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Inspired by the recent LHCb measurements and forthcoming great potential on B. meson, we study the
exclusive B, — B,P, B,V decays with the perturbative QCD approach, where ¢ = u, d, s and P and V
denote the lightest pseudoscalar and vector SU(3) nonet meson, respectively. By retaining the quark
transverse momentum, employing the Sudakov factors, and choosing the typical scale as the maximum
virtualities of the internal particles, we calculate the B, — B transition from factors, and our results show
that about 90% of the contribution to form factors comes from the a;/z < 0.3 region. The contributions of
penguin and annihilation to branching ratios are very small due to the serious suppression by the CKM
factors. There are some hierarchy relations among the B, — BP, BV decays. The branching ratios for
B, = Bym, Bysp, ByK are large and could be measured by the running LHCb.
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I. INTRODUCTION

The B, meson is the heaviest ground pseudoscalar
meson with explicit both bottom and charm flavor. The
yield ratio of the B, meson is very small [1], but it is still
possible to obtain enough measurements to explore its
property at high-energy colliders. The B, meson was
observed for the first time via the semileptonic decay B, —
J/wtvin 1.8 TeV pp collisions using the CDF detector at
the Fermilab Tevatron in 1998 [2]. Recently, its mass has
been accurately determined at the O(107*) level from the
fully reconstructed B, — J/wx mode by the CDF and
LHCb experimental groups [3,4], and its lifetime is also
measured at the ~3% level by the LHCb Collaboration [5].

The B, meson, laying below BD threshold, can decay
only via the weak interaction. Its decay modes can be
divided into three types [6,7]: (1) the ¢ quark decays while
the b quark as a spectator; (2) the b quark decays while the
¢ quark as a spectator; (3) the annihilation channel. The ¢
quark decay modes [the type (1)] are responsible for about
70% of the width of B, meson [8]. This type of decay
process, although very challenging to experiments, has
recently been observed in the B, — B,zn mode with
significance in excess of 5 standard deviations by the
LHCb Collaboration [9]. The b quark decay modes [the
type (2)] account for about 20% of the width of the B,
meson [10]. The b — ¢ transition offers a well-
reconstructed experimental signature at the Tevatron and
LHC, for example, in the decay modes of B — J/wa™
[3.4,11], w(28)z* [121, J/wD " [13), JJwK* K~ n* [14],
J/wrta~mt [15], J/we'v, [16] and so on. The weak
annihilation mode [type (3)] is estimated to take 10%
shares of the width of the B. meson [10]. The pure weak
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annihilation decay to two light mesons, B, — u + d, is so
highly helicity suppressed that there is little probability of
detecting the charmless and/or bottomless hadronic decays
B. — PP, PV,VV [17], where P and V denote the lightest
SU(3) pseudoscalar and vector mesons, respectively; and
to date, no corresponding measurements exist.

It is estimated that one could expect O(10'%) of the B,
mesons per year at the LHC [18]. Along with the running of
the LHC, more and more B, decay modes will be observed.
Anticipating the experimental developments, many studies
(see Table I) have been devoted to the bottom conserving
and charm changing decay modes B, — BP, BV, including
estimates undertaken within various quark models assisted
by confining potential [19-23], with potential models
based on the Bethe-Salpeter equation [7,24], with BSW
or ISGW models [6,25], with QCD sum rules [18], with
heavy quark spin symmetry [26], with QCD factorization at
the leading order [27], but without perturbative QCD
(pQCD) approach. In this paper, we study the B, — BP,
BV decays with the pQCD approach [28] to fill in this gap
and provide a ready reference to the existing and forth-
coming experiments.

This paper is organized as follows: In Sec. II, we discuss
the theoretical framework, compute the B, — B transition
form factors and the amplitudes for B, — BP, BV decays
with the pQCD approach. Section III is devoted to the
numerical results. Finally, we summarize in Sec. IV.

II. THEORETICAL FRAMEWORK AND THE
DECAY AMPLITUDES

A. The effective Hamiltonian

Because of the hierarchy my,: > m,, . > Agcp (Where
my= and my, . are the mass of the W* boson and b, ¢
quarks, respectively; Aqcp is the QCD confinement scale),
one typically use the effective field theory to deal with
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TABLE I. Branching ratios of B. — BP, BV decays with the fixed coefficients a; = 1.20 and a, = —0.317, and form factors Fg"_’B" (0).

Reference [19]* [201° [27]° (21" [22]° (23] [18]¢ [26]" [25] (7P [24] [6]'
() 1.01 0.467 (0.426) 0.8 0.39 0.58 0.39 1.27 0.66 0.831

Fi7P(0) 1.03 0.573 (0.571) 0.8 0.58 0.61 0.50 1.3 0.66 0.859

Br(Bf = B%t)  109x 1072 3.72 (3.70) x 1072 531 x 1072 351 x 1072 3.9x 1072 2.52x 1072 164 x 1072 3.03x 1072 7.85x 1072 579 x 102 1.57 x 1072 3.08 (4.36) x 1072
Br(Bf — B%*%)  9.05x 1072 2.56 (2.34) x 1072 627 x 1072 234 %1072 23x102 141x102 72x1072 1.35%x 102 470x 102 444 x 1072 3.88 x 1072 1.24 (2.00) x 1072
Br(Bf — BYK*) 7.23x 1073 2.87 (2.84) x 1073 3.68x 1072 29x 1073 29x1073 2.1x107 1.06x 1072 2.13x 1073 571 x 1073 4.16x 1073 1.68 x 107 2.16 (3.25) x 1073
Br(Bf — BYK**) 34x10™* 6.9 (6.1)x 10 1.65x 10 1.3x10™ 1.1x10™* 3.0x 107 426 x 107 236 x 107 2,93 x 1073 1.05 x 1073

Br(Bf = BYz™)  7.2x 1077 1.57 (131)x 107 3.73x 1072  1.1x 107 20x 107 1.0x 107 1.06x 1072 1.95x 107 535x 107 3.27x 107 1.02x 107 0.96 (1.87) x 10~
Br(Bf = BYpt) 118 x 1072 1.95 (1.52) x 1073 527 x 107 14 x 107 20x 1073 13x1073 9.6x 107 1.53x 1073 598 x 107 5.92x 107> 2.78 x 10 0.93 (2.12) x 1072
Br(Bf = BYKT)  54x10™ 1.3 (1.1)x 10 2.66x 107  1.0x 107 1.5x 10 9.0x 105 7.0x10™* 139x10™* 2.53x 107 1.04 x 10~

Br(Bf — BYK*T) 29x10™* 42 (32)x 1075 226x10™* 39x107° 48x107° 40x107° 1.5x10™* 3.17x 1075 1.78 x 107 1.24 x 10~

Br(Bf — BfK%) 126x1072 3.36 (2.79) x 1073 221 x 1075 25x 107 38x 107 24x 1073 1.98x 1072 172 % 1072 6.67 x 1073 2.70 x 1073 1.95 (4.25) x 1073
Br(Bf — BfK*®) 7.1x107 1.08 (0.80) x 1073 1.84x 1075 93x10™* 1.Ix1072 9.0x10™ 43x1073 6.30 x 1073 472 x 1073 324 %1073 0.69 (1.67) x 1073
Br(Bf — Bfz°)  25x10™* 55 (4.6)x1075 451x107 38x107° 7.0x 1075 4.0x1075 37x107* 323 x 10 1.14x 107 3.53x 1075 3.32 (6.57) x 1075
Br(Bf — Bfp°)  4.1x10™* 8 (53)x 1075 648 x 107 50x107° 7.1x1075 50x107° 34x10™* 359 % 107 2.06 x 10+ 9.68 x 1075 3.25 (7.40) x 1073
Br(Bf — Bjw) 1(3.9)x 1075 5.82x 1077 336 x 1074 2.63 (6.02) x 1075
Br(Bf — B;in) 8 (2.3) x 107* 1.61 x 1076

Br(Bf — B;in') 8 (3.2) x 107% 8.77 x 1078

Br(Bf — BfK") 8 (7.3) x 1076 6.54 x 1078

Br(Bf — BfK*) 8 (2.1) x 107% 547 x 1078

“It is estimated in the relativistic independent quark model based on the scalar-vector form confining potential.
It is estimated in the light-front quark model using the Coulomb plus linear confining (harmonic oscillator) potential.

It is estimated at the leading order in the QCD factorziation approach with Wilson coefficients ¢; = 1.22 and ¢, = —0.42.
%It is estimated in the nonrelativistic constituent quark model using the Coulomb plus confining potential.

It is estimated in the relativistic constituent quark model.
Tt is estimated in the relativistic constituent quark model.

£t is estimated in the QCD sum rules.
"It is estimated in the constituent quark model.

It is estimated in the BSW model with w = 0.8 GeV.
It is estimated in the potential model based on the Bethe-Salpeter equation.
It is estimated in the relativistic model based on the Bethe-Salpeter equation.
t is estimated in the BSW (ISGW) model.
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weak decays of the hadron containing heavy quark. Using
the operator product expansion, the low energy effective
Hamiltonian relevant to nonleptonic B, — BP, BV decays
can be written as [29]

% {vubvzb[a(mgﬂ:(ﬂ) ) 0s()]

+ D Vg Vg [C1(w) Q1 (1) + Ca(p) 02 ()]

q1-92

10
+ Z Z qu3 V$q3 Ck(/’l) Qk(ﬂ)} + H-Cw (1)
q3 k=3

Hﬁff =

where G is the Fermi coupling constant; g; denotes the
down-type quarks d and s. The Wilson coefficients C;(u)
summarize the contributions from scales higher than u,
which are calculable and can be evaluated to the scale y
with the renormalization group equation. Their numerical
values at four different scales y are listed in Table. II.
The expressions of the local four-quark operators Q; can be
written explicitly as follows:
(i) current-current (tree) operators

Of = (baca)y-a(itghp)y_4, (2)
03 = (bacp)y-a(ligha)y-a- (3)
01 =(q20Ca)v-altpq1p)v-1- (4)
02 =(224¢p)v-a(Fpd1a) v-as (5)

(i) QCD penguin operators

03 = Z(ﬁaca)V—A(éﬁLIﬁ)V—A’ (6)

q

Q4 = Z(ﬁacﬂ)V—A(‘_]/}qa)V—Av (7)

q

Os = Z(ﬁaca)v—A@/}CI/1>v+A’ (8)

q

TABLE II. Numerical values of Wilson coefficients at different
scales.

u 1 GeV m, 2 GeV my,
C, 1.294 1.230 1.156 1.087
C, x 10 -5.327 —4.370 -3.177 —-1.947
C; x 10? 4.764 3.639 2.471 1.482
C, x 10? -9.674 -7.731 -5.602  -3.605
Cs x 103 7.009 9.963 10.55 8.613
Cg x 107 —15.50 —11.31 -7.339  —4.240
Cy; x 10° —7.465 —11.53 —10.98 0.4438
Cg x 103 1.660 1.205 0.7759 0.4491
Cy x 107 -1.213 —1.149 -1.078 —1.009
Ciox 103 5.493 4.474 3.287 2.131

PHYSICAL REVIEW D 89, 114019 (2014)

Q6 = Z(ﬁacﬁ)V—A(zlﬁ%)vm’ 9)

q

(iii) electroweak penguin operators

3
07 = ZEQq(ﬁaca)V—A(EIﬂQﬂ)V+A’ (10)
q
3
Og = ZEQq(ﬁac/})V—A(éﬁQa)V+A’ (11)
q
3
Q9 = ZEQq(ﬁaca)V—A(QﬂQﬂ)V—A’ (12)
q

3
Qi = ZEQq(ﬁaCﬁN—A(@/}q(z)v—Av (13)
q

where the tree operators of Qf, describe the weak
annihilation topology; a and f are the color indices; the
g in penguin operators denotes all the active quarks at scale
u=0(m,),ie., q=u,d,s, c; the left- and right-handed
currents are defined as (aqp)yia = Garu(1 £ 75)q,; and
Q, is the charge of quark ¢ in the unit of |e|.

B. Hadronic matrix elements

The essential problem obstructing the calculation of
decay amplitude is how to properly evaluate the hadronic
matrix elements of the local operators. Using the Brodsky-
Lepage approach [30], the hadronic matrix elements can be
written as the convolution of a hard-scattering kernels
containing perturbative QCD contributions with the uni-
versal wave functions reflecting the nonperturbative
dynamics. Currently, there are three popular phenomeno-
logical approaches to evaluate the hadronic matrix elements
as an expansion in the strong coupling constant a, and in
the ratio Agcp/mg, which are entitled to QCD factorization
(QCDF) [31], the soft-collinear effective theory (SCET)
[32], and the pQCD approach [28]. These methods differ
from each other in several aspects. For example, only the
collinear degrees of freedom are taken into account in
QCDF and SCET, while the transverse momenta imple-
mented with the help of the Sudakov formalism in pQCD
approach. The other different features of these methods are
power counting, the choice of the scale at which the strong
interaction effects are calculated, how to deal with the
contribution of spectator scattering and weak annihilation,
and so on. With the running LHCb and the advent of
SuperKEKB physics program, the precision of observables
will be greatly improved, and it should be possible to
disentangle the underlying dynamics in nonleptonic B
decays.

In this paper, we study the B, — BP, BV decays with the
pQCD approach. By keeping the parton transverse momen-
tum and employing the Sudakov factors to modify the
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endpoint behavior, the hadron matrix elements are
expressed as the convolution of wave functions and the
heavy quark decay subamplitudes, integrated over the
longitudinal and transverse momenta. After the Fourier
transformation, the typical formula of the hadron matrix
elements can be written as

M°</dx1dx2dx3/db1db2db3¢BL(x17bl)(ﬁBq(xzybz)
X py (63, by)e ™S IS OS5 (o b, 1) (14)

where ¢); is the meson wave functions; l;l- is the conjugate
variable of the transverse moment k;; of valence quark;
¢S is the Sudakov factor; and H is the process-
dependent heavy quark decay subamplitudes. The kin-
ematic variables and wave functions are given as below.

C. Kinematic variables

In the terms of the light cone coordinate, the momenta of
the valence quarks and hadrons in the rest frame of the B,
meson are defined as

nggLLw (15)

P2 =(43.43.0). (16)

p3 = (43.45.0). (17)

ki = x;p; + (0,0, zu_)a (18)
_ 1 - o+

€| —m—3(—‘137%10)’ (19)

qa = E’;p, (20)

where the subscript i = 1, 2, 3 refers to B, B, and the light
meson, respectively; k;, k; |, x; are the momentum, trans-
verse momentum, and longitudinal momentum fraction of
light valence quark confined within the meson, respec-
tively; and e denotes the longitudinal polarization vector of
the light vector meson. E; and p are the energy and the
momentum of final state, respectively. For the sake of
brevity, the Lorentz-invariant variables are defined by

u=2p-ps. (21)

s =2py- p3, t=2p;- po,

D. Wave functions

In order to get the analytic formulas of the decay
amplitudes, we use the light-cone wave functions which
can be decomposed as [33]

PHYSICAL REVIEW D 89, 114019 (2014)
(01b4(0)cy(2)|Be(p1))

- :tllj\cffc / d'k {2y (p1 + mp )rshpe  (22)

(B4(P2)1d4(2)bs(0)]0)

—ifs,

= /d“kz{e*ikz’zti)gq}’s(f?z+m34)}ﬂav (23)

(P(P3)]d14(2)g24(0)|0)

_ifP 4 iksz
— k +iksyz
4N, /d 3¢

x {yslpsdp + updp +pp(n sty = 1)dp} g, (24)

(V(p3.€))|q14(2)q25(0)[0)

— 45\‘;6 d4k3e+ik2~z
T T
X {éll [qubv + ﬁsfc—vfﬂ/] + m}/fv ¢€/} ) (25)
Vv \4 pa

where N, = 3 is the color number; f; is the decay constant.
The explicit expressions of the light-cone distribution
amplitudes (¢g,, ¢5,, ¢p” "¢y and ¢}’) are collected in
Appendix A and B.

E. Form factor
The B, — B, form factors are defined as [34]

<m@M@%M&@m={@ﬁmw—ﬁ§ﬂ%ﬁ

mz—mz
XF]‘F#Q”F(), (26)

where ¢ = p; — p, is the momentum transfer. Usually, the
longitudinal form factor F((q®) is compulsorily equal to
the transverse form factor F(g?) in the largest recoil limit
to cancel singularities appearing at the pole ¢> =0,
i.e., Fo(O) = F1 (0)

The B, — B transition form factors can be written as the
convolution of wave functions and the one-gluon exchange
scattering amplitudes using the pQCD approach. There are
two types of diagrams contributing to the B, — B transition
form factors, which are displayed in Fig. 1. The expression
of the form factors is written as

zC !

Fi(q*) = N—FfBCqu / dx,dx,
c 0
< [ dbidbagy, (1), 2.2
X {H [{m;(2my —my) + ¢*}x,
+ mc(2m1 - mZ) - qZ]
+ Hy[{my(2my —my) + ¢*}x; = ¢°1}, (27)
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o ﬂ'CF

Fo(‘lz) N
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1 )
fofs, A dx,dx, A db,dbyps, (v1)bs, (12, bs)

x {H,[{(m —my)* + m} — ¢*}xy + 2my(2my — my) — m.(2m; + my) + ¢°|

— Hy[{(my —my)* + m} — ¢*}x; +2m;(2my — my) + ¢*)} ———

It is well known that the g*>-dependent behavior of the
form factor is required in semileptonic B, decays. To shed
light on the momentum dependence, one needs a specific
model to parameterize the form factors. Here we adopt the
three-parameter form, i.e.,

Fi(0)

Fi(q*)=——F—"—.
1-4 464

(29)

where the pole mass m and curvature parameter 6 can be
given by fit data of g*>-dependent form factors.

F. Decay amplitudes and branching ratios

There are generally eight diagrams (see Fig. 2) contrib-
uting to the B. — BP, BV decays at the lowest order with
the pQCD approach. For example, the amplitude of the
B. — B,K decay can be written as

c(ky) L) 5 o >
+ _ B _ 0 +
B b P b B, B; b

< <
< <

Y

000

(a) (b)

FIG. 1 (color online). The lowest order diagrams contributing
to the B, — B, transition form factors, where the dot denotes an
appropriate Dirac matrix.

2
q
5+ Fi(q). (28)
my —m;

|
AB! = B?K*) = Vusz-s{alMgb,l + C2Mfd,1}
Vi Vipl(as—a0/2)M},
+ (ag—ag/2)M}, 3+ (C3 = Co/2) M,
+(Cs=C7/2)M?% 4
_alMif,l _C2M§h,1}7 (30)

where V Vi, and V,, V7, are the CKM factors; C; are the
Wilson coefficients; and the parameters a; are defined as

a;=C;+Ci; /N, (i=1,3,5,7.9). (31)

a;=C;+Ci_{/N,, (i=12,4,6,8,10). (32)
The M,,, M.4, M,s, M, denote the contributions of
the factorizable emission diagrams [Figs. 2(a)-2(b)], the
nonfactorizable emission diagrams [Figs. 2(c)-2(d)],
the factorizable annihilation diagrams [Figs. 2(e)-2(f)],
the nonfactorizable annihilation diagrams [Figs. 2(g)-2(h)],
respectively. They are defined as

PV PV PV PV PV PV
My, =M,; +M,;. M= Mo + My )/Ne,

(33)

FIG. 2 (color online).

(@ )

Diagrams contributing to the B. — B,K decay, where (a) and (b) are called as the factorizable emission

diagrams, (c) and (d) the nonfactorizable emission diagrams, (e) and (f) the factorizable annihilation diagrams, (g) and (h) the

nonfactorizable annihilation diagrams.
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Mg =My + ML MET = (Mg + Mi)/N..
(34)

Here the superscripts P and V on M"Y mean that the light
final states are the pseudoscalar and vector mesons,
respectively; the subscript i on M, ; corresponds to one
index of Fig. 2; the subscript j on M, ; refers to one
of three possible Dirac structures, namely j =1 for
(V-A)®(V-A), j=2 for (V-A)® (V+A), and
j =23 for =2(S — P) ® (S + P). The expressions of these
building blocks Mﬁﬁ ; of amplitudes are displayed in
Appendix C. Our study shows that (i) for the factorizable
topologies [Figs. 2(a), 2(b), 2(e), and 2(f)], the contribution
of the color-singlet-current operators (§4924);(G3p945); i
N, times larger than that of the corresponding color-
current operators (§44924) ;(§3pq4a) j» (ii) for the nonfactor-
izable topologies [Figs. 2(c), 2(d), 2(g), and 2(h)], the
color-singlet-current operators contribute nothing, (iii) the
nonfactorizable contributions corresponding to terms of
both Mf (‘Xi and M;‘lz are color-suppressed relative to the
factorizable contributions corresponding to terms of both
Mg,;‘./i and M¥ fvl and (iv) the nonfactorizable contributions
might be important for the B, — B, P, B,V decays, where
term Mf 22/1 is always multiplied by the large Wilson
coefficient C,.

As for the mixing of the physical states, 7 and 7/ meson,
they are usually expressed as a linear combination of states
in either an SU(3) octet-singlet or quark-flavor mixing
scheme. We will adopt the quark-flavor basis description

proposed in [35], i.e.,
n\ [cos¢p —sing g
() =(s wd)) e
where 7, = (uit + dd)/+/2 and 5, = s5, respectively, and
the mixing angle ¢ = (39.3 £ 1.0)° [35]. We assume that
the distribution amplitudes of 7, and 7, are the same

as those of the 7 meson, but with different decay constants
and chiral parameters [35,36],

fq= (107 £0.02)f,. (36)
fs = (134 £0.06) . (37)
m
by = (38)
Hon, = ;l—ni (39)
V2 o

my, = mycos’p + my,sin’¢p — (my, — my) cos ¢sin ¢,

' (40)

PHYSICAL REVIEW D 89, 114019 (2014)

my = mysin’g + mrzi,coszqﬁ - \/{?‘} (mi, — m?) cos ¢sin .
N
(41)

The gluonic contributions are not considered in our
calculation, because it is shown that (i) the fraction of
gluonium contributions to # and #’ is less than 15% [37]
and (ii) the flavor-singlet contributions from the gluonic
content of the #) meson is very small and can be neglected
safely [38]. In addition, the contributions from the possible
c¢ compositions of the ) meson are also not consid-
ered here.

In contrast, we assume the vector mesons are ideally
mixed, i.e., the = (uii + dc_l)/\/? and ¢ = s5. In fact, the
B. — B¢ decay is forbidden by the kinematic constraint
because the B. meson is below the B¢ threshold. So there
are a total of seventeen B, — BP, BV decay modes. The
decay amplitudes are listed in Appendix. D. The branching
ratio in the B, meson rest frame can be written as

G2
Br(B, — BM) = 1F6?miz IA(B, - BM)P,  (42)
B,

where the lifetime of the B. meson is 7z = 0.453 +
0.041 ps [1].

III. NUMERICAL RESULTS AND DISCUSSIONS

The form factor and branching ratio depend on many
parameters. To be specific, the parameters used in our
calculation are listed in Table III. If not specified explicitly,
we will take their central values as the default input. At the
beginning of the calculation, we would like to claim that we
have no intention to claim a precise prediction, but to
provide an order of magnitude estimation in order to test the
applicability of the pQCD approach for the B, — BP, BV
decays.

Our numerical results on the form factors are given in
Table IV, where the uncertainties come from the mass m;, =
4.18 £0.03 GeV for b quark, m, = 1.275 +0.025 GeV
for ¢ quark, shape parameters of distribution amplitudes,
ie., wgp. = 0.50 +0.05 GeV for B, meson, wp, = 0.45+
0.05(0.55+0.05) GeV for B,, (B;) meson, and the
typical scale (1 4 0.1)¢, respectively.

There are some comments on the form factors.

(i) The isospin is a good symmetry for the form factor
Fo~Pv = Fj7%, including the fitted pole mass m
and curvature parameter 6. Considering the uncer-
tainties, the values of form factors F gfl_’Bq at the pole

g*> = 0 are consistent with the recent results esti-
mated with the relativistic independent quark model,
where Fgo "*(0) = 1.01 and Fpq % (0) = 1.03
[19]. As it is well known, the spectator is the heavy

b quark in the B. — B transition. The velocity of the
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(ii)

TABLE IIL

Numerical values of the input parameters.

PHYSICAL REVIEW D 89, 114019 (2014)

Wolfenstein parameters

A =0.22535 £ 0.00065 [1]

p = 013175020 [1]

Masses of mesons and quarks
mpg, = 5279.25 £0.17 MeV [1]
mpg = 5366.77 + 0.24 MeV [1]
m, = 1.275 1+ 0.025 GeV [1]
Decay constant of mesons
f»=130.41 £0.20 MeV [1]
fq=(1.07£0.02)f, [35]

SB,, =190.5 £4.2 MeV [39]
fp=216+3 MeV [40]

fo =187+£5 MeV [40]

fx =220£5 MeV [40]

fp, =489 4 +£3 MeV [41]
Gegenbauer moments® at the scale y = 1 GeV.

al , =0 [40]
a) g = 0.03 £ 0.02 [40]
ar =0 [42]

ak = 0.06 +0.03 [42]
wf = —1.5+0.7 [42]

A=08117532 [1]
7 = 034515013 [1]

mg, = 5279.58 £ 0.17 MeV [1]
mg, = 6.277 £ 0.006 GeV [1]
my =4.18 £0.03 GeV [1]

fx =156.1 £0.8 MeV [1]

fy = (1344£0.06)f, [35]

fp, =227.7+4.5 MeV [39]

f7(1 GeV) =165 £ 9 MeV [40]

fI(1 GeV) = 151 £ 9 MeV [40]

fE.(1 GeV) = 185 £ 10 MeV [40]

f3p(1 GeV) = (4.5 £ 1.5) x 107 GeV? [42]

al, = 0.15£0.07 [40]

al g = 0.11 £ 0.09 [40]
af = 0.25+0.15 [42]
ak =0.2540.15 [42]
ok = -1240.7 [42]

g __
i

ns __

*We will take the approximation a

B meson is very low in the rest frame of the B,
meson. The wave functions of B, and B mesons
overlap severely, which result in the large B. — B
transition form factors.

The ¢* dependence of the form factor is displayed in
Fig. 3. From Eq. (28), we can see that the interference
between Figs. 1(a) and 1(b) is destructive to
Fo(q*) — F(g?), so the shape line of Fy(g?) via
g* should be close to that of F;(g?). The shape lines
will go up slowly at the beginning part, due to that with
the increasing ¢, the velocity of the B meson become
much low which leads to serious overlap between the
wave functions of B, and B, mesons. But the shape
lines will go down for large g2, because the form factor
F,(q?) reduces with increasing ¢* [see Eq. (27)].

=a;” =aj, and al

i,

(iii)

(iv)

_
=a;,.

The form factors are sensitive to the choice of the
shape parameter wp and the scale. In addition, the
uncertainties from the decay constants of fp and
f B, are small, about 1% and 2%, respectively.

The contributions to form factor Fg“_’BS(O) from
different region of a,/x is displayed in Fig. 4, where
eS#1(=1) denote results with (without) the
Sudakov factor; b; is the conjugate variable of the
transverse moment k; | ; a [see Eq. (C48)] and 3 [see
Eq. (C50) and Eq. (C51)] are the virtuality of the
internal gluon and quark, respectively. From Fig. 4(a)
we can see that if one choose the virtuality of the
internal gluon and quark as the typical scale, the
contribution to form factor from a,/z < 0.3 region is
less than 40%, that is to say, the hard and soft

TABLE IV. Form factor and the fitted parameters, where the uncertainties are from mass m,, m,., shape parameters wp,, Wp, and
typical scale ¢, respectively.

B

c

Bc g Bd m
0

— B

- B

Fy(0)

u

1 074+0.007+0.016+0403 140.172+0.131
. —0.006—0.017-0.028—-0.150—-0.056
m 1.1 23+0.003 +0.001+0.010+4-0.040+0.021
. —0.002-0.001-0.010-0.037-0.013
0

2 689+0'04O+0'212+0‘ 104+0.858+-0.358
' —0.027-0.185-0.103-0.658—0.743

"r:l

0(0)

1 075+0.006+0.016+04031+04l72+0.131
. —0.007-0.017-0.028—-0.150—0.056
1 123+0A002+0.000+O.009+0A039+0A022
. —0.002-0.000-0.011-0.038—-0.014
2 691+0.032+O.205+0.099+0.849+0.360

—0.032-0.191-0.111-0.664—-0.749

Fo(0)

1 034+0A008+0,O]4+0A035+0A 177+0.141
. —0.008-0.015-0.031-0.154-0.058
m 1 224+0.004+0.019+04OO9+04 101+40.044

. —0.004—-0.018—0.010—0.081-0.058
o

6 005+0.092+0.161+0.]79+3.239+].193
. —0.091-0.149-0.190—1.963-2.141

+0.007+0.0164-0.031+0.1724+0.131

Fl (0) 1'074—0.006—0.017—0.028—0.150—0.056

m 1 110+0.004+0.0]1+0.014+0.007+0.022

. —0.002-0.009-0.014—0.005—-0.008

o 1 830+0‘029+0‘092+0'082+0'350+0'251

(0750006 10,0161 6.051 10,173 10 131

+0. —+0. —+0. +0.172+0.13

1 (O) 1 '075—0007—0‘017—0.028—0.150—0056

m 1. 109+0.003+0A01 1+0.013+0.00740.022
0

~

—0.003-0.009-0.015-0.006—0.009
1.831 +0.025+0.088+0.079+0.346+0.251
R SR
+0.008+0.0144-0.035+0.1774-0.
Fl (0) 1'034—0.008—0.015—04031—0.154—0.058
m 1 065+0‘003+0‘007+0'010+0'038+0'028
' —0.003—-0.005-0.011-0.032-0.030
S 3 ]76+04O45+O.050+0.099+0.887+0.482
. —0.044-0.044—0.107-0.673-0.982
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¢* (GeV?)

FIG. 3 (color online). The ¢> dependence of the form factor,
where the solid, dashed, dotted, and dot-dashed lines denote

B.-—Bya/ 2 B.-—Bya/ 2 B.—Bs( 2 B.—B;( 2
the F (¢*), F, (¢*), Fy (¢*) and F; (¢*),
respectively.

contributions to the form factor have the same
behavior. This is the QCDF’s viewpoint of that the
form factor is not fully calculable in the hard
scattering picture with the perturbation theory and
that the form factor should be regarded as a non-
perturbative quantity [31]. From Fig. 4(b) we can see
that by keeping the quark transverse momentum k7,
and employing the Sudakov factors to suppress the
kinematic configuration when both longitudinal and
transverse momentum are soft, the contribution to
form factor from /7 < 0.3 region is about 90% and
the percentage of contribution from large a, /7 region
is small. Our study also shows that besides retaining
the quark transverse momentum k; to smear the
endpoint divergence behavior and using the Sudakov
factor to suppress the nonperturbative contribution in
large b region [28], as the discussion in [43], the
choice of the hard scale is one of the important
ingredients of the pQCD approach, which deserve
much attention. If the scale 7 is chosen as Eq. (C44),
then it shows that most of the contributions come

50

t = max(ya, v/B)

e =1

40

35.34

30

(a)

PHYSICAL REVIEW D 89, 114019 (2014)

from the a, /7 < 0.3 region, implying that the pQCD
approach is applicable to the B, — B transition form
factors. Of course, there are some controversies, even
suspicion, about the suppression mechanism of the
Sudakov factor on the nonperturbative contribution,
about the choice of the hard scale and so on. The
deeper discussion of these problems is needed and
should be preformed, but beyond the scope of
this paper.

Our numerical results on the branching ratios are given in
Table V, where the explanation of uncertainties is the same
as that for form factors in Table IV. Following are some
comments on the branching ratios.

(i) From Table I, we can see that different branching
ratios of B, — BP, BV decays have been obtained
with different approach in previous works, where the
same value of coefficient a, ; is taken. The disagree-
ment among previous works is largely originated
from the different values of form factor. If the same
value of form factors are used, the disparities on
branching ratios of a;-dominated B, — B, P,
B,V decays will be greatly weakened. For exam-

ple, if the same F' g 7B — 1.0s fixed in the previous
works, the branching ratio for B, — B,z decays will
all be about 10%, which is consistent with our
estimation within uncertainties and also agrees with
the LHCb measurement [9].

(i) From Table V, it can be seen that there is a hierarchy
between the branching ratios for B, — BP and
B. — BV decays with the same B, meson in the
final state, for example,

Br(B. — B,x) > Br(B, = B,p)
> Br(B. = B,w), (43)

Br(B. — B,K) > Br(B. — B,K*), (44)

which differs from the previous prediction (see
Table I). Two factors had a decisive influence on

t= max(\/&., \/B, 1/[71./ 1/b2)
875‘7&1

(b)

207 113 055 048 037 115

0.2

0.3

04 05 06 07 08 09 1.0

FIG. 4 (color online). The contributions to the form factor F OBC_’B‘ (0) from different ranges of «,/z, where the numbers over histogram

denote the percentage of the corresponding contributions.
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TABLE V. Branching ratio for the B, — BP, BV decays, where /' denote the contributions from only the tree operators, B'P denote
the contributions from both the tree and penguin operators, and 57P*? denote the contributions of the tree, penguin, and annihilation
topologies; the uncertainties are from mass m,,, m,, shape parameters wg , wp, and typical scale 7, respectively.

Mode Bt Bt+p Bt+p+a
0.+ +0.145+0.120+0.631+3.448+3.178 -2
BS” 8.8227 ) 074-0.054-0.526—3.658- 1334 X 10
+ -+0.0434+0.0414+0.205+1.263+1.123 -2
Bép 3'190—0048—0.057—0.192—0.926—0.460 S 10
+ +0.0374+0.0564-0.308+2.133+1.956 -3 +0.0374+0.0564+-0.310+2.1414+1.968 -3 +0.03740.057+0.315+42.239+2.019 -3
B It ameniotsmop X 107 525050 1i0secoirises oo X107 54410 1iacgomasseiaoga 10
K4 —+0. +0. +0.675+3.715+4.77 -5 +0. +0. —+0. +3. +4. -5 +0. -+0. +-0. +3. —+4. —5
BSK 9'665—0.157—0.026—0,594—2.781—1.138 S 10 9'671—OA159—0031—0‘595—2.785—1A142 X 10 9'726—0159—0031—0‘596—2‘803—1.147 X 10

Brt  68S0UBOOINI TR 107
Bt 4280 8B ORIRL  107
BKT 430 1o
B 8305 IR 107

BIRO 22050 SESLEIID A « 10
B 19S8N e < 0
B ol e o
By’ LS < 1o
Bio 12880 « 10
Bor 14170 ST < 10
By 4SS i 0
BIKO 6334 0 M B e 0
Bk sen el < 0

+0.081+0.208+4-0.401+2.505+2.230 -3
6'833—0.085—0.205—04327—1.890—0.896 x 10

+0.049+0.0534-0.251+1.589+1.417 -3
4‘279—0.054—0146—0.214—1.186—0.573 x 10

+0.13040.245+0.1414-2.001+4.094 -5
2200 00n-gd-aols i 2 X 10
+0. +0.168+-0. +1. +2. -5
1.8407 015" 0.067-0.028 04270811 % 10
1 280+04004+0.166+0.216+0.864+1.681
. —0.009-0.030—0.024—-0.385-0.567
+0.039+40.026+0.0574-0.455+1.384 —4
1‘415—0.019—0040—0.118—0.501—0.699 X 10
+0.340+4-0.494+0.4704+4.156+6.576 -6
4'l84—0.039—0.421—04362—2.017—2.411 X 10

+0.080+0.207+4-0.398+-2.475+-2.215 -3
6'772—0.085—0.205—0.326—14870—0.890 x 10

+0.049+0.0534-0.251+1.576+1.412 -3
4‘253—0.054—0145—0‘213—1.177—0.570 x 10

492 a0 e e X 107
L716Z001020.065-0.027-0.393—0.768 X< 10
L3710 010-0031 20025 0.4130.508 X 107
0322 R e 10
x 1076

7 225+04082+0.356+0.135+ 1.261+45.465
. —0.100-0.476—-0.895-2.415-3.256

x 1073

the above relations. One is kinematic factor. The phase
space for B. — BP decay is larger than that for
B. — BV decay, besides the orbital angular momen-
tum Lgp < Lgy. The other is the form factor
F f”_’B(qz). For example, in the previous work [19],
the F7<7%(4?) goes up along with the growth of ¢2,
while in this paper, the shape line of F¥*~%(¢?) goes
down in large ¢* region. The hierarchy between the
branching ratios for B, - BP and B, — BV decays
can be serve as a standard to distinguish different
approach, to check the practicality of the pQCD
approach.

(iii) As noticed in [27], the contributions of both penguin

and annihilation to the branching ratios are very
small for B, — BP, BV decay, because they are
seriously suppressed by the CKM factors.

Tree

Penguin Annihilation

vudvzs ~1, Vus Vﬁs‘ ~+A Vudvjd + Vus Vjs ~ Vcb VZb ~ 2

ViV

* 2 *
cd N;L ’ Vudvcd ~ _j'

There are large destructive interferences between
the CKM factor V,,V?, ~ =1 associated to decay
amplitude A(B, — B,n,) and V, Vi  ~ +4 related
to decay amplitude A(B, — B,7,). In addition, the
annihilation contribution is proportional to the color-
favored tree parameter a;. Hence, a significant
annihilation contribution appear in the B, —
B,n") decays.

@iv)

As noticed in [27], due to the parameter a; , and the
CKM factors, there is hierarchy of amplitudes
among branching ratios for the B, - BP, BV
decays.

Mode

Parameter CKM factor Branching ratio

B,
B
B
B

c

c

— B,r, Byp a
— B, K™ a
¢ = Bym, Bgp aj
— B K™ a;
B — BfK®) a
B, - B,n, B,p, B,w a,
Bl — Bf K™ ap

Vudvis ~1 0(10_2)
VusVic~4 1073 ~ 1077
VidVea~ 4 O(107%)
Vs Vig~22 107~ 107
ViaVis~1 1073 ~ 1074
ViuaVig~2 O(107%)
ViusVig~22 107~ 1077

)
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Here, the branching ratios for the B. — B,P, B,V
decays are larger than those listed in [27]. There are
two reasons. One is that the decay amplitudes for the
B. — B,P, B,V decays is proportional to parameter
a,, and the value of a, in the a,/z > 0.15 region is
much larger than a,(m,) used in [27]. The other is
that the nonfactorizable contributions M f &Yl are
always multiplied by the large Wilson coefficient
C, [see Egs. (D9)—(D17)], which can largely en-
hance the branching ratios of color-suppressed tree
B.— B,P, B,V decays.

There are large uncertainties to the branching ratios
from the shape parameter wp, and the scale. Our
numerical results are very rough. Despite this, we
still get some information about the B, — BP, BV
decays. For example, the branching ratios for
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B, — B, x, B,,p, B,K are large, these decay
modes could clearly be measured by the running
LHCb soon.

IV. SUMMARY

In prospects of the potential B, meson at the LHCb
experiments, accurate and thorough studies of the B,
physics will be accessible very soon. In this paper, we
calculated the B. — B, ;4 transition form factors defined in
vector and axial vector currents using the pQCD approach.
We find that with appropriate scale, keeping the quark
transverse momentum and introducing the Sudakov factors
to modify the endpoint behavior, about 90% contributions
to the form factors comes form the « /7 < 0.3 region. We
studied the seventeen exclusive two-body hadronic
B. — B,P, B,V decays. It is shown that the contributions
of penguin and annihilation to branching ratios are very
small, because they relative to the tree contribution are
highly suppressed by the CKM factors. The branching
ratios for B, — B, 7, B, p, B,K are large and could be
easily measured by the running LHCb in the near future.
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APPENDIX A: DISTRIBUTION AMPLITUDES OF
THE B MESON

For the heavy-light B, meson (q = u, d, s), we will
adopt the Gaussian type distribution amplitudes proposed
in [44],

1 /xmp \2 1
qSBq(x,b):Nxz)’czexp{——( B") ——wzbz}, (A1)

2 2

where N is the normalization constant. The shape of the
distribution amplitude ¢p (x,0) is displayed in Fig. 5. It is
easy to see that the large value of shape parameter w gives a
large momentum fraction to the light spectator quark in B,,
meson. Because the mass of s quark is heavier than that of
u, d quark, it is assumed that the momentum fraction of the
spectator quark s in B; meson should be larger than that of
the spectator quark u, d in B, ; meson. In our calculation,
we will use @ =0.45+0.05 GeV for B,, meson and
w = 0.55 £0.05 GeV for B; meson.

PHYSICAL REVIEW D 89, 114019 (2014)

——— —T— T T
St ¢p () 1
r q w =04 GeV 1
-
6 / \ B
/AN w— 0.5 GeV
/ * \“ ——————
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4r /. AR 1
) Mo w = 0.6 GeV
I/ ) \ ‘\‘ ------
’ \ “
2r fr1) (NN 1
, NI
/, e
1 ~
4 ~Jeel
0 n n n n 1 n n n n 1 i n n C —
0.0 0.1 02 03 0.4

FIG. 5 (color online). B, meson distribution amplitudes.

Due to the fact mp_~ m;, + m, the B, meson can be
approximated as a non-relativistic bound state of two heavy
quark b and c. Its wave function is approximately the
solution of the Schrodinger equation with the harmonic
oscillator potential. For the ground pseudoscalar B, meson,
the corresponding radial wave function is

l//nL(r> = l/’lS(r) & exp(_a2r2/2>’ (A2)
where a? = uw, the reduced mass u = my,m,/(m;, + m,)
and the quantum of energy w = 0.50 £ 0.05 GeV [45].

Applying the Fourier transform, one can get the

representation of wave function in momentum space

ws(E) ~ / diys(r)e ™ o exp(—k2/2a%).  (A3)

Then adopting the connection [46] between the equal-time
prescription in the rest frame and the light-cone dynamics,
i.e., assuming that the constituent quarks b and c are
on-shell and their light-cone momentum fraction are x;, and
X., with x, +x. =1, one can get the light-cone wave
function for B, meson,

- 1
wp, (X, k) o exp{—— <

Ko4m? K+ ml
o + .

Xe Xp

(A4)

The distribution amplitudes of B. meson is

¢B(.(xi) = /diéJ_V/BL.(xi’iéJ_)

XpX, 1 (m: m;
_ (e ML as
X, + X, exp{ 8a’ <xc * X (A3)

where N is the normalization constant and the normaliza-
tion condition is

114019-10
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with o? = juw
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FIG. 6 (color online). B, meson distribution amplitudes.

/dxquC (x) = 1.

In our calculation, x = x, and x = x, = 1 — x, so we have

1 (m2 m?
= Nxxexpl —— | —+—2) b,
¢p, (%) xxexp{ Y < P + P >}

The shape of the distribution amplitude of B. meson is
displayed in Fig. 6. It is easy to see that the maximum
position is near m./(m; + m,) and that the small value of
parameter @ gives a narrow shape. In our calculation, we
will use @ = 0.50 £ 0.05 GeV for B. meson.

(A6)

(A7)

APPENDIX B: DISTRIBUTION AMPLITUDES OF
LIGHT MESONS

The twist-2 quark-antiquark distribution amplitudes of
light pseudoscalar and longitudinally polarized vector
meson are expressed as [33,47,48],

x) = 6xX Z a,Cy*(é)

(B1)

(B2)

*6xx2a 3/2 ),

where C3/ 2(é) is the Gegenbauer polynomial, and
&= x X =2x—1. The Gegenbauer moments a, = 1
and a = 1 due to the normalization condition

[ a0 = [y -

The two-particle twist-3 distribution amplitudes of pseu-
doscalar meson have the expansion in the terms of the
Gegenbauer polynomials [33,47],

(B3)

PHYSICAL REVIEW D 89, 114019 (2014)

ﬁm—1+@%—}QdW®

27 81
- (3mon + 3 + Jgpan ) €0 (B9
Pp(x)=C\*(=¢)
1 7 .3 12
+6 (5773 —5773603 ZOPP 5,013“2) Gy (=¢). (BS)

The expressions of the two-particle twist-3 distribution
amplitudes of the longitudinally polarized vector meson
are [33,48]

¢y (x) =38,

Py (x) = =3¢.

(B6)
(B7)

In the mesonic distribution amplitudes, the Gegenbauer
polynomials are

Cl*(x) = x, (B8)
€)= 3 (32 - 1), (B9)
Ci(x) = %(Sx —3x), (B10)

Ci(x) = %(35x4 —30x2 4 3), (B11)

C?(x) = 3, (B12)
3 (x) :%(5)&— 1), (B13)
3 (x) = %(7)& —3x), (B14)

3 (x) = ? (21x* = 1422 + 1). (B15)

APPENDIX C: FORMULA OF DECAY
AMPLITUDE

The decay amplitudes can be expressed in terms of the
following building block:

CFﬂ'

(C1)

CFﬂ'

(C2)
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1 [
iM5,1 = CPA dxldxz/o dbldb2¢Bc(xl)¢Bq(x2,bZ)Ha
X {(me = xomy)(myu — 2mys)

+ (xas + m3) (1 = 4mymy)}, (C3)
iMf:’z = —iMZz, (C4)
1 oo
iM5.3:CPA dxldle dbydbygp (x1)pp, (%2, b2)H,

X 2up{(me+xomy) (t —4dmymy) + (myu —2ms) },
(C5)

1 <)
iMy, :CPA dxldXZA db,dbyp (x1)¢s, (x2.b2)H,),

x {xymy (2mou — mys) + (xyu —m3) (1 —4mymy) },

(Co)

ng’,Q = —iM},, (C7)

1 S
iM£’3 = Cp/)' dxldXQA db]de(l)BC(xl)qﬁBq (Xz,bQ)Hb

X 2up{xymy (1 —4mymy) + (2mou —mys)}, (C8)
1
lel = Cp/ d)C]d.deX3
0

X /)oo dbzdb3¢g£ (X1)¢Bq (.X'z, b2)¢?’(x3)Hc

x {st(x; = x3) + smymy(xy — x3)

+u(s —mymy)(x; —x3)}, (C9)
1
ML, = CPA dx;dx,dx;

X Am dbydbsgpp (1), (X2, b)) (x3)H
x {ut(xy —x1) + umymy(x; — x3)

+ s(u+ mymsy)(x3 —x,)}, (C10)

1
MLy = CPA dx;dx,dx;

XA dbydbspp (x1)dp, (X2, by)upH,

x {p(x3) [umy (x) = x3) + smy (x; = x3)

+ t(my + my)(x; — x;)]

+ @b (x3)2my plmy (x; — x3) + my(xs — x3)]},
(C11)
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1
le;] = CP/ dxldX2dX3
0

X Aw dbydbs g (x1)p, (X2, b2) P (x3)H

x {ut(xy = x1) + umymy(x; — X3)

+ s(u+ mymy) (%3 —x5)}, (C12)

1
iM§,2 = CP/ dxld)Cde3
0

x A " dbodbspy, (x))bs, (2, b) it (x3)H

x {st(x; = xp) + smymy(xy — X3)

+u(s —mymy)(x; —X3)}, (C13)

1
IM§3 = CPA d.xld.X'2dX3

< [ dbadbsg, (51, o b o,

X b (x3)[umy (X3 — xy) + smy (%3 — x3)

+ t(my 4 my)(x; — xp)]

+ @b (x3)2my pmy (x) — X3) + my(x, — X3)]},
(C14)

1 o
My, = CP/) dxzdx3A dbydbsp (x2,b2)H,
x {¢ (x3) [xomis + Xym31)]

+ upp(x3)2my Xt + ul}, (C15)

1 oo
l.Mjf:’l == CPA' d.XQdX3/(; dbzdb3¢3(1 (.X'z, b2>Hf
{5 xs) [2mampts — Tams — xymiu]
+ pp@p(x3) [myt = 2my(t + X3u)]

+ up@p(x3)2m plmy, — 2myx3]}. (C16)

1 o
lMgJ,l:CPA' dxldX2dX3/0 dbldb2¢3((xl)¢3q(x27b2)Hg

x{p(x3)[st(Xy —x3) +tu(x3—x; ) —mymys|
+ppp (x3)my [#(X = x1) +u(x3 —x1 ) —4mymy)|

+updp(x3)2mimyp(x3—X%,)}, (C17)

1 0
iMfJZCP/O dxldxzdx3A dbldb2¢86(x1)¢8q(XZ’bZ)Hh

x{pp(x3) [su(X3—x2) +tu(x, —x; ) +myms]
+ppp (x3)my [t(xo = x1) +u (X3 —x1 ) +4mym,]

+updp(x3)2mimyp(x, —X3) }, (C18)
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1 o
ML/J:CV’MPA dxldeA db dbypp (x1)¢p, (x2.02)H,

x {x;(t4s—4mimy) —2m,.(2m; —m,) +2m3},

(C19)
My, =My, (C20)
MY, =0, (C21)
1
M};l = Cvmlp/ dx;dx,
0

< [ dbidba, (1), (b2
x {x;(t — u —4mymy) + 2m3}, (C22)
My, =My, (C23)
st =0, (C24)

1
Mxl = Cvmlp/ dx;dx,dx;
0

x /Ooo dedbS(ch(xl)qﬁBq (x2, b2)
X 2y (x3)H A (t = mymy) (x) — x3) + u(x; — x3)},
(C25)

1
MY, = Cvmlp/ dx;dx,dx;
0

X /)oo dbydbsgpp (x1)dp, (X2, by)

X 2¢py (x3)H A (t — mymy)(x) — x3) + (x5 — x3) },
(C26)

MY, =C f‘T/ 1d dx,d
c3 = v”hﬁ A X1dxdx3

X /oo dedb3¢Bc(xl)¢Bq (xz,bz)
0

x H Ay (x3)2m p[m; (x5 — x1) + my(x3 — x5)]
+ by (x3) [mou(x3 = x1) + mys(x3 — x,)

+ t(my 4+ my) (%2 — xp)]}, (C27)

1
Mt‘i/,l = Cvmlp/ dxldxzdx3
0

x / " dbydbsgy, (x1) b, (x2. bo)
0

X 2¢py (x3)H g { (t = mymy) (x — x1) + s(X3 — x5) },
(C28)
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1
MY, = Cvmlp/ dox;dox,dox;
’ 0

< [ dbadbgy, (1), .2
0

X 20y (x3) H{ (t = mymy) (%3 = x1) + u(¥3 = x1)},
(C29)

fv [
Mgr; = Cvm3—v/ dxldxzdx3
" fvJo

< [ dbadbgy, (1), .2
0
x Ha{ ¢y (x3)2m; plm; (%3 — x1) + my (X3 — x,)]

+ @y (x3) [mou(x; — X3)
+ t(my +my)(x; — x)]},

mys(x, — X3)

(C30)

1 &)
M, = CVA dxzdx3A dbydbsdp (x2.b2)H,
s dulxmplas(s +.1) + 208

(C31)

fT
— ¢y (x3)2mymy f_v (o1 + “)}’
\%

1 0o
Mj“/,l = Cvl ded)C3A dbzdb:;(ﬁBq ()Cz, bQ)Hf

X {(/)V(x3)m1p[x3(s + u) + 4mymy, — 2mi]

fT
+ my L Pl (x3)2m p(2maxs — my)

fv

T

s T gy el 2ms = ) + zmzum},

(C32)

1 (&)
M;/,I_CVA dxldxzdx3/) db,dbyp (x1)¢s, (x2.b2)H,

X {¢V(x3)2mlp[t(x2_xl)_mlmb]

Iy _
—|—m2m3—v¢§,(x3)2m1p(x2 —X3)

fv

T
+m2m3%¢fx (x3)[#(ox) —X5) +u(x) —x3) +4m1mb]} ;

(C33)
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1 S
M}‘{,IZCVA dxldxzdx3/0 db1db2¢30<x1)¢3q(xz,bz)Hh
><{qsv(xg)zmlp[r(xz—xl)+s<x3—x2>+m1ch

T
+mymy =Ll (x3)2m, p(%3—x,)

Sfv
r
s g ) =) g =3 =mn
v
(C34)
The function H; are defined as
H, = bibye=51W=50q(1,)Ko(y/a, b;)
X {0(by = by)Ko(\/Pab1)Io(\/ Pub2) + (b < by)},
(C35)
Hy, = bybye 100520 (1,) Ko (y/a,by)
X {0(by = by)Ko(\/Prb1)Io(\/ Puba) + (by < by)},
(C36)
Hi:c,d - b2b3e—51(li)—52(l)—5 <t)as([i)K0(\/Eb3)
x {0(by — b3)Ko(y/a.by)Io(\/a.b3)
+ (by < b3)}p, ) (C37)
H,=bybye 2 )"5:0)a (1,) Ko (\/=agbs)
x{0(by—b3)Ko(\/=Peb2)1o(\/=P.b3)+(by <> b3)},
(C38)
H = bybye™52)=50a (1)Ko (/=agb,)
x {0(by = b3)Ko(y/Brba)lo(y/Brb3) + (by <> b3)},
(C39)
Hi_yj = bibyeS10=S:(00=S:(t) g (1, K (\/Bib1)
x {0(by — by)Ko(/=azby)1y(\/=aybs)
+(by < by) Yy, (C40)

The exponent of the Sudakov factor e~ is given by

mi 5 t d/,l

Si(t) =s| xy, by, —|——/ — , C41

0 =s(xemn )45 [ Y. e
5 [t du

$:0) = stobanad) 43 [ Pr. (ca2
1/b, M

PHYSICAL REVIEW D 89, 114019 (2014)

- todp
S3(1) = 5(x3. by, g7) + 5(T5. by, g1) + 2 / & W,
1/b; M
(C43)

where the function s(x, b, Q) are defined in Appendix of
Ref. [49]. y, = —a,/x is the quark anomalous dimension.

The hard scale ¢; is chosen as the maximum of the
virtuality of the internal quark and gluon, including 1/b
(where b is the transverse separation) i.e.,

ticap = max(y/a,, \/|Bi], 1/b1,1/by),  (C44)
ticeq = max(y/ag, \/|Bi], 1/by, 1/b3),  (C45)
tice s = max(y/ag, /], 1/b2,1/b3),  (C46)
tiegn = max(y/ag, \/|Bi], 1/by, 1/b,),  (C47)

where a, and a, are the virtuality of the internal gluon of
emission and annihilation diagrams, respectively. The
subscript on f;, the virtuality of the internal quark,
corresponds to one index of Fig. 2. Their expressions are

a, = X Xyt — Xim3 — X3m3 > 0, (C48)
a, = XpX3s + x3m3 + x3m3 > 0, (C49)
Po = Xot — X3m3 —m3 +m? >0, (C50)
ﬁb:)_clt—)_c%m%—m% > 0, (CSl)
P = XXt + X1 X3U — XpX3S
—xim3 — x3m3 — xim3, (C52)
Pa = X1Xot + X1 X3U — Xo X3
—xtm?} — x3m3 — ¥3m3, (C53)
Bo = mi + x3m3 + x35 > 0, (C54)
Pr = my + x3u —mi — x3m3, (C55)
ﬂg = .X])_Czt + X1 X3U — )_CQ)C:;S
+mi — xtm? — X3m3 — x3m3, (C56)
ﬂh = XIXZZ + xl)_c3u - X2.)_C3S + mf
2,2 (2,2 2.2
— Xymy — x5m5 — X3m3. (C57)

APPENDIX D: DECAY AMPLITUDES

A(B:_ - B?ﬂ'-‘r) MdVCS{alMab] + C2Mfd,l}’ (Dl)
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'A(Bj— - ng+) = Vudvt‘s{alMXb,] =+ CZMXd,l}’ (DZ)

A(Bf = BIKT) =V, VidaME, | + CoME,  } =V, Vi {(as — ayo/2)ME, | + (ag — ag/2)M?E, 5
+(C3 = Co/2)MLy, + (Cs = C7/2)M{y 5 — a\M[, | — CoM Y, 1}, (D3)

A(B = BIK™) =V, VidaiMy, | + CoMYy 3 = Vi Vi {(as — aw/2)My, | + (C3 = Co/2)M
+(Cs = C7/2)M [y — ai M}, — CoMy, 1}, (D4)

ABf = Bin") =V, VidaMb,  + CzMwn} Vi Vipg{(as — ayo/2)ME, | + (ag — ag/2)MY, 5 + (C3 — Co/2)ML, |
+(Cs = C1/2)MLy 5y —ay M, — CoMY, 1}, (D5)

A(Bf — BSP )= uchd{alMabl + Cchd1} - Vubvzb{( alO/Z)Mabl +(C3 = Co/2)M

+(Cs = C1/2)M ;5 — aiM ;| — C,My, 1}, (D6)
A(Bf — BYKT) =V, Vi{a M, + CoME, |}, (D7)
A(Bf = BYK*) =V, VidaiM}, | + C.MY, ), (D8)
A(Bf - BfK?) = VudV;*s{azM’a’b,l + Cled,l}’ (D9)
A(Bf = BiK) = V,yVid{a,M!, | +C MY, ), (D10)
A(Bf = BiK°) =V, VidaMb,  + CiM7, ), (D11)
AB} = BiK) =V, Vi {aM!, | +C MY, ), (D12)
V2AB} = Bia®) = =V, Vida;Mb, |+ CME, |} — Vuchb{—al — C,MP, |

30\ L, 3 ,
+ d4+dlo+§a9 Mah,l+§a7Mab,2+(aé+as)Mab,3

3 3
+ <C3 + Gy +§C10>Mfd.1 + ECSMfd,z +(Cs + C7)Mfdf3}’ (D13)

\/EA(B? - BJPO) = _Vudvzd{aZMXb.l + ClM‘c/d,l} - VubVib{(Cs + C7)M 45

3
1%
SaiM g, 5

3
_alMXf.l + (04 + ao +§a9)M(‘1/b,l + 2

3 3
- CMy, | + (Cs +Co+ ECIO)MXd,l + ECSMXd,Z}* (D14)

V2A(B} = Bfo) = VidViglaaMy, | + CiM{, } =V, Vi {(Cs + C1)MY, 5 + (2a3 + ag + ag/2 + ajo)M ), |
+ (2615 + a7/2)MZb2 + (C3 + 2C4 + Cg + C10/2)M¥d’1 + (2C6 + C8/2)M
- Cll C2 gh, l} (DIS)

V2ABE = Bing) = ViaVidaMh, |+ CiME, } =V Vi{—aiME | = CME, | + (205 + a3 + 619/2 + a0)MY,
(2(15 + a7/2>MZh,2 + (C3 + 2C4 + C9 + C10/2)Mfd’1 (2C6 + C8/2)
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1 1
A(Bf = Bin) =V, VidaMl, , + M, } - VubVib{ (03 - 5“9>M§b,1 + (“5 - 507>M5b,2

| ) R
+ C4—§C10 My, + C6_§C8 M5 ¢

A(B — Byn) = cos pA(BE — Byn,) —sing A(BS — Bny),

A(Bf = Bjy') = sinpA(Bf — B;in,) +cospA(BF = Bjn,),

(D17)

(D18)

(D19)
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