones involving
(¢, ¢, h) in (76), we obtain, after some algebra,

Z.=7,=1 and Z.,.=27,=0, (B4)
as well as the two relations
Z2Z2 =K1Ky and Z322 = K3, (BS)

which reduce the number of independent renormalization

constants to six. Note that Z, = 0 guarantees that there is no
term (9,A%)%. The relation Z,Z* = Kk, guarantees that all
replicas contribute the same to the gluon mass squared,
which thus scales as 7.

APPENDIX C: FORMULATION
WITHOUT SUPERFIELDS

1. Feynman rules

As mentioned in the main text, we can equivalently
formulate the present gauge-fixed Yang-Mills action without
introducing the superfield formulation. This amounts, e.g., to
work with the action (42) expressed through Egs. (23)—(26).
Eliminating the fields & and 7y through the shifts
h* — h* + d,A1 /&y, and similarly for hk, we obtain

S = Sym[A] + SylA. c.e] + > Sg[AVe ¢ &, (C1)
k=2
where
-1 /}0 a\2 (8 Aa>2
Sef[A, ¢, €] —[{2 (Ag)” + 2%,

+ % (0,8*Dyc* + D,c?0,c)
B T S
To obtain the Feynman rules, we parametrize the SU(N)
matrix fields U, as
Uy = exp {igo/s} (C3)

and expand in powers of 4;. The free two-point correlators
are given by Egs. (98) and (99) and

a(_p)z o O
[cd(=p)e}(p)] = b7p2+ﬂ0§0, (C4)
af_\b e So(146y)
i (=p)A/ (p)] = 2 Bofs) (Cs)
4 (~p)AL(p)] = o — 0P (C6)

pA(p* + Bolo)

The vertices are obtained in a straightforward manner.
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2. One-loop results

We have computed explicitly the divergent parts of the
various two-point vertex functions at one-loop order. The
number of vertices—and thus of diagrams—is considerably
larger than with the superfield formulation but the calcu-
lation is straightforward. We introduce the renormalized
fields

Crk = \/ZC rko

& = \/Z:Cr s M= Zjhy,

(C7)

where the replica symmetry implies that the factor Z,. is the

one already introduced in (84) and that Z; does not depend

on k. We obtain, for the divergent part of the gluon two-
(2)div

point vertex,
3+
FAA (p) = nﬁ&MuZAZﬁ{l + K 2 é}

+p2Pb(p>ZA{1—K<§—§>}

-2 Rl () 2 { <)

The first two lines are identical to Eq. (111) and the last line
is the renormalization of the (9,A%)?/& term in the
formalism with the A fields integrated out. One readily
checks that the renormalization factors obtained in Sec. VI
cancel the divergences in (C8).

The ghost vertex function is unchanged as compared to
the previous calculation in Sec. VI. We thus reproduce
Eq. (114):

(C8)

r?"(p) = p*z. (1 s " 5) +PEZ 2,7, (1 + K§> ,
(C9)

which is finite. The calculation of the replicated ghost

vertex function involves the same diagrams as those of I" E?
plus some loops involving the fields 4;. It is a nontrivial
check that the latter exactly cancel out (not only their
divergent parts) as expected from the replica symmetry:

I (p) = 8l (p).

[939]

(C10)

The two-point vertices involving the fields 4; read

T (p) = —ip”ﬂZ/;w/ZAZ,1<1 + K%)
2
—ipﬂ% VZAZi{l —K<§—§>} (C11)

Zs 4

and
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iv 3 5
T (p) = ékz/fpzziz,,{l —x <Z _ E) }

iz
+5k,p—l{1—x (C12)

We check that the four divergent structures in (C11)
and (C12) are canceled by the factors Z,, Zg, and Z;
determined previously and

11 ¢
Z,=1 ——=.
y +K‘<3 3>

Finally, the coupling renormalization factor Z, is
unchanged as compared to the calculation of Sec. VI
As expected from the general analysis of Sec. IV B, the
theory can be made finite by adjusting six independent
renormalization factors. The factor Z, of the superfield
formulation is replaced by Z; in the present one. Those two
factors are not independent as we now show.

(C13)

3. Relation to superfield formalism

We wish to relate the formulation of perturbation theory
of the present section, in terms of the basic fields A, ¢y, ¢y,
and /i, to that of the main text, in terms of the superfields
A;. Identifying the representations (27) and (89) and
using the Campbell-Haussdorf formula for the product of
exponentials, we get

Ay = X + 6¢, + T,0 + 00k}, (C14)
with
- P
Lg g
€k = Ck +70[Ckv/1k] —ﬁ [lew Al A + -+, (CL5)
. 2
gy, G
¢ = & +70[Ckv/1k] _I% [[C6 Al Al + -+, (Cl16)
and
o A I
W = b+ 2 g 4]
R i
—l—g{[[hk,ﬂk}vﬂk] =[x exls 4]} + -+, (C17)

where the dots denote higher order nonlinear terms. The
above relations highlight the fact that the superfield A; is a
nonlinear composite of the original fields 4, ¢, ¢, and h;.
They hold for the basic fields to be integrated over in the
path integral. Instead, the variables of the effective action I"
correspond to averages of these integration variables in the
presence of nontrivial sources, e.g., (A;), where the
brackets denote the relevant average in the presence of
sources as in Eq. (53). In the following, we omit the
brackets for simplicity. At the level of the effective action,
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we thus need to take into account the nontrivial renorm-
alization of the nonlinear composite fields (C15)-(C17).
In particular, one has, at linear order,

c=VZoc+-, (C18)
Ch=VZ.cp+ -, (C19)
Ry =/ Z,ib + - -, (C20)

where the dots stands for nonlinear and/or nonlocal con-
tributions and where the composite field renormalization
factors Z|. and Z}, do not depend on the replica index due to
the replica symmetry. At linear order, we write

Ay = A+ ZLOck + \/Z.T0 + \/ Z},00ihy; + - - -

(C21)

or, equivalently, introducing renormalized fields as in
Egs. (84) and (90),

Zy
Z—Ar,k =V Ziri
p

2.7 (- . I/
+ Z/} (ercr,k + Cr.ker + Z_Zererlhr,k>

+en, (C22)

where we used Z;, = Z;Z; see Eq. (97).

Now it is easy to check that, for the quadratic part of the
effective action to have the desired expressions in terms of
either the renormalized superfields A, ; or the renormalized
fields 4,4, ¢, 4, ¢, &, and h,;, we must have

Ar,k = lr,k + 9rcr,k + Er,ker + érarihr,k + e (C23)
We conclude that
zZ, ="Z. (C24)
and that
Z Z.7
7, =2 =2 (C25)
Zy 2y

The first equality in Eq. (C25) is satisfied at one loop; see
Egs. (117)—-(121). The second equality can be checked at
one loop by a direct calculation of the composite field
renormalization factor Z... Using Eq. (C15) and the appro-
priate Feynman rules, we obtain, after a simple calculation,
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Zc’zl—l—lcé

. (C26)

This agrees with the second equality in (C25).

APPENDIX D: LANDAU GAUGE

The case &, = 0 studied in [36] exhibits various sim-
plifications as compared to the general class of gauges
studied here. The first obvious one is the fact that the A
sector does not receive any loop corrections, i.e.,

ol oS
=——=20,A4.
oih®  o6ih¢ e

(D1)

This can be seen, e.g., by applying a infinitesimal shift
ih — ih 4 f under the defining path integral for I'. In terms
of the divergent constants introduced in Sec. IV B, this
implies that x, = 1 or, equivalently [48,63],

ZpZpZ. =1, (D2)
where we used the relation (97).

The next simplification comes from the fact that for
&y =0, the superfield correlator (102) is ultralocal in
Grassmann space, i.e., it is proportional to §(6,6') and
the mixed correlator (104) vanishes. As pointed out in
Ref. [36], since all vertices of the theory are also local in
Grassmann space (for &, = O there are no term involving
Grassmann derivatives) it follows that closed loops involv-
ing superfields are proportional to §(6,0) = 0. An impor-
tant consequence is that the A, sector effectively decouples
in the (perturbative) calculation of correlators in the sector
(A, c,¢,h) at all orders. The only effect of the superfields
A, is the mass term nf, for the gauge field.

A first consequence of this dramatic simplification for
the renormalizability of the theory is that the usual non-
renormalization theorems of the CF model with &, = 0 are
valid. One of them is the relation (D2) above. The second
one comes from the Taylor theorem, which states that the
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ghost-antighost-gluon vertex in a particular momentum
configuration does not receive loop corrections [64]. It
follows that

ZNZaZ. = 1. (D3)
We observe that Egs. (D2) and (D3) together with the last
relation in Eq. (96) imply that Z = Z,/Z,. The second
equality in Eq. (C25), thus shows that the normalization Z
of the nonlinear sigma model superfields is directly related
to the composite field renormalization discussed in
Appendix C: Z = Z...

Another consequence of the absence of loops of the
superfield is the fact that there can be no loop diagram with
only one external A; leg. This is easy to show by direct
inspection. It follows that those vertices are tree-level
exact, 1.e.,

a0
SN

_as

= =-0,A4.
n=o A o

A=0

(D4)

Taking into account the rescaling (86) of Grassmann
variables, which implies, together with (90), that

5o F 8o F
SF[A] :[HE—AcSA: ,/zﬁzALG ;—A5A,, (D5)

for any given functional F[A], we conclude that
ZyZ\Zg = 1. When combined with Eq. (D2), this gives
Zy=2,., (D6)
or, equivalently, Z = 1. Equations (71), (76), (81), together
with the relations (82), (96), (D2), (D3), and (D6),
reproduce the results of [36]. In the Landau gauge, the
number of independent renormalization factors is reduced
from 6 to 3. The relations (D2), (D3), and (D6) are readily
checked from the one-loop results of Sec. VI for & = 0.
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