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We explore the possibility of employing eþe− colliders to probe the scotogenic model, in which
neutrinos get mass radiatively via one-loop interactions involving dark matter. Assuming the lightest one of
the new particles in the model to be fermionic cold dark matter and taking into account various constraints,
including those from LHC Higgs experiments, we show that LEP II data on eþe− scattering into a pair of
charged leptons plus missing energy can place significant extra restrictions on the parameter space
containing sufficiently low masses of the charged scalars in the model. On the other hand, LEP II data on
eþe− collisions into a photon plus missing energy do not yield strong constraints. The allowed parameter
space can still accommodate Higgs exotic decays into the nonstandard particles and thus is testable at the
LHC. We also consider using future measurements of these two types of eþe− scattering at the International
Linear Collider to examine the scenario of interest further and find that they can provide complementary
information about it, whether or not they reveal scotogenic effects.
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I. INTRODUCTION

It goes without saying that the recent observation of a
Higgs boson with mass around 126 GeVat the LHC [1] and
determination of the neutrino-mixing parameter sin θ13 at
neutrino-oscillation experiments [2] constitute crucial
guideposts for attempts to establish the nature of physics
beyond the standard model (SM). Another factor that any
realistic scenario for new physics would need to explain is
that about a quarter of the cosmic energy budget has been
inferred from astronomical observations to be attributable
to dark matter (DM) [3,4].
One of the most economical possibilities accommodat-

ing the essential ingredients is the scotogenic model
invented by Ma [5], in which neutrinos get mass radiatively
via one-loop interactions with nonstandard particles con-
sisting of scalars and fermions, at least one of which acts as
DM. Previously, within the context of this model, we have
addressed [6] some of the implications of the aforemen-
tioned experimental findings, specifically the decays of the
Higgs boson h into final states containing the new particles,
assuming the lightest one of them to be fermionic cold DM.
Taking into account various experimental and theoretical
constraints, we found that such exotic decays of h could
have significant rates that were already probed by existing
LHC data and that the scotogenic effects on h → γγ; γZ
would be testable in upcoming measurements. In the
present paper, we look at additional tests on this scenario
of the model using eþe− colliders, motivated in part by the
availability of good amounts of past data from LEP II [7,8]
that are potentially pertinent to our parameter space of
interest and in part by the increasing prospect of the
International Linear Collider (ILC) being realized in the
foreseeable future [9].

The structure of the paper is as follows. In the next
section, we first describe the relevant Lagrangians for the
nonstandard particles in the model and the expressions
related to the neutrino masses. Subsequently, adopting the
Particle Data Group (PDG) parametrization of the neutrino-
mixing matrix, we derive exact solutions for the Yukawa
couplings of the new particles in terms of only three free
parameters. We pick one set of such solutions to be used in
our numerical work. In Sec. III, we briefly review the main
restraints on the parameter space under consideration and
also employ the Planck data on the DM relic abundance to
update the allowed ranges of the Yukawa coupling belong-
ing to the DM candidate. In Sec. IV, with the parameter
values satisfying the constraints listed earlier, we inves-
tigate the scotogenic effects on the Higgs boson decay,
taking into account other restrictions from the latest LHC
data. Moreover, we explore complementary and further
tests on the model from past measurements on eþe−
collisions at LEP II. In particular, we show that the LEP
II data on eþe− scattering into a pair of charged leptons
plus missing energy can impose potentially important extra
constraints, much more so than the data on eþe− colliding
into a photon plus missing energy. Nevertheless, we also
find that experiments on the two types of eþe− scattering
processes at the future ILC can supply complementary
results useful for probing the model. We give our con-
clusions in Sec. V. Some additional information and
lengthy formulas are collected in a couple of appendixes.

II. INTERACTIONS AND YUKAWA COUPLINGS

In the simplest version of the scotogenic model [5,10],
the components beyond the minimal SM are a scalar
doublet, η, and three singlet Majorana fermions, N1;2;3,
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all of which are odd under an exactly conserved Z2

symmetry. All of the SM particles are Z2 even. It follows
that the lightest one of the nonstandard particles is stable
and can serve as DM. Here we suppose that N1 is a good
candidate for cold DM.
The Lagrangian responsible for the interactions of the

scalar particles in this model with one another and with the
gauge bosons is

L ¼ ðDρΦÞ†DρΦþ ðDρηÞ†Dρη − V; ð1Þ

where Dρ denotes the usual covariant derivative containing
the SM gauge fields, the potential [5]

V ¼ μ21Φ
†Φþ μ22η

†ηþ 1

2
λ1ðΦ†ΦÞ2 þ 1

2
λ2ðη†ηÞ2

þ λ3ðΦ†ΦÞðη†ηÞ þ λ4ðΦ†ηÞðη†ΦÞ

þ 1

2
λ5½ðΦ†ηÞ2 þ ðη†ΦÞ2�; ð2Þ

and after electroweak symmetry breaking,

Φ ¼
�

0
1ffiffi
2

p ðhþ vÞ
�
; η ¼

� Hþ

1ffiffi
2

p ðS þ iPÞ
�
; ð3Þ

with h being the physical Higgs boson and v the vacuum
expectation value (VEV) of Φ. The Z2 symmetry implies
that the VEVof η is zero. The masses of S, P, and H� are
then given by

m2
S ¼ m2

P þ λ5v2 ¼ μ22 þ
1

2
ðλ3 þ λ4 þ λ5Þv2;

m2
H ¼ μ22 þ

1

2
λ3v2: ð4Þ

We work under the assumption that λ5 is very small [11],
jλ5j ≪ jλ3 þ λ4j, implying that mS;P are nearly degenerate,
jm2

S −m2
Pj ¼ jλ5jv2≪m2

S≃m2
P . In L, the part that includes

the couplings of η to h, the photon A, and the Z boson is

L ⊃ ½ðμ22 −m2
SÞS2 þ ðμ22 −m2

PÞP2 þ 2ðμ22 −m2
HÞHþH−� h

v
þ ieðHþ∂ρH− −H−∂ρHþÞAρ þ e2HþH−A2

þ eg
cw

ð1 − 2s2wÞHþH−AρZρ þ
g

2cw
½P∂ρS − S∂ρP

þ ið1 − 2s2wÞðHþ∂ρH− −H−∂ρHþÞ�Zρ; ð5Þ

where only terms pertinent to the processes we
discuss are on display, e ¼ gsw > 0 is the electromagnetic
charge, and cw ¼ ð1 − s2wÞ1=2 ¼ cos θW with the Weinberg
angle θW.
The Lagrangian for the masses and interactions of the

new singlet fermions Nk is

LN ¼ −
1

2
MkNc

kPRNk

þ Yrk

�
l̄rH− −

1ffiffiffi
2

p ν̄rðS − iPÞ
�
PRNk þ H:c:; ð6Þ

where Mk denote their masses, summation over k; r ¼
1; 2; 3 is implicit, the superscript c refers to charge con-
jugation, PR ¼ 1

2
ð1þ γ5Þ, and l1;2;3 ¼ e; μ; τ. The Yukawa

couplings of Nk make up the matrix

Y ¼

0
B@

Ye1 Ye2 Ye3

Yμ1 Yμ2 Yμ3

Yτ1 Yτ2 Yτ3

1
CA; ð7Þ

where Ylrk ¼ Yrk.
The light neutrinos acquire mass radiatively through one-

loop diagrams with internal S, P, and Nk. The resulting
mass eigenvalues mj are given by [5]

diagðm1; m2; m3Þ ¼ U†MνU�; ð8Þ

Mν ¼ Y diagðΛ1;Λ2;Λ3ÞYT; ð9Þ

Λk ¼
λ5v2

16π2Mk

�
M2

k

m2
0 −M2

k

þ 2M4
k ln ðMk=m0Þ
ðm2

0 −M2
kÞ2

�
;

m2
0 ¼

1

2
ðm2

S þm2
PÞ; ð10Þ

where U is the Pontecorvo-Maki-Nakagawa-Sakata
(PMNS [12]) unitary matrix and the formula for Λk applies
to the m0 ≃mS ≃mP case.
For the U matrix, we choose the PDG parametrization [3]

U ¼ ~u diagðeiα1=2; eiα2=2; 1Þ; ð11Þ

~u ¼

0
B@

c12c13 s12c13 s13e−iδ

−s12c23 − c12s23s13eiδ c12c23 − s12s23s13eiδ s23c13
s12s23 − c12c23s13eiδ −c12s23 − s12c23s13eiδ c23c13

1
CA; ð12Þ
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where δ ∈ ½0; 2π� and α1;2 ∈ ½0; 2π� are the Dirac and
Majorana CP-violation phases, respectively, cmn ¼
cos θmn ≥ 0, and smn ¼ sin θmn ≥ 0. A recent analysis of
global neutrino-oscillation data yields [13]1

s212 ¼ 0.302þ0.013
−0.012 ; s223 ¼ 0.413þ0.037

−0.025 ;

s213 ¼ 0.0227þ0.0023
−0.0024 ; δ ¼ ð300þ66

−138Þ°: ð13Þ

Upon applying Eq. (11) in Eq. (8), we arrive at the
relations

mr ¼ e−iαr
X
k

X2
rkΛk;X

k

XrkXokΛk ¼ 0; ð14Þ

Xrk ¼ ð ~u†YÞrk; α3 ¼ 0;

k; o; r ¼ 1; 2; 3; o ≠ r: ð15Þ

Explicitly,

X1k ¼ c12c13Yek −
�
s12c23 þ c12s23s13e−iδ

�
Yμk

þ
�
s12s23 − c12c23s13e−iδ

�
Yτk;

X2k ¼ s12c13Yek þ
�
c12c23 − s12s23s13e−iδ

�
Yμk

−
�
c12s23 þ s12c23s13e−iδ

�
Yτk;

X3k ¼ s13eiδYek þ s23c13Yμk þ c23c13Yτk: ð16Þ

The diagonalization conditions in Eq. (14) turn out to be
exactly solvable for two of the three elements Ylrk with
the same k in terms of the third one, in which case the Y
matrix has only three free (complex) parameters. We opt
for getting Yek and Yμk in terms of Yk ≡ Yτk. As outlined
in Appendix A, there is more than one set of the
solutions, but not all of the sets fulfill the requirement
that at least two of the mass eigenvalues m1;2;3 be
nonzero.
One of the solution sets that can supply three nonzero

masses of the neutrinos comprises

Ye1 ¼
−c12c13Y1

c12c23s13eiδ − s12s23
;

Yμ1 ¼
c12s23s13eiδ þ s12c23
c12c23s13eiδ − s12s23

Y1;

Ye2 ¼
−s12c13Y2

s12c23s13eiδ þ c12s23
;

Yμ2 ¼
s12s23s13eiδ − c12c23
s12c23s13eiδ þ c12s23

Y2;

Ye3 ¼
s13Y3

c23c13eiδ
; Yμ3 ¼

s23Y3

c23
; ð17Þ

which correspond to the mass eigenvalues

m1 ¼
Λ1Y2

e1e
−iα1

c212c
2
13

; m2 ¼
Λ2Y2

e2e
−iα2

s212c
2
13

; m3 ¼
Λ3Y2

3

c213c
2
23

:

ð18Þ
The necessity that m1;2;3 be real and nonnegative then
implies that

α1 ¼ argðΛ1Y2
e1Þ; α2 ¼ argðΛ2Y2

e2Þ; arg ðΛ3Y2
3Þ ¼ 0:

ð19Þ

In the rest of the paper, we utilize Eqs. (17) and (18), and
for simplicity, we set eiδ ¼ 1, in accord with the empirical
range of δ in Eq. (13). Also, we take Y1;2;3 to be real and
nonnegative.
Now, in our previous study, we adopted a simpler form of

U, which depends on only two angles, θ and ς, and has no
phases [6]. It can be reproduced from ~u in Eq. (11) with

s12¼
sθffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1−c2θs
2
ς

q ; s23¼
cς− sθsςffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2−2c2θs

2
ς

q ; s13¼ cθsς; ð20Þ

and δ ¼ 0, where ca ¼ cos a and sa ¼ sin a. Moreover,
numerically, we chose for definiteness θ ¼ 32.89° and
cθsς ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
0.0227

p
, which led to U elements in agreement

at the one-sigma level with their experimental values in
Eq. (13). Hence, in the present analysis, we adopt for ~u the
same numerical input. According to Eq. (20), this translates
into s212 ≃ 0.302, s223 ≃ 0.402, and s213 ¼ 0.0227, consistent
with Eq. (13) and leading to the neutrino eigenmasses2

m1≃15.9Λ1Y2
1; m2≃2.8Λ2Y2

2; m2≃1.7Λ3Y2
3: ð21Þ

1Somewhat earlier analyses of the global neutrino data in
Ref. [14] produced similar results.

2It is instructive to see how m1;2;3 would be modified with a
tribimaximal form [15] of the mixing matrix U, which corre-
sponds to ðs212; s223; s213Þ ¼ ð1=3; 1=2; 0Þ and is therefore no
longer compatible with the current data [13]. Applying
this to Eq. (18), with zero phases, yields ðm1; m2; m3Þ ¼ð6Λ1Y2

1; 3Λ2Y2
2; 2Λ3Y2

3Þ [16]. Hence, the m1 value is very differ-
ent from that in Eq. (21).
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III. CONSTRAINTS FROM LOW ENERGY
AND DM DATA

As we discussed in Ref. [6], there are a number of
theoretical and experimental restrictions on the couplings
and masses of the nonstandard particles in the scotogenic
scenario being examined. We found specifically that the
strictest limitations on the Yukawa couplings Yrk come
from the data on the neutrino squared-mass differences
Δ2

jk ¼ m2
j −m2

k, the empirical bounds on the branching
ratios of the charged-lepton flavor-changing radiative
decays li → ljγ, and the measurement of the muon
anomalous magnetic moment aμ. The parameter space of
interest in this study is subject to the same restraints from
low-energy experiments.
Also important are constraints on Yr1 ∝ Y1 from the

observed DM relic abundance,Ω, as we have selectedN1 to
be the lightest of the nonstandard particles and play the role
of cold DM. The dominant contributions to Ω arise from
the N1 annihilations into νiνj and l−

i l
þ
j , which are induced

at tree level by ðS;PÞ and H� exchanges, respectively.
Each of them involves diagrams in the t and u channels
because of the Majorana nature of the external neutral
fermions. In Ref. [6], we derived the amplitudes for
N1N1 → νiνj;l−

i l
þ
j and computed the corresponding anni-

hilation rate in order to extract the values of jY1j consistent
with the Ω data supplied by the PDG. Here we update
the allowed ranges of jY1j by demanding it to satisfy
instead 0.1159 ≤ Ωĥ2 ≤ 0.1215, where ĥ is the Hubble
constant. This is the 90% confidence level range of
Ωĥ2 ¼ 0.1187� 0.0017, which was determined by the
Planck Collaboration [4] from the Planck measurement
and other data. We display in Fig. 1(a) some examples of
the resulting jY1j over 5 GeV ≤ M1 ≤ 40 GeV for the
solutions in Eq. (17) and different sets of m0 ≃mS ≃
mP and mH. The allowed ranges of jY1j in this plot are
narrower than those found in Ref. [6] using the less precise
PDG number for Ω. In Fig. 1(b), we present examples for a

larger range of M1 which may be probed at high-energy
electron-positron colliders. More details on the various
constraints mentioned only briefly in this section are
available in Ref. [6].

IV. SCOTOGENIC EFFECTS IN HIGGS DECAY
AND eþe− COLLISIONS

For the M1 range shown in Fig. 1(a), the appropriate
values of M2;3 > M1, and sufficiently low masses of the
new scalars, m0;H, the Higgs boson h may decay into
final states involving the nonstandard particles. In Ref. [6],
we considered such decays which proceed from tree-
level diagrams, namely h → SSðPPÞ or h → νrNkSðPÞ;
H�l∓

r Nk, depending on the daughter particles’ masses,
over the regions 50 GeV ≤ m0 ≤ 120 GeV and
70 GeV ≤ mH ≤ 120 GeV. As we found previously, these
exotic decay channels are allowed to have enhanced rates
by the constraints described in the preceding section,
including the updated one from the Planck data. We list
several instances of this in the tenth column of Table I for
different sets of the mass parameters m0;H, μ2, and M1;2;3.
For this table, we have employed the Higgs mass
mh ¼ 125.5 GeV, compatible with the latest measurements
[17,18], and the SM Higgs total width ΓSM

h ¼ 4.14 MeV
[19]. The branching ratio BSPH ¼ ΓSPH=ðΓSM

h þ ΓSPHÞ
involves the combined rate ΓSPH of all of the kinematically
permitted exotic modes mentioned above [6]. The two
numbers on each line under BSPH correspond to the two
different numbers on the same line in the μ2 column, which
includes the possibility that μ22 can be negative [20]. In the
last four rows, BSPH ¼ 0 because these exotic decays of the
Higgs cannot happen for the large mass choices.
The last two columns in Table I illustrate the impact of

the new particles on the standard decay channels h → γγ
and h → γZ. These decays are of great interest because they
arise from loop diagrams and hence are sensitive to possible
new-physics contributions, which are H� in our case.

5 10 15 20 25 30 35 40
0.10

0.20

0.30

0.15

M1 GeV

Y1

m0, mH GeV 120, 70

70, 80

60, 80

50, 70

a

20 40 60 80 100

0.50

0.20

0.30

0.15

0.70

M1 GeV

Y1

m0, mH GeV 200, 200

150, 150

b

FIG. 1 (color online). Sample values of Yukawa parameter jY1j over two different ranges of N1 mass, M1, fulfilling the relic density
requirement for some selections of the new neutral and changed scalars’ masses ðm0; mHÞ.
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Furthermore, these channels are already under investigation
at the LHC [17,18,21]. The ratios RγV0 ¼ Γðh → γV0Þ=
Γðh → γV0ÞSM for V0 ¼ γ; Z would thus signal new
physics if they are unambiguously measured to deviate
from unity.
The predictions for BSPH andRγγ in Table I can already

be tested experimentally. Recent analyses [22] have
determined that the present Higgs data allow the branching
ratio of its nonstandard decays into invisible or undetected
final states to reach 22% at the 95% confidence level if the
Higgs production mechanism is SM-like, which is the case
in the scotogenic model. This restriction is not yet severe
for BSPH and can be readily avoided by changing μ2, as
can be viewed in the table. For h → γγ, which has
been detected, unlike the γZ channel [21], the prediction
can be compared to observation. The measurements of the
signal strength for h → γγ by the ATLAS and CMS
Collaborations are σ=σSM ¼ 1.55þ0.33

−0.28 [17] and σ=σSM ¼
0.77� 0.27 [18], respectively. Evidently, the majority of
the Rγγ numbers are in agreement with one or the other of
these LHC results. Pending an experimental consensus on
this decay mode and the advent of complementary infor-
mation from the future detection of h → γZ, we are
motivated to pursue other means to probe the model to
a greater degree.
The new sector of the model being leptophilic, one may

want to look into extra tests on it by means of electron-
positron scattering. Below we demonstrate that potentially
significant restraints on the model are indeed available from
past measurements at LEP II. Since the ILC may become a
reality in the not too distant future, providing eþe−
scattering experiments at higher energies and with better
precision, we also make some estimates and comments
relevant to it. In the rest of this section, we focus on
scotogenic contributions to eþe− collisions into a pair of
charged leptons plus missing energy and into a photon plus
missing energy.

A. eþe− → HþH− → lþl0−E

The amplitude for eþðpþÞe−ðp−Þ → HþðqþÞH−ðq−Þ,
which comes from γ- and Z-mediated diagrams in the s
channel and Nk-mediated diagrams in the t channel,
follows from Eqs. (5) and (6). It can be expressed as

Meē→HH̄ ¼ −2e2v̄eþq−ue−
s

−
2v̄eþq−ðg2LPL þ gLgRPRÞue−

s −m2
Z þ iΓZmZ

þ
X
k

jY1kj2v̄eþq−PLue−

M2
k − t

; ð22Þ

where ue and ve are Dirac spinors, s ¼ ðpþ þ p−Þ2,
t ¼ ðpþ − qþÞ2, gL ¼ gðs2w − 1=2Þ=cw, gR ¼ gs2w=cw,
and PL ¼ 1

2
ð1 − γ5Þ. We have relegated the resulting cross

section, σeē→HH̄, to Eq. (B1) in Appendix B.
After their production, H� will decay into l�

o Nk if
mH > mlo þMk. For k ¼ 2 or 3, the decays Nk → l�

r H∓
and Nk → νS; νP may occur, followed, respectively, by
H� → l�

s Nl if mH > mls þMl and S;P → νNl. If these
two-body channels of Nk are not open, it will instead
undergo Nk → νoνrNl and possibly Nk → l−

olþ
r Nl. We

have collected the expressions for the rates of these various
decays of H�, S, P, and Nk in Appendix B.3 In the final
states of the decays just mentioned, Nl will no longer decay
if l ¼ 1.
Thus, sinceN1 is DM, the channel eþe− → lþl0−Ewith

missing energy E in the final state receives the scotogenic
contribution eþe− → HþH− → lþl0−E. We can write its
cross section as

TABLE I. Sample values of mass parameters m0;H , μ2, andM1;2;3, and Yukawa constants Y1;2;3 satisfying the constraints discussed in
Sec. III and the resulting branching ratios BSPH of the Higgs decay into final states containing S;P, or H� and ratios RγV0 of
Γðh → γV0Þ to its SM value for V0 ¼ γ; Z.

m0

GeV
mH

GeV
μ2
GeV

M1

GeV
M2

GeV
M3

GeV
Y1 Y2 Y3 ð%Þ

BSPH Rγγ RγZ

50 70 46 (47) 9 14 64 0.152 0.363 0.642 20 (14) 0.89 (0.89) 0.95 (0.95)
60 80 54 (56) 10 15 72 0.171 0.410 0.703 26 (14) 0.91 (0.92) 0.96 (0.97)
70 80 113 ð7iÞ 12 18 79 0.175 0.422 0.740 24 (12) 1.2 (0.84) 1.1 (0.93)
120 70 123 (111) 20 29 85 0.155 0.380 0.712 20 (12) 1.5 (1.3) 1.2 (1.1)
50 85 54 (53) 35 51 143 0.107 0.262 0.603 21 (13) 0.91 (0.91) 0.96 (0.96)
50 90 46 (47) 30 43 125 0.110 0.264 0.575 18 (11) 0.90 (0.90) 0.96 (0.96)
65 90 140 ð70iÞ 40 57 153 0.119 0.293 0.658 25 (11) 1.2 (0.79) 1.1 (0.91)
70 85 199 ð135iÞ 50 71 178 0.119 0.300 0.707 0.6 (0.3) 1.8 (0.54) 1.3 (0.80)
150 150 80 (280) 50 72 181 0.188 0.452 0.917 0 (0) 0.92 (1.3) 0.97 (1.1)
150 150 90 (290) 100 142 277 0.167 0.415 0.947 0 (0) 0.93 (1.3) 0.97 (1.1)
200 200 80 (330) 50 75 220 0.241 0.578 1.131 0 (0) 0.91 (1.2) 0.97 (1.1)
200 200 70 (340) 100 143 265 0.199 0.477 1.027 0 (0) 0.91 (1.2) 0.97 (1.1)

3In this paper, we do not consider scenarios with
jmH −mS;P j ≥ mW;Z, in which the new scalars may also be
detectable through other two-body decays, like H� → SðPÞW�.
Such a possibility has been discussed in the context of the inert
doublet model [23,24] without Nk.
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σeē→HH̄→ll̄0 E ¼ σeē→HH̄

�X
r

BðH → lrEÞ
�

2

ð23Þ

with the branching ratios

BðH → lrEÞ ¼ BðH → lrN1Þ þ BðH → lrN2ÞB21

þ BðH → lrN3ÞB31;

B21 ¼ BðN2 → νν0N1Þ;
B31 ¼ BðN3 → νν0N1Þ þ BðN3 → νν0N2ÞB21; ð24Þ

where BðNk → νν0NlÞ ¼
P

η̂¼S;PðΓNk→νη̂=ΓNk
ÞΓη̂→νNl

=Γη̂

or ΓNk→νν0Nl
=ΓNk

depending on the masses. Any of the
terms in BðH → lrEÞ would be absent if kinematically
forbidden.
Since according to Eq. (5) the Z boson can couple to S

and P, it can mediate eþe− → SP in the s channel. This
transition is experimentally unobservable if S and P each
decay (sequentially) into an N1 along with one or more νs,
as all of these fermions are invisible.4 On the other hand, if
only one member of the SP pair undergoes such a decay,
while the other member decays into lþl0−N1 and one or
more νs, then eþe− → SP will also contribute to the
lþl0−E final state. With mS ≃mP ≃m0, we can write
the cross section of this contribution as σeē→SP→ll̄0 E ¼
2σeē→SPBðη̂ → EÞBðη̂ → ll̄0EÞ, where σeē→SP is given
in Appendix B for completeness, η̂ ¼ S or P,
Bðη̂→EÞ¼Bðη̂→νN1ÞþBðη̂→νN2ÞB21þBðη̂→νN3ÞB31,
and Bðη̂ → ll̄0EÞ ¼ Bðη̂ → νN2ÞBðN2 → ll̄0EÞ
þBðη̂ → νN3ÞBðN3 → ll̄0EÞ. Having more powers of
the branching ratios, σeē→SP→ll̄0E can be expected to be
suppressed with respect to σeē→HH̄→ll̄0E. This turns out to
be the case for the parameter choices in our illustrations, the
suppression factors being a few or more. The impact of
σeē→SP→ll̄0E on σeē→HH̄→ll̄0E is actually further subdued
because the angular distributions of the final lepton pairs,
lþl0−, in the two processes are generally very different. For
these reasons, hereafter we neglect the effect of eþe− →
SP → lþl0−E in examining eþe− → HþH− → lþl0−E.
The process eþe− → lþl0−E with the final charged

leptons not originating from the same particle has been
well measured at LEP II [7]. The experimental values of its
cross section at center-of-mass (c.m.) energies

ffiffiffi
s

p ≃
183–208 GeV vary from about 1.4 to 2.5 pb with errors
ranging mostly between 10% and 20%. Except for several
of them, the measurements are consistent at the one-sigma
level with the SM prediction for eþe− → WþW− →
νν0lþl0−, summed over all of the final leptons.
Accordingly, we may demand that σeē→HH̄→ll̄0E < 0.3 pb.
To get some indications as to which of the examples in

Table I can meet this condition, we present the cross

sections in Table II at the c.m. energies
ffiffiffi
s

p ¼
183; 196; 207 GeV representing the LEP II range.
Obviously the parameter values yielding the cross sections
at these energies in the first four rows are disfavored by the
LEP II data. In contrast, the corresponding numbers in
the second four rows can fulfill the imposed bound due to
the relatively larger mH and Mk and smaller Yk.
Interestingly, in these latter examples, the Higgs exotic
decays into the scotogenic particles can mostly still happen
with nonnegligible rates, as illustrated by their BSPH entries
in the second four rows of Table I.
For the parameter space that can evade the LEP II

restrictions and has room for the scotogenic decays of the
Higgs compatible with LHC data, further tests are poten-
tially available at a future higher energy eþe− collider, such
as the ILC [9]. Moreover, H� which are too heavy to have
been produced at LEP II may be within the reach of the
ILC.5 The last three columns of Table II show a number of
predictions for σeē→HH̄→ll̄0E at some of the proposed ILC
energies. The predictions are to be compared with the SM
cross sections

σeē→WW̄→νν0ll̄0 ¼ 1.7; 0.8; 0.3 pb; ð25Þ
which are the tree-level values at

ffiffiffi
s

p ¼ 250; 500;
1000 GeV, respectively. Since the scotogenic contributions
are of roughly similar order to, or substantially exceed, the
SM ones, we can conclude that experiments on eþe− →
lþl0−E at the ILC have the potential to discover scotogenic
signals or impose stringent limits on the parameter regions
examined in this paper.
Once H� are discovered, precise measurements on their

decay modes, especially H� → l�
r Nk, will help uncover

the flavor structure of the Yukawa interactions of the new
particles. Specifically, as Eq. (B4) indicates, ratios of the
magnitudes of Yukawa couplings Yrk can be inferred from
the ratios of the experimental branching ratios of these two-
body decays. At eþe− colliders, such ratios can be
measured after sufficient data are accumulated to allow
the identification of the lepton flavors in the lþl0−E signal
events. However, it may be difficult to extract clearly the
individual jYrkj themselves because eþe− → HþH− is
induced not only by γ- and Z-mediated diagrams, but also
by Nk-mediated diagrams which involve Y1k. On the other
hand, at the LHC, both the relative and absolute values of
jYrkj are measurable if enough statistics are available, as
the main production channel is the quark annihilation qq̄ →
HþH− via γ and Z exchanges only. The acquired data on
H� → l�

r Nk will, in addition, reveal the masses of Nk. All
of this information on Yrk and Mk, plus the masses of the
new scalars, is crucial because they also determine the light

4Without observable events, due to the absence of detectable
particles in the final state, an empirical cross section would not be
available to check the theory [25,26].

5The potential reach of the ILC to measure eþe− → HþH− in
the inert doublet model [20,23] without Nk, or in the scotogenic
model with S being the DM candidate and Nk very heavy, has
recently been studied in Ref. [24].
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neutrinos’ mass matrix and the rates of the flavor-changing
decays lo → lrγ, as well as the relic density of the DM
particle N1. In other words, a good amount of experimental
data on the various quantities which are functions of Yrk
and the new particles’ masses will serve to check the
predictions, and hence, the self-consistency, of the model.6

B. eþe− → γNN0;γSP → γE

Another kind of scotogenic effect that may be observable
at eþe− colliders is eþe− → γNjNk, which, if j; k > 1, is
followed by Nj;k decaying (sequentially) into N1 plus light
neutrinos. This is generated by H-exchange diagrams with
the photon radiated off the e� lines. We have written down
the scattering amplitude, which depends on Y1j;1k, and
sketched the calculation of the cross section, σeē→γNjNk

, in
Appendix B. In view of the Majorana nature ofNj;k, we can
express its contribution to the monophoton production
process eþe− → γE as

σeē→γNN0→γE ¼
X3
j≤k
j;k¼1

σeē→γNjNk
Bj1Bk1; ð26Þ

where B21;31 are defined in Eq. (24) and B11 ¼ 1. Any of
the terms in this sum would vanish if kinematically
forbidden.
There is an additional scotogenic contribution to

eþe− → γE, namely eþe− → γSP induced by Z-mediated
diagrams with the photon being emitted from the e� legs.
We have outlined the computation of its cross section,
σeē→γSP , in Appendix B. The γE final state is reached when

S and P each decay (sequentially) into N1 and one or more
light neutrinos. Putting things together, we arrive at the
cross section

σeē→γSP→γE ¼ σeē→γSPðBðη̂ → EÞÞ2; ð27Þ

with the branching ratio Bðη̂ → EÞ ¼ Bðη̂ → νN1Þþ
Bðη̂ → νN2ÞB21 þ Bðη̂ → νN3ÞB31. As it turns out,
σeē→γSP→γE is numerically less important than
σeē→γNN0→γE for the mass and coupling values in our
examples.
Much experimental work on eþe− → γE has also been

performed at LEP II to study the neutrino counting reaction
eþe− → γνν̄ in the SM and also to search for long-lived or
stable new particles [8]. The measured cross sections atffiffiffi
s

p ≃ 130–207 GeV, with errors mainly between 5% and
20%, vary not only with

ffiffiffi
s

p
, but also with the experimental

cuts on the photon energy Eγ and angle θγ relative to the
beam direction. From a collection of these data [8]
tabulated in Ref. [29], one can see that the experimental
and SM values of the cross section agree with each other at
the one-sigma level, except for several of them.
Comparing with the LEP II results on eþe− → γE, we

find that for the parameter ranges that escape the bounds
from eþe− → lþl0−E data discussed in the previous
subsection the scotogenic contributions to eþe− → γE at
LEP II energies do not yield significant effects. The
scotogenic contributions are even small compared to the
experimental errors. Consequently, we need to turn to
the ILC in order to explore the possibility of seeing the
desired signals.7

After appropriate cuts on the photon energy and angle
are imposed, the main background is eþe− → γνν̄ in the

TABLE II. Cross section of eþe− → HþH− → lþl0−E corresponding to the examples in Table I for c.m. energiesffiffiffi
s

p ¼ 183; 196; 207; 250; 500; 1000 GeV, with both H� being on shell.

σeē→HH̄→ll̄0E (pb)
m0

GeV
mH

GeV
M1

GeV
M2

GeV
M3

GeV
Y1 Y2 Y3 183 196 207 250 500 1000

50 70 9 14 64 0.152 0.363 0.642 4.0 4.8 5.3 6.2 3.8 1.4
60 80 10 15 72 0.171 0.410 0.703 2.5 3.9 5.0 7.2 5.5 2.1
70 80 12 18 79 0.175 0.422 0.740 2.3 3.7 4.7 6.8 5.0 1.9
120 70 20 29 85 0.155 0.380 0.712 1.4 1.7 1.9 2.2 1.3 0.49
50 85 35 51 143 0.107 0.262 0.603 0.06 0.16 0.24 0.49 0.52 0.24
50 90 30 43 125 0.110 0.264 0.575 0.01 0.10 0.19 0.51 0.61 0.27
65 90 40 57 153 0.119 0.293 0.658 0.01 0.12 0.23 0.59 0.71 0.33
70 85 50 71 178 0.119 0.300 0.707 0.08 0.19 0.29 0.57 0.66 0.32
150 150 50 72 181 0.188 0.452 0.917 0 0 0 0 1.8 1.2
150 150 100 142 277 0.167 0.415 0.947 0 0 0 0 0.96 0.76
200 200 50 75 220 0.241 0.578 1.131 0 0 0 0 2.0 2.8
200 200 100 143 265 0.199 0.477 1.027 0 0 0 0 0.69 1.1

6Much of the discussion in this paragraph also applies to
some other scenarios of one-loop radiative neutrino mass in
which the neutrino and DM sectors are intimately connected,
such as the model proposed in Ref. [27]. Its LHC phenomenology
is the focus of Ref. [28], which provides a detailed analysis on the
possibility of searching for a signal in lþl0−E final states.

7Similar situations may arise in some other radiative neutrino
mass models with fermionic DM [30,31] and more generally in
models with nonnegligible effective DM-electron couplings [26].
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SM, which can be calculated with formulas available in the
literature [29,32]. Among the examples in Table II, we
obtain a few that produce contributions to eþe− → γE,
which are not negligible compared to the background at
ILC energies. We display the results in Table III where the
cuts used are specified. The entries for

ffiffiffi
s

p ¼ 250; 500;
1000 GeV are to be compared to the SM numbers in the
bottom row. Although the cross sections of eþe− →
γNN0; γSP → γE in the first two rows are below 4% of
the background, the ones in the next two rows can reach
about 7% to 13%, notably at

ffiffiffi
s

p ¼ 500; 1000 GeV.
Assuming that the proposed integrated luminosities of
500 and 1000 fb−1 at these energies [9], respectively, are
achievable, we may expect that there will be enough events
to distinguish signals from backgrounds. If that is the case,
then these examples have illustrated that the information to
be gained from the ILC data on eþe− → γE is comple-
mentary to that from eþe− → lþl0−E in probing the
scotogenic model further. Especially, if a new-physics hint
is detected in the lþl0−E events, the γE measurement
could serve to offer some cross-checks, but the observation
of a nonstandard signal in only the γE data would likely
disfavor the scenario discussed above.

V. CONCLUSIONS

We have investigated the possibility of employing eþe−
colliders to provide additional tests on the scotogenic
model of radiative neutrino mass. This study continues
our previous work which addressed the Higgs boson
undergoing exotic decays into the nonstandard particles
of the same model. Unlike before, here we adopt the PDG
parametrization of the neutrino-mixing matrix and derive
exact solutions for the Yukawa couplings of the new
particles in terms of three free (complex) parameters.
Accordingly, the Yukawa results are consistent with the
measured elements of the mixing matrix. We select one set
of such solutions to be used in our numerical computation.
As before, we assume that the lightest one of the new

fermions is the cold DM candidate. Then, taking into
account various theoretical and experimental constraints,
including those from low-energy measurements and the
Planck data on the relic DM density, we scan the model
parameter space for regions that can accommodate the
Higgs exotic decays and also masses of the new particles
that can be produced at eþe− colliders. At present, the LHC
Higgs data do not yet translate into severe restrictions
on the allowed parameter values. Subsequently, we con-
sider constraints on them from past measurements at LEP II
on eþe− collisions into a pair of charged leptons plus
missing energy and into a photon plus missing energy.
These processes, respectively, receive contributions
from the scotogenic reactions eþe− → HþH− and eþe− →
γNN0; γSP followed by the (sequential) decays of H, Nð0Þ,
S, and P into the DM particle N1 plus light leptons. We
show that the HþH− channel is subject to strict extra
limitations from the LEP II data, whereas the neutral
channels are not. Finally, we turn to the possibility of
measuring the same eþe− scattering processes with higher
energies and much improved precision at a future facility, in
particular the ILC. We find that at the ILC such experiments
can be expected to offer complementary information for
probing the scotogenic model more extensively. Needless
to say, future data on the Higgs boson’s properties from the
ILC will also be of great relevance to checking the model.
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APPENDIX A: SOLUTIONS FOR
YUKAWA COUPLINGS Yrk

The diagonalization relations in Eq. (14) can be exactly
solved for the three pairs of Yukawa couplings ðYek; YμkÞ,
k ¼ 1; 2; 3, in terms of Yk ¼ Yτk. There are in total 27 sets

TABLE III. Cross section of eþe− → γNN0; γSP → γE, in fb, for the parameter values in some of the examples in Table II at c.m.
energies

ffiffiffi
s

p ¼ 250; 500; 1000 GeV. The two terms in each of the sums correspond to the γNN0 and γSP contributions, respectively.
The cuts applied to the photon energy and angle relative to the incident electron’s direction are Eγ sin θγ ≥ 0.15

ffiffiffi
s

p
and j cos θγj ≤ 0.7, as

well as Eγ ≤ min ð0.45 ffiffiffi
s

p
; Emax

γ Þ, where Emax
γ is related to the Nk;l [S;P] masses by Eq. (B18) [Eq. (B22)]. In the bottom row are the

corresponding numbers for eþe− → γνν̄ in the SM, with the same cuts except Eγ ≤ 0.45
ffiffiffi
s

p
.

σeē→γNN0;γSP→γE (fb)
m0

GeV
mH

GeV
M1

GeV
M2

GeV
M3

GeV
Y1 Y2 Y3 250 500 1000

65 90 40 57 153 0.119 0.293 0.658 3.3þ 0.76 2.5þ 0.48 1.0þ 0.14
70 85 50 71 178 0.119 0.300 0.707 2.7þ 0.54 2.7þ 0.46 1.1þ 0.14
150 150 50 72 181 0.188 0.452 0.917 4.7þ 0 6.7þ 0.04 3.5þ 0.06
200 200 50 75 220 0.241 0.578 1.131 6.3þ 0 12.2þ 0.00 7.6þ 0.03

σSMeē→γνν̄ (fb) 613 95.5 61.1
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of the possible solutions. One can express the pairs in each
set as ðYek; YμkÞ ¼ ðēz; μ̄zÞYk, where z ¼ a; b, or c and

ēa ¼
−c12c13

c12c23s13eiδ−s12s23
; μ̄a ¼

c12s23s13eiδþ s12c23
c12c23s13eiδ− s12s23

;

ēb ¼
−s12c13

s12c23s13eiδþc12s23
; μ̄b ¼

s12s23s13eiδ−c12c23
s12c23s13eiδþc12s23

;

ēc ¼
s13e−iδ

c23c13
; μ̄c ¼

s23
c23

; ðA1Þ

with cmn ¼ cos θmn and smn ¼ sin θmn. Not all of the
solution sets are desirable and lead to at least two nonzero
masses among the eigenvalues m1;2;3 in Eq. (14).

Particularly, three of the sets can each only give one
nonzero mass, while 18 (six) of the others can yield two
(three) nonzero masses. We remark that the form of Eq. (9)
also appears in some other models of radiative neutrino
mass [27,30,33], and so these solutions for Ylk are also
applicable to those models, with Λ1;2;3 hiding the model
details.

APPENDIX B: CROSS SECTIONS AND
DECAY RATES

From the amplitude for eþðpþÞe−ðp−Þ → HþH− in
Eq. (22), we arrive at the cross section

σeē→HH̄ ¼ πα2β3

3s
þ α

12

ðg2L þ gLgRÞβ3
s −m2

Z
þ ðg4L þ g2Lg

2
RÞβ3s

96πðs −m2
ZÞ

þ
X
k

jY1kj4
64πs

�
wk ln

wk þ β

wk − β
− 2β

�

þ
�
α

16s
þ g2L
64πðs −m2

ZÞ
�X

k

jY1kj2
�
ðw2

k − β2Þ lnwk þ β

wk − β
− 2βwk

�

þ
X
j;k>j

jY1jY1kj2
64πs

�
w2
j − β2

wj − wk
ln
wj þ β

wj − β
þ w2

k − β2

wk − wj
ln
wk þ β

wk − β
− 2β

�
; ðB1Þ

where s ¼ ðpþ þ p−Þ2, we have assumed that s is not close
to the Z pole, j; k ¼ 1; 2; 3,

α¼ e2

4π
; β¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−

4m2
H

s

r
; wk ¼ 1þ 2M2

k

s
−
2m2

H

s
> β:

ðB2Þ

We always take e� to be massless in our treatment of their
scattering. The form of σeē→HH̄ due to the γ- and Z-
exchange diagrams plus a third contribution mediated by
only one N has been known before in the literature [34]. In
numerical computation of the eþe− collisions, we employ
the effective values α ¼ 1=128, g ¼ 0.6517, and s2w ¼
0.23146 [3]. It is worth noting that in our examples of
σeē→HH̄ theNk-mediated contributions tend to dominate the

γ and Z diagrams, except in several instances where the
different contributions are roughly comparable in size.
The neutral counterpart of the preceding transition is

eþe− → SP, but it is generated at tree level by only one
Z-exchange diagram. Its cross section is

σeē→SP ¼ ðgL − gRÞ2ðg2L þ g2RÞðs − 4m2
0Þ3=2

96π
ffiffiffi
s

p ðs −m2
ZÞ2

ðB3Þ

for mS ≃mP ≃m0 and s away from the Z pole.
For the particle masses in our illustrations, H� and their

neutral partners, S and P, decay predominantly into the
two-body final states l�

r Nk and νNl, respectively, if
kinematically permitted. From Eq. (6), we acquire their
rates to be

ΓH→lrNk
¼ jYrkj2

16πm3
H
ðm2

H −m2
lr
−M2

kÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðm2

H −m2
lr
−M2

kÞ2 − 4m2
lr
M2

k

q
; ðB4Þ

Γη̂→νNl
¼

X
r

jYrlj2
16πm3

η̂

ðm2
η̂ −M2

l Þ2; η̂ ¼ S or P: ðB5Þ

Therefore, for the total widths of H� and η̂, we make the approximations ΓH ¼ P
r;kΓH→lrNk

and Γη̂ ¼
P

kΓη̂→νNk
in our

computation.
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For the decays of Nk if k ¼ 2; 3, the two-body modes Nk → l�
r H∓ and Nk → νη̂ may take place with rates

ΓNk→lþr H− ¼ ΓNk→l−r Hþ ¼ jYrkj2ðM2
k þm2

lr
−m2

HÞ
32πM3

k

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðM2

k −m2
lr
−m2

HÞ2 − 4m2
lr
m2

H

q
;

ΓNk→νη̂ ¼
X
r

jYrkj2
32πM3

k

ðM2
k −m2

η̂Þ2; η̂ ¼ S or P: ðB6Þ

If these channels are closed, Nk will instead undergo Nk → νoνrNl and possibly Nk → l−
olþ

r Nl, mediated by η̂ and H�,
respectively. They lead to the combined rates

ΓNk→νν0Nl
¼ 1

2

X
o;r

ΓNk→νoνrNl
; ΓNk→ll̄0Nl

¼
X
o;r

ΓNk→lol̄rNl
; ðB7Þ

where the factor of 1=2 removes double counting of contributions with o ≠ r and accounts for identical Majorana neutrinos
in final states with o ¼ r. The terms in these sums are of the form

ΓNk→foðp1Þfrðp2ÞNlðp3Þ ¼
2

ð8πMkÞ3
Z

ds̄12ds̄23jMNk→fofrNl
j2; ðB8Þ

where s̄ik ¼ ðpi þ pkÞ2 and the expressions for the integrand are derived in the next paragraph. For the new particles’
coupling and mass values which we have considered, these two- and/or three-body decay modes of Nk dominate its total
width ΓNk

.
Since ν and N are Majorana fermions, from Eq. (6), the amplitude for Nk → νoðp1Þνrðp2ÞNlðp3Þ with Mk < mS;P is

MNk→νoνrNl
¼ −ūνoðYokPR þ Y�

okPLÞuNk
ūνrðYrlPR þ Y�

rlPLÞvNl

2ŝmS
23

þ ūνoðYokPR − Y�
okPLÞuNk

ūνrðYrlPR − Y�
rlPLÞvNl

2ŝmP
23

þ ūνrðYrkPR þ Y�
rkPLÞuNk

ūνoðYolPR þ Y�
olPLÞvNl

2ŝmS
13

−
ūνrðYrkPR − Y�

rkPLÞuNk
ūνoðYolPR − Y�

olPLÞvNl

2ŝmP
13

; ðB9Þ

where

ŝmik ¼ s̄ik −m2; s̄ik ¼ ðpi þ pkÞ2: ðB10Þ

Averaging (summing) the absolute square of this amplitude over initial (final) spins, we then get

jMNk→νoνrNl
j2 ¼ −jYokYrlj2

ŝMk
23 ŝ

Ml
23

2

�
1

ðŝmS
23 Þ2

þ 1

ðŝmP
23 Þ2

�
− jYrkYolj2

ŝMk
13 ŝ

Ml
13

2

�
1

ðŝmS
13 Þ2

þ 1

ðŝmP
13 Þ2

�

þ ReðY�
okYrlY�

rkYolÞ
MkMls̄12

2

�
1

ŝmS
23

þ 1

ŝmP
23

��
1

ŝmS
13

þ 1

ŝmP
13

�

þ ReðY�
okY

�
rlYrkYolÞ

M2
kM

2
l − s̄23s̄13
2

�
1

ŝmS
23

−
1

ŝmP
23

��
1

ŝmS
13

−
1

ŝmP
13

�
: ðB11Þ

Similarly, the amplitude for Nk → l−
o ðp1Þlþ

r ðp2ÞNlðp3Þ with Mk < mH þmlo;lr is

MNk→lol̄rNl
¼ YokY�

rlūloPRuNk
ūNl

PLvlr
ŝmH
23

−
Y�

rkYolūNl
γλPLuNk

ūloγλPLvlr
2ŝmH

13

; ðB12Þ
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leading to

jMNk→lol̄rNl
j2 ¼ −jYokYrlj2

ðŝMk
23 −m2

lo
ÞðŝMl

23 −m2
lr
Þ

2ðŝmH
23 Þ2

− jYrkYolj2
ðŝMk

13 −m2
lr
ÞðŝMl

13 −m2
lo
Þ

2ðŝmH
13 Þ2

þ ReðY�
okYrlY�

rkYolÞ
MkMlðs̄12 −m2

lo
−m2

lr
Þ

ŝmH
23 ŝ

mH
13

: ðB13Þ

In the case of m0 ≃mS ≃mP , the formulas in this paragraph are related by crossing symmetry to those for NkNl → νoνr
and NkNl → l−

olþ
r given in Ref. [6].8

For the scattering eþðpþÞe−ðp−Þ → γðKÞNkðq−ÞNlðqþÞ, one can define the Lorentz-invariant kinematical variables

s ¼ ðpþ þ p−Þ2; s0 ¼ ðqþ þ q−Þ2; t ¼ ðpþ − qþÞ2; t0 ¼ ðp− − q−Þ2;
u ¼ ðpþ − q−Þ2; u0 ¼ ðp− − qþÞ2; κ� ¼ 2K · p�; κ0� ¼ 2K · q�; ðB14Þ

before deriving its amplitudeMeē→γNkNl
. Because of the Majorana nature ofNk;l, at tree level the amplitude comes from six

diagrams mediated by H with the photon radiated from the e� legs and the H lines. We write it as

Meē→γNkNl
¼ eY�

1kY1l

�
ūNk

PLðp− − KÞε�ue− v̄eþPRvNl

ðt −m2
HÞκ−

−
ūNk

PLue− v̄eþε�ðpþ − KÞPRvNl

ðt0 −m2
HÞκþ

−
2ūNk

PLue− v̄eþPRvNl
ε� · ðp− − q−Þ

ðt −m2
HÞðt0 −m2

HÞ
�
þ eY1kY�

1l

�
ūNk

γρPLvNl
v̄eþγρPLðp− − KÞε�ue−
2ðm2

H − uÞκ−
−
ūNk

γρPLvN̄v̄eþε
�ðpþ − KÞγρPLue−

2ðm2
H − u0Þκþ

þ ūNk
γρPLvNl

v̄eþγρPLue−ε� · ðp− − qþÞ
ðu −m2

HÞðu0 −m2
HÞ

�
: ðB15Þ

It is straightforward to check that this amplitude respects electromagnetic gauge invariance. Averaging (summing) the
absolute square of Meē→γNkNl

over the initial (final) spins, one then obtains

jMeē→γNkNl
j2

e2
¼ jY1kY1lj2

2κ−

�
M2

l − t
ðm2

H − tÞ2
�
κ0− þ ðM2

k þ t0Þκ− þ 2ðM2
k − tÞðM2

k − t0Þ
m2

H − t0
−
ðM2

k − t0Þðtþ t0Þκ−
2ðm2

H − t0Þ2
�

þ M2
k − u

ðm2
H − uÞ2

�
κ0þ þ ðM2

l þ u0Þκ− þ 2ðM2
l − uÞðM2

l − u0Þ
m2

H − u0
−
ðM2

l − u0Þðuþ u0Þκ−
2ðm2

H − u0Þ2
�

þ ðM2
l − tÞ½ðt0 − s − uÞκ− þ ðM2

k − tÞs� þ ðM2
k − t0Þ½ðt − s − u0Þκþ þ ðM2

l − t0Þs�
2ðm2

H − tÞðm2
H − t0Þκþ

þ ðM2
k − uÞ½ðu0 − s − tÞκ− þ ðM2

l − uÞs� þ ðM2
l − u0Þ½ðu − s − t0Þκþ þ ðM2

k − u0Þs�
2ðm2

H − uÞðm2
H − u0Þκþ

�

−
MkMl ReðY�2

1kY
2
1lÞ
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H − uÞκ−

�
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H − u0Þκþ
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H − tÞðm2
H − uÞκ−

�
1

m2
H − t0

þ 1

m2
H − u0

�
ϵρστωp

ρ
þpσ

−qτþqω−

þ
�
t↔t0; u↔u0; κ−↔κþ; κ0−↔κ0þ;Mk↔Ml;Y1k↔Y1l

�
: ðB16Þ

This leads to the cross section

8The expression for jMNkNl→νiνj j2 in Eq. (B3) of Ref. [6] needs to be multiplied by an overall factor of 2 due to νi;j being Majorana
particles. Since the final neutrinos are not observed, the corresponding cross section is σNkNl→νν0 ¼ ð1=2ÞPi;j σNkNl→νiνj , where the
factor of 1=2 removes double counting of contributions with i ≠ j and accounts for identical neutrinos in final states with i ¼ j. As a
consequence, the results in Ref. [6] for the DM annihilation N1N1 → νν0;ll̄0 are numerically unaffected.
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σeē→γNkNl
¼

Z
EγdEγdðcos θγÞdΩ̄N

2ð1þ δklÞð4πÞ4s

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

2M2
k þ 2M2

l

s − 2Eγ
ffiffiffi
s

p þ
�

M2
k −M2

l

s − 2Eγ
ffiffiffi
s

p
�

2

s
jMeē→γNkNl

j2; ðB17Þ

where Eγ and θγ are the photon energy and angle with respect to the eþ or e− beam direction in the c.m. frame of the eþe−
pair, Ω̄N denotes the solid angle of eitherNk orNl in the c.m. frame of theNkNl pair, and the factor 1=ð1þ δklÞ accounts for
the identical Majorana fermions in the final states with k ¼ l. The range of the photon energy is

Emin
γ ≤ Eγ ≤ Emax

γ ¼ s − ðMk þMlÞ2
2

ffiffiffi
s

p ; ðB18Þ

where Emin
γ is an experimental cut. In the numerical evaluation of the integral, the θγ range is also subject to cuts.

For eþðpþÞe−ðp−Þ → γðKÞSðq−ÞPðqþÞ, the kinematical variables are the same as those listed in Eq. (B14). This
reaction is induced at tree level by two Z-exchange diagrams with the photon emitted from the e� lines. Its amplitude is

Meē→γSP ¼ 2iev̄eþq−½ðgLgR − g2LÞPL þ ðg2R − gLgRÞPR�ðp− − KÞε�ue−
ðs0 −m2

Z þ iΓZmZÞκ−
þ 2iev̄eþε�ðK − pþÞq−½ðgLgR − g2LÞPL þ ðg2R − gLgRÞPR�ue−

ðs0 −m2
Z þ iΓZmZÞκþ

; ðB19Þ

where gL;R are defined in Sec. IV B. One can easily verify that Meē→γSP is electromagnetically gauge invariant. It follows
that

σeē→γSP ¼
Z

EγdEγdðcos θγÞdΩ̄η̂

2ð4πÞ4s

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

4m2
0

s − 2Eγ
ffiffiffi
s

p
s

jMeē→γSP j2; ðB20Þ

where Ω̄η̂ denotes the solid angle of either S or P in the c.m. frame of the SP pair and

jMeē→γSPj2 ¼ 2e2ðgL − gRÞ2ðg2L þ g2RÞ
s0ðtuþ t0u0 þm2

0s − 2m4
0Þ þm2

0ð2κþκ− − s2Þ
κþκ−½ðs0 −m2

ZÞ2 þ Γ2
Zm

2
Z�

: ðB21Þ

The photon energy range in this case is

Emin
γ ≤ Eγ ≤ Emax

γ ¼ s − 4m2
0

2
ffiffiffi
s

p : ðB22Þ

Finally, it is instructive to compare our calculation of σeē→γNkNl;γSP above with its estimation in the so-called radiator
approximation [35]. For XY ¼ NkNl or SP, it is given by

σeē→γXY ≃
Z

dcγdxγHðcγ; xγ; sÞσ̂ðŝÞ; cγ ¼ cos θγ; xγ ¼
2Eγffiffiffi
s

p ;

Hðc; x; sÞ ¼ α

π

ð2 − xÞ2 þ c2x2

2ð1 − c2Þx ; ŝ ¼ ð1 − xγÞs; ðB23Þ

where σ̂ðŝÞ denotes the cross section of the simpler reaction eþe− → XY. Thus we acquire numbers which are smaller than
their counterparts in Table III by less than 9%. In contrast, our application of this approximate method to σSMeþe−→γνν̄, with
σ̂ðŝÞ now being the SM cross section of eþe− → νν̄, works as well only for the

ffiffiffi
s

p ¼ 250 GeV case, its result exceeding the
corresponding number in the bottom row of Table III by about 9%, whereas the estimates for

ffiffiffi
s

p ¼ 500; 1000 GeV
overshoot their counterparts in the table by more than 100%.
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