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We present the Riemann and Ricci tensors for a fully general nontwisting and shear-free geometry in
arbitrary dimension D. This includes both the nonexpanding Kundt and expanding Robinson–Trautman
family of spacetimes. As an interesting application of these explicit expressions, we then integrate the
Einstein equations and prove a surprising fact that in any D the Robinson–Trautman class does not admit
solutions representing gyratonic sources, i.e., a matter field in the form of a null fluid (or particles
propagating with the speed of light) with an additional internal spin. Contrary to the closely related Kundt
class and pp-waves, the corresponding off-diagonal metric components thus do not encode the angular
momentum of some gyraton. Instead, we demonstrate that in standardD ¼ 4 general relativity they directly
determine two independent amplitudes of the Robinson–Trautman exact gravitational waves.
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I. INTRODUCTION

The Robinson–Trautman class of spacetimes, discovered
more than fifty years ago [1,2], is one of the most funda-
mental families of exact solutions to Einstein’s field equa-
tions. Geometrically, it is defined by admitting a geodesic,
shear-free, twist-free but expanding null congruence. This
group of spacetimes contains many important vacuum
solutions, in particular, Schwarzschild-like static black holes,
accelerating black holes (Cmetric), and radiative spacetimes
of various algebraic types. It also admits a cosmological
constant, electromagnetic field, or pure radiation, as in the
case of theVaidyametric orKinnersley photon rockets.More
details and a substantial list of references can be found in
chapter 28 of Ref. [3] or chapter 19 of Ref. [4].
In Ref. [5], the Robinson–Trautman family of solutions

was extended to higher dimensions D in the case of empty
space (with any value of the cosmological constant) and
for aligned pure radiation. Interestingly, there are great
differences with respect to the usual D ¼ 4 case (see also
Ref. [6]). Aligned electromagnetic fields were subsequently
also incorporated into the Robinson–Trautman higher-
dimensional spacetimes within the Einstein–Maxwell theory
[7], and an additional Chern–Simons term for D ≥ 5 odd
dimensions was also considered. The results were recently
summarized in the review work [8] on algebraic properties
of spacetimes of higher dimensions.
The complementary nonexpanding Kundt class of

twist-free and shear-free geometries also admits explicit
vacuum solutions with an arbitrary cosmological constant,
electromagnetic fields, and pure radiation (null fluid);
see chapter 31 of Ref. [3] or chapter 18 of Ref. [4] for
summaries concerning the Einstein theory in D ¼ 4. The

corresponding extensions to higher dimensions were pre-
sented in the work [9]. Interestingly, the whole Kundt class
also admits spacetimes representing null fields of gyratonic
matter with internal spin/helicity. It turns out that the
angular momentum of such rotating sources is encoded
in the nondiagonal metric functions.
This observation was made by Bonnor already in 1970

[10,11]. He studied both the interior and the exterior field of a
“spinning null fluid” in the class of axially symmetric pp-
wave spacetimes, which are the simplest representatives of
the Kundt family. In the natural coordinates of nontwisting
geometries (see Sec. II), the energy-momentum tensor in
the interior region is phenomenologically described by the
radiation energy density Tuu and by the components Tup
representing the spinning character of the source (its nonzero
angular momentum density). Spacetimes with such localized
spinning sources moving at the speed of light were inde-
pendently rediscovered and investigated (in four and higher
dimensions) in 2005 by Frolov and his collaborators, who
called them gyratons [12,13]. These pp-wave-type gyratons
were later studied in greater detail and generalized to include
a negative cosmological constant [14], an electromagnetic
field [15], and various other settings including nonflat back-
grounds. An extensive summary can be found in Ref. [16].
This recent work presents and investigates gyratons in a fully
general class of Kundt spacetimes in any dimension.
In fact, all the so far known spacetimes with gyratonic

sources belong to the Kundt class. The following question
thus arises: Is it possible to find gyratons in other
geometries? The most natural candidate is clearly the
Robinson–Trautman family because it shares the nontwist-
ing and shear-free property and inD ¼ 4 it admits a similar
algebraic structure. It differs only in having a nonvanishing
expansion of the geometrically privileged null congruence.
This is the purpose of the present paper: We systemati-

cally study the possible existence of Robinson–Trautman
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gyratonic solutions (in any dimension), which would be
analogous to those known in the Kundt class. First, in
Sec. II, we present the general form of the nontwisting
shear-free line element and all its components of the
Christoffel symbols and the Riemann and the Ricci tensors.
In subsequent Sec. III, we derive the explicit solutions to
Einstein’s equations in such a setting by performing their
step-by-step integration. We summarize the obtained space-
times and discuss them in Sec. IV. Appendix A contains the
proof of some useful identities.

II. GENERAL ROBINSON–TRAUTMAN
AND KUNDT GEOMETRY

In the most natural coordinates, the line element of a
general nontwistingD-dimensional spacetime is given by [5]

ds2 ¼ gpqðr; u; xÞdxpdxq þ 2gupðr; u; xÞdudxp
− 2dudrþ guuðr; u; xÞdu2; ð1Þ

where x is a shorthand for ðD − 2Þ spatial coordinates xp.1
The nonvanishing contravariant metric components are gpq

(an inverse matrix to gpq), gru ¼ −1, grp ¼ gpqguq, and
grr ¼ −guu þ gpqgupguq, so that

gup ¼ gpqgrq; guu ¼ −grr þ gpqgrpgrq: ð2Þ
The geometrically privileged null vector field k ¼ ∂r

generates a geodesic and affinely parametrized congruence.
A direct calculation for the metric (1) immediately shows
that the covariant derivative of k is given by
ka;b ¼ Γu

ab ¼ 1
2
gab;r, so that kr;b ¼ 0 ¼ ka;r. The optical

matrix [8] defined as ρij ≡ ka;bma
i m

b
j , where mi ≡

mp
i ðgup∂r þ ∂pÞ are (D − 2) unit vectors forming the

orthonormal basis in the transverse Riemannian space, is
thus simply given by

ρij ¼ kp;qm
p
i m

q
j ¼

1

2
gpq;rm

p
i m

q
j : ð3Þ

This can be decomposed into the antisymmetric twist
matrix Aij ≡ ρ½ij�, symmetric traceless shear matrix σij,
and the trace Θ determining the expansion such that σij þ
Θδij ¼ ρðijÞ with δijσij ¼ 0, i.e., ρij ¼ Aij þ σij þ Θδij.
From Eq. (3), we immediately see that Aij ¼ 0, which
confirms that the metric (1) is nontwisting. If we impose
the additional condition that the metric is shear free,
σij ¼ 0, we obtain the relation Θδij ¼ 1

2
gpq;rm

p
i m

q
j . Using

gpqm
p
i m

q
j ¼ δij, we thus infer

gpq;r¼2Θgpq; so that gpq;rr¼2ðΘ;rþ2Θ2Þgpq: ð4Þ

The first expression can be integrated as

gpq ¼ R2ðr; u; xÞhpqðu; xÞ;

where R ¼ exp

�Z
Θðr; u; xÞdr

�
:

ð5Þ

When the expansion vanishes, Θ ¼ 0, this effectively
reduces to R ¼ 1 so that the spatial metric gpqðu; xÞ is
independent of the affine parameter r. It yields exactly the
Kundt class of nonexpanding, twist-free and shear-free
geometries [3,4,8,9]. The other case Θ ≠ 0 gives the
expanding Robinson–Trautman class, which we will study
in this contribution.
The Christoffel symbols for the general nontwisting

spacetime (1) after applying the shear-free condition (4) are

Γr
rr ¼ 0; ð6Þ

Γr
ru ¼ −

1

2
guu;r þ

1

2
grpgup;r; ð7Þ

Γr
rp ¼ −

1

2
gup;r þ Θgup; ð8Þ

Γr
uu ¼

1

2
½−grrguu;r − guu;u þ grpð2gup;u − guu;pÞ�; ð9Þ

Γr
up ¼ 1

2
½−grrgup;r − guu;p þ grqð2gu½q;p� þ gqp;uÞ�; ð10Þ

Γr
pq ¼ −Θgrrgpq − guðpjjqÞ þ

1

2
gpq;u; ð11Þ

Γu
rr ¼ Γu

ru ¼ Γu
rp ¼ 0; ð12Þ

Γu
uu ¼

1

2
guu;r; ð13Þ

Γu
up ¼ 1

2
gup;r; ð14Þ

Γu
pq ¼ Θgpq; ð15Þ

Γm
rr ¼ 0; ð16Þ

Γm
ru ¼

1

2
gmngun;r; ð17Þ

Γm
rp ¼ Θδmp ; ð18Þ

Γm
uu ¼

1

2
½−grmguu;r þ gmnð2gun;u − guu;nÞ�; ð19Þ

Γm
up ¼ 1

2
½−grmgup;r þ gmnð2gu½n;p� þ gnp;uÞ�; ð20Þ

Γm
pq ¼ −Θgrmgpq þ SΓm

pq; ð21Þ

where SΓm
pq ≡ 1

2
gmnð2gnðp;qÞ − gpq;nÞ are the Christoffel

symbols with respect to the spatial coordinates only, i.e.,
1Throughout this paper, the indices m, n, p, and q label the

spatial coordinates and range from 2 to D − 1.
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the coefficients of the covariant derivative on the transverse
(D − 2)-dimensional Riemannian space.
The Riemann curvature tensor components are then

obtained (after straightforward but lengthy calculation)
in the form

Rrprq ¼ −ðΘ;r þ Θ2Þgpq; ð22Þ

Rrpru ¼ −
1

2
gup;rr þ

1

2
Θgup;r; ð23Þ

Rruru ¼ −
1

2
guu;rr þ

1

4
gpqgup;rguq;r; ð24Þ

Rrpmq ¼ 2gp½mΘ;q� − 2Θ2gp½mgq�u þ Θgp½mgq�u;r; ð25Þ

Rrupq ¼ gu½p;q�;r þ Θðgu½pgq�u;r − 2gu½p;q�Þ; ð26Þ

Rrpuq ¼
1

2
gup;rjjq þ

1

4
gup;rguq;r − gpqΘ;u −

1

2
Θ
�
gpq;u þ gpqguu;r þ guqgup;r − gpqgrngun;r þ 2gu½p;q�

�
; ð27Þ

Rruup ¼ gu½u;p�;r þ
1

4
grngun;rgup;r −

1

2
gmngum;rEnp þ Θ

�
gup;u −

1

2
guu;p −

1

2
gupguu;r

�
; ð28Þ

Rmpnq ¼ SRmpnq − Θ2grrðgmngpq − gmqgpnÞ − Θðgmnepq þ gpqemn − gmqepn − gpnemqÞ; ð29Þ

Rupmq ¼ gp½m;ujjq� þ gu½q;m�jjp þ ep½mgq�u;r þ Θðgrrgp½mgq�u;r þ guu;½qgm�p − 2grnEn½qgm�pÞ; ð30Þ

Rupuq ¼ −
1

2
ðguuÞjjpjjq þ guðp;ujjqÞ −

1

2
gpq;uu þ

1

4
grrgup;rguq;r −

1

2
guu;repq þ

1

2
guu;ðpgqÞu;r − grnEnðpgqÞu;r þ gmnEmpEnq

−
1

2
Θgpq½grrguu;r þ guu;u − grnð2gun;u − guu;nÞ�: ð31Þ

Finally, the components of the Ricci tensor are

Rrr ¼ −ðD − 2ÞðΘ;r þ Θ2Þ; ð32Þ

Rrp ¼ −
1

2
gup;rr −

1

2
ðD − 4ÞΘgup;r þ gupΘ;r − ðD − 3ÞΘ;p þ ðD − 2ÞΘ2gup; ð33Þ

Rru ¼ −
1

2
guu;rr þ

1

2
grpgup;rr þ

1

2
gpqðgup;rjjq þ gup;rguq;rÞ − ðD − 2ÞΘ;u −

1

2
Θ½gpqgpq;u − ðD − 4Þgrpgup;r þ ðD − 2Þguu;r�;

ð34Þ

Rpq ¼ SRpq − fpq − gpqðgrrΘ;r − 2Θ;u þ 2grnΘ;nÞ þ 2guðpΘ;qÞþΘ2½2gpqgrngun − ðD − 2Þgpqgrr − 2gupguq�
þ Θ½2guðpjjqÞ þ 2guðpgqÞu;r − ðD − 2Þepq þ gpqðguu;r − 2grngun;r − gmnemnÞ�; ð35Þ

Rup ¼ −
1

2
grrgup;rr −

1

2
guu;rp þ

1

2
gup;ru þ grngu½n;p�;r −

1

2
grnðgup;rjjn þ gun;rgup;rÞ

þ gmn

�
1

2
gum;rgunjjp þ gm½p;ujjn� þ gu½m;p�jjn −

1

2
emngup;r

�

þ gupΘ;u þ Θ
�
gupguu;r þ

1

2
ðD − 4Þðguugup;r − guu;pÞ − gup;u

− grngun;rgup þ ðD − 6Þgrn
�
gu½n;p� −

1

2
gungup;r

�
þ 1

2
ðD − 2Þgrngnp;u

�
; ð36Þ
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Ruu ¼ −
1

2
grrguu;rr − grnguu;rn −

1

2
gmnemnguu;r þ grngun;ru −

1

2
gmngmn;uu

þ gmn

�
gum;ujjn −

1

2
guujjmjjn

�
þ 1

2
ðgrrgmn − grmgrnÞgum;rgun;r

þ 2gmngrpgum;rgu½n;p� þ
1

2
gmngum;rguu;n þ gmngpqEpmEqn

þ 1

2
Θ½ðD − 4Þgrnð2gun;u − guu;n − gunguu;rÞ þ ðD − 2Þðguuguu;r − guu;uÞ�; ð37Þ

and the Ricci scalar is

R ¼ SRþ guu;rr − 2grngun;rr − 2gpqgup;rjjq −
3

2
gpqgup;rguq;r

þ 2Θ;r½ðD − 2Þguu − ðD − 3Þgrngun� þ 4ðD − 2ÞΘ;u − 4ðD − 3ÞgrnΘ;n

− Θ2½ðD − 1ÞðD − 2Þgrr − 2ð2D − 5Þgrngun�
þ Θ½2ðD − 2Þguu;r − 2ð2D − 7Þgrngun;r þ ðD − 1Þgpqgpq;u − 2ðD − 3Þgpqgupjjq�: ð38Þ

In the above expressions, SRmpnq, SRpq, and SR are the
Riemann tensor, Ricci tensor, and Ricci scalar for the
transverse-space metric gpq, respectively. The symbol jj
denotes the covariant derivative with respect to gpq ,

gupjjq ¼ gup;q − gumSΓm
pq; ð39Þ

gup;rjjq ¼ gup;rq − gum;r
SΓm

pq; ð40Þ

gp½m;ujjq� ¼ gp½m;q�;u þ
1

2
ðSΓn

pmgnq;u − Γn
pqgnm;uÞ; ð41Þ

gu½qjjm�jjp ¼ gu½q;m�;p − SΓn
pqgu½n;m� − SΓn

pmgu½q;n�; ð42Þ

ðguuÞjjpjjq ¼ guu;pq − guu;nSΓn
pq; ð43Þ

gup;ujjq ¼ gup;uq − gum;u
SΓm

pq; ð44Þ

and epq, Epq, and fpq are convenient shorthands defined as

epq ¼ guðpjjqÞ −
1

2
gpq;u; ð45Þ

Epq ¼ gu½p;q� þ
1

2
gpq;u; ð46Þ

fpq ¼ guðp;rjjqÞ þ
1

2
gup;rguq;r; ð47Þ

where, of course, gu½p;q� ¼ gu½pjjq�. It will also be useful to
rewrite the following r derivatives of the metric functions in
terms of the contravariant components [see Eq. (2)]:

gup;r ¼ gpqðgrq;r þ 2ΘgrqÞ; ð48Þ

gup;rr ¼ gpqðgrq;rr þ 2Θ;rgrq þ 4Θ2grq þ 4Θgrq;rÞ; ð49Þ

guu;r ¼ − grr;r þ 2gpqðgrpgrq;r þ ΘgrpgrqÞ; ð50Þ

guu;rr ¼ −grr;rr þ 2gpqðgrpgrq;rr þ grp;rgrq;r þ Θ;rgrpgrq

þ 2Θ2grpgrq þ 4Θgrpgrq;rÞ: ð51Þ

The expressions (32)–(37) of the Ricci tensor enable us
to write explicitly the gravitational field equations for
any nontwisting and shear-free geometry of an arbitrary
dimensionD, that is, for any Kundt or Robinson–Trautman
spacetime.

III. EINSTEIN’S FIELD EQUATIONS
WITH GYRATONS AND THEIR
COMPLETE INTEGRATION

General Einstein’s equations for the metric gab have
the form Rab − 1

2
Rgab þ Λgab ¼ 8πTab, where we admit a

nonvanishing cosmological constant Λ and an arbitrary
matter field given by its energy momentum-tensor Tab
with the trace T ¼ gabTab. By substituting their trace
R ¼ 2

D−2 ðΛD − 8πTÞ, we obtain

Rab ¼
2

D − 2
Λgab þ 8π

�
Tab −

1

D − 2
Tgab

�
: ð52Þ

Our main aim here is to solve the Einstein field equa-
tions (52) in the case of expanding Robinson–Trautman
geometry with a gyratonic matter, which is a natural
generalization of a pure radiation field to admit a spin
of the null source [10,12,16]. We thus assume that the
only nonvanishing components of the energy-momentum
tensor are Tuuðr; u; xÞ corresponding to the classical pure
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radiation component and Tupðr; u; xÞ, which encodes inner
gyratonic angular momentum. We immediately observe
from Eqs. (1) and (2) that the trace of such an energy-
momentum tensor vanishes, T ¼ 0.
Moreover, the condition Tab

;b ¼ 0, which follows from
Bianchi identities, after a straightforward manipulation,
gives the constraints

Tup;r ¼ 0; Tuu;r ¼ gpqTup;q: ð53Þ

These can be explicitly rewritten using Eqs. (6)–(21) as

Tup;r − ΘTup ¼ 0; ð54Þ

Tuu;r þ ðD − 2ÞΘTuu

¼ gpqTupjjq þ
�
1

2
grp;r þ ðD − 1ÞΘgrp

�
Tup: ð55Þ

We can now perform a step-by-step integration of the
Einstein field equations (52).

A. Equation Rrr ¼ 0

From Eq. (32), we get the explicit form of this equation,

Θ;r þ Θ2 ¼ 0; ð56Þ
which obviously determines the r dependence of the
expansion scalar Θ. Its general solution can be written as
Θ−1 ¼ rþ r0ðu; xÞ. However, the metric (1) is invariant
under the gauge transformation r → r − r0ðu; xÞ, and we
can thus, without loss of generality, set the integration
function r0ðu; xÞ to zero. The expansion simply becomes

Θ ¼ 1

r
: ð57Þ

The integral form (5) of the shear-free condition (4) with
the expansion given by Eq. (57) completely determines the

r dependence of the (D − 2)-dimensional spatial metric
gpqðr; u; xÞ, namely,

gpq ¼ r2hpqðu; xÞ; ð58Þ

so that gpq ¼ r−2hpq, where hpq is the inverse matrix of
hpq. The r-independent metric part hpq will be constrained
by the next Einstein’s equations.

B. Equation Rrp ¼ 0

Using Eqs. (33), (48), and (49), we rewrite the Ricci
tensor component Rrp in a more compact way:

Rrp ¼ −
1

2
gpqðgrq;rr þDΘgrq;rÞ − ðD − 3ÞΘ;p: ð59Þ

Employing now the restriction given by Rrr ¼ 0, i.e., the
explicit form of expansion (57), the equation Rrp ¼ 0
becomes

grq;rr þ
D
r
grq;r ¼ 0: ð60Þ

We easily find its general solution grqðr; u; xÞ in the form

grq ¼ eqðu; xÞ þ r1−Dfqðu; xÞ; ð61Þ
where eq and fq are arbitrary integration functions of u and x.
In view of Eqs. (2) and (58), the corresponding covariant
components of the Robinson–Trautman metric are

gup ¼ r2epðu; xÞ þ r3−Dfpðu; xÞ; ð62Þ

where ep ≡ hpqeq and fp ≡ hpqfq.
At this stage, we can also fully integrate the energy-

momentum conservation equations (54) and (55), which
determine the r dependence of the gyratonic energy-
momentum tensor:

Tup ¼ J pr; ð63Þ

Tuu ¼
1

D − 2
hpqJ pjjq þ J p

�
eprþ 1

2
ðD − 1Þfpr2−D ln r

�
þN r2−D; ð64Þ

where J pðu; xÞ and N ðu; xÞ are integration functions of u and x.

C. Equation Rru ¼ − 2
D−2Λ

It is convenient to rewrite the general Ricci tensor component (34) using the contravariant metric components,

2Rru ¼ grr;rr þ ðD − 2ÞΘgrr;r − gpqðgrpgrq;rr þ grp;rgrq;r þDΘgrpgrq;rÞþðgrp;r þ 2ΘgrpÞjjp − Θgpqgpq;u − 2ðD − 2ÞΘ;u:

ð65Þ

Employing the previous results of (57), (58), and (61), the corresponding Einstein equation becomes
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grr;rr þ ðD − 2Þr−1grr;r ¼ −2
�
epjjp −

1

2
hpqhpq;u

�
r−1 −

4

D − 2
ΛþðD − 3Þfpjjpr−D þ ðD − 1Þ2fpfpr2ð1−DÞ: ð66Þ

Its homogeneous solution is grr0 ¼ aþ br3−D, where aðu; xÞ and bðu; xÞ are integration functions. The particular solution
can be obtained as a superposition of terms grrðkÞ ¼ 1

ðkþ2ÞðD−1þkÞ γr
kþ2 corresponding to all terms of the form γrk on the right-

hand side of Eq. (66). The general solution with an explicit r dependence of the metric component grr thus becomes

grr ¼ aþ br3−D −
2

D − 2

�
epjjp −

1

2
hpqhpq;u

�
r −

2Λ
ðD − 1ÞðD − 2Þ r

2 þD − 3

D − 2
fpjjpr2−D þ D − 1

2ðD − 2Þ f
pfpr2ð2−DÞ: ð67Þ

Notice that guu is then simply obtained using Eq. (2) as

guu ¼ −grr þ r2epep þ 2r3−Depfp þ r2ð2−DÞfpfp: ð68Þ

D. Equation Rpq ¼ 2
D−2Λgpq

Using Eqs. (50), (57), (58), (61), and (62), the general Ricci tensor component (35) becomes

Rpq ¼ SRpq − ½ðD − 3Þgrr þ rgrr;r�hpq−
��

enjjn −
1

2
hmnhmn;u

�
hpq þ ðD − 2Þ

�
eðpjjqÞ −

1

2
hpq;u

��
r

þ ðfðpjjqÞ − fnjjnhpqÞr2−D −
1

2
ðD − 1Þ2fpfqr2ð2−DÞ; ð69Þ

in which, employing Eq. (67),

ðD − 3Þgrr þ rgrr;r ¼ ðD − 3Þa − 2

�
enjjn −

1

2
hmnhmn;u

�
r −

2Λ
D − 2

r2 −
D − 3

D − 2
fnjjnr2−D −

ðD − 1Þ2
2ðD − 2Þ f

nfnr2ð2−DÞ: ð70Þ

The corresponding Einstein equations (52) thus take the form

SRpq − ðD − 3Þahpq þ
��

enjjn −
1

2
hmnhmn;u

�
hpq − ðD − 2Þ

�
eðpjjqÞ −

1

2
hpq;u

��
r

þ
�
fðpjjqÞ −

hpq
D − 2

fnjjn

�
r2−D −

1

2
ðD − 1Þ2

�
fpfq −

hpq
D − 2

fnfn

�
r2ð2−DÞ ¼ 0: ð71Þ

The trace of this equation explicitly determines the
function aðu; xÞ introduced in Eq. (67), namely,

a ¼ R
ðD − 2ÞðD − 3Þ ; ð72Þ

where R≡ hpqRpq is the Ricci scalar curvature of the
spatial metric hpq, which is the r-independent part of gpq.
Notice that due to Eq. (58) the corresponding Ricci tensor is
Rpq ≡ SRpq, while R≡ SRr2. Decomposing Eq. (71) into
the terms with different powers of r, we obtain the
following constraints on the metric functions:

Rpq ¼
hpq
D − 2

R; ð73Þ

1

2
hpq;u ¼ eðpjjqÞ −

hpq
D − 2

�
enjjn −

1

2
hmnhmn;u

�
; ð74Þ

fðpjjqÞ ¼
hpq
D − 2

fnjjn; ð75Þ

fpfq ¼
hpq
D − 2

fnfn: ð76Þ

Now, if we multiply both sides of Eq. (76) by fq,
we obtain fpðfqfqÞ ¼ 1

D−2 fpðfqfqÞ. This necessarily
implies

fp ¼ 0 ð77Þ
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whenever fqfq ≠ 0. If fqfq ≡ hpqfpfq ¼ 0, then again
fp ¼ 0 for all p because the Riemannian metric hpq is a
positive definite matrix. In such a case, the condition (75) is
trivially satisfied.
At this stage, the most general Robinson–Trautman line

element (possibly admitting the gyratonic matter) takes the
form

ds2 ¼ r2hpqdxpdxq þ 2r2epdudxp − 2dudr

þ ðr2epep − grrÞdu2; ð78Þ

where

grr ¼ aþ br3−D þ cr −
2

ðD − 1ÞðD − 2ÞΛr
2; ð79Þ

with

c≡ −
2

D − 2

�
enjjn −

1

2
hmnhmn;u

�
: ð80Þ

The functions hpq and ep are constrained by Eqs. (73)
and (74). Because of Eq. (73), the transverse (D − 2)-
dimensional Riemannian space must be an Einstein
space.

E. Equation Rup ¼ 2
D−2Λgup þ 8πTup

Using Eqs. (57), (58), (61), (62), and (68) with Eq. (77),
the Ricci tensor component Rup (36) becomes

Rup ¼ −ep½ðD − 3Þgrr þ rgrr;r� þ
1

2
½grr;rp þ ðD − 4Þr−1grr;p� þ hmnðhm½p;ujjn� þ e½m;p�jjnÞ

þ
�
ðD − 2Þ

�
ene½n;p� −

1

2
ðenenÞ;p þ

1

2
enhnp;u

�
− ep

�
enjjn −

1

2
hmnhmn;u

��
r; ð81Þ

where

ðD − 3Þgrr þ rgrr;r ¼
1

D − 2
R − 2

�
enjjn −

1

2
hmnhmn;u

�
r −

2

D − 2
Λr2;

grr;rp þ ðD − 4Þr−1grr;p ¼ −2
D − 3

D − 2

�
enjjn −

1

2
hmnhmn;u

�
;p
þ ðD − 4Þ
ðD − 2ÞðD − 3ÞR;pr−1 − b;pr2−D; ð82Þ

see Eqs. (67) and (70) with Eqs. (72) and (77). The corresponding Einstein equations (52) with Eq. (63) are thus

−
1

D − 2
Rep −

D − 3

D − 2

�
enjjn −

1

2
hmnhmn;u

�
;p
þ hmnðhm½p;ujjn� þ e½m;p�jjnÞ

þ ðD − 4Þ
2ðD − 2ÞðD − 3ÞR;pr−1 −

1

2
b;pr2−D

þ
�
ðD − 2Þ

�
ene½n;p� −

1

2
ðenenÞ;p þ

1

2
enhnp;u

�
þ ep

�
enjjn −

1

2
hmnhmn;u

��
r ¼ 8πJ pr: ð83Þ

This gives the following conditions:

Rep þ ðD − 3Þ
�
enjjn −

1

2
hmnhmn;u

�
;p
− ðD − 2Þhmnðhm½p;ujjn� þ e½m;p�jjnÞ ¼ 0; ð84Þ

ðD − 4ÞR;p ¼ 0; ð85Þ

b;p ¼ 0; ð86Þ

ðD − 2Þ
�
ene½n;p� −

1

2
ðenenÞ;p þ

1

2
enhnp;u

�

þ ep

�
enjjn −

1

2
hmnhmn;u

�
¼ 8πJ p: ð87Þ

Using Eq. (74), the relation emjjpjjn ¼ emjjnjjp þ eqR
q
mpn,

and Eq. (73), we find that Eq. (84) is satisfied identically.
Equation (85) clearly restricts the dependence of the spatial
Ricci scalar R on the spatial coordinates xp, namely,

R ¼ RðuÞ for D > 4; ð88Þ

R ¼ Rðu; xÞ for D ¼ 4: ð89Þ
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There is thus a significant difference between the D ¼ 4
case of classical relativity and the extension of Robinson–
Trautman spacetimes to higher dimensions. Similarly,
Eq. (86) gives

b ¼ bðuÞ: ð90Þ
Finally, by substituting the expression (74) into Eq. (87),
we get

ðD − 2Þ
�
enenjjp −

1

2
ðenenÞ;p

�
¼ 8πJ p: ð91Þ

Since ðenenÞ;p ¼ ðenenÞjjp, its left-hand side always
vanishes, and we obtain the condition for the energy-
momentum tensor (63), (64)

J p ¼ 0: ð92Þ

Necessarily, in any dimension D, we thus obtain

Tup ¼ 0; Tuu ¼ N r2−D; ð93Þ

which is just the well-known pure radiation field (null fluid)
without the “rotational” components Tup of the energy-
momentum tensor. We have thus proved that there are no
solutions with gyratonic sources in the Robinson–Trautman
class of spacetimes.

F. Equation Ruu ¼ 2
D−2Λguu þ 8πTuu

This final equation determines the relation between
the Robinson–Trautman geometry and the pure radiation
matter field represented by the profile N ðu; xÞ. Using
Eqs. (57), (58), (61), (62), and (68) with Eq. (77), the
Ricci tensor component Ruu given by Eq. (37) becomes

Ruu ¼
1

2
grrgrr;rr þ

1

2

�
enjjn −

1

2
hmnhmn;u þ ðD − 2Þgrrr−1 − 2enenr

�
grr;r

þ en
�
grr;r þ

1

2
ðD − 6Þgrrr−1

�
;n
þ 1

2
hmngrrjjmjjnr

−2 þ 1

2
ðD − 2Þgrr;ur−1

− ðD − 3Þenengrr þ hmn

�
em;ujjn −

1

2
ðepepÞjjmjjn −

1

2
hmn;uu

�

þ hmnhpq
�
e½p;m� þ

1

2
hpm;u

��
e½q;n� þ

1

2
hqn;u

�

þ
�
1

2
ðD − 2Þðemenhmn;u − enðepepÞ;nÞ − epep

�
enjjn −

1

2
hmnhmn;u

��
r: ð94Þ

Moreover, employing the explicit form (79) of grr with the help of Eqs. (74) and (90), we get

Ruu ¼
2

D − 2
Λguu þ

1

2
ðD − 2Þ

�
b;u þ

1

2
ðD − 1Þbc

�
r2−D þ 1

2
hmnajjmjjnr−2

þ 1

2
½ðD − 2Þða;u þ acÞ þ ðD − 6Þena;n þ hmncjjmjjn�r−1

þ 1

2
ðD − 2Þðc;u þ c2Þ þ enjjncþ

1

2
ðD − 4Þenc;n − ðD − 3Þepepa

þ hmn

�
em;ujjn −

1

2
hmn;uu −

1

2
ðepepÞjjmjjn þ hpqepjjmeqjjn

�

þ 1

2
ðD − 2Þ½emenhmn;u − enðepepÞ;n − enenc�r; ð95Þ

where a is given by Eq. (72) and c by Eq. (80). Now, lengthy calculations using the previously derived constraints lead to
the identities (proved in the Appendix)

emenhmn;u − enðepepÞ;n − enenc ¼ 0; ð96Þ
1

2
ðD− 2Þðc;u þ c2Þ þ enjjncþ

1

2
ðD− 4Þenc;n − ðD− 3Þepepaþhmn

�
em;ujjn −

1

2
hmn;uu −

1

2
ðepepÞjjmjjn þ hpqepjjmeqjjn

�
¼ 0;

ð97Þ
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ðD − 2Þða;u þ acÞ þ ðD − 6Þena;n þ hmncjjmjjn ¼ ðD − 4Þena;n; ð98Þ

which are exactly the terms in Eq. (95) proportional to r, r0, and r−1, respectively. The corresponding Einstein equation
Ruu ¼ 2

D−2Λguu þ 8πTuu with Eq. (93) thus takes a very simple form

1

2
ðD − 2Þ

�
b;u þ

1

2
ðD − 1Þbc

�
r2−D þ 1

2
hmnajjmjjnr−2 þ

1

2
ðD − 4Þena;nr−1 ¼ 8πN r2−D: ð99Þ

It is interesting that also the last term on the left-hand side
always vanishes since ðD − 4Þa;n ¼ 0 in any dimension D;
see Eq. (85). Consequently, in any dimension, the last
Einstein equation can be compactly2 written as

Δaþ 1

2
ðD − 1ÞðD − 2Þbcþ ðD − 2Þb;u ¼ 16πN ;

ð100Þ
where Δa≡ hmnajjmjjn is the covariant Laplace operator
on the (D − 2)-dimensional transverse Riemannian space.
In particular, this Einstein field equation reads

1

2
ðD − 1Þbcþ b;u ¼

16π

D − 2
N for D > 4; ð101Þ

Δ
�
1

2
R
�
þ 3bcþ 2b;u ¼ 16πN for D ¼ 4: ð102Þ

For the special choice ep ¼ 0, Eq. (102) reduces exactly to
the classical Robinson–Trautman equation [3,4] [with the
identification a ¼ 1

2
R ¼ ΔðlogPÞ ¼ K, b ¼ −2mðuÞ, and

c ¼ −2ðlogPÞ;u, where K is the Gaussian curvature of the
spatial metric hpq ¼ P−2δpq]. Equation (101) generalizes
the field equation previously derived in Ref. [5] in the sense
that now it also includes the contribution from the off-
diagonal metric components ep entering the function c as
their covariant spatial divergence enjjn; see Eq. (80).

IV. SUMMARY AND CONCLUDING DISCUSSION

The most general D-dimensional Robinson–Trautman
line element in vacuum, with a cosmological constant Λ
and possibly the pure radiation field Tuu ¼ N r2−D can thus
be written [in the natural gauge in which the expansion is
Θ ¼ r−1; see Eq. (57)] as

ds2 ¼ r2hpqðdxp þ epduÞðdxq þ eqduÞ − 2dudr − grrdu2;

ð103Þ
where

grr ¼ R
ðD − 2ÞðD − 3Þ þ

bðuÞ
rD−3

−
2

D − 2

�
epjjp −

1

2
hpqhpq;u

�
r

−
2Λ

ðD − 1ÞðD − 2Þ r
2; ð104Þ

with the functions hpqðu; xÞ and epðu; xÞ constrained by
Eqs. (73), (74), and (100), namely,

Rpq ¼
hpq
D − 2

R; ð105Þ

eðpjjqÞ −
1

2
hpq;u ¼

hpq
D − 2

�
enjjn −

1

2
hmnhmn;u

�
; ð106Þ

▵R
ðD − 2ÞðD − 3Þ − ðD − 1Þ

�
enjjn −

1

2
hmnhmn;u

�
b

þ ðD − 2Þb;u ¼ 16πN ; ð107Þ

in which b is a function of the null coordinate u only. The
first equation (105) restricts just the Riemannian metric hpq
of the transverse ðD − 2Þ-dimensional space covered by
the coordinates xp, with Rpq and R being its Ricci tensor
and Ricci scalar. Therefore, any Einstein space metric hpq
is admitted. The second constraint (106) imposes a
specific coupling between the spatial metric hpq and the
off-diagonal metric components represented by ðD − 2Þ
functions ep. In addition, there is the Einstein equation
(107), which relates these metric functions and an arbitrary
“mass” function bðuÞ to the pure radiation profile N . In
the vacuum case, N ¼ 0.
After the step-by-step integration of all Einstein’s equa-

tions, we proved that there are no gyratons in the
Robinson–Trautman class. In any dimension including
D ¼ 4, we necessarily obtained J p ¼ 0 so that
Tup ¼ J pr ¼ 0; see Eq. (63) with Eq. (92) or (93), which
means that the null matter field cannot have an “internal
spin” (angular momentum).
This is in striking contrast to the closely related Kundt

family of spacetimes, which in general (and in any D)
admits such gyrating sources, as recently demonstrated in
Ref. [16] (there is also a comprehensive list of previous
works studying particular subclasses of the Kundt

2The term proportional to r−2 in Eq. (99) is always zero in the
case D > 4 since ajjmjjn ¼ 0 due to Eq. (88). In the D ¼ 4 case, it
is combined with the terms proportional to r2−D ¼ r−2 into the
expression (100).
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gyratons). Such a conclusion is surprising because the
Robinson–Trautman family of geometries is the closest to
the Kundt family—both are nontwisting and shear free, and
(at least in D ¼ 4) they admit similar algebraic structures
and matter fields.
The questions thus arise about the nature of such a

difference and also concerning the possible physical
interpretation of the off-diagonal metric functions ep.
In the following two short sections, we will tackle these
two problems.

A. Robinson–Trautman vs gyratonic Kundt spacetimes

Of course, the Robinson–Trautman class of spacetimes is
expanding (Θ ¼ r−1 ≠ 0), while the Kundt class is non-
expanding (Θ ¼ 0). The absence or presence of the
gyratons thus must be traced to this geometric difference.
In Sec. II, we presented the complete list of all curvature
tensor components for any nontwisting and shear-free
geometry that contains both the Robinson–Trautman and
the Kundt family. We are thus able to trace the point at

which the integration of Einstein’s equations with gyratonic
energy-momentum tensor starts to differ significantly.
To be specific, by setting Θ ¼ 0 for the Kundt class

in Eq. (4), we immediately obtain gpq ¼ hpq independent
of r, instead of Eq. (58), which reads gpq ¼ r2hpq in the
Robinson–Trautman case. The second field equation (59)
forΘ ¼ 0 yields gup ¼ ep þ rfp instead of Eq. (62), which
is gup ¼ r2ep þ r3−Dfp. The third field equation (34)
gives, instead of Eqs. (67) and (68), guu ¼ aþ brþ
½ 2
D−2Λþ 1

2
ðfpjjp þ fpfpÞ�r2 in full agreement with

Eqs. (64) and (65) of Ref. [9]. Apart from different powers
of r, the metric coefficients for the Kundt and Robinson–
Trautman spacetimes thus look very similar.
The main difference between these two types of geom-

etries occurs after employing the next field equation for the
spatial Ricci components Rpq given by Eq. (35). For the
Kundt class, this equation is independent of r, namely,
Rpq ¼ 2

D−2Λhpq þ fpq, where fpq ≡ fðpjjqÞ þ 1
2
fpfq. Its

trace R ¼ 2Λþ hmnfmn enables us to rewrite it as

Rpq −
hpq
D − 2

R ¼ fpq −
hpq
D − 2

hmnfmn

¼
�
fðpjjqÞ −

hpq
D − 2

fnjjn

�
þ 1

2

�
fpfq −

hpq
D − 2

fnfn

�
: ð108Þ

This imposes a specific coupling between the traceless part
of the Ricci curvature Rpq of the ðD − 2Þ-dimensional
Riemannian space and the traceless part of the tensor fpq
constructed from the functions fp determining (part of) the
off-diagonal Kundt metric components gup.
It can now be observed from Eq. (71) that exactly the

same terms occur in the corresponding field equation for
the Robinson–Trautman metric, but with different powers
of r. This is the key point: In the nonexpanding Kundt
class, we have obtained just one condition (108), whereas
in the expanding Robinson–Trautman class, there are
four separate constraints, namely, Eqs. (73)–(76). It is
the severe constraint (76) that necessarily requires fp ¼ 0,
see Eq. (77), which then fulfills Eq. (75) identically. In the
Robinson–Trautman case, we are thus left with the con-
dition (73), which for fp ¼ 0 is the same as Eq. (108) in the
nonexpanding case. However, in the Robinson–Trautman
case, there is the additional constraint (74), i.e., Eq. (106),
that couples eðpjjqÞ − 1

2
hpq;u to its trace. It turns out that this

specific restriction on possible functions ep determining
the other part of the off-diagonal metric components gup
forbids—after applying the following Einstein’s equation
for Rup—the presence of gyratonic matter fields in the
Robinson–Trautman geometries; see Eq. (92). In contrast,
there is no such constraint on ep in the nonexpanding
family, which enables gyratons to be included in the Kundt
geometries.

B. Robinson–Trautman gravitational waves in D ¼ 4

Finally, we will elucidate the physical meaning of the
functions ep. Instead of representing the angular momentum
of a gyratonic matter they directly encode amplitudes of
the Robinson–Trautman gravitational waves. In usual
D ¼ 4 dimensions, the transverse Riemannian space is two-
dimensional. If such a 2-space were to have constant curva-
ture, its metric hpq can bewritten in the conformally flat form

ds20 ¼ hpqdxpdxq ¼ ψ−2½ðdx2Þ2 þ ðdx3Þ2�; where

ψ ≡ 1þ 1

2
ϵ½ðx2Þ2 þ ðx3Þ2�; ð109Þ

with ϵ ¼ 0;þ1, or −1. For such a metric, the Christoffel
symbols are

SΓ2
22 ¼ SΓ3

23 ¼ −SΓ2
33 ¼ −ϵx2ψ−1;

SΓ3
33 ¼ SΓ2

32 ¼ −SΓ3
22 ¼ −ϵx3ψ−1: ð110Þ

Nontrivial Riemann and Ricci tensor components read
R2323 ¼ 2ϵψ−4 and R22 ¼ R33 ¼ 2ϵψ−2, so that the
Ricci scalar is R ¼ 4ϵ ¼ 2K, where K is the (constant)
Gaussian curvature. This obviously satisfies the constraint
(105). It remains to fulfill the constraint (106). Since hpq
given by Eq. (109) is independent of u, it reduces to
eðpjjqÞ ¼ 1

2
hpqenjjn, which is, using Eq. (110),
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eð2jj2Þ ¼ ψ−2e2;2 − ϵψ−3ðx2e2 þ x3e3Þ;
eð3jj3Þ ¼ ψ−2e3;3 − ϵψ−3ðx2e2 þ x3e3Þ;

eð2jj3Þ ¼
1

2
ψ−2ðe2;3 þ e3;2Þ;

enjjn ¼ ðe2;2 þ e3;3Þ − 2ϵψ−1ðx2e2 þ x3e3Þ: ð111Þ

The constraint is thus equivalent to very simple two
conditions3:

e2;2 ¼ e3;3 and e2;3 ¼ −e3;2: ð112Þ

Clearly, these are just the Cauchy–Riemann conditions for
the complex function f constructed from the real functions
e2ðu; x2; x3Þ and e3ðu; x2; x3Þ, which depend on an external
parameter u and the complex variable ξ composed from the
spatial coordinates x2 and x3. In particular, introducing the
complex quantities

ξ≡ 1ffiffiffi
2

p ðx2 þ ix3Þ and f ≡ −
1ffiffiffi
2

p ðe2 þ ie3Þ; ð113Þ

we obtain that f is a holomorphic function of the complex
variable ξ since Eq. (112) is equivalent to f;ξ̄ ¼ 0,
while f;ξ ¼ −ðe2;2 þ ie3;2Þ. Any complex function fðu; ξÞ
holomorphic in ξ thus automatically satisfies the
constraint (106).
Therefore, in Einstein’s D ¼ 4 general relativity, it is

convenient to adopt the complex representation ξ of the
spatial coordinates in the transverse 2-space and the
complex function fðξÞ to represent the off-diagonal metric
functions e2 and e3. Performing the transformation (113),
the general vacuum Robinson–Trautman solution (103),
(104) (possibly with a cosmological constant Λ and/or
pure radiation field) for which the transverse 2-space has
constant curvature takes the form

ds2 ¼ 2
r2

ψ2
jdξ − fðu; ξÞduj2 − 2dudr − grrdu2; ð114Þ

ψ ≡ 1þ ϵξξ̄ with ϵ ¼ 0, þ1, or −1, and

grr ¼ 2ϵþ b
r
þ
�
ðf;ξ þ f̄;ξ̄Þ −

2ϵ

ψ
ðξ̄f þ ξf̄Þ

�
r −

Λ
3
r2:

ð115Þ

Here, b ¼ bðuÞ is an arbitrary function, and we used the
fact that

epjjp ¼ −ðf;ξ þ f̄;ξ̄Þ þ
2ϵ

ψ
ðξ̄f þ ξf̄Þ: ð116Þ

The field equation (107) is now reduced to a simple relation
2b;u − 3bepjjp ¼ 16πN , which in the vacuum case is just

2b;u ¼ 3bepjjp: ð117Þ

For b ¼ 0, this vacuum field equation is identically
satisfied. In such a case, we obtain the complete family of
Robinson–Trautman gravitational waves of algebraic type N.
Indeed, the metric (114), (115) with b ¼ 0 is exactly the
line element written in Sec. 4 of Ref. [17] above Eq. (16).
This is related to the García Díaz–Plebański 1981 form [18]
of these exact radiative spacetimes,

ds2 ¼ 2v2dξdξ̄þ 2vĀdξduþ 2vAdξ̄duþ 2ψdudv

þ 2ðAĀþ ψBÞdu2; ð118Þ

where A≡ ϵξ − vf, B≡ −ϵþ 1
2
vðf;ξ þ f̄;ξ̄Þ þ 1

6
Λv2ψ ,

via a simple transformation r ¼ −vψ ; see also Ref. [19].
The corresponding gravitational wave amplitudes Aþ
and A× of the two independent polarizations are directly
determined by the second covariant derivatives of the
function c ¼ −epjjp, cf. Eq. (80), namely, by the symmetric
traceless 2 × 2 matrix

wpq ≡ cjjpjjq −
1

2
hpqhmncjjmjjn: ð119Þ

Indeed, using Eq. (110), it follows that

w22 ¼ −w33 ¼
1

2
ðc;2;2 − c;3;3Þ þ ϵψ−1ðx2c;2 − x3c;3Þ;

w23 ¼ w32 ¼ c;2;3 þ ϵψ−1ðx3c;2 þ x2c;3Þ; ð120Þ

which can be rewritten in the complex notation (113) as
w33 ¼ −2ReΨ,w23 ¼ −2ImΨ, whereΨ≡ 1

2
ψ−2ðψ2c;ξÞ;ξ.

Substituting for c ¼ −epjjp from Eq. (116), we immediately
obtainΨ ¼ 1

2
f;ξξξ. This yields very simple explicit relations:

w33 ¼ −Ref;ξξξ; w23 ¼ −Imf;ξξξ: ð121Þ

By comparing with the expressions (34) of Ref. [20]
determining the two amplitudes of the Robinson–
Trautman gravitational waves (measured by a geodesic
deviation in a suitable orthonormal frame), we observe that
Aþ ∝ w33 and A× ∝ w23.
We thus conclude that although the off-diagonal metric

components gup ¼ r2ep can be locally removed from the
metric (103) by a gauge transformation x0ðx; uÞ such that
dx0p ¼ dxp þ epdu, it is in fact convenient to keep ep (or,
equivalently, the complex function f) nontrivial because
these functions directly encode the amplitudes of the
Robinson–Trautman gravitational waves. The physical
meaning of these metric components in higher dimensions
remains an open question since various independent results

3They imply that e2 and e3 are harmonic conjugate functions in
flat 2-space, ▵e2 ¼ 0 ¼ ▵e3.
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indicate that there are no Robinson–Trautman gravitational
waves in D > 4 [5,8,21].
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APPENDIX: PROOF OF THE
USEFUL IDENTITIES

Here, we present the steps that enable us to prove the
nontrivial identities (96)–(98).

1. Identity (96)

This identity immediately follows from the constraint
(74), which, in view of the definition (80), can be written as

hmn;u ¼ 2eðmjjnÞ þ hmnc: ðA1Þ

Multiplying this equation by emen, we obtain
emenhmn;u ¼ 2enememjjn þ enenc, which is equal to

emenhmn;u ¼ enðememÞ;n þ enenc: ðA2Þ

2. Identity (97)

First, it can be shown using Eqs. (80) and (A1) and the
relation hmn

;u ¼ −hmphnqhpq;u that

1

2
ðD − 2Þðc;u þ c2Þ þ enjjncþ hmn

h
em;ujjn −

1

2
hmn;uu

i

¼ hmn½em;ujjn − emjjn;u�: ðA3Þ

Moreover, using the explicit expressions for the spatial
covariant derivatives

em;ujjn ¼ em;un − ep;uSΓ
p
mn; ðA4Þ

emjjn;u ¼ ðem;n − epSΓ
p
mnÞ;u; ðA5Þ

eðpjjmÞjjn ¼ eðpjjmÞ;n − eðqjjmÞSΓ
q
pn − eðpjjqÞSΓ

q
mn; ðA6Þ

we obtain

hmn½em;ujjn − emjjn;u�

¼ −
1

2
ðD − 4Þenc;n þ ephmnepjjmjjn

þ ephmn½emjjpjjn − emjjnjjp�: ðA7Þ

Simple calculation yields

hmn

�
−
1

2
ðepepÞjjmjjn þ hpqepjjmeqjjn

�
¼ −ephmnepjjmjjn:

ðA8Þ

Putting Eqs. (A3), (A7), and (A8) together, applying the
definition emjjpjjn − emjjnjjp ≡ −Rq

mnpeq, and using the
constraint Rpq ¼ ðD − 3Þhpqa, which follow from
Eqs. (72) and (73), we thus prove

1

2
ðD − 2Þðc;u þ c2Þ þ enjjncþ

1

2
ðD − 4Þenc;n

− ðD − 3Þepepaþ hmn

�
em;ujjn −

1

2
hmn;uu

−
1

2
ðepepÞjjmjjn þ hpqepjjmeqjjn

�
¼ 0; ðA9Þ

which is the identity (97).

3. Identity (98)

Using the explicit form (72) of a, where R ¼ hpqRpq,
with (73) and (80) it can be shown that

ðD − 2Þða;u þ acÞ ¼ 1

D − 3
hpqRpq;u − 2aenjjn: ðA10Þ

It remains to evaluate the term hpqRpq;u, which (from the
definition of the Ricci tensor) is

hpqRpq;u ¼ hpq½SΓm
pq;mu − SΓm

pm;qu þ SΓm
pq;u

SΓn
mn

þ SΓn
pq

SΓm
nm;u − 2SΓm

pn;u
SΓn

mq�: ðA11Þ

Direct calculation using the identity hmn
;u ¼ −hmphnqhpq;u

followed by relations (A1), (A6), and emjjpjjn − emjjnjjp ¼
−Rq

mnpeq reveals that

Tm
pq ≡ SΓm

pq;u ¼ hmn½enjjðpjjqÞ − ekRkðpqÞn�

þ δmðpc;qÞ −
1

2
hmnhpqc;n: ðA12Þ

It is important to observe that the quantity Tm
pq is a tensor

in the transverse ðD − 2Þ-dimensional space. Therefore,
reexpressing Eq. (A11) using the covariant derivative
Tm
pqjjm, we get the tensor relation

hpqRpq;u ¼ hpq½Tm
pqjjm − Tm

pmjjq�: ðA13Þ

Substituting Eq. (A12) into Eq. (A13), we obtain

hpqRpq;u ¼ hmnhpq½enjjpjjqjjm − enjjpjjmjjq�
þ 2hmnðepRpmÞjjn − ðD − 3Þhmncjjmjjn:

ðA14Þ
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Now, the contraction of the identity (3.2.21) of Ref. [22]
yields the identity

hmnhpq½enjjpjjqjjm − enjjpjjmjjq� ¼ 0; ðA15Þ

while the direct evaluation using Eqs. (72) and (73) gives

2hmnðepRpmÞjjn ¼ 2ðD − 3Þ½ena;n þ aenjjn�: ðA16Þ

Putting Eq. (A14) with Eqs. (A15) and (A16) into
Eq. (A10), we finally obtain the identity

ðD − 2Þða;u þ acÞ þ ðD − 6Þena;n þ hmncjjmjjn

¼ ðD − 4Þena;n; ðA17Þ

which completes the proof.
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