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Angular-averaged consistency relations of large-scale structures
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The cosmological dynamics of gravitational clustering satisfies an approximate invariance with respect
to the cosmological parameters that is often used to simplify analytical computations. We describe how this
approximate symmetry gives rise to angular-averaged consistency relations for the matter density
correlations. This allows one to write the (Z + n) density correlation, with # large-scale linear wave
numbers that are integrated over angles, and n fixed small-scale nonlinear wave numbers, in terms of
the small-scale n-point density correlation and ¢ prefactors that involve the linear power spectra at the
large-scale wave numbers. These relations, which do not vanish for equal-time statistics, go beyond the
already known kinematic consistency relations. They could be used to detect primordial non-Gaussianities,
modifications of gravity, limitations of galaxy biasing schemes, or to help design analytical models of

gravitational clustering.
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I. INTRODUCTION

After the results of the WMAP and Planck missions
[1,2], which have already uncovered a lot of information
from the cosmic microwave background data, surveys of
the large-scale structure of the Universe promise to be an
important and complementary probe of cosmological
scenarios [3,4]. In particular, they should shed light on
the properties of the dark matter and dark energy compo-
nents. Unfortunately, even without considering the very
complex processes of galaxy and star formation [5-8] and
focusing on the large-scale properties where gravity is the
dominant driver, exact or well-controlled predictions for
the statistical properties of the density and velocity fields
are difficult. Large scales can be described by standard
perturbative approaches [9,10], which can be improved to
some degree by using resummation schemes [11-19].
However, these methods cannot reach the truly nonlinear
regime where shell-crossing effects become important
[20-22]. Small scales are studied through numerical
simulations or phenomenological models [23] that rely
on information gained through these simulations. However,
these scales are difficult to model with high accuracy, even
with simulations, and it would be useful to have analytical
results that go beyond low-order perturbation theory.

Some exact results have recently been obtained [24-30]
in the form of “kinematic consistency relations.” They
relate the (£ + n)-density correlation, with ¢ large-scale
wave numbers and n small-scale wave numbers, to the
n-point small-scale density correlation, with £ prefactors
that involve the linear power spectrum at the large-scale
wave numbers. These relations, obtained at the leading
order over the large-scale wave numbers &/, arise from the
equivalence principle (in standard scenarios). It ensures that
small-scale structures respond to a large-scale perturbation
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(which at leading order corresponds to a constant gravi-
tational force over the extent of the small-size object) by a
uniform displacement. Therefore, these relations express a
kinematic effect, due to the displacement of small-scale
structures between different times. This also means that
(at this order) they vanish for equal-time statistics, as a
uniform displacement has no impact on the statistical
properties of the density field observed at a given time.

In practice, it is difficult to measure different-time
density correlations, as correlations between different red-
shift planes along our light cone (hence over distances of
order ¢/H,) are very small. Therefore, it would be useful to
obtain similar relations that apply to single-time density
correlations. This means that we must go beyond the
kinematic effect and investigate how small-scale density
fluctuations respond to nonuniform gravitational forces.
At leading order over the large-scale wave numbers, this is
given by the response to a change of the background
density, which also corresponds to a large-scale curvature
of the gravitational potential.

In this paper, we show how this problem can be
addressed by using an approximate symmetry of the
cosmological gravitational dynamics.

In Sec. II, we recall how most of the dependence on
cosmological parameters can be absorbed by a remapping
of the time coordinate, r — D, (t), where D (¢) is the
linear growing mode. This is a well-known approximate
symmetry of the cosmological gravitational dynamics that
is often used in analytical methods (e.g., perturbative
schemes) to simplify the computations. Then, in Sec. III
we show how this invariance dictates the response of
density fluctuations to a small change of the background
density, which corresponds to a change of the cosmological
parameters ., and Qg. This allows us to derive consis-
tency relations that go beyond the kinematic effect and
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remain nontrivial for the equal-time density correlations.
In Sec. IV, we explicitly check this relation for the matter
density bispectrum, at leading order of perturbation theory.
We also present a fully nonlinear check in one dimension
(using the fact that the Zel’dovich approximation becomes
an exact solution), which provides a check for all many-
body density correlations or polyspectra up to all orders of
perturbation theory (and beyond the shell-crossing regime
if we consider the system as defined by the Zel’dovich
solution). We discuss our results and conclude in Sec. V.

II. APPROXIMATE SYMMETRY OF THE
COSMOLOGICAL GRAVITATIONAL DYNAMICS

On scales much smaller than the horizon, where the
Newtonian approximation is valid, the equations of motion
read as [31]

05 1

E*‘ZV‘[(H'@V]—O’ (1)
v 1 1
E+HV+E(V-V)V——EV¢, (2)

V2¢ = 4nGpa’s, (3)

where a(r) is the scale factor, H = a/a the Hubble
expansion rate, § = (p — p)/p the density contrast, and v =
adx/dt the peculiar velocity. Here, we use the single-
stream approximation to simplify the presentation, but the
results remain valid beyond shell crossing. Linearizing
these equations over {4, v}, one obtains the linear growth
rates D (), which are the independent solutions of [10,31]

D +2HD — 4zGpD = 0. (4)

For an Einstein—de Sitter universe, where a(t) « t*/3, the
linear growing mode is D, (¢) x a >/ and the linear
decaying mode is D_(f) x a=3/> x t~'. For a generic
cosmology, with a nonzero cosmological constant and
curvature, one must numerically solve Eq. (4).

As usual [11,32,33], it is convenient to make the change
of variables

b= (af) . (5

where f = dInD, /dIna. Then, the equations of motion
read as

n=InD,, v =afu,

06
a—n+v-[(1+5)u]:O, (6)

(30,
on 212

Vip =

1>u + (u-V)u = -V, (7)

30,

2—f25’ (8)
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where Q,(7) is the matter density cosmological parameter
as a function of time, which obeys 47Gp = (3/2)Q,,H>.

It happens that for standard cosmologies (i.e., within
general relativity), Q,,/f is always very close to 1 (which
is exact for the Einstein—de Sitter case) [31]. Then, making
the approximation Q,,/f% =1 removes all explicit time
dependence in the equations of motion (6)—(8) and sim-
plifies the analytical computations. This also removes all
explicit dependence on the cosmological parameters. In
particular, within a perturbative framework, one can use the
results obtained for the Einstein—de Sitter case by making
the replacement a(t) — D_(¢) [34,35]. The accuracy of
this approximation was investigated in Refs. [13,17], where
it was found that it performs to better than 1% at redshift
z=0fork <2h Mpc‘l, and 0.1% at z = 1 on these scales.
The approximation performs increasingly well at high
redshift in the matter era (where we recover the
Einstein—de Sitter cosmology). Although it degrades on
small scales at z = 0, this approximation is used by most
perturbative approaches [11-19] to simplify computations
(in particular, it allows one to use the explicit exponential
form of the linear response function or propagator adapted
from the Einstein—de Sitter case, with factors ¢” and e"/2
[11,12,36]). Thus, it provides a sufficient approximation on
perturbative scales and in the highly nonlinear regime at
low redshift it is not the main source of inaccuracy, as
uncertainties on the halo mass function, for instance, lead to
greater error bars [22].

This approximate symmetry does not rely on the
single-stream approximation, and instead of the Euler
equations (2) and (7), we can use the equation of motion
of the trajectories x(q, ¢) of the particles. It reads as

O*x Ox 1

or T =2V ®)

which becomes with the time coordinate 7

0°x 3Q, ox
(G5 0

where ¢ is the rescaled gravitational potential (8). This
explicitly shows that it satisfies the same approximate
symmetry. Therefore, our results are not restricted to the
perturbative regime and also apply to small nonlinear scales
governed by shell-crossing effects, as long as the approxi-
mation Q,,/f> =1 is sufficiently accurate (but this also
means that we are restricted to scales dominated by
gravity).

This standard approximation means that all the depend-
ence on cosmological parameters is encapsulated in the
linear growing mode D (¢). In this paper, we investigate
the consequences of this approximate symmetry of the
equations of motion, in terms of the “squeezed” limit of
density correlations. This corresponds to Fourier-space
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(¢ + n) density correlations (5(k})...5(k.)5(k;)...5(k,)),
where the wave numbers k; are much smaller than all other
wave numbers k; and within the linear regime. Our method
relies on the fact that a large-scale spherically symmetric
perturbation of the initial density contrast is similar to a
change of the mean density p, from whence the cosmo-
logical parameters arise, from the point of view of a much
smaller region at the center of this initial perturbation.

III. ANGULAR-AVERAGED CONSISTENCY
RELATIONS

We first consider the case of a single large-scale wave
number k' and we generalize to several large-scale wave
numbers k;’ in Sec. III C 3.

A. Correlation and response functions

Because the cosmological density and velocity fields are
statistically homogeneous and isotropic, it is often con-
venient to work in Fourier space. In this paper, we denote
with a tilde Fourier-space fields, defining the Fourier
transform as

5(x) :/dkeik-XS(k). (11)
To compare theoretical predictions with observations, one
often computes_correlation functions, (6(x,)...6(x,)), or
multispectra, (5(k;)...5(k,)). In particular, the power
spectrum P(k) is defined as

(8(k1)5(K2)) = 8p (ki + ko) P(ky), (12)

where the Dirac factor arises from statistical homogeneity.
We also denote with the subscript “L” the linear fields
obtained by linearizing the equations of motion (1)-(3), and
with the subscript “L0O” the linear fields today, at z = 0.
Throughout this paper, we assume as usual that the linear
decaying modes have had time to become negligible by the
times of interest. Then, the initial conditions are fully
defined by the linear growing mode, which is also set by the
linear density field today &;y(x), which we assume to be
Gaussian.

In analytical approaches, especially in perturbative
schemes that use field-theoretic tools [11,12,14,36-40],
it is convenient to introduce response functions (also called
propagators or Green functions), which we define in real
space as

/ /.
ROM(X), o XX, e X 1)

_ <Df[5(x1,rl)...é(xn,tn)]>
Dé1o(x})...Déro(x}) [/’

(13)

and similarly in Fourier space (throughout this paper,
we denote by the letter D the functional derivative).
The quantities (13) describe how the nonlinear density
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field, at positions and times {x,#;...;X,,,}, responds
to changes of the initial conditions [defined by §;(x)] at
positions {x,’, ..., x/'}.

As described, for instance, in Ref. [30], for Gaussian
initial conditions, correlations between the nonlinear
density contrast 6 and the linear density contrast d; that
defines the initial conditions can be written in terms of
response functions. This gives in Fourier space [30]

<8L0(k/)3(k17 tl)' "S(knv [n)>

B ~/Dlo(ky.ty)...0(k,. 1,)]
= P (PR )

where P, (k') is the linear power spectrum of the initial
conditions 6;7,. This provides a simple method to obtain
consistency relations for the density correlations by com-
puting the response function [i.e., the last term in Eq. (14)]
associated with a large-scale perturbation Ad;  of the initial
condition.

The leading-order effect that arises in the large-scale
limit, ¥ — 0, is a constant force, —V(A¢;), and velocity,
Av;o, over the small-scale region of size R, with
(K'R) < 1. This also corresponds to a zero local density
perturbation, because in the linear regime we have o; «
Vv, (up to time-dependent factors), as seen from the
continuity equation (1). This leads to a uniform displace-
ment of small-scale structures. Then, one obtains kinematic
consistency relations [24-30] that express a correlation of
the form (5.0(K})...8,0(k,)6(ky,1,)...6(k,,1,)), with £
low wave numbers and n high wave numbers, as a product
of £ linear power spectra Pp(k;) with the small-scale

nonlinear correlation (5(k, #;)...6(k,, ,,)), at lowest order
over k. Because this corresponds to a uniform displace-
ment, this leading-order result vanishes at equal times,
ty =---=1t,=1, and the results obtained for different
times t; #---#1t, simply describe how small-scale
patches have moved in between these times because of
the force exerted by a large-scale perturbation.

In this paper, we go beyond the kinematic effect recalled
above and we consider the effect of a nonzero large-scale
density fluctuation, that is, a nonzero curvature of the
gravitational potential. This higher-order effect does not
vanish for equal-time statistics because the large-scale
perturbation of the gravitational potential curvature leads
to a deformation of the small-scale structure (mostly a
space-time dilatation, as the overall collapse is accelerated
or decelerated). This leads to consistency relations for
density correlations that remain nontrivial for single-time
correlations. To remove constant gradients, which are
absorbed by the kinematic effect and do not contribute
to equal-time statistics, and to mimic a constant large-scale
density fluctuation (and isotropic curvature of the gravita-
tional potential), we consider spherical averages that read
in configuration space as
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Cly = [ dx W) Gualx)o(x1. 1) %p01,). (15)

and in Fourier space as

& = (2a)° / AT () (310 (K 3K, 11)..-5(K,. 1,)).
(16)

where W (x') [and its Fourier transform W(k')] is a large-
scale window function. Using Eq. (14) and its configuration-
space counterpart, Egs. (15) and (16) read as

DIs(xy,11)...6(x,, tn)]>
Dépo(x') ’

" = /dxdx’W(x)CLo(X7X/)<
(17)

where C;, is the linear density correlation of the initial
conditions, and

C,;V_(2”)3/dk’W(k/)PL0(k/)< Dé1o(—k')
LO\™

(18)

By definition of the functional derivatives, these expres-
sions also mean that we must consider the change of the
small-scale density correlation at linear order over a
perturbation Ady, as

" :5£=0<5(X1,tl)...é(xn,tn))g (19)
and
~n d R I
w :d— <5(k1,t1)...5(kn,tn)>g, (20)
€le=0
where (...), is the statistical average with respect to the

Gaussian initial conditions 87y, when the linear density
field is modified as

5L(x) = 8,(x) + D, (1) / X W) Cro(x.x)  (21)

or

31.(k) = 6.(k) +eD (1) 2n) W(k)Pro(k).  (22)

Here and in the following, we normalize the linear growth
rate and the linear density field as 6, (x, 1) = D (1)8o(x).
The spherical average over a much larger scale than
the region of interest of size R in Eq. (21) ensures that
over this small patch the density perturbation A§;, =
e [ dx'W(x")Cp(x") is constant (at leading order over k'R).

D[S(klvtl)"'s(knvtn)]>
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A similar idea was investigated in Ref. [41] in the context
of single-field inflation, where it was noticed that the effect
of a large-scale fluctuation is similar to changing the
curvature of the universe, from the point of view of a
small-scale region. However, this leads to a consistency
relation between a (1 + n) correlation such as Eq. (15) and
a small-scale n-point correlation in a different universe. As
such, it cannot be directly measured because we have
access to only one universe (unless one compares different
large-scale regions characterized by different large-scale
mean densities). In this paper, focusing on the late-time
universe during the matter and dark energy epochs, we
show in the next section how the approximate symmetry
recalled in Sec. II allows us to derive consistency relations
between correlations measured in the same universe. This is
because this symmetry provides a link between the cos-
mological gravitational dynamics in different Friedmann-
Lemaitre-Robertson-Walker cosmologies.

B. Effect of a large-scale density perturbation

From the point of view of a small region, a much larger-
scale almost uniform perturbation to the initial density
contrast is similar to a change of the background density p.
Then, following Ref. [31], we first recall that such a small
change of the background also corresponds to a linear
growing mode of the density contrast. Thus, we consider
two universes with close cosmological parameters, defined
at the background level by the functions {p(), a(z)} and
{P'(1),d'(1)}. The dynamics of the reference universe (i.e.,
our Universe) is given by the Friedmann equations,

a’>  8nG K
= =T G+p) —— 23
az 3 (,0+,0A) az? ( )
a 4G 8nG _
— =25+ —Zp, 24
, 3 Pt3 P (24)

where we included the contributions from a cosmological
constant and a curvature term and the dot denotes a
derivative with respect to the time 7. The auxiliary universe
{P'(t),d (1)}, denoted with a prime, obeys the same
equations with the change {p,a,K} — {p/.d'.K'} (the
constant dark energy density p, is not changed). It only
differs from the reference universe by a small amount, of
order ¢, with

/13 -

pa*=pa® =py,  d =all —e(t)],
7 = plL + 3e(1)]. (25)
Here and in the following, we only keep terms up to linear
order over e. Substituting Eq. (25) into the second

Friedmann equation (24) written for the auxiliary universe,
we obtain

&+ 2Hé — 4nGpe = 0. (26)

123522-4



ANGULAR-AVERAGED CONSISTENCY RELATIONS OF ...

As is well known [31], we recover the evolution
equation (4) of the linear growth rates D, (). This is
because spherically symmetric shells evolve independently
as separate universes (before shell crossing), thanks to
Birkhoff’s theorem, and their density difference behaves as
the linear growth rate (in the linear regime). Thus, we write
e(t) = D, (t)ey. (27)

We now turn to the density and velocity fluctuations.
In the reference universe, they follow the equations of
motion (1)—(3). In the auxiliary universe, we have the same
equations of motion with primed variables. For our
purpose, these two sets of variables actually describe the
same physical system, with two different choices for the
background density p around which we study fluctuations.
For instance, in the case ¢ > 0, a density contrast §' with a
zero mean in the primed frame appears as a density contrast
o with a nonzero positive mean. Thus, a large-scale uniform
density fluctuation Ad; in the reference frame is absorbed
by going to the primed frame. This will allow us to study
the effect of a large-scale density fluctuation as in
Egs. (21)-(22).

Because both frames refer to the same physical system,
we have

r =r=dx = ax, P(14+8)=p(1+6), (28)
where r = 1’ is the physical coordinate. Thus, we have the
relations

x = (1 +e)x, & =6—3e(l+9),

V = v+ éax, (29)
where we used Eq. (25) and only kept terms up to linear
order over e¢. Then, we can check that if the fields
{8,V @'} satisfy the equations of motion (1)—(3) in the
primed frame, the fields {8, v, ¢} satisfy the equations of
motion (1)—(3) in the unprimed frame, with the gravita-
tional potential transforming as
¢ = ¢ —a*(é+2He)x?/2. (30)
This remains valid beyond shell crossing: if the trajec-
tories x’(q, t) satisfy the equation of motion (9) in the
primed frame, the trajectories x(q,7) = (1 —¢)x/(q,7)
satisfy the equation of motion (9) in the unprimed frame,
with the gravitational potentials transforming as in Eq. (30).
Linearizing over the density contrast, the peculiar
velocity, and the perturbation €, we have

5L = 5L/ + 3€, vV, = VL/ — é‘aX,
)C2

¢ = ¢, + a*(é + 2He) (31)

5.
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In agreement with the remark above, we can again check
that if {5;’,v;’, ¢} is a valid linear growing mode in the
primed frame, {6;,v;, ¢, } is a valid linear growing mode
in the unprimed frame. Moreover, the density contrast § is
equal to &, up to the dilatation (29), to which is added the
uniform contribution 3e(¢) that corresponds to a homo-
geneous linear growing mode, as seen from Eq. (27).

We can now compute the dependence of small-scale
density correlations on ¢, that is, on changes of the
background density. Thus, we consider the response
function

R&::<ﬂdkhq)”dkm%ﬂ>mo'

b (32)

As described above, adding a nonzero background e
corresponds to changing the initial background density
from the reference p to the primed density p’. This modifies
the growth of large-scale structures, as the latter evolve in a
new cosmology, defined by a new set of cosmological
parameters. In particular, starting from a concordance
ACDM flat cosmology with Q  + Q, = 1, the change
of the background density generates a curvature term K /a”.
For a given set of initial conditions J;, the new field 5,
measured in the reference frame with the added background
€, can be expressed in terms of the density contrast §' in the
primed frame, where € has been absorbed by the change
p — p/, through the mapping (29). This gives

8, (x.1) = (1 +3€)5'[(1 + €)x, 1] + 3e, (33)
which reads in Fourier space as
S, (k. 1) = &[(1 =€)k, 1] + 3edp (k). (34)

Next, we use the approximate symmetry described in
Sec. II to write that the density contrast only depends on the
cosmological parameters through the linear growth rate
D, (1), whence &' (k,;Q,/, Q). Q') =6(k,D, (1)),
where 6(k, D) is the functional that gives the nonlinear
density contrast for any set of cosmological parameters, for
a given initial condition of the zero-mean linear density
contrast. Thus, Eq. (34) reads as

8¢, (k. 1) = 6[(1 —e)k, D | + 3edp(k), (35)
where D is the linear growth rate that is modified with
respect to the initial D by the perturbation e. Then, the
derivative of the density contrast with respect to ¢, reads as

96 96

d8(k, 1)

860

_ 8D+€0
860

(36)

€o=0

where we disregarded the Dirac factor that does not
contribute for wave numbers k # 0.
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We need to compute the dependence of the linear
growing mode D, on €p. The linear growth rates D,
and D', obey Eq. (4), with unprimed and primed Hubble
and density factors. Writing D', () = D, (t) + y(¢), where
y is of order €, we obtain at linear order

§ 4 2HY — 4nGpy = 2D, é + 12aGpD €. (37)

By definition of the matter density cosmological parameter
Q... the mean density also obeys

3 3D?
4nGp = ZQuH? ==~ 38

7Gp = S QuH* =3 el (38)
where in the last expression we again used the approxi-
mation Q,, = f? associated with the approximated sym-
metry discussed in Sec. II. Then, using # =InD, as the
time coordinate, Eq. (37) becomes

d’y 1dy 3 13

— S b=~y = —¢ye? 39
g T2y 2) T2 (39)
which gives
oD, 13
t) = D, (1)?, “f =—=D,(1)% (40
W) =F oD, T =D (40

This result was also obtained in Appendix D of Ref. [42].
Then, Eq. (36) also reads as

95(k, 1)
660

13 95 96
=005 gk G @D

€y=0
which corresponds in configuration space to

08(x, 1)
860

13 95 96
= D. (1) [35+761nD+ +x 'a_x]' (42)

€o=0

Equation (42) also follows from Eq. (33), where we
disregard the constant factor 3e because we consider
small-scale wave numbers k # 0. In configuration space,
this means that these relations are valid up to a constant
density, which is irrelevant because we consider small-scale
structures and disregard zero-mode (infinitely large-scale)
normalizations.

This gives the impact of a large-scale uniform density
perturbation, or a change of the background density, on the
small-scale nonlinear density field. Indeed, from Eq. (31),
the variable ¢, corresponds to a change of the linear density
contrast of

PHYSICAL REVIEW D 89, 123522 (2014)
A5LO = 360. (43)

C. Consistency relations

1. One large-scale wave number

The comparison of Eq. (43) with Eq. (21) gives
=1 / dx'W(x') Cro(x). (44)

where we used the fact that W is a large-scale window and
the integral over x’ is independent of the position x in the
small-scale region, at leading order in the ratio of scales.
This gives

1 0(0(X1,11)...6(Xp0, 1)) g
Cy=3 / W) Cro) 2O ”ae SILEY
0

3
(45)

and using Eq. (42), we obtain
Cl, — /dX’W(x’)CLO(x’)

" D., 13 9 B
XZ 3 (”7761@““1“6—&)

x (6(xy,11)...6(x,,1,)). (46)

The small-scale correlation (5(x;, #;)...5(xX,, t,)) is invari-
ant through translations, thanks to statistical homogeneity.
However, the dilatation operators Xx;-0J/0x; break this
invariance when the times #; are not identical. Indeed, as
described in Sec. III B, the change of the background
density p due to the uniform density fluctuation (43) leads
to a modified Hubble flow. This breaks the translation
invariance for different-time statistics, as defining a differ-
ent Hubble flow selects the origin from which comoving
particles separate along with the global expansion. This is
due to the large-scale approximation for the filter W where
we considered that the small-scale region has a zero width
at the center of the larger-scale fluctuation. To explicitly
enforce this configuration, we set the center of the modified
Hubble flow at the center of the small-scale region by
writing

D[ 13 9
on / AW () () S 2 {3 4B
v r ; 3 7 9InD,;

1 0
# (3 on) g o0 )

(47)
which is explicitly invariant through uniform translations
of {x;}, as all terms only depend on relative distances.
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In agreement with the remark above, Eq. (47) is identical to
Eq. (46) when all times are equal, D, | = --- = D_,. Using
the definition (15), this gives the configuration-space
consistency relation

/ AxX'W(x') (8,0(x)5(x,.11)....6(X,. 1,))

"D, 13 0
B ) , +i e
_/dx WCLO(X)Z 3 {34_ 7 0InD_;

i=1

IR 0
(i)

X (8(X1.11)...6(X,. 1)) (48)

As explained above, this relation holds in the large-scale
limit for the filter W, and up to uniform offsets for the
density contrasts o, [i.e., the equality is valid when one
integrates both sides with arbitrary weights W;(x;) that
have a zero mean, [ dx;W,(x;) =0].

It is often more convenient to work in Fourier space
(because the linearized equations of motion become diago-
nal). Because of statistical homogeneity, multispectra con-

tain a Dirac factor that we explicitly factor out by defining
(k) = (5(ky)...5(k,)) 8p (K + -

(3(k,).. +k,).

(49)

To simplify the analysis, it is convenient to consider
(8,...6,) in Eq. (49) as a function of {k,.....k,_,} only,
by substituting for k, = —(k; +--- + kn—1)- Using the
invariance through translations of (§;...6,), which gives

" ,0/0x;-(6;...6,) =0, we can write the dilatation
factors of Eq. (48) (denoted as the overall operator D,
without the factor 1/3) as

n—1
D n_D i
.By) = {Z |:D+i(xi —X,) +%

i=1

x "Zi(xj - x,,)] 'aii}<5l“'5">‘ (50)

Jj=1

Using the Fourier transform of the density correlation as in
Eq. (49) and integrating over Kk, this yields

n—1
D (5)...5,) = /dkl...dkn_l{ [Z D,k .%

+ZD+n D+lk :| 1Z”Ik X; x,,}
i,j=1 n
X (8,...5,)". (51)

using 9/0Kk,, - (5;...5,)
+ k,, = 0, this also reads as

Integrating by parts, =0 and

K, +---
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/dk1 dK,_ el 2ain kr(xi—x)
gl
i,j=1

X D+iki . a—kJ:| <Sl ...Sn>,, (52)

where 6{3 is the Kronecker symbol. Therefore, Eq. (48)
reads in Fourier space as

5(kn7 tn>>;¢’—>0

0
= Po(K)> D
ol Z +‘[ 219D,

[ Bualw)Bs. ).

(K, 1)), (53)

where Q, is the unit vector along the direction of K’.
On large scales we recover the linear theory, with

5(K'.7) = D, (f)8,(k'). Thus, Eq. (53) also reads as
'S(kn’ tn)>;(’—>0

dQy
Sk, t
/471’ <(
"~ D, {1 13 0

:P - _ _
L(k’t)ZDm’) n 218D,

_Z<” _> 3 ai]

X (5(ky.11)..5(k,, 1)) (54)

)é(klytl)“

Because we wrote the operator that acts over (5...5,)
in a symmetric form, in Eqs (53)—(54) we can use any

b,) [i.e., we can write the n-point
correlation as a function of {ki, ... ki1, K, ...k, 1, as
k; can be replaced by —(k; + -+ k;_; + kl-Jrl 4ot
k,) for any index i, or keep it as a function of the n wave
numbers {k, ..., Kk, }, because of the constraint k; + - - - +
k, =0].

In contrast with the kinematic consistency relations that
express the transport of small-scale structures by large-
scale fluctuations [24-30], the angular-averaged relations
(54) do not vanish when all times are equal. Indeed, they go
beyond this kinematic effect and express the deformation of
small-scale structures by a large-scale isotropic curvature of
the gravitational potential. When all times are equal,
=t =---=t,=t Eq. (54) becomes

appropriate form for (5 1.
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[ 0 03K 0)- 30K 1)

3 9 1¢
U1 A
A ’[){ T319mD, 34 8lnk,~]

x (5(ky.1)...5(k,. 1)), (55)

where we used k; +---+k, =0.

A nice property of the single-time consistency relation
(55) is that it only involves single-time correlations on both
sides (as opposed, for instance, to a relation that would
involve the partial time derivative with respect to only one
time #; on the right-hand side). Moreover, thanks to the
approximate symmetry discussed in Sec. II, both sides
involve density correlations in the same (our) universe.
This is because, although the effect of a large-scale
curvature is similar to a change of cosmological parame-
ters, the approximate symmetry allows us to express the
density correlations in the modified cosmology in terms of
the correlations measured in the original universe, through
a rescaling of space and time coordinates. Therefore, the
angular-averaged consistency relations (55) can be mea-
sured and tested in our Universe. However, this requires
measuring the evolution with time of the density correla-
tions to estimate the time derivative on the right-hand side.

2. Bispectrum

In practice, one does not measure density correlations up
to very high orders, which become increasingly noisy, and
most observational constraints from density correlations
come from the two-point and three-point correlations.
This corresponds in Fourier space to the power spectrum
P(kysty, 1) = (6(ky, 1,)6(ky, 1p))" and bispectrum B(k,
ky, kyity. 1y, 13) = (6(Ky. 11)6(Ka, 12)6(K3, 13))". (In prac-
tice, one measures single-time statistics, but for complete-
ness we also consider the different-time statistics.) Taking
into account the constraint k' + k; + k, = 0 by writing
k; =k —k’/2 and k, = —k — k’/2, with some arbitrary
wave number K, Eq. (54) reads for n = 2 as

Qe K’ K’
k' k——,—k——:;7,1,¢
/47; < 2’ 2 ! 2>k,40

_ Pk, [DH +D., (1 1.0 )

D.(7) 2 39Ink
13 (9 8

When all times are equal to ¢, this becomes, in agreement
with Eq. (55),

PHYSICAL REVIEW D 89, 123522 (2014)

dQy k' k/
/ : <k/ k=g k=3 )
k' —=0

4n 27 27

13 .9 1.9
210D, 30Ink

= P,(K.1) [1 += }P(k, 0. (57)

3. Several large-scale wave numbers

It is possible to generalize the single-time consistency
relation (55) to £ large-scale wave numbers by an iterative
procedure, as long as they follow a hierarchy k,’ <
ky) < --- < k,/, because the angular average and the
derivative 0/01n k commute. This gives

>k’—>0

ki <K /Hdgk <ﬁ ﬁ

=L L (5(ky). 5(k,)) (58)
where the operators £, read as
13 9 1 & o
TR S
J L(k5 1) 210InD, < dInk,,
I¢~ 0
3420 k,} ' (59)

The operators £;' do not commute. This comes from the
fact that the relation (58) is obtained from the iterated use of
Eq. (55), where the large-scale limits are taken in a specific
order, starting with k,” and finishing with k,/, in agreement
with the hierarchy k,’ < k,’ < --- < k,/. Expanding the
product L£,’...L, gives increasingly long expressions as
the number £ of large-scale modes grows and we do not
pursue this matter here.

4. Multicomponent case

If there are several fluids in the system, for instance,
when we separate dark matter and baryons, each compo-
nent (a) follows the equations of motion (1)—(2) or (6)—(7),
written in terms of each doublet {5, v(¥} or {§(®, u(®},
The gravitational potential ¢ now obeys the Poisson
equation V2 = (3Q,)/(2*)>4(Q(a)/ Q)5 Because
all fluids are subject to the same gravitational potential,
in the linear growing mode all density contrasts 5 and
velocities v(%) are equal (and the mean density ratios
Q) /€y, temain constant). Then, assuming as for the
single-fluid case that decaying modes have had time to
become negligible, the single-fluid consistency relations
(54)—(58) extend at once to the multifluid case.

This is no longer true when some fluids are subject
to nongravitational forces that introduce new scales. For
instance, when pressure forces or astrophysical processes,
such as outflows from supernovae, have an impact on the
baryon dynamics, the invariance with respect to changes of
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cosmological parameters (in the approximation Q,,/f> = 1)
is broken. Indeed, these new processes generically introduce
different explicit dependencies on density and time scales
that cannot be reduced to functions of Q,,/f>. Thus, our
results only hold in the regime where gravity is the
dominant force.

D. Comments on the derivation of the
consistency relations

The consistency relations (54)—(55), and their derivation
through the effect of large-scale perturbations in Sec. III B,
may appear somewhat counterintuitive, and we comment in
this section on some points that may seem puzzling.

As explained in Sec. IIl A, the consistency relations
derive from the exact relation (14), which shows how the
correlation between n small-scale nonlinear modes and a
large-scale linear mode can be obtained from the mean
response of the small-scale modes to the large-scale mode.
Then, the procedure presented in Secs. III B and IIIC
describes how to obtain this response by identifying the
large-scale mode with a change of the background density.

This gives rise to Egs. (33)—(34), which are the first
nontrivial result (no approximation has been used at this
stage). However, they may already raise several questions
that we address in turn.

First, it might seem that Eqgs. (33)-(34), which give the
impact of a large-scale perturbation on the small-scale
nonlinear density contrast, contradict linear theory where
different Fourier modes are known to decouple. This is not
the case, because in the linear regime these equations read
as o, = &' + 3e for Eq. (33), as in the first expression of
Eq. (31), and as ., = &' + 3e5p (k). This merely means
that in the linear regime different growing mode solutions
superpose. Since €, corresponds to a uniform density shift,
it gives rise to the Dirac factor in Eq. (34), and we recover
the fact that in the linear regime different wave numbers
are decoupled (hence a perturbation at k" — 0 only affects
the same mode with k = kK’ — 0). Therefore, there is no
contradiction between Eqgs. (33)—(34) and linear theory.

In the nonlinear regime, different wave numbers become
coupled, in agreement with the rescaling and amplification
found in the first terms on the right-hand sides of
Egs. (33)—(34). However, one may worry that a first-order
expansion over € may not be sufficient to evaluate the
response of small-scale nonlinear density contrasts. For
instance, let us consider a single one-dimensional plane
wave for the small-scale initial perturbation. This fluc-
tuation will collapse at some time ¢, to build an infinite-
density two-dimensional sheet, of zero thickness. If we add
a small linear large-scale mode e, the collapse time ¢, will
be changed to a slightly different value ¢, 4+ At,. Then, for
any nonzero € and At,, the impact on the densities at time 7,
along the position of the pancake is not small and not
proportional to e (since it is the difference between infinity
and a finite value). However, this is a pathological case that
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appears with a zero probability: in this example it only
occurs at the precise time 7, at the position of the pancake.
At later times, there remains an infinite-density sheet in
both the zero-e and nonzero-¢ cases, and the main change is
to slightly modify its position and mass. This still gives a
large deviation if we measure the density contrast at the
precise position of the sheet, but this is no longer the case if
we perform some smoothing over an arbitrarily small
window or if we consider the Fourier-space density contrast
5(k) (which actually integrates over all space).

Here, it is more convenient to think in terms of the
particle trajectories x(q,?). Then, using the fact that the
Fourier-space density contrast can be written as a function
of the particle positions, in a form similar to the one-
dimensional expression (74) used below, we can see that as
long as particle trajectories display a first-order expansion
over ¢, a similar expansion holds for the Fourier-space
density contrast, even though shell crossings and infinite-
density sheets may have appeared. This point will become
obvious in Sec. IV B, where we show that the consistency
relations are actually exact in one dimension until shell
crossing, and even remain exact after shell crossings if
we consider the Zel’dovich dynamics itself instead of
the one-dimensional gravitational dynamics (both systems
only being identical before shell crossing).

In three dimensions, even more pathological examples can
be found, where particle trajectories themselves are singular
with respect to small perturbations. For instance, spherically
symmetric solutions with purely radial trajectories are
strongly unstable with respect to nonspherical perturbations
and the linear growth rate actually diverges [43]. Then,
infinitesimal perturbations are sufficient to initiate the
virialization of the cloud and generate significant transverse
motions. However, these cases again appear with a zero
probability (initial conditions are not exactly spherically
symmetric with purely radial motions) and they should not
impair the derivation presented in Secs. III B and III C.

The identification of the response of the system to a
large-scale mode with the response to a change of the
background density might seem puzzling, as even a large-
scale mode is constrained to have a zero mean. However, it
is rather clear that from the point of view of a small-scale
region located at the center of the larger-scale perturbation,
the latter acts as a uniform change of the background
density. This is explicitly shown by the fact that Eq. (26),
which describes the evolution of the difference between
two close backgrounds, is identical to the evolution
equation (4) of the linear growth rates D. (). This is
because they follow from the same fundamental set of
equations, that describe the gravitational force.

Explicit examples that also clarify these points are
presented in the next section, where we check the con-
sistency relations at lowest order of perturbation theory for
the bispectrum in three dimensions, and at all orders for all
polyspectra in one dimension.
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IV. EXPLICIT CHECKS

The angular-averaged consistency relations (54)—(55) are
valid at all orders of perturbation theory and also beyond
the perturbative regime, including shell-crossing effects,
within the accuracy of the approximation Q,,/f> =1 (and
as long as gravity is the dominant process).

We now provide two explicit checks of the angular-
averaged consistency relations (54)—(55). First, we check
these relations for the lowest-order case n = 2, that is, for
the bispectrum, at lowest order of perturbation theory.
Second, we present a fully nonlinear and nonperturbative
check, for arbitrary n-point polyspectra, in the one-
dimensional case.

A. Perturbative check

Here we briefly check the consistency relations for the
lowest order case, n = 2, given by Egs. (56)—(57), at lowest
order of perturbation theory. At this order, the density
bispectrum reads as [10]

B(kl’ kz’ k37 tl» t2’ t3)
=D 1D ;D% Pro(k;)Pro(ks)

10 [k k\k -k, 4/k; k)2
X |=+ (242 to
7 " \k, k) Kk, 1\ kik

-+ 2perm. 60
p

where “2perm.” stands for two other terms that are obtained
from permutations over the indices {I,2,3}.
In the small-k" limit we obtain

B(k/, kl’ kz; l/, 1y, l2)k’—>0

=D.'D,\D%,Po(K)PLo(ky)

10 k, -k 4/k -k\2
— 4+ ——+= 1<2). 1
|:7 + k/2 (klk/ +( <_>) (6)

Here we used the fact that the term in the bracket in Eq. (60)
vanishes as k% for k3 — 0, whereas Ppg(ks) ~ k5 with
ng < 1. [If this is not the case, that is, there is very little
initial power on large scales, we must go back to the
consistency relation in the form of Eq. (53) rather than
Eq. (54). However, this is not necessary in realistic models.]
Then, taking into account the constraint k' + k; + k, =0
by writing k; =k —k’/2 and k, = -k —Kk’/2 as in
Eq. (56), and expanding Eq. (61) over k’, we obtain

By_o = D' D \D},Pro(K)

13482 &k
X |:PL0(k) (T + Pﬂ>

_dPo(k) i

JInk E] + (1+2), (62)
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where y = (k - k’)/(kk’). The integration over angles gives

o D.,+D
/ Bk’—>0 = D;D+1D+2%PLO(]C/)

4
[47 o] dPLO(k)}

21PL°() 3 dink (63)

On the other hand, the right-hand side of Eq. (56)
reads as

dQy D.,+D 1 0
[ [P0 (150

LBy ) , 0
o <D+18D +D+28D+2)]

X DDy Pro(k) (64)

and we recover Eq. (63). This provides a check of Eq. (56)
and also of the single-time relation (57), which is a
particular case of Eq. (56). Alternatively, the same pro-
cedure applied to the single-time bispectrum provides a
direct check of Eq. (57).

Therefore, we have checked the angular-averaged con-
sistency relation (54) for the bispectrum, at leading order of
perturbation theory, within the approximate symmetry
Q../f*=1 discussed in Sec. II. In this explicit check,
the use of this approximate symmetry appears at the level
of the expression (60) of the bispectrum, which only
involves the linear growing mode D . An exact calculation
would give prefactors for the terms in the bracket that show
new but weak dependencies on time and cosmology (and
that are unity for the Einstein—de Sitter case) [10]. These
deviations from Eq. (60) are usually neglected [for instance,
when the cosmological constant is zero, they were shown to
be well approximated by factors like (Qr>®> — 1) that are
very small over the range of interest [44]].

B. One-dimensional nonlinear check

The explicit check presented in Sec. IV A only applies up
to the lowest order of perturbation theory. Because the goal
of the consistency relations is precisely to go beyond low-
order perturbation theory, it is useful to obtain a fully
nonlinear check. This is possible in one dimension, where
the Zel’dovich solution [45] becomes exact (before shell
crossing) and all quantities can be explicitly computed.
Because of the change of dimensionality, we also need to
rederive the one-dimensional form of the consistency
relations. We present the details of our computations in
the Appendix, and only give the main steps in this section.

1. One-dimensional equations of motion

First, as described in Appendix A 1, by using the change
of variables (A12) the one-dimensional equations of motion
can be written as
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gé—i— ;x [(1+6)u] =0, (65)
g—;‘ + k() — Nu + u% Z‘;’ (66)
227(5 = k(1), (67)
where we introduced the factor x(¢) defined by
€(0) = 45010p(0) - (68

As explained in Appendix A 1, we generalized the system to
the case of a time-dependent Newton’s constant G(¢). This
allows us to obtain scale factors a(¢) that expand forever as
power laws, as in Eq. (A6), in a fashion that mimics the
Einstein—de Sitter three-dimensional cosmology.

Thus, x(¢) plays the role of the ratio 3Q,,,/(2f?) encoun-
tered in the three-dimensional case in Egs. (6)—(8). In the
one-dimensional cosmology (A6) with ¢; =0, it is a
constant given by ko= —(a+2)/(a+1). Then, the
three-dimensional approximation €,,/f% =1 used in the
main text corresponds in our one-dimensional toy model to
the approximation x = k. That is, we neglect the depend-
ence of k on the cosmological parameters (here the coef-
ficient ¢;) and the dependence on the background is fully
contained in the change of variables (A12). This is the one-
dimensional approximate symmetry that is the equivalent of
the three-dimensional approximate symmetry used in the
previous sections. The generalization to the case of a time-
dependent Newton’s constant is not important at a formal
level, because it does not modify the form of the equations of
motion. However, it is necessary for this approximate
symmetry to make practical sense, so that we can find
a regime where « is approximately constant [here, around
¢1 = 0 with the choice (A5)].

The fluid equations (65)—(67) only apply to the single-
stream regime, but we can again go beyond shell crossings
by using the equation of motion of trajectories, which
reads as

0°x 0x o
8—r]2+ [k(1) — ]3_77_ o’

(69)
where ¢ is the rescaled gravitational potential (67). This is
the one-dimensional version of Eq. (10) and it explicitly
shows that particle trajectories obey the same approximate
symmetry, before and after shell crossings.

2. One-dimensional consistency relations

To derive the consistency relations, we can follow the
method described in the previous sections for the three-
dimensional case. In a fashion similar to the analysis of
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Sec. III B, we first derive in Appendix A 2 the impact of a
large-scale linear density perturbation on the small-scale
nonlinear density field. This gives in Fourier space

d6(k, 1) D6 96
= 0| =———k— 70
o +(0) [6 InD, 8k} ' (70)
which corresponds in configuration space to
08(x, 1) 06 06
=D, (1)|6+—— —. 71
o *U{ +8lnD++xax} (71)

As expected, we recover the same forms as in Egs. (41)—(42),
but with different numerical coefficients because the dimen-
sion of space has changed.

To obtain the one-dimensional consistency relations, we
follow the method described in Sec. III C. The factors of
1/3 are replaced by unity and we use the result (70). Then,
Eq. (54) becomes

_Z k/ , klvtl) 5(knvtn)>;¢’—>0

+k

"D, [l d
_ !4 +i -
_PL(k’”Zm(z') LﬁalnDH

St ),

x (B(ky. 1)) Bk 1)) (72)

The three-dimensional angular average [ dQy /(4x) of
Eq. (54) is replaced by the one-dimensional average
13- 4p over the two directions of K’ (i.e., the two signs

of k'). When all times are equal, ¥ =1, =--- =1, =1,
Eq. (55) becomes
_Z Sk, 1)8(ky, 1)...6(kys 1))
£
3}
=P (K, 0)|l + ———
LK, )[ +8lnD+ — 8lnk,}
X (8(ky,1)...5(k,. 1)) (73)

3. One-dimensional explicit checks

As is well known, in one dimension the Zel’dovich
approximation [45] is actually exact before shell crossing.
We briefly check this property in Appendix A3 on the
generalized system (A7)-(A9), where Newton’s constant
can vary with time. Then, using the conservation of matter,
(1 + 8)dx = dgq, the Fourier-space nonlinear density con-
trast can be written as [37,46]
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(k) = / X tsg(x) = / M gt — (k). (74)

T T

Using the solution Eq. (A26), and disregarding the Dirac
term for k # 0, this gives the usual expression

~ d s 1K gkS (1)
6(k, 1) = /%e 1kq+fdkek oL (K1) (75)

The explicit nonlinear expression (75) allows us to check
the one-dimensional consistency relations (72)—(73).
We present in Appendix A 4 two different checks.

First, in Appendix A 4 a, following the derivation of
the consistency relations, we check that the impact of a
large-scale perturbation on the nonlinear density contrast
is given by Eq. (70). This is the key relation from which
the consistency relations derive and it provides a first
one-dimensional nonlinear check.

Second, in Appendix A4b, we directly check the
consistency relations (72)—(73) from the explicit expres-
sions of the density polyspectra, without going through the
intermediate step that considers the impact of a large-scale
linear perturbation on the small-scale nonlinear density
contrast. Thus, this also provides a check of the reasoning
that underlies the derivation of these relations.

4. One-dimensional nonlinear and
nonperturbative validity

The explicit checks presented in Appendix A 4 show that
the consistency relations (72)—(73) are actually exact in the
one-dimensional case, before shell crossing. Here there is a
simplification, as compared with the three-dimensional
case, that makes the consistency relations exact beyond
the approximation of constant k. This is because the
nonlinear density contrast (75) only depends on the linear
growing mode D_ (¢) and the approximation of constant x
is not needed. This is also apparent in Eqs. (A23)—(A25) or
Eq. (A27). For the solution (A26), the right-hand sides of
Eqgs. (A24) and (A27) cancel out and we obtain a dynamics
that only involves the linear growing mode D (7) as the
rescaled time coordinate. Then, for this class of solutions
the symmetry that is the basis of the consistency relations is
actually exact (before shell crossing).

This one-dimensional toy model provides an explicit
nonlinear check of the consistency relations. This also
ensures that they are valid to all orders of perturbation
theory. However, because the single-stream equations of
motion (A7)—(A9) and the solution (75) only apply before
shell crossing, which is a nonperturbative effect, this one-
dimensional gravitational toy model does not provide an
explicit check in terms of nonperturbative shell-crossing
contributions.

On the other hand, we can also consider the Zel’dovich
solution (A26), and the associated density contrast (75), as
a second one-dimensional toy model (which is no longer
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related to “gravitational” forces). This second system only
coincides with the one-dimensional gravitational dynamics
before shell crossing and departs from it afterwards, but it is
also a well-defined system at all times. Then, we can apply
the same reasoning that underlies the derivation of the
consistency relations to this system, which satisfies the
same symmetries. From this point of view, the solution (75)
now provides an explicit nonlinear check of the consistency
relations that also applies beyond shell crossing.

As noticed above, it happens that in this one-dimensional
case the function «(7) does not appear in the solution (75),
so that the approximation x =k, is not needed and the
consistency relations (and the underlying symmetry) are
exact, up to shell crossing for the one-dimensional gravi-
tational dynamics, and even beyond shell crossing when
we consider the second toy model defined by the solution
(A26). Therefore, the time dependence of the scale factor
a(t) and of «(¢) is irrelevant and we could as well keep the
usual case of a time-independent Newton’s constant G, with
a finite collapse time of the system. Nevertheless, it is nice
to consider the generalized one-dimensional system (AS5)
that can mimic the usual three-dimensional cosmological
expansion up to infinite time. Moreover, if we consider the
true one-dimensional gravitational dynamics, which
departs from the Zel’dovich solution (A26) after shell
crossing, the function x(z) will appear in the nonperturba-
tive shell-crossing terms, when the right-hand side of
Eq. (A27) no longer cancels out. Then, the consistency
relations are only approximate in the shell-crossing regime,
up to the accuracy of the x = k, approximation.

V. CONCLUSION

As explained in the previous sections, the angular-
averaged consistency relations (54)—(55) only rely on the
approximate symmetry discussed in Sec. II, which states
that the dependence on cosmological parameters can be
absorbed through the mapping ¢+ — D, of the time coor-
dinate (within the approximation Q,,/f> = 1). Therefore,
our results are not restricted to the perturbative regime and
also apply to small nonlinear scales governed by shell-
crossing effects, as long as the approximation Q,,,/ f> = 1 is
sufficiently accurate.

We have also pointed out that these relations are actually
exact in one-dimensional gravitational systems until shell
crossing, and even beyond shell crossing for the Zel’dovich
dynamics itself (which departs from one-dimensional
gravity after shell crossing).

It is difficult to extend these results to the galaxy number
density field in a rigorous fashion, because galaxy for-
mation is not expected to satisfy the approximate symmetry
of Sec. II. For instance, cooling processes and star
formation introduce new time and density scales, which
means that the time-coordinate mapping ¢t — D, is not
sufficient to absorb all cosmological dependence.
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However, these effects are likely to be subdominant if we
assume, as in halo models, that galaxies are closely related
to the dark matter density field. Thus, in most analytical
approaches, one writes the galaxy number density fluctua-
tions as a functional of the matter density fluctuations at the
same time, &,(X,?) = ,[6(., 7)]. In the popular local bias
model, this is simplified as a function of the local density
contrast, smoothed over some scale R, &,(X.t) =
S[0r(x,1)] = D % %5R(X, 1)". However, this introduces
an explicit model dependence, especially as the trans-
formation (29) modifies the amplitude of the density
contrast, which leads to a change of the number of halos
in the framework of halo models. Then, the simplest
method to derive consistency relations for the galaxy
distribution from the matter density relations (54)—(58) is
to start from an explicit galaxy bias model, that allows one
to express galaxy correlations in terms of matter correla-
tions. Then, one can directly use Eqgs. (54) and (58) and
obtain constraints on the galaxy correlations. The simplest
case is the constant linear bias model, where 5, = b,6, with
a scale-independent bias b, that only depends on the galaxy
type (mass, luminosity, etc.). Then, Eqgs. (54) and (58)
directly extend to the galaxy density field, up to a factor b;.

In more general models of galaxy clustering, one takes
into account higher orders or keeps a functional depend-
ence, d,(x) = 6,[6(.)]. In particular, one can use some
derivative expansion of this functional, so that the galaxy
density field also involves the deformation tensor or higher-
order derivatives of the smoothed density field (e.g.,
Ref. [47]). Then, the general relation (14), where the
nonlinear matter density contrasts §(k;,#;) are replaced
by the galaxy number density contrasts J,(k,;), is still
valid, because it only assumes tl~1at the field 5g 1S a
functional of the Gaussian field &;, [30]. This allows
one to write again Eqgs. (17) or (18) for the galaxy density
field. Next, one can write the derivatives Dd,/Dd; in
terms of derivatives of the matter density contrast 6, and use
Egs. (41) or (42). However, in the generic case this gives
expressions that involve the matter density field and cannot
be written back in terms of the galaxy density field in a
simple manner.

A detection (beyond the range authorized by the finite
accuracy of the approximation Q,,,/ > = 1) of a violation of
Eqgs. (54) and (58), written in terms of the galaxy number
density if that is possible, would signal a breakdown of the
underlying galaxy biasing scheme. To remove this degen-
eracy, one can also use weak gravitational lensing obser-
vations, which directly probe the matter density field.

On the other hand, these consistency relations rely on
the Gaussian hypothesis for the initial conditions. Indeed,
this assumption is used to derive Eq. (14) [30], which is
the basis of subsequent relations. Then, a violation of the
angular-averaged consistency relations could signal pri-
mordial non-Gaussianities. Other possible interpretations
could be effects from nonzero decaying modes, or a
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departure from the “standard” cosmological scenarios,
for instance a modified-gravity model where the approxi-
mation Q,,/f> = 1 is strongly violated or where new terms
in the equations of motion show an explicit dependence on
cosmology (on the background density) that does not have
the form Q,,/f.

Apart from these observational aspects, these angular-
averaged consistency relations (54)—(58) might be used as a
check of numerical simulations or algorithms. From a more
theoretical perspective, they could also help in designing
models for the matter density correlations. In particular,
perturbative approaches, which often explicitly use the
approximation Q,,/ % = 1 to simplify the analysis, attempt
to go beyond the standard perturbation theory by including
partial resummations of higher-order diagrams. They can
also be seen as different closure schemes, where one
implements different truncations of the infinite hierarchy
between n- and n 4 l-point density correlations. (The
standard perturbation theory amounts to setting all corre-
lations above some finite order N to zero, while resumma-
tion schemes can be seen as assuming a specific ansatz for
the N + 1 correlation, expressed in terms of the lower-order
ones, to close the hierarchy at order N.) Then, Egs. (54) and
(58) might serve as a guideline to write this N +1
correlation in terms of the lower-order correlations. We
leave such investigations to future works.
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APPENDIX: ONE-DIMENSIONAL EXAMPLE

It is interesting to check the consistency relations
obtained in this paper by using a simple one-dimensional
example that can be exactly solved. This is provided by the
Zel’dovich dynamics [45], which is exact in one dimension
(before shell crossing).

1. One-dimensional equations of motion

In physical coordinates, the one-dimensional continuity,
Euler and Poisson equations, read as

dp 0
EJFE(PV) =0, (A1)
Ov Ov ov
o o (A2)
O*U
2= 4ng(1)p, (A3)

where p(r, t) and v(r, t) are the one-dimensional density and
velocity fields. Here we generalized the one-dimensional
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gravitational dynamics to the case of a time-dependent
Newton’s constant g(t). The background solution corre-
sponds to v = Hr and ¥ = 272Gpr?, with H = a/a. The
one-dimensional continuity equation yields p = p,/a and
the Euler equation gives

& = —anG()p, (A%)

which corresponds to the Friedman equation. In the three-
dimensional case, the expansion of the universe gives
p a3, which dilutes the gravitational attraction (as
1/r?), and there are ever-expanding solutions (without
cosmological constant). In the one-dimensional case, we
have p o« a~! and the gravitational force is not diluted by
the expansion. (As is well known, in one dimension the
gravitational force is constant and independent of the
distance between particles before shell crossing.) Then,
there are no ever-expanding solutions and the system
collapses after a finite time. However, by generalizing to
a time-dependent Newton’s constant G(¢), we can again
obtain solutions that expand forever. Thus, we can consider
the power-law models

[ a
2 <a<-1:G(t) =G, <I_> , (AS)
0
which lead to the expansion laws
42Gopots <t>a+2
a(t)y =————— | — + ¢ t, A6
(1) (a+ D) (a+2) \1o ! (46)

where c; is an arbitrary integration constant. The case
¢; = 01is the one-dimensional version of the standard three-
dimensional Einstein—de Sitter cosmology, while the term
¢t plays the role of the three-dimensional curvature term.

We can now switch to comoving coordinates, with
x=rla, v=v—Hr, p=p(1+8), ¢ ="+ aix?/2,
and we obtain the one-dimensional version of Egs. (1)-(3),

06 10
o l(1+8)2] =0, (A7
ov 1L Ov  10¢
E"’HU"’—'I}a ——Za, (Ag)
2
8—? = 47G(1)pa’s. (A9)
Ox

Linearizing these equations, we obtain the evolution
equation of the linear modes of the density contrast.
It takes the same form as the usual three-dimensional
equation (4),

D +2H(t)D — 4zG(1)p(1)D = 0, (A10)

PHYSICAL REVIEW D 89, 123522 (2014)

but with a time-dependent Newton’s constant and the
one-dimensional scale factor (A6). In particular, in the
case where ¢; =0 in Eq. (A6), which corresponds to
the three-dimensional Einstein—de Sitter cosmology, with
a scale factor a() that keeps expanding forever but at a
decelerated rate, we have the power-law linear growing and
decaying modes
c;=0: D (f) 7 D_(1) <772, (All)
In a fashion similar to the change of variables (5), we
make the change of variables

: 2
oo (Yo

D,

and we obtain the equations of motion (65)-(68) given in
the main text. We can again go beyond shell crossings by
using the equation of motion of trajectories (69).

2. One-dimensional background density perturbation

To derive the one-dimensional consistency relations, we
can follow the method described in the main text for the
three-dimensional case and first consider the impact of small
changes to the background density. As in Eq. (25), we
consider two universes with close cosmological parameters,

a=all—e(n)],  p'=pl+e()), (A13)
and substituting into the “Friedmann equation” (A4) we
obtain
€+ 2He —4nG(t)pe = 0. (Al14)
Again, we recover the evolution equation (A10) of the linear
density modes and we can write €(7) = ¢yD_ (1). Next, the
change of frame described in Eq. (29) becomes

v = v+ éax,
(A15)

X' =(1+4+e)x, §=656—¢e(l+59),

and 6; = 6;' + e. This means that, as in Eq. (33), the
background density perturbation € is absorbed by the change
of frame as

8, (x,1) = (1 +€)8[(1 +€)x, 1] + e, (A16)
which reads in Fourier space as
S, (k1) = 8[(1 — )k, 1] + edp (k). (A17)

Using the approximate symmetry k ==k, Wwe neglect
the dependence of the dynamics on variations of «, so that
the impact of the background only comes through the
mapping (A12). Therefore, as in Eq. (35), we write
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S, (k1) = [(1 — €)k, D] + e5p(k), where D, is the
linear growth rate that is modified with respect to the initial
D, by the perturbation €. Then, the derivative of the density
contrast with respect to ¢, reads as

95 95

d6(k, 1)
—D_ ()k—
06D+ +( )

660

— 8D+au
660

oo (A1)

€o=0

where we disregarded the Dirac factor that does not
contribute for wave numbers k # 0.

Next, writing again the linear growing mode in the
primed frame as D', (t) = D, (t) + y(¢), and substituting
into Eq. (A10) with the primed background, we obtain the
one-dimensional version of Eq. (37) as

§+ 2HY — 4nGpy = 2D é + 4nGpD €. (A19)
Using Egs. (68) and (A10), this can be written in terms of
the time coordinate # = InD_ as

d’y

d
E—l— (k — l)d—z—lcy = (k + 2)epe, (A20)
which gives (using the approximation of constant k)

8D+eo
860 0

¥(1) = oD (1), —D.(2 (A21)

Then, Eq. (A18) also reads as Eq. (70) in Fourier space, and
Eq. (71) in configuration space, where again we disre-
garded the constant factor ¢ because we consider small-
scale wave numbers with k # 0.

Next, this gives the one-dimensional consistency rela-
tions (72)—(73) as described in Sec. IV B 2.

3. Zel’dovich solution
Making the change of variable [48]

v=aD. w, ¢ = 4nGpa*D Ly, (A22)
and using D, (¢) as the time coordinate, the equations of

motion (A7)-(A9) can be written as

06 0
oD, + p [(1+6)w] =0, (A23)
ow ow Kk (Oy
— == A24
8D++W8x D, (8}6 +W> (A24)
Py b
—=—. A2
ox*> D, (425)
Then, we can check that w = —0y/0x is a solution of

the equations of motion, with the continuity and Euler
equations reducing to Ow/0D_ . + wow/0x = 0. This gives
the solution
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x(q,t) = g+ Dy(t)s10(q), (A26)

for the trajectories of the particles, where ¢ is the
Lagrangian coordinate and s(g,?) = D, sy, the nonlinear
displacement field, which is identical to the linear dis-
placement field in this one-dimensional case. This solution
breaks down after shell crossing, as the gravitational force
on a particle changes when there is some exchange of
matter between the left and right sides of this particle. Then,
the fluid equations no longer apply and we must solve the
equation of motion of the particles, which reads as

Px ok < Ox N 81//)

oD? D, \doD, 0x)’

The displacement field is related to the linear density
contrast by

(A27)

dsLO

6.(q.1) = D, (t)dr0(q) with 39 = T dg (A28)
which also reads as
+oo o1~
s(g.t) = / dke"‘"z(SL(k, 1). (A29)

Then, using the conservation of matter, the Fourier-space
nonlinear density contrast can be written as Eq. (75).

4. Check of the one-dimensional consistency
relations

a. Impact of a large-scale perturbation on the
nonlinear density contrast

To check the validity of the one-dimensional consistency
relations from the exact solution (75), we simply need the
change of the nonlinear density contrast (k) when we
make a small perturbation Ag; to the initial conditions on
much larger scales. Let us consider the impact of a small
large-scale perturbation A, to the initial conditions. Here
we also restrict to even perturbations, Ad,(—k') =
AS; (k') as the consistency relations studied in this paper
apply to spherically averaged statistics, which correspond
to the +k' averages in the one-dimensional relations
(72)—(73). Then, expanding Eq. (75) up to first order over
A6, and over powers of k', we obtain

K —0: AS(k) = [ / dk/AZsL(k')]

[ N g,
2

(A30)
Here the limit X — 0 means that we consider a perturbation
of the initial conditions Ad; (k) that is restricted to low
wave numbers k' < A with a cutoff A that goes to zero (i.e.,
that is much smaller than the wave numbers & and 27/q of
interest).
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On the other hand, from the expression (75) we obtain at
once the exact result

88 88 - dq *ikq+fdk”eik”q%(~sL<k”) .
O0lnD_ k@k/Z;re ' (ikq).
(A31)
The comparison with Eq. (A30) gives
- . as(k)  9s(k)
/! . _ / / _
K = 0: AS(K) = {/dkAcSL(k)} (amm 2
(A32)

The consistency relations (72)—(73) only rely on the
expression (70), which also reads (at linear order over €;) as

AS(K) = eoD., (1) ( aﬁi(z]i _k a‘;(]f)).

Since we have ¢y = Ad; /D, we recover Eq. (A32).

(A33)

b. Explicit check on the density polyspectra

Instead of looking for the impact of a large-scale linear
perturbation on the nonlinear density contrast, as in the
previous section, we can directly check the consistency
relations in their forms (72) or (73). Considering for
simplicity the equal-time polyspectra (73), we define

kyit) = (5 (K, 0)8(ky.1)...5(ky. 1))
=, (o) [ e b

s P J I Bro (k)35 ke >* (A34)

En(k/;kl, ey

where in the last expression we used Eq. (75). The
Gaussian average over the initial conditions &, gives

K) [d d ,
En = k(/ / 1 qn Z k; €_1k 9j

D2 /2 f dk /KPP (k ‘Z ke'kq

x ¢ 2 kit . (A35)
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Making the changes of variable ¢, = ¢, +q,, ...,
Gn-1 = qn_1 + q,, the argument of the last exponential
does not depend on ¢,,. Then, the integration over ¢,, yields
a Dirac factor 6p(k' + k; + - -- + k,,), that we factor out
by defining E,, = E;,6p (k' + ky + - - - + k,,), with a primed
notation as in Eq. (49), and we replace k, by
—(k' +k; + -+ k,_;). Finally, in the limit ¥ - 0 we
expand the terms e~ X% up to first order over K/, and we
obtain

dqldq 1
K —0: B, =P (k) | HLCnt
- n L( )/ (2]1’)"_1

n—1
|:1+12k]qj:| _IZ kja;

o *D2/2fdk/kzpm ‘Zn lk ok l) .
(A36)

Proceeding in the same fashion, the n-point polyspectra
read as

P = (3(ky.1)...8(ky. 1))
:/d% g, o2 ki
(271')" 1

=02 /2 [ dk/k* Py (k) )Z k(e - 1)
X e .

(A37)

Then, we can explicitly check from the comparison with
Eq. (A36) that we have the relation

n—1
9 0 P
OlnD, 4= 0lnk;
(A38)

K —=0:E, =P, (K) {1 +

and we recover the consistency relation (73). [In Eq. (A38)
the right-hand side does not involve k,, because it has been
replaced by —(k; + -+ k,_;) in Eq. (A37), using the
Dirac factor ép(ky + -+ k,).]
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