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The hyperon vector form factors at zero momentum transfer, f;(0), play an important role in a precise
determination of the Cabibbo-Kobayashi-Maskawa matrix element V. Recent studies based on lattice
chromodynamics (LQCD) simulations and covariant baryon chiral perturbation theory yield contradicting
results. In this work, we study chiral extrapolation of and finite-volume corrections to the latestn, = 2 + 1
LQCD simulations. Our results show that finite-volume corrections are relatively small and can be safely
ignored at the present LQCD setup of m,L = 4.6, but chiral extrapolation needs to be performed more
carefully. Nevertheless, the discrepancy remains, and further studies are needed to fully understand it.
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I. INTRODUCTION

The experimental determination of the Cabibbo-
Kobayashi-Maskawa (CKM) matrix elements is of utmost
importance for testing the flavor structure in the quark
sector of the standard model [1]. In particular, the elements
of its first row provide a stringent test of the CKM unitarity
[2]’ namely’ |Vud|2 + |Vus|2 + |Vub|2 = 1. With |Vub| in
the ballpark of 1073 [3] and |V,,| = 0.97425(22) [4]
precisely extracted from superallowed 0" — 0" nuclear
B decays, the |V, needs to be determined with subper-
centage precision in order to test the unitarity constraint.

The most precise value to date is provided by the analysis
of (semi)leptonic kaon decays, which crucially depends on
the accuracy at which fx/f, and £, (0) are known [5]. The
latest and remarkably precise lattice QCD (LQCD) com-
putations of these quantities [6-8] yield |V ;| = 0.2252(9).
With this value, the first-row CKM unitarity turns out to be
fulfilled at the permillage level [3,6].

Inclusive 7 decays offer a completely independent extrac-
tion of this matrix element, yielding |V ,,| = 0.2207(25)
[9,10], which is in slight tension with the kaon-decay
determination and the CKM unitarity.

A third method to obtain |V | is by studying semi-
leptonic hyperon decays (for reviews see Refs. [11,12]).
These are phenomenologically richer than their analogous
kaon modes, in terms of multiple channels and polarization
observables. However, they are also considerably more
complicated, and up to six form factors can contribute per
decay channel. Atleading order in SU(3) breaking, only two
of these form factors evaluated at g> = 0 contribute, which
are denoted as the vector and the axial hyperon couplings,
f1(0) and g¢,(0). Furthermore, f;(0) is determined by
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conservation of the vector current up to O(m; — m, )?
corrections due to the Ademollo-Gatto theorem (AGT)
[13]," while the ratio g;(0)/f,(0) can be obtained from an
analysis of the angular dependence of the decay rates [11].
Reasoning along these lines and including only leading-
order SU(3)-breaking corrections, Cabibbo and collabora-
tors studied the hyperon semileptonic decay data and
obtained |V,,| = 0.2250(27) [12,14], which is in perfect
agreement with those determined from the kaon decays
and the CKM unitarity.

However, this result does not include any estimate of
the uncertainty produced by subleading SU(3)-breaking
effects. In particular, it has been shown that an accurate
knowledge of second-order breaking corrections to f;(0)
is crucial to obtain a precise value of |V | [15]. Over the
years, various methods have been explored to calculate
£1(0), including different quark models [16-18], the MIT
bag model [19], the large N_. approach [20,21], baryon
chiral perturbation theory (BChPT) [22-27], and quenched
[28-31] or ny =2+ 1 LQCD [32,33] simulations. As
summarized in Refs. [27,32], a puzzling outcome of these
theoretical or numerical calculations is that the sign of the
SU(3)-breaking corrections to f(0) predicted in BChPT
is opposite to those found in most of the quark models
and in LQCD.?

"The m, and m,,; generically denote the strange and the
average u and d quark masses throughout this paper.

For a quark model calculation predicting corrections to f/(0)
of the same sign as BChPT, see Ref. [18]. Fits to the semileptonic
hyperon decay data using the large N, parametrizations of the
form factors [20,21] report the same sign too, but the capacity
of this approach to disentangle V,, from the SU(3)-breaking
corrections to f(0) has been questioned [15].
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The tension between the predictions of BChPT and
those of the LQCD simulations is particularly intriguing.
On one hand, chiral perturbation theory is an effective field
theory of QCD which relies on a perturbative expansion
of its Green functions about p/A ~ 0, where p is a small
momentum or a light-quark mass and A ~ 1 GeV [34] (for
arecent pedagogical review, see Ref. [35]). Its extension to
the one-baryon sector is afflicted by the so-called power-
counting-breaking (PCB) problem [36]. This can be solved
by either implementing a nonrelativistic expansion of the
baryon fields, like in heavy-baryon ChPT [37,38], or
keeping the theory relativistic while exploiting the fact
that all PCBs are analytical; therefore, they just affect the
renormalization of low-energy constants (LECs) and not
the physical results. Two renormalization prescriptions
stand out among the manifestly covariant formalisms—
the infrared (IR) ChPT [39] and the extended-on-mass-shell
(EOMS) ChPT [40,41]. Although these approaches only
differ in the organization of terms which are putatively of
higher order, it has been shown in various phenomeno-
logical applications that EOMS ChPT tends to provide a
faster convergence of the chiral series, especially in the
three-flavor sector [42—-44] (see Ref. [45] for a recent and
comprehensive review).

On the other hand, LQCD simulations provide an ab initio
numerical solution of QCD from first principles in a
finite hypercube, which can determine any nonperturbative
matrix elements, such as f(0), in a model-independent
way. However, their very nature implies that simulations
are performed at finite volume 7L3, with T and L the
temporal and spatial extensions of the hypercube, and finite
lattice spacing a. Furthermore, because of limitations in
computing resources, most present LQCD simulations are
performed at larger-than-physical light-quark masses (for
a review see Ref. [46]). Therefore, to obtain the physical
quantities, extrapolations in terms of light-quark masses,
often termed chiral extrapolation, lattice volume and lattice
spacing are necessary. In fact, a precise quark-mass dep-
endence and finite-volume effects are known to play an
important role in many physical observables simulated on
the lattice, such as baryon masses [44,47-53], magnetic
moments and charge radii [54-61], the nucleon axial charge
[62—-64], and the electromagnetic or vector current of the
nucleon [55,56,59,65]. In particular, finite-volume correc-
tions (FVCs) are believed to be responsible for the discrep-
ancy between the LQCD simulated g; and its experimental
counterpart [66].

Given the fact that a precise f1(0) is of ultimate
importance to the extraction of V, from hyperon decays,
in this work we study the chiral extrapolation of and finite-
volume corrections to the hyperon vector couplings in
BChPT. In particular, we investigate whether these effects
can explain the discrepancies between the BChPT and
LQCD predictions. This article is organized as follows.
In Sec. I, we recall the computation of f,(0) up to O(p*)
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in the continuum, the implication of the AGT and its caveat.
We then explain how the light-quark-mass dependence of
f1(0) is determined and present for the first time the forma-
lism to calculate finite-volume corrections. In Sec. III, we
formulate ChPT in finite volume and calculate numerically
the FVCs to the LQCD simulations of Ref. [32]. A short
summary is given in Sec. IV.

II. THE HYPERON VECTOR COUPLING
IN BChPT

The baryon vector form factors, as probed by the charged
AS =1 weak current V¥ =V iyts, are defined by

io"q,
f2(‘12)

(By|V¥#|By) = V,u(p’) {7"]‘1 (4%) +m

q" )
+mf3(q )] u(p), (1)

where g = p, — p;. The properties of the three form
factors, fi, f,, and f3, can be found in Ref. [12]. The
chiral corrections to the hyperon vector coupling, f;(0),
can be parametrized order by order as

f1(0) = gy (1 +5f1),
5fy =63 460 ..., (2)

where, consistent with previous calculations [25-27], we
have denoted the O(p?) and O(p*) chiral corrections by §%)
and 60, respectively. The vector couplings are fixed in
the SU(3)-symmetric limit by gy = —+1/3/2, —+/1/2, —1,
V/3/2,4/1/2,and 1 forA = p,20 = p,. T~ = n, 2= = A,
=" - X0 and Z° —» XF. In the isospin-symmetric limit,
only four channels provide independent information; they
are AN, ZN, =A, and =X.

The chiral expansion of f;(0) has some features worth
remembering here. The first one is an important caveat
concerning the AGT in the context of spontaneous chiral
symmetry breaking [67]. It is well known that the leading
chiral loop corrections to the hyperon (and kaon) vector
couplings scale as ~(m; —m,4)*/(m; +m,,) [23,68],
which literally fulfills the suppression predicted by the
AGT as long as (m; —m,,) < (mg + m,,). However, in
the physical world m,; < my, and the chiral loops with
virtual octet baryons are expected to scale as 52) ~ O(m,)
and 60) ~ O(mg/ 2) [23]. The contributions of virtual
decuplets to f;(0) are more complicated due to the
inclusion of the octet-decuplet mass splitting A, which is
a small parameter in the approach that does not vanish in
the chiral or the SU(3)-symmetric limit. The chiral loops
with decuplet baryons also fulfill the AGT explicitly [25],
but their actual behavior at m,; < m; turns out to be
O(A x my/ %) modulo a nonanalytical function of m, and A.
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The first analytical corrections to f,(0) start at O(p?) in
the chiral expansion, and they would scale as O(m?). An
important consequence of this is that there are no unknown
LECs contributing to the chiral expansion of §f;(0) until
this order [22,23]. Thus, up to O(p*), BChPT is completely
predictive in the determination of the SU(3)-breaking
corrections to f(0). There are no PCB terms, and a study
in the original covariant formulation of BChPT happens
to be equivalent to the EOMS one [27]. In the following
we summarize this calculation in the covariant formalism,
including the decuplet baryons, placing special emphasis
on the quark-mass dependence of the results.

A. Quark-mass dependence of f(0)

In Fig. 1 we show all the relevant Feynman diagrams
that contribute to the chiral expansion up to O(p*) and
with the explicit inclusion of decuplet baryons. Note that
wave-function renormalization must also be included. As
discussed above, no unknown LECs contribute to the
calculation up to this order, and the BChPT prediction
only depends on the values of the meson semileptonic
decay constant Fy, the baryon axial couplings D, F and C,
and the pseudoscalar meson and baryon masses (details can
be found in Ref. [27]). Up to O(p*) it remains a good
approximation to treat F, and the axial couplings as
quark-mass independent parameters that we fix at their
SU(3)-averaged physical values: Fy = 1.17F,, D = 0.80,
F =0.46 [12], and C = 0.85(5) [69]. The latter value is
obtained by using an average of the different hadronic
decuplet decays, while in our previous analysis [27] we
used C = 1.0, which is obtained only from the A — zN
decay rate. The pion and kaon masses ultimately provide
the source of SU(3) breaking in the theory, and they are
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adjusted to their physical values or to the ones obtained
at the unphysical quark masses employed in the LQCD
simulations. We obtain the # mass using the Gell-Mann-
Okubo mass formula, m; = (4mf —m3)/3, which also
holds in the # contributions to f(0) up to O(p*).

In the calculation of §2) one can work with the physical
averages of the baryon-octet and -decuplet masses, My, =
1.151 GeV and Mp, = 1.382 GeV. The only corrections
at O(p*) actually stem from the baryon mass splittings
entering the loop diagrams, contributions which are deno-
ted by the dots in the diagrams of Fig. 1 [25,27]. Although
these insertions could be performed at the perturbative
level, in the present calculation they are implemented to
all orders by including the SU(3)-symmetry broken masses
in the propagators and in the on-shell conditions p? = M?
and p3 = M3 [27].

Up to O(p*) in f,(0), or 6, it suffices to work with
the O(p?) chiral formulas of the baryon masses, which
depend on the four LECs M, by, b and by for the octet
baryons and the three LECs My, go, gp for the decuplet
baryons (we follow the notation and conventions of
Ref. [44]). These formulas accurately reproduce the
experimental data and describe the quark-mass depend-
ence of the baryon masses quite well. As we discuss in
the next section, we will make use of them to complete
information on the baryon masses that is not provided by
the LQCD analyses.

Finally, the results at O(p*) contain higher-order diver-
gences that are renormalized in the MS scheme. By setting
the corresponding LECs to zero but studying the residual
renormalization-scale dependence, 0.7 GeV < u < 1.3, we
obtain an estimate of the systematic uncertainty of ~O(m?)
due to the truncation of the chiral series at O(p*) [27].
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FIG. 1. Virtual octet (a) and decuplet contributions (b) to £ (0) up to O(p*). The solid lines correspond to octet baryons, double lines
to decuplet baryons, and dashed lines indicate mesons; crosses indicate the coupling of the external current; black dots denote mass
splitting insertions. We have not shown explicitly those diagrams corresponding to wave function renormalization, which have been

taken into account in the calculation.
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B. Finite-volume correction to f;(0)

In this section, we present the calculation of the FVCs
to f1(0). The temporal extension in LQCD simulations is
much larger than the spatial ones, and we treat it as a
continuous and infinite variable. The spatial components are
contained within a three-dimensional box with periodic
boundary conditions, and we assume that we work in
the p regime, L - m, > 1 [70]. These corrections can be
calculated in BChPT by using the same set of diagrams
as in the continuum theory, Fig. 1, and discretizing the
spatial components of the four-momentum loop integrals,
Ji2dkOy e  (3)%h. Since one is now treating the
temporal and spatial components of a loop diagram differ-
ently, one breaks Lorentz invariance, and the decomposition
of the matrix element in Eq. (1) does not hold in this case.

A way to circumvent this problem in the determination
of £1(0) is to calculate a scalar quantity that results from
taking the divergence upon this matrix element [28,29]:

q,(B'|V¥B) = V(M — My)a(p") fs(q*)u(p), (3)
where we have introduced the so-called scalar form factor,

q2

mﬁ(fiz)- 4)

fs(@*) = fi(q*) +

Therefore, the calculation of the hyperon vector coupling
in finite volume can be simplified by computing fg(q?)
and setting ¢> = 0. Furthermore, the calculation of the
scalar form factor at (Euclidean) maximum recoil ¢ ., =
—(M, — M,)?* presents many numerical advantages in a
LQCD computation, and it can be obtained with high
precision in the simulations [28]. On the other hand, doing
so requires an additional interpolation to ¢*> = 0, aided
by less precise results at (Euclidean) g% > 0, which are
obtained by calculating the customary three-point functions.
In principle, one could investigate FVCs to fg¢(g?) at
the (Minkowskian) maximum recoil ¢2,, = (M, — M,)?
in BChPT and then use the resulting corrected results to
interpolate to g> = 0. However, this method has drawbacks
since new terms beyond those shown in Fig. 1, with
unknown LECs, can contribute to fg(q®) at O(p*).
Therefore, we choose to study the FVCs of the quantity
fs(0) = £1(0) by putting the initial baryon at rest, i.e.,
p = (M, 6) The condition of g*> = 0 indicates the four-
momentum of the final baryon is p’ = (Er, pr,0,0)’ with
Ep=(M3+M?)/(2M,) and P = \/E% — M3. Following
the procedures outlined in Ref. [51], one can now easily
calculate all the relevant loop diagrams in finite volume.
As recognized in Ref. [27], the O(p*) results are rather
lengthy, and we refrain from writing them down explicitly.

3Any other choice for the spatial three-momenta will yield the
same results because of the remaining cubic symmetry.
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TABLE 1. Results for the chiral corrections to §f;(0) (in
percentage) up to O(p*) in covariant BChPT and including
the decuplet resonances as explicit degrees of freedom [27]. We
separate the results in O(p?) and O(p*), 6?) and 67, respec-
tively, and in the contributions given by virtual octets (O) or
decuplets (D) in the loops.

s © YD & ©o 85D Total
AN 38 +0.5  +02f02 2280 -09%)3
N 0.8 —1.0 4758 45107 47455
EA 29 -0.01  +1.7%7¢ 438505 +2.605]
EX -3.7 +0.5  —1.3%3 4434 —02f]]

The O(p?) results are quite compact and, for the sake of
completeness, we present them in the Appendix.

II1I. RESULTS
A. Results at the physical point revisited

In Table I we list the results for the chiral corrections to
£1(0) up to O(p*) in covariant BChPT and including the
decuplet resonances as explicit degrees of freedom. These
values are an update with respect to those presented in
Ref. [27], and the differences originate from the slightly
smaller C used in the current analysis. As already pointed
outin Ref. [27], the corrections at O(p*) are generally larger
than those at O(p?), and this seems to suggest that the chiral
convergence for f;(0) is broken. Limiting ourselves to
the octet contributions, a naive power-counting estimate
of the potential size of these SU(3)-breaking corrections
indicates that 5 ~ A—i ~20% and 5() ~ 5212 ~ 10%, with
Ap=M, - M2.4 Therefore, it is difficult to judge the
convergence of the chiral series of f(0) by comparing
the third and fourth orders in the expansion since, as shown
in Table I, the leading terms are suppressed by small coeffi-
cients and 5 turns out to be roughly a factor of 10 smaller
than the power-counting estimate [23]. A similar phenome-
non is observed in the leading contributions to the kaon
vector form factor [68]. Nonetheless, the BChPT results
already contain an estimate of the higher-order uncertainty
which comes from varying O(p?) analytical pieces (renorm-
alization scale dependence), and one sees that these can be
sizable and as large as a few percent.

B. Chiral extrapolation at m ~ my ,;,

In the following, we study the light-quark-mass depend-
ence of f(0) by analyzing the only n, =2+ 1 LQCD
results reported at the moment for the hyperon charges and
in the channels =X and XN [32]. These simulations are
performed using RBC and UKQCD ensembles generated
in a 243 x 64 grid with periodic boundary conditions in

“Note that a similar argument can be made for the decuplet
contributions by taking the limit A — 0.
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TABLE II. Masses of the pseudoscalar mesons and the octet
and decuplet baryons in units of GeV, determined as explained
in the main text for the different ensembles employed in the
ny =2+ 1 LQCD simulations of Ref. [32].
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TABLE III. Virtual octet contributions to the SU(3)-breaking
corrections to f(0) in covariant BChPT (in percentage). The
uncertainties are obtained by varying u from 0.7 to 1.3 GeV.
Finite-volume corrections are given in the parentheses.

my mg MN MA Mz ME MA MZ* ME* MQ*

5@ 53 5@ +53  LQCD [32]

0.330 0.576 1.140 1.271 1.330 1.431 1.369 1.513 1.656 1.800
0.420 0.606 1.237 1.339 1.386 1.465 1.458 1.580 1.703 1.826
0.558 0.665 1.412 1.470 1.501 1.544 1.635 1.720 1.804 1.888

spatial dimensions [71]. The quarks are described by a
domain wall fermion action (known to have improved
chiral symmetry properties) and with the strange quark
mass tuned to be approximately equal to the physical
one. The lattice spacing is determined using the Q™ mass,
a = 0.114(2) fm, making the full length of the spatial
extensions L ~ 2.736 fm.

In Table IT we show the values of the meson and baryon
masses for the different quark masses reported in Ref. [32].
Errors are omitted because they have a negligible impact
on the f,(0) results. The z, K, N, ¥ and = masses are
determined and given in Ref. [32]. For the A baryon mass the
O(p?) formulas for the baryon masses are equivalent to the
Gell-Mann-Okubo formula, My, = (2My + 2M= — Ms)/3,
which is fulfilled experimentally very accurately, and it
seems to also hold for unphysical quark masses such as those
discussed here [72]. For the quark-mass dependence of the
decuplet-baryon masses, we have little information from
the actual ensembles used in Refs. [32,71], and in this
case we use the O(p?) mass formulas, with the LECs
determined from LQCD data [73], Mpy, = 1.135 GeV,
yu = 0.167 GeV~!, and y,, = 0.322 GeV~.

In Tables III and IV we tabulate the SU(3)-breaking
corrections to f(0) predicted by covariant BChPT at the
simulated light-quark masses without and with decuplet
degrees of freedom, respectively. In each of these two
tables, we include the O(p?) and O(p*) results, whereas
the respective FVCs are given in the parentheses. In the last
column we show the results extracted from the simulations
[32]. In Fig. 2 we show the pion mass dependence of our
results in the four channels and for the different cases
compared against the LQCD points.” It is important to note
that the chiral corrections diminish as we approach the
SU(3)-symmetric point at larger pion masses. However,
the actual values at the two heavier masses should be
interpreted with caution since these points are at the border
of or beyond the range of applicability of BChPT.

The first thing worth noticing is that the BChPT results
for the quark-mass dependence of f(0) depend very much

*In order to describe the quark-mass dependence of f; (0) in
the plots, we use phenomenological interpolators to accurately
reproduce the pion-mass dependence of the kaon and baryon
octet masses obtained from the LQCD configurations. In the case
of M, we always use the GMO relation, whereas for the decuplet
we use the LO BChPT formulas.

N —0.57(=0.11) 3.723(-0.08) 3.1173(-0.19) —3.44 + 1.4
-0.37(=0.03) 2.5714(~0.03) 2.11]4(-0.06) —1.84 +0.84
—0.14(0.00) 1.079%(0.00) 0.870¢(0.00) —0.81 +0.33

EX -1.58(0.09) —0.5701(0.00) —2.1797(0.09) —1.92 +0.79

-0.85(0.03) —0.375-(0.00) —1.2%01(0.03) —2.58 +0.58

(0.00) (

-0.25(0.00) —0.01(0.00) —0.30/(0.00) —0.86 £ 0.19

on the order of the calculation or on the inclusion of
the decuplet degrees of freedom. For instance, in the ZN
channel our results at O(p?) remain negative and small,
even after accounting for the virtual decuplet contributions.
The size predicted is smaller than that obtained in LQCD at
this order. However, the corrections at O(p*) are large and
positive, making the net effect up to this order of ~+ 5%,
in stark contrast with LQCD, whose result is sizable but
negative. For the =X channel the agreement with LQCD
is better, and it even improves at O(p*) if the decuplet
contributions at this order are not included. However, their
inclusion pushes the total contribution to be positive in this
channel also. One might hope that finite-volume correc-
tions would account for the differences between BChPT
and LQCD, but this is not the case. As shown by the values
in parentheses in Tables III and IV, these are very small
and negligible at the quark masses simulated in the
(2.736)% fm? lattices. Overall, an agreement between
BChPT up to O(p*) and the LQCD results for the TN
and =X channels [32] is not apparent.

As explained above, one cannot deduce the breakdown
of the chiral expansion from the comparison between §(%)
and 67, although enforcing an agreement between the
BChPT results and the current LQCD results would require
large O(p’) contributions. In order to quantify this, we add
an analytical piece of O(p?) to the chiral loops,

TABLE 1V. Virtual octet plus virtual decuplet contributions
to the SU(3)-breaking corrections to f(0) in covariant BChPT
(in percentage). The uncertainties are obtained by varying y from
0.7 to 1.3 GeV. Finite-volume corrections are given in the
parentheses.

52 53)
N —1.14(=0.07) 7.0773(-0.09) 5
-0.70(=0.02) 4.7]3(-0.03) 4
-0.25(0.00) 1.879%(-0.01) 1.5%0¢(~0.01)

82 +65  LQCD [32]
9723(-0.16) —-3.44+ 1.4
0114(-0.05) —1.84 +0.84
—-0.81+£0.33

(0.00)
EX —1.26(0.06) 3.87/%(0.00) 2.57]$(0.06) —1.9240.79
-0.66(0.02) 2.97)3(0.00) 2.27}2(0.02) —2.58 +0.58
-0.19(0.00) 1.579%(0.00) 1.379£(0.00) —0.86 £ 0.19
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FIG. 2 (color online).
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SU(3)-breaking corrections to f(0) in infinite volume as functions of the pion mass m, in the different

approaches of covariant BChPT discussed in the text. The (red) solid lines are the O(p*) results including octet and decuplet
contributions, the (blue) dotted lines are O(p*) results including only the octet corrections, the (red) dashed lines are O(p?) results
including octet and decuplet contributions, and the (blue) dashed-dotted lines are O(p?) results including only the octet corrections.

sW = cra(my —mz)?, (5)
and fit the constant to the LQCD data in each of the two
channels. The results are shown in Table V, where we
also list the resulting values of §f;(0) at the physical point
and where we compare with the AGT-based fits done in
Ref. [32]. As we can see, the corrections to f(0) at O(p?)
needed to fit the LQCD data of Ref. [32] would be ~—7%
and ~— 6% for the XN and the =X channels, respectively.
These corrections are larger than those one would expect
from O(m?) terms, and in this scenario one will certainly
conclude that the chiral expansion for f(0) is very slow or
nonconverging. Further LQCD simulations at lighter quark
masses and with full control of systematic uncertainties
will be very helpful to clarify this issue.

This exercise is also illustrative in highlighting the role
that chiral dynamics can play in the SU(3) breaking of
f1(0). As shown in Table V, the results of the BChPT-
inspired fits are quite different from those based on the
AGT, where one fits a term like in Eq. (5), ignoring the
effects of the chiral loops. The differences are just a
consequence of the structure of the chiral expansion of
f1(0) discussed in Sec. II. Indeed, the loop corrections do

not scale quadratically in mg, but instead as O(mi/ 2)

’

O(my), etc., as soon as m, becomes much larger than m,,
approaching the physical point. To better study the impact
these effects can have on the chiral extrapolation of f,(0),
we define the following function [28,29,32]:

R~ ot ol )

where we have factored out a dependence ~m? from
6f1(0). In Fig. 3 we show the results of our BChPT-
inspired fits compared to the LQCD results. As one can see,
the chiral behavior predicted by BChPT is very different
from the constant dependence expected by the AGT, and
terms which are clearly nonanalytical in m, dominate the

TABLE V. Results for f(0) (in percentage) at the physical
point using fits to LQCD points with covariant BChPT up to
O(p*) plus an analytical piece of O(p?). The first error is statistic
and the second theoretical, stemming from unknown O(p)
pieces. We compare these with the results obtained using the
AGT inspired fits done in Ref. [32].

o Chiral one-loop + LEC[O(p®)]  AGT [32]
SN —1.40(12) —0.6(0.7)(3.5) ~2.66(63)
=X —1.16(8) —6.6(0.4)(1.4) ~2.63(39)
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SU(3)-breaking corrections to f(0) in infinite volume as functions of the pion mass, m,, in covariant BChPT.
4

An analytical O(p°) term has been added to the full O(p*) BChPT results.

extrapolation around the physical point. In fact the results
in the extrapolation can be very different if one account
for these effects using the BChPT calculation discussed
in this work.

C. A close-up onto the volume dependence

Although FVCs are small in the current LQCD setup of
Ref. [32], they can become large with decreasing m,.
In Fig. 4, we show the ratio of the FVCs, Af/(0), to the
corresponding SU(3)-breaking corrections, 6f;(0), as a
function of the box size L for different m, and with the
strange quark-mass set at its physical value. The O(p?)
octet baryon masses appearing in the calculation are
determined using the LECs obtained in Ref. [52] by fitting

0.5 T T T T T
m,=0.14 MeV
| m=028 MeV = = = |

> 03 m=042 MeV - — - -
W
< 0.1 F -
(%=}
S~
4 01
-
< 03

0.5

2.0 25 3.0 35 40 45 50 5.5 6.0
L [fm]

0.5
, 03
<v—1
“ 0.1
(%=}
S~
Z 01
=
< 03

_05 1 1 1 1 1 1 1

720 25 3.0 3.5 40 45 5.0 5.5 6.0
L [fm]

FIG. 4 (color online).
for details).

to the available LQCD data, and the O(p?) decuplet baryon
masses are determined using the LECs given in the text.
Because at m, = 0.14 GeV, § flEZ = 0.2% is accidentally
small, we have multiplied the corresponding df; by a factor
of 3 to calculate the ratio.

One can clearly see that at m, = 0.14 GeV, with
L = 3 fm as in Ref. [32], FVCs can be as large as 30%.
In addition, in the =% and AN channels, a nonmonotonous
change of FVCs with L is observed. It seems that for
LQCD simulations with light-quark masses close to
their physical values, a box size of 5 to 6 fm would be
necessary to keep FVCs smaller than 10%. The calculations
presented in this work could be used in the future for
testing and correcting the finite volume effects in LQCD
calculations.

05
. 03
[l]_‘
<01
(%=}
w\
B0
[Fonl
< 03} .

_0‘5 1 1 1 1 1 1 1
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Ratio of finite-volume corrections to SU(3)-breaking corrections to f(0) as a function of L and m,, (see text
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IV. SUMMARY

We have studied the discrepancy between the latest
ny =2 + 1 LQCD simulation results on the hyperon vector
couplings, f(0), and the corresponding predictions of
covariant baryon chiral perturbation up to O(p*). In
particular, we studied the chiral extrapolation of and
finite-volume corrections to the LQCD data. Our studies
showed that at the present LQCD setup, finite-volume
corrections are small and can be safely neglected.
Furthermore, nonanalytical chiral contributions can become
important in extrapolating LQCD results to the physical
point, while a naive application of the Ademollo Gatto
theorem could be inappropriate. Nevertheless, our studies
showed that neither of the above two effects can explain
the discrepancy between current fully dynamical LQCD
simulations and the BChPT predictions without sizable
O(p°) contributions. Clearly, further studies, particularly
LQCD simulations with smaller light-quark masses and
larger volumes, are needed to clarify the situation.
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APPENDIX: FINITE-VOLUME CORRECTIONS
TO f,(0) AT O(p)

We introduce the following notations for FVCs:

AG, =G, — G, (A1)
where G denotes a generic loop integral and L(oo)
denotes the corresponding result in finite volume (infinite
space-time).

The O(p?) results introduced by virtual octet baryons
have the following structure for the transition i — j:

Z Pirt AHgr (my) = 3 Z AHqp; (my, m)

M=nnK =0

F(0) + Ayt () AHwg(my), (A2)

where B8P, pMP BKR "and SWF are given in the Appendix of Ref. [27], and the FVCs AHgp, AHyp, AHyg, AH1p,, AH1p),

and AHwp are, respectively,

-1 [1 1
Ay =23 [ 51~ ) 02 (M) 4 (1202 + 21005~ 8332 M)
0

1
+ 3 (3(=1 4+ x)*mg — 6(1 + 2x — x*)m3M3p + 3Mép)55/2(M2BP) }, (A3)
_1 /1 1—x , 1 , , ,
AHyp = ﬁA dxA dyq 612 (Mygp) + 1 (=3x(2 + 3x)mg — Miyp)d3/2(Mgp)
0
1
3 (e 4 35(2 4 Mo (M) | (A4)
-1 /1 1 2 1 2,2 2 2
AHgg = 72 A dxi 51/2(MKR) _5(()‘ = 1)°mg + MKR)53/2(MKR) ) (AS)
0
-1
AHtp = 2 / dX51/2(MTD1) (A6)
0
-1
Aty = T [ dv 0ya(Mivo). (A7)
0
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-1 1 1
AHyg = a2 / dx{X51/2(M r) + Z<x<6 +x = 9x)md + (=1 — x) Myp)83 /0 (M) +Z(3< 1+ x)x*m
0
T 3(=1 4 x)emd(mdy (=1 4 2) + (3 + x>M%VF>>55/2<M%VF>}, (A8)

where my, is the chiral limit octet baryon mass, m,, is the relevant meson mass, and M’s are defined in Eqgs. (A15)—(A24).
The O(p?) results induced by virtual decuplet baryons are

A5 l"]) Z v ADgp(1myy) ZJ’ PADyp(my, my) Z Vit ADgr (my)

M= rr;]K M=mn M=nnK
+ D ) + 7t () ADwe(m), (A9)
M 7.0, K

where yBP, yMP_ KR “and yWF are given in the Appendix of Ref. [27], and the FVCs ADgp, ADyp, ADgg, and ADyy. are,
respectively,

C? 1 1 - .
ADgp = —— A dx{z (3(1 + x)>m} — SMgp + 6(1 + x)moAp + 3A3)83/,(Mgp)

Fomy,
1 ~ —m?
+ E (—3(1 + x)Zmé + 3./\/1%13 - 6(1 + X)moAD 3A )MBP55/2(MBP) + 61/2(MBP)} 0 (1 - X), (AIO)
C? 1 1-x ) ~ 5 ~ 5
ADMP = 172—2/ d.X'/ dy{(?)(—z + x)xmo + MMP - 3xm0AD)53/2(MMp)
omp Jo 0
2
~ ~ ~ m
+ (=3(=2 + x)xmj + 3meAD)M12\4P55/2(M12\/IP> - 51/2(/\412\49)} ?0» (A11)
c b my 2 2 2
ADgg = 2o ) dx?{((l + x)my + Ap) (81 p(Mir) = Mird3/2(Mir))} (A12)
0o™Mp

C? 1 m ~ - -
ADyp = WA dxzo {(Bmj(x = 1)xmp —3m(x — 1)2x)M%VF55/2(M%VF) + (—ZM%VFmD = 3m(x — 1)xmp
oMp

+ 3m0/\~4%v1~“(x — 1)+ 3mi(x — l)zx)53/2<M%X/F) + (2mp = 3my(x - 1))51/2(/{4%\/1:)}’ (A13)

where my, is the chiral limit decuptet baryon mass, and Ap = mp — my,.
In the above equations, the master formulas &,(M?) are defined as

21 (VAR)

where K, (z) is the modified Bessel function of the second kind, and > 5.0 = 3,2 o D0 % o0 2 n 2o (1 = ( 1l,0)).
The M? for different diagrams are defined as

M3, =m3(1 — x)? + mix — ie, (A15)

Mp = m3x> +mly —m3(x +y—1) —ie, (Al6)

Mip = m3(1 — x)* + mix — ie, (A17)

Mip, = mix + m3(1 — x) — ie, (A18)
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M3y, = md, — e, (A19)

My = m3x* + m3, (1 — x) — ie, (A20)
Myp = my(1 = x) + xm3, + mdx(x — 1) —ie. (A21)

Myp = mhx + mix(x — 1) + m2y —m3(x +y — 1) — ie,
(A22)

Mg = my(1 = x) + xm3, + mix(x — 1) —ie, (A23)

PHYSICAL REVIEW D 89, 113007 (2014)

Myp = mpx +mi, (1 —x) + mix(x — 1) —ie, (A24)

where m; and m, are the masses of the relevant mesons
appearing in the corresponding Feynman diagrams.

In evaluating the FVCs, the integrations over the
Feynman parameters x and y are performed numerically.
The sum over 7 is taken up to the maximal value allowed by
the lattice setup, i.e., |n| < L/a, with L the spatial lattice
size and a the lattice spacing, and it is performed using
spherical coordinates by taking into account the degeneracy
of |i> = ni + n} + n? explicitly (see, e.g., Ref. [74]).
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