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We investigate Brownian motions of a particle coupled to vacuum fluctuations of a quantum field.
The Unruh effect predicts that an observer in an accelerated motion sees the Minkowski vacuum as
thermally excited. This addresses the problem of whether or not a thermal property appears in a perturbative
random motion of a particle in an accelerated motion due to the coupling. We revisit this problem by
solving the equation of motion of a particle coupled to vacuum fluctuations including the radiation reaction
force. We compute a Fourier integral for the variance of the random velocity in a rigorous manner.
Similarly, we consider a particle coupled to vacuum fluctuations in de Sitter spacetime motivated by the
argument that an observer in de Sitter spacetime sees the Bunch-Davies vacuum as a thermally excited state
with the Gibbons-Hawking temperature. Our investigation clarifies the condition that the energy

equipartition relation arises in the Brownian motions of a particle.
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I. INTRODUCTION

Vacuum fluctuation is a key concept of quantum physics
in curved spacetime. One of the famous phenomena is the
Hawking radiation, which predicts thermal-like radiation
from black hole spacetime [1]. From the equivalence
principle, the Hawking radiation is closely related with
the Unruh effect that predicts an observer in an accelerated
motion sees the Minkowski vacuum as thermally excited
[2]. It is an interesting question whether or not the Unruh
effect can be tested in a laboratory. The radiation coming
from the Unruh effect is called the Unruh radiation, though
the existence of the Unruh radiation is under debate [3-5].

Motivated by the arguments [3-5], we investigate
Brownian motion of a particle due to the coupling to
quantum vacuum fluctuations. This issue was first formu-
lated in Ref. [5], in which the authors considered the system
that consists of a particle and a quantum field, which are
coupled to each other. They derived a Langevin-like
equation for a particle taking the random force from the
quantum field fluctuations and the radiation reaction force
into account. They applied the formulation to a particle in
an uniformly accelerated motion, and found that the energy
equipartition relation appears in the transverse fluctuations
of a particle, which is perpendicular to the direction of the
acceleration. However, the conclusion is based on a low-
energy approximation, and the investigation is restricted to
the transverse fluctuations in particle motions because of
the limitation of the approximation. Therefore, the longi-
tudinal fluctuations have not been investigated yet.

In the present paper, complementary to the previous work
[5], we focus our investigation on the energy equipartition
relation in random motions of a particle coupled to vacuum
fluctuations of a quantum field. We consider the system that
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consists of a particle and a quantum field, which are coupled
to each other, in curved spacetime. We present basic formulas
for a particle in random motions as a generalization of the
previous work [5]. As applications, we consider a particle in
de Sitter spacetime as well as a particle in an uniformly
accelerated motion, which is well described by the Rindler
spacetime coordinate. We compute the variance of the
random velocity in a coincidence limit of the two point
function of the random velocity, which we evaluate by
counting all the poles in the Fourier integral, which is
obtained by solving the equation of motion of a particle.
Our results clarify the difference between the transverse and
the longitudinal fluctuations of a particle in an accelerated
motion. The energy equipartition relation appears for the
transverse fluctuations, but it does not appear for the
longitudinal fluctuations when a particle is uniformly
accelerated.

A particle coupled to vacuum fluctuations in de Sitter
spacetime is also considered, motivated by the prediction
that an observer in de Sitter spacetime sees the Bunch-
Davies vacuum as a thermally excited state with the
Gibbons-Hawking temperature. For a particle coupled to
the Bunch-Davies vacuum fluctuations in de Sitter space-
time, we find a similar structure of poles in the Fourier
integral for the variance of the random velocity as that of
the longitudinal fluctuations of a particle in an accelerated
motion. Our rigorous method shows that the energy
equipartition relation does not appear for m > H, where
m is the mass of the particle and H is a Hubble constant
specifying the de Sitter expansion rate. The energy equi-
partition relation only appears for m < H.

This paper is organized as follows: In Sec. II, we first
present basis formulas, which describe the equation of
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motion of a particle coupled to vacuum fluctuations of a
quantum field, as a generalization of the previous work [5]
to those in curved spacetime. We derive the Langevin-like
equation for a particle taking random forces due to the
coupling and the radiation reaction force into account.
In Sec. I, we consider a particle coupled to the
Bunch-Davies vacuum fluctuations in de Sitter spacetime.
In Sec. IV, we consider a particle coupled to the Minkowski
vacuum fluctuations in an accelerated motion. The trans-
verse and the longitudinal random motions are investigated
separately. Section V is devoted to summary and conclu-
sions. We follow the metric convention (—, 4, 4, +).

I1. BASIC FORMULAS

We consider the system consisting of a particle and a
scalar field in curved spacetime, whose action is given by
§ = So(z) + So(@) + Sin(2.9). (2.1)

where Sy(z) and Sy(¢) are the action for the fee particle
and the field conformally coupled to the curvature,

So(z) ——m/dr,/—gﬂyif"”,

Sod) = [ drv=ay (e 0,000 - k). (23)

(2.2)

and S, (z, ¢) describes the interaction,

Sm(z.4) = e / dedx =g (D) PP (x — 2(0))
—e / it =g, (2(0) 22 (2(2))

Note that x* = z#(r) denotes the trajectory of the particle,
which obeys,

(2.4)

. (25)

x=z(1)

Dz# Dz# O¢p ey
Dt ( )

Y e S Ha
" ¢ ¢+z Gx"‘—i_gﬂ ox%

where we used the notation D/Dz = V.. The equation of
motion for the scalar field is

\/_/df,/—gﬂ,,z” ”54 (x—z(r

(2.6)

(~VHV, + ER)¢

The field equation has the solution, ¢ = ¢}, + ¢;,n, Where
¢n and ¢;,, are the homogeneous and inhomogeneous
solutions, respectively. The inhomogeneous solution is
written as
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Din(x) = e/d4x’GR (x,x')/dr', /—gﬂyi”i”é“(x’ —z())

—e/dT’GR(x,z(r’)), (2.7)

where G(x, y) denotes the retarded Green function, which
satisfies \/=g(—V#V, + ER)Gr(x,y) = &*(x — y).

The terms from the inhomogeneous solution in Eq. (2.5)
give rise to a radiation reaction force for the equation of
motion of the particle [5-9]. We consider the conformally
flat spacetime, in which it is known that the tail term in the
radiation reaction force disappears [10]. The terms from the
homogeneous solution ¢, in Eq. (2.5) give rise to random
forces, and we have the Langevin-like equation of motion

Dz” e? (D7 . (Di\%\ € . .
—H | — v HIVVR a
"Dt 12ﬂ'<DT2 < <Dr> 2\ H PR

Iy 5¢h>

. (28)

x=z(7)

Dzt .
+e<—¢h—|—z“a iR
Dzt

where the mass of the particle is redefined. This equation is
a generalization of that derived in [5], in which a particle in
an uniformly accelerated motion in the Minkowski space-
time is considered.’ Using this generalized equation, we
first consider the particle in de Sitter spacetime in Sec. III.

III. A PARTICLE IN DE SITTER SPACETIME
We consider the particle in de Sitter spacetime, whose
line element is written as

ds* = —di* + a*(1)8;;dx'dx/, (3.1)

where a(t) = ef' is the scale factor. The equation of
motion is derived directly from Eq. (2.8). We write the
trajectory of the particle x* = z#(r) = (¢(7),7'(r)) and
derive the linearized equation of motion of z'(z), assuming
that the particle moves around the origin of the spatial
coordinate. Then we have

e? e Oy,
HI
T2 W H) A+ S ’

x=z(1)

m(v' + Hv') =

(3.2)

where we defined v'(z) = a(r)z/(z). This equation is
solved in the Fourier space as

=i _ (7’5((1’)
Vi) =e (w—iH)(e*w/12x + im)’

(3.3)
where we defined the Fourier expansion,

'A similar problem for a uniformly accelerated quark is
considered in the context of the AdS/CFT correspondence in
Ref. [11].
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Ui(’r) _ /Z_j‘;"}i(m)e—iwr’ (3_4)
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As we consider the scalar field conformally coupled to the
curvature in the Bunch-Davies vacuum, we have [12,13]

<0 1 8¢h('x) 1 3¢h(_y>‘0>
a(ty) O0x' a(t,) Ox =2(2).y=2()
H* 0;j
_ ’ 3.6
327 (sinh H(z — 7') /2 — ie)* o
and
) ) 6 [ w
(V' (0)v/(7))s = bij— 22 /_oo da)wz + (127m/ e?)?
x coth(zw/H)e' =7, (3.7)

where ’(- - -)¢’ means the symmetrization with respect to ¢
and 7. The poles of the integrand are @ = +i12xm/e* and
+inH with n = 1,2, .... The integration can be performed
exactly. Then we have

o 66;; .
(0 (2)0/ (7)) s = —5 {e‘H" "t cot mo!

e
> 1 1 —nHér
Jrz:(rz—i-o’l+rz—a_1>e }
Z[H, 6761,

n=1
H
=5
Y2xm

(3.8)

where we defined ¢ = ¢*H/12zm, and 67 = |¢' — |. In the
second line, we introduced the function defined by

=[H, & 6t] = C{e‘H‘:‘STﬂ cot(z¢)

+Z<n+¢

n=1

o)emed 29)

With the use of the mathematical formulas,

(v'(1)v/(2'))s = 6 %

st — B In(Hét) + O(m/H)

2zm

The results show that the variance of velocity has a
logarithmic divergence in the limit that 6z approaches
zero. However, since the coefficient of the divergence
terms are independent of H, these terms don’t contribute
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i p—nase 1LC 14 e—aér)l (310)
:0 g

Fi(a.b,a+b;z) = F(a+b id)n
( n=0 (n

x 2 (n+ )=ylatn)—y(b+n)

“in(1 = 2)](1=2)", (3.11)

42 "z‘m (3.12)

m=0

where ,F | (a, b, c; z) is the hypergeometric function, y/(z)
is the polygamma function and I'(«) is the gamma function,
the symbol (a), is defined as (a), =a(a+1)(a+2)---
(a+n-1), and E[H, ;7] can be rewritten as

=1, Gior] = £ (e + 460y~ Hox = (0

—H¢5e
¢

Fy(1,¢,ci1 — 7o)

e

—In(1 — e71%7)) —

c=1

1} (3.13)

where y is the Euler constant. In the limit of small dz, this
function has the asymptotic formula,

0

a 2

0
—azFl(l,—C, c; 1 — e Hom)

E[H,(, 61] = =1 4 2{(—=In(Hé7) —y —w(E)) + O(67).
(3.14)

Noting the definition ¢~! = 12zm/He? and using the
asymptotic formula of the polygamma function,

In¢ - - for{>1,
¢ 12
w(l) = { | (3.15)
-7 for { <« 1,
we finally have
-4 <ln% + }/> + O((H/m)?) for H < 12zm/eé?, (3.16)

for H > 12zm/e>.

I

to the thermal nature. Indeed the term —l—% (ln% +7)
remains in the limit of H — 0, where the de Sitter
spacetime reduces to the Minkowski spacetime. As will
be described in the next section, we also find that the same
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term remains for the case of particle in an uniformly
accelerated motion in the limit that the acceleration con-
stant approaches zero. So one may understand that this
divergence comes from the short-distance motion of the
particle, originated from our formulation based on point
particle. The divergence coming from the short-distance
motion of the particle will be removed by taking a finite
size effect of the particle into account. Therefore, this
suggests that oz cannot be taken to be zero, and it is natural
to introduce a finite value cutoff [14].

Equation (3.16) means that the energy equipartition
relation does not appear for the case H < 12zm/e?,
where one cannot find a thermal property in the random
motion. On the other hand, the energy equipartition
relation looks to appear when H > 12zm/e® as the
Gibbons-Hawking temperature is H/2z. It is well known
that the scalar field in de Sitter spacetime has a stochastic
property [15-17]. In particular, the stochastic inflation
approach indicates that the massless scalar field coarse-
grained over the horizon size H~' follows an equation of
motion with a white noise term. The results (3.16) in the
case H > 12zm/e* would be closely related to this fact.
However, we should also note that the amplitude of the
velocity is larger than unity, even though the energy
equipartition relation appears. This inconsistency would
come from the fact that H > m means that the particle’s
Compton wavelength is much longer than the horizon
size. This would mean the inconsistency of our descrip-
tion of the point particle in this regime.

IV. A PARTICLE IN AN ACCELERATED
MOTION

Now let us consider the particle in an accelerated
motion with a uniform acceleration a. Equations of
motion around a uniformly accelerated motion are derived
in Ref. [5], which are summarized in the following.
We consider the transverse and the longitudinal random
motions separately.

A. Transverse fluctuations

For the transverse fluctuations perpendicular to the
direction of the uniform acceleration, the equation of
motion is

2
P Oy,
i € i i : , 4.1
mit = g — @) Fegh x=2() -y
which leads to [5]
' ] 62 [ 0)((1)2 +a2)
4 J(+ = 5— d
(' (2)v! (7)) iig /_oo w(ez(w2+a2))2+(127rmw)2
« coth(zza)/a)ei“’&- (4.2)
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The integrand has the poles at w = £iaQ, +iaQ_, and
+ina with n = 2,3, ..., where Q. are defined as

Q. = l—l—i:l: 1—|—L 2—1
= 262 262

1
= Z—(il +V1+46%),
o

(4.3)

and here ¢ is defined as ¢ = e¢>a/12zm. This integration
can be exactly performed, and we have

a 1

Y2am /1 + 462

- 1 1
+Q ( + >e—nu5‘r
+; n+Q, n-Q,

+Q e T cot 7

=, 1 1
Q —nadr
o3 (e tima) ™)

(v'(1)0/(¢'))s = &

—aQd, ot
{QJre T cot w2

(4.4)
where we used
1-Q2 1 < ! )
- 2\ "vias)
_ 02
7& —951 _ ; (1 4 7@) (4.5)

Then, using the function Z[a, Q. ; 67| defined by Eq. (3.9),
we have

a 1

P —
12am /1 + 467
x (Z[a, Qy; 67| + E[a, Q_; 67]).

(v'(2)0/ (¢))s =
(4.6)

Using the asymptotic formula (3.14) with replacing H with
a, we have

a 2
2 Tt a0t
x{-1-Q y(Q,)-Q y(Q)
+(Q, +Q_)(=log(adr) —y)} + O(67).
(4.7)

(8v'(z)80/ (¢'))s

In the limit of small 6z, with the approximate formula
(3.15), expression (4.7) reduces to
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For the case a < 12zm/e?, the equipartition relation
appears as the Unruh temperature is a/2z, which was first
discovered in Ref. [5]. On the other hand, it does not for the
case a > 12zm/e?, however, this case perhaps should not
be considered because the Unruh temperature is much
larger than the particle mass.

B. Longitudinal fluctuations

Now we consider the longitudinal fluctuations, whose
equation of motion is given by (see Appendix in Ref. [5]),

o2
m(8 — a*6¢) = (55 — a’88) + e,y (49)
where 9 = (a + 0/0¢), 6&(7) specifies the position of the
fluctuating particle in the longitudinal direction, and 6¢ = 0
is the trajectory of the particle without fluctuations. This
equation can be derived from (2.8) with an external force
using the Rindler coordinate,

ds® = e*¢(—dn* + d&*) + dx} + dx3.  (4.10)
The use of the Fourier expansion leads to the following
formula for the variance of the random velocity:

eiwﬁ‘r

. . 6 S 3
OHOOEE)s = 35 [ oo

x coth(rw/a). (4.11)
The poles of the integrand are =+ic~!, +ina with
n=1,2,.... The poles at +ia are the second order.
The structure of the pole is similar to that of a particle
in de Sitter spacetime. The integration can be exactly
evaluated as

|

LY

(0&(x)8&(7))s =

Thus, the results indicate that the energy equipartition
relation does not appear in the longitudinal fluctuations,
which is the contrast to the transverse fluctuations. This
difference comes from the second term in the left hand side
of equation of motion (4.9), —ma?d¢. Such a term in a
classical dynamics makes its motion unstable. This pre-
vents the energy equipartition relation in the longitudinal

Fo- 12 (ln% + y) + O((a/m)?) for a < 12zm/e?,

_1 (ln(ac%) %) + O(m/a)

— 13 (inl2ms gy )

_e—’g‘ (log(aér) + %) + O(m/a)
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(4.8)
for a > 12zm/ée>.

I
(55(0)3( )5 =

{e'“‘w mcot o

o* —506% — 2abtc* + 2adrc®
2(1-02)? ¢
2n o—"ast
(1 =n?)|

+

D=

n=

(4.12)

By using the function E[a, {; §7] defined by Eq. (3.9) with
replacing variable H and ¢ with a and 6™, respectively, we
may rewrite

20.26—a5-r

(=0

o*(1-5672-2(1 —67%)adr) _
2(1 =27 ¢

<aé<r>«sé<r'>>s:%{ °a.otia] +

1 - o2

+

2
+

- 62 ((eaﬁr + e—a51> 11’1(1 _ e—aﬁr)

1
+ 1 +§e—a51>:|,

which reduces to

(4.13)

2 2 —1 _ 2
[210g(a67) v "’(1" );”’ ¢

Nlo

(0(x)0é(x))s =

—0

T o

O(67), (4.14)
in the limit of small 6z with the use of Eq. (3.14).
Furthermore, the use of the approximate formula (3.15)
leads to

O((a/m)?) for a < 12zm/ e,
(4.15)

for a > 12zm/e.

direction. There is the blocking of the energy equipartition
relation in the direction of the accelerated motion.

V. CONCLUSIONS

In this paper, we investigated Brownian random motions
of a particle coupled to vacuum fluctuations. We consider a
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particle coupled to vacuum fluctuations in de Sitter
spacetime and a particle in a uniformly accelerated motion
in the Minkowski spacetime. A detector coupled to vacuum
fluctuations is excited as if it is exposed to the thermal bath
with the Gibbons-Hawking temperature in de Sitter space-
time or with the Unruh temperature of an acceleration
motion. Then, we may expect that a thermal property may
appear in the random motions of a particle in such
situations. We investigate this problem by solving the
equation of motion of a particle coupled to vacuum
fluctuations including the radiation reaction force. We
found that the energy equipartition relation may appear
in the random motion of a particle. We also found that it
does not always appear. For the particle in de Sitter
spacetime, the energy equipartition relation apparently
appears when H/m > 1, but it does not appear when
H/m < 1. For the particle in an accelerated motion, the
equipartition relation appears in the transverse motion
when a/m < 1. We showed that the energy equipartition
relation does not appear in the longitudinal fluctuations.
In the previous work [5], the authors found that the energy
equipartition relation appears in the transverse motion

PHYSICAL REVIEW D 89, 124028 (2014)

when a/m < 1, but the conclusion was derived by evalu-
ating only the pole of the lowest energy scale in the Fourier
integration. In the present paper, our conclusions have been
derived by evaluating all of the poles in the Fourier
integration. The condition that the energy equipartition
appears is that the lowest energy pole in the Fourier integral
for the variance of velocity is smaller than the Unruh
temperature for the particle in the accelerated motion or
the Gibbons-Hawking temperature for the particle in de
Sitter spacetime. It is interesting to investigate whether or
not the random motions representing a thermal property can
be detected as a signature of radiation, which will be
investigated in a future work.
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