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We consider the finite temperature effective potential of the standard model at the one-loop level in four
dimensions by taking account of two kinds of order parameters, the Higgs vacuum expectation value and
the zero modes of gauge fields for the Euclidean time direction. We study the vacuum structure of the
model, focusing on the existence of the new phase, where the zero modes, that is, the new order parameters,
develop nontrivial vacuum expectation values except for the center of the gauge group. We find that under
certain conditions there appears no new phase at finite temperature.
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I. INTRODUCTION

Quantum field theory at finite temperature [1] provides
useful tools to study phase transition in high-energy
physics. The effective potential at finite temperature
actually plays an important role for studying the scenario
of the electroweak baryogenesis [2] and the deconfinement
phase of QCD [3] in weak coupling regime. Quantum field
theory at finite temperature has been used in various
contexts [4].
The imaginary time formulation of quantum field theory

at finite temperature is familiar, and in this formulation, the
Euclidean time direction is compactified on a circle S1τ
whose length of the circumference is the inverse temper-
ature T−1. When one considers gauge theory on such a
space, it is well known that zero modes of component
gauge fields for the S1τ direction cannot be gauged away and
become dynamical degrees of freedom [3] so that they can
develop vacuum expectation values [5]. We can determine
the vacuum expectation values by minimizing the effective
potential for the zero modes. One should notice that such
zero modes must be taken into account as long as they are
the dynamical degrees of freedom.
In the context of higher dimensional gauge theory at

finite temperature, zero modes of component gauge fields
for the Sτ direction should be taken into account in addition
to possible zero modes of component gauge fields corre-
sponding to topological spatial extra dimensions. Gauge
symmetry breaking through the zero modes has been
discussed in [6,7]. The high-temperature phase transition
of the standard model through the dynamics of the zero
modes of the SUð2ÞL; Uð1ÞY gauge fields for the S1τ
direction has been studied in [8], where the Higgs potential
has been ignored. It has been found that there appear

metastable states by studying the effective potential for the
zero modes.
One may think that the zero mode of the SUð2ÞL gauge

fields for the Sτ direction takes the value at the center of the
SUð2ÞL gauge group like QCD in weak coupling regime at
finite temperature [3]. This is, however, not so trivial
because the models contain the Higgs potential, and the
vacuum expectation value of the Higgs field may influence
the location of the minimum for the zero mode in the
effective potential. This is actually the case in physics with
extra dimensions [6].
In this paper, we investigate the phase structure of the

standard model in four dimensions at finite temperature by
studying the effective potential at the one-loop level. In
doing it, we correctly take the zero modes of the
SUð3Þc; SUð2ÞL; Uð1ÞY gauge fields for the S1τ direction
into account in addition to the usual order parameter, the
vacuum expectation value of the Higgs field. It is expected
that there appear new phases in which the zero modes of the
SUð2ÞL;Uð1ÞY gauge fields, that is, new order parameters
in the model, take nontrivial values except for the center of
the gauge group. If this is the case, the zero modes give a
source for the gauge symmetry breaking. We focus on
seeking whether such a new phase appears or not.
One encounters the situation that has never been seen

before due to the new order parameters. The parametriza-
tion of the vacuum expectation value of the Higgs field
changes, contrary to the usual case. The electromagnetic
component in the Higgs field, which is usually gauged
away by using the SUð2ÞL × Uð1ÞY degrees of freedom,
remains even after using the gauge degrees of freedom
because of the new order parameters. As a result, the
number of the order parameters increases in the model. We
follow the standard prescription to calculate the effective
potential. We expand fields around the vacuum expectation
values and take up to quadratic terms. The increased order
parameters complicate the quadratic terms, which contain
the couplings that break the electromagnetic Uð1Þ, denoted
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by Uð1Þem, invariance. This makes it difficult to obtain the
effective potential in an analytic way.
We impose plausible conditions among the order param-

eters in order to study the effective potential as analytically
as possible. Even under these conditions we can still
investigate a possibility of new phases in which new order
parameters take nontrivial values. Our analyses tell us that
there is no new phase in the standard model in four
dimensions. It may be essential for the result that the
boundary condition of fermions for the S1τ direction is fixed
by the Fermi statistics. This is quite different from the case
of the physics with spatial extra dimensions.
This paper is organized as follows. In Sec. II we

introduce the order parameters of the model and discuss
the minimum of the tree-level potential for latter conven-
ience. We obtain the effective potential at the one-loop level
under certain conditions among the order parameters and
study the phase structure by minimizing the effective poten-
tial, focusing on the new phase in Sec. III. Conclusions and
discussions are devoted to Sec. IV. In the Appendix, we
present the detail of the calculations in the presence of the new
order parameters.

II. ORDER PARAMETERS

The imaginary time formulation of quantum field theory
at finite temperature is to consider the theory on S1τ ×M3,
where the Euclidean time direction τ is compactified on the
S1τ whose circumference is the inverse temperature T−1.
The M3 is the three-dimensional flat space whose coor-
dinate is denoted by xiði ¼ 1; 2; 3Þ.
We consider the standard model in four dimensions at

finite temperature. As discussed in the literature [3,5], the
zero modes of the Euclidean time components of the gauge
fields, which cannot be gauged away, become the dynami-
cal variable to parametrize the vacuum of the theory. They
are order parameters of the theory. The vacuum expectation
values are determined by minimizing the effective potential
for the order parameters.
In the present case, the order parameters we have to take

into account are

hAτi; hBτi; hGτi; hΦi; (1)

where AτðBτ; GτÞ is the Euclidean time component of
the SUð2ÞL½Uð1ÞY; SUð3Þc� gauge field and Φ is the
Higgs field.
Let us discuss the parametrization of the vacuum expect-

ation value (1) in the electroweak sector. By using the
SUð2ÞL ×Uð1ÞY degrees of freedom, we can parametrize
the vacuum expectation values as

g
T
hAτi ¼ 2πdiag:ðφ;−φÞ; gY

T
hBτi ¼ 2πθ;

hΦi ¼ 1ffiffiffi
2

p
�
p

v

�
: (2)

Here g; gY are the SUð2ÞL; Uð1ÞY gauge couplings, respec-
tively. Let us note that φ (also θ) is physically identical
to φþ lðl ∈ ZÞ. The φ; θ; v; p are real parameters. One
can choose another parametrization, but equivalent to (2),
given by

g
T
hAτi ¼ 2π

�
φ3 φ1

φ1 −φ3

�
;

gY
T
hBτi ¼ 2πθ;

hΦi ¼ 1ffiffiffi
2

p p

�
0

v0

�
. (3)

The parametrizations (2) and (3) are mutually related by the
transformations

hΦ0i ¼ VhΦi; hAτ
0i ¼ VhAτiV†;

where V is defined by

V ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þ v2

p �
v −p
p v

�
with

VV† ¼ V†V ¼ 1; detV ¼ 1: (4)

One easily finds that

φ1 ≡ 2vp
v2 þ p2

; φ3 ≡ v2 − p2

v2 þ p2
φ; v0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2 þ p2

q
:

(5)

We employ parametrization (2) in the paper. Let us note
that in the vacuum expectation value of the Higgs field
there remains the component p that can break the
electromagnetic Uð1Þ, denoted by Uð1Þem, invariance
contrary to the usual case where hAτi and hBτi are not
taken into account.
In the SUð3Þc sector, one can parametrize hGτi as

gs
T
hGτi ¼ 2πdiag:ðω1;ω2;ω3Þ with

X3
r¼1

ωr ¼ 0:

(6)

gs is the SUð3Þc gauge-coupling constant.ωrðr ¼ 1; 2; 3Þ is
physically identical to ωr þ lðl ∈ ZÞ.
Let us discuss the potential at the tree level. The Higgs

potential is given by

VH ¼ −μ2Φ†Φþ λ

2
ðΦ†ΦÞ2: (7)

In the background of (2), the potential at the tree level is
given by the Higgs potential (7) and the contribution
from the Higgs kinetic term, which yields the third term
below,
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V tree
H ¼ −μ2jhΦij2 þ λ

2
ðjhΦij2Þ2

þ hΦi†
�
ghAτi þ

gY
2
hBτi

�
2

hΦi

¼ −
μ2

2
ðp2 þ v2Þ þ λ

8
ðp2 þ v2Þ2 þ ð2πTÞ2

2

×

��
φþ θ

2

�
2

p2 þ
�
φ −

θ

2

�
2

v2
�
: (8)

There are three extreme points:

ðIÞ∶ p ¼ 0; v ¼
ffiffiffiffiffiffiffi
2μ2

λ

r
; φ ¼ θ ¼ 0; (9)

ðIIÞ∶ p ¼ v ¼ 0; θ ¼ 2μ

2πT
; φ ¼ 0; (10)

ðIIIÞ∶ p ¼ v ¼ 0; θ ¼ 0; φ ¼ μ

2πT
: (11)

It is easy to show that (I) is the vacuum configuration and
that (II) and ( III) are the saddle point configurations.
The configuration (I) is the usual vacuum in the stan-
dard model.
For latter convenience, let us minimize the potential

under the assumption p ¼ 0,

V tree
H jp¼0 ¼ −

μ2

2
v2 þ λ

8
v4 þ ð2πTÞ2

2

�
φ −

θ

2

�
2

v2: (12)

There are two extreme points:

ðIÞ∶ v ¼
ffiffiffiffiffiffiffi
2μ2

λ

r
; φ −

θ

2
¼ 0; (13)

ðIIÞ∶ v ¼ 0;

�
φ −

θ

2

�
2

¼
�

μ

2πT

�
2

: (14)

It is easy to show that configuration (II) is a saddle point
and that the vacuum configuration is given by (I). Let us
note that as long as the second equation in Eq. (13) is
satisfied arbitrary configurations for φ; θ are allowed.

III. ONE-LOOP EFFECTIVE POTENTIAL

The one-loop effective potential is obtained by the
standard prescription. To this end, one needs to expand
the fields around the vacuum expectation values (2) and
takes quadratic terms with respect to fluctuations. The
calculation is straightforward, but a little bit tedious
because of the new order parameters. Namely in the present
case, as discussed in the previous section, there remains the
component p in the vacuum expectation values of the Higgs
field that can break the Uð1Þem invariance, and accordingly,
this results in couplings that do not conserve the Uð1Þem
charge. This never happened in the past calculations of the

standard model at finite temperature. This is entirely due to
the new order parameters, that is, the vacuum expectation
values for Aτ. We present the details of the calculations in
the Appendix.
The quadratic terms are given by Eqs. (A23), (A28),

(A35), and (A44) in the Appendix. One needs to find the
eigenvalues for the matrices M2

gauge;M2
scalar;M

2
ghost;Mquark,

and Mlepton and has to sum up all of the Matsubara mode
labeled by the integer n whose dependence in the eigen-
values is quite nontrivial in the present case. It may be also
difficult to carry out the summation with respect to n
though we obtain the eigenvalues. The matrices are too
complex to calculate the effective potential as analytically
as possible because of the increased order parameters.
We are very much interested in the possibility of whether

the new order parameters, namely, φ; θ, take the nontrivial
values or not. Taking account of the fact that at the tree level
there is no vacuum that breaks the Uð1Þem invariance, it is
likely that perturbative corrections do not induce the
vacuum that breaks the Uð1Þem invariance. Therefore, it
may be natural to assume p ¼ 0. Since the tree-level
potential has the global minimum (13) under the
assumption p ¼ 0 as shown in Sec. II, let us impose an
ansatz, which is given by

p ¼ 0; φ −
θ

2
¼ 0: (15)

This drastically simplifies the quadratic terms with the
dependence on the new order parameters φ; θ, and we are
able to perform the analytic calculations for obtaining the
effective potential at the one-loop level by the standard
prescription. The details of the calculations under the ansatz
are also given in the Appendix.
Let us quote relevant results from the Appendix where

we give notations and present details of calculations. The
quadratic terms for the gauge sector are given by

LEWð2Þ
gauge jansatz ¼ W−

i D̄
W�

δijW
þ
j þ 1

2
ðĀ3

i ; B̄iÞ

×

�
D̄A3 ggY

4
v2

ggY
4
v2 D̄B

�
δij

� Ā3
j

B̄j

�
; (16)

where

D̄W� ¼ ∂2
l þ ð∂τ − ið2πTÞð2φÞÞ2 − g2

4
v2;

D̄A3 ¼ ∂2
l þ ∂2

τ −
g2

4
v2; D̄B ¼ ∂2

l þ ∂2
τ −

g2Y
4
v2: (17)

As we can see, the second term in Eq. (16) can be
diagonalized by the usual rotation defined by Eq. (A55)
in the Appendix. The eigenvalues are given by Eq. (A56) in
the Appendix. The new order parameter φ appears in
the D̄W�

. Then the one-loop contributions from the gauge
sector are given by
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Vone-loop
gauge ¼ 6 ×

1

2i

Z
k
ln

�
k2i þ ð2πTÞ2ðn − 2φÞ2 þ g2

4
v2
�

þ 3 ×
1

2i

Z
k
ln

�
k2i þ ð2πTÞ2n2 þ g2 þ g2Y

4
v2
�

þ 3 ×
1

2i

Z
k
ln
h
k2i þ ð2πTÞ2n2

i
; (18)

where we have defined

Z
k

≡ iT
X∞
n¼−∞

Z
d3k
ð2πÞ3 : (19)

The integer n stands for the Matsubara mode.
The quadratic terms from the scalar sector under the

ansatz, including the Euclidean time components of the
gauge fields, Āa

τ ; B̄τ are given by

Lð2Þ
scalarjansatz ¼

1

2
ðĀ1

τ ; Ā2
τÞ
�

Ā a

−a Ā

��
Ā1
τ

Ā2
τ

�
þ 1

2
ðg1; g2Þ

×

�
B̄ ḡ

−ḡ C̄

��
g1

g2

�
þ 1

2
ðĀ3

τ ; B̄τÞ
�
D̄ l̄

l̄ Ē

�

×

�
Ā3
τ

B̄τ

�
þ 1

2
hF̄hþ 1

2
G0ḠG0; (20)

where

Ā¼ ∂2
i þ ∂2

τ − ð2πTÞ2ð2φÞ2 − g2

4
v2;

B̄¼ ∂2
i þ ∂2

τ − ð2πTÞ2ð2φÞ2þ μ2 −
λ

2
v2 −

g2

4
v2 ¼ C̄;

D̄¼ ∂2
i þ ∂2

τ −
g2

4
v2; Ē¼ ∂2

i þ ∂2
τ −

g2Y
4
v2;

F̄¼ ∂2
i þ ∂2

τ þ μ2 −
3

2
λv2;

Ḡ¼ ∂2
i þ ∂2

τ þ μ2 −
λv2

2
−
g2 þ g2Y

4
v2;

a¼ −2ð2πTÞð2φÞ∂τ; ḡ¼ −2ð2πTÞð2φÞ∂τ; l̄¼ ggY
4

v2:

(21)

The first and second terms in Eq. (20) are automatically
diagonalized by the original complex base,

W�
τ ¼ 1ffiffiffi

2
p ðĀ1

τ ∓ iĀ2
τÞ; G� ¼ 1ffiffiffi

2
p ðg1 ∓ ig2Þ: (22)

The third term is diagonalized by the usual rotation by
Eq. (A55), as before. The eigenvalues are given by
Eq. (A61). Then the contributions from the scalar sector are

Vone-loop
scalar ¼ 2 ×

1

2i

Z
k
ln

�
k2i þ ð2πTÞ2ðn − 2φÞ2 þ g2

4
v2
�

þ 1 ×
1

2i

Z
k
ln

�
k2i þ ð2πTÞ2n2 þ g2 þ g2Y

4
v2
�

þ 1 ×
1

2i

Z
k
ln½k2i þ ð2πTÞ2n2�

þ 2 ×
1

2i

Z
k
ln

�
k2i þ ð2πTÞ2ðn − 2φÞ2 − μ2 þ λ

2
v2 þ g2

4
v2
�

þ 1 ×
1

2i

Z
k
ln

�
k2i þ ð2πTÞ2n2 − μ2 þ λ

2
v2 þ g2 þ g2Y

4
v2
�

þ 1 ×
1

2i

Z
k
ln

�
k2i þ ð2πTÞ2n2 − μ2 þ 3λ

2
v2
�
: (23)

The quadratic terms from the ghost sector are given by

Lð2Þ
ghostjansatz ¼ −iC̄þD̄W�

C− − iC̄−D̄W�
Cþ − iðC̄3; C̄Þ

×

 
D̄A3 ggY

4
v2

ggY
4
v2 D̄B

!�
C3

C

�
; (24)

where D̄W�
; D̄A3

; D̄B are the same as the ones given in
Eq. (17). Then the contributions to the effective potential
are

Vone-loop
ghost ¼ −4 ×

1

2i

Z
k
ln
�
k2i þ ð2πTÞ2ðn − 2φÞ2 þ g2

4
v2
�

− 2 ×
1

2i

Z
k
ln

�
k2i þ ð2πTÞ2n2 þ g2 þ g2Y

4
v2
�

− 2 ×
1

2i

Z
k
ln

�
k2i þ ð2πTÞ2n2

�
: (25)

We observe from Eqs. (18) and (25) that the on-shell
degrees of freedom for the gauge fields are extracted by the
ghost fields. Let us note that the ghost fields obey the
periodic boundary conditions [9].
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The SUð3Þc gauge contribution to the effective potential
is given from Eq. (A51) in the Appendix by

Vone-loop
SUð3Þc ¼ ð4 − 2Þ

X3
r;q¼1

1

2i

Z
k
ln½k2i

þ ð2πTÞ2ðnþ ωr − ωqÞ2�: (26)

We consider only the third generation for fermions.
Our results do not change even if we introduce the first
and second generations with the mixings among the
generations, and we simply assume that the neutrino is
massless. Then the quadratic terms from the fermions are
given by

Lð2Þ
fermionjansatz ¼ ðt̄L; t̄RÞ

0
B@−iD̄tL

ftffiffi
2

p v

ftffiffi
2

p v −iD̄tR

1
CA� tL

tR

�
þ ðb̄L; b̄RÞ

0
B@−iD̄bL

fbffiffi
2

p v

fbffiffi
2

p v −iD̄bR

1
CA� bL

bR

�

þ ðτ̄L; τ̄RÞ

0
B@−iD̄τL

fτffiffi
2

p v

fτffiffi
2

p v −iD̄τR

1
CA� τL

τR

�
− iν̄LD̄νLνL; (27)

where

D̄tL ≡ γτ

�
∂τ − ið2πTÞ

�
ωr þ

4

3
φ

��
þ γi∂i ¼ D̄tR ;

D̄bL ≡ γτ

�
∂τ − ið2πTÞ

�
ωr −

2

3
φ

��
þ γi∂i ¼ D̄bR;

D̄τL ≡ γτ

�
∂τ þ ið2πTÞ2φ

�
þ γi∂i ¼ D̄τR ;

D̄νL ≡ γτ∂τ þ γi∂i: (28)

The contributions to the effective potential are given by the determinants of the two-by-two matrices in Eq. (27) and by
taking the logarithm of them, which is given by

Vone-loop
fermion ¼ ð−1Þ22 × 1

2i

X3
r¼1

Z
k
ln

�
k2i þ ð2πTÞ2ðnþ 1

2
− ωr −

4

3
φÞ2 þ f2t

2
v2
�

þ ð−1Þ22 × 1

2i

X3
r¼1

Z
k
ln

�
k2i þ ð2πTÞ2ðnþ 1

2
− ωr þ

2

3
φÞ2 þ f2b

2
v2
�

þ ð−1Þ22 × 1

2i

Z
k
ln

�
k2i þ ð2πTÞ2ðnþ 1

2
þ 2φÞ2 þ f2τ

2
v2
�

þ ð−1Þ 2
2

2
×

1

2i

Z
k
ln

�
k2i þ ð2πTÞ2ðnþ 1

2
Þ2
�
: (29)

Let us note that the half integer in the Matsubara mode n
comes from the antiperiodic boundary condition of fermion
for the S1τ direction. Collecting all of the contributions
obtained above, we obtain the effective potential at the one-
loop level under the ansatz (15), as given by Eq. (A70) in
the Appendix.
The typical expression we have to evaluate is

Vbasics ¼ ð−1ÞFNdeg:

�
1

2i

�Z
k
ln ðk2 þ ð2πTÞ2

× ðnþ φÞ2 þmðvÞ2Þ; (30)

where F takes 1(0) for fermions (bosons) and Ndeg. counts
the degrees of freedom. Following the standard prescrip-
tion, Vbasics consists of the zero-temperature part and the
finite-temperature part,

Vbasics ¼ VT¼0
basics þ VT≠0

basics; (31)

where

VT¼0
basics ¼ −ð−1ÞFþ1Ndeg

mðvÞ4
4ð4πÞ2

�
ln

�
mðvÞ2
M2

�
−
3

2

�
; (32)
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VT≠0
basics ¼ ð−1ÞFþ1Ndeg

2

ð2πÞ2 T
4
X∞
m¼1

1

m4
cos ð2πmφÞ

×

�
mðvÞ2
T2

m2

�
K2

�
mðvÞ
T

m

�
: (33)

Let us note that the Matsubara mode n is now replaced by
the “winding” mode m through the Poisson’s resummation
formula,

ffiffiffiffiffiffiffi
4πt

p
T
X∞
n¼−∞

e−tð2πTÞ2ðnþφÞ2 ¼
X∞

m¼−∞
e−ð

m2

4T2
1
tþ2πimφÞ: (34)

Here we have employed the MS scheme for the zero-
temperature part of the effective potential, which comes
from the m ¼ 0 mode andM is a certain mass scale. K2ðzÞ
is the modified Bessel function defined by

Z
∞

0

dtt−ν−1e−At−
B
t ¼ 2

�
A
B

�ν
2

K2ð2
ffiffiffiffiffiffiffi
AB

p
Þ: (35)

Equipped with Eqs. (32) and (33), we finally obtain the
effective potential at the one-loop level, as given by
Eqs. (A73) and (A74) in the Appendix. Let us note that
the finite-temperature part (33) becomes the same as the
one obtained by Dolan and Jackiw [1] for φ ¼ 0 and
mðvÞ=T ≪ 1 by expanding the modified Bessel function in
polynomial [10].
We are very much interested in the new phase, in which

the new order parameter φ takes the nontrivial value except
for the center of gauge group. The new order parameters φ
and ωr appear only in the finite temperature parts of the
contributions from the W�; G�; t; b; τ; Gμ, which is given
from Eq. (A74) by

VT≠0
φ;ωr−dep: ¼ −4

2

ð2πÞ2 T
4
X∞
m¼1

1

m4
cos½2πmð2φÞ�

�
mWðvÞ2

T2
m2

�
K2

�
mWðvÞ

T
m

�

− 2
2

ð2πÞ2 T
4
X∞
m¼1

1

m4
cos½2πmð2φÞ�

�
mG�ðvÞ2

T2
m2

�
K2

�
mG�ðvÞ

T
m

�

þ 4
2

ð2πÞ2 T
4
X3
r¼1

X∞
m¼1

ð−1Þm
m4

cos

�
2πm

�
ωr þ

4

3
φ

���
mtðvÞ2
T2

m2

�
K2

�
mtðvÞ
T

m

�

þ 4
2

ð2πÞ2 T
4
X3
r¼1

X∞
m¼1

ð−1Þm
m4

cos
�
2πm

�
ωr −

2

3
φ

���
mbðvÞ2
T2

m2

�
K2

�
mbðvÞ
T

m
�

þ 4
2

ð2πÞ2 T
4
X∞
m¼1

ð−1Þm
m4

cos½2πmð2φÞ�
�
mτðvÞ2
T2

m2

�
K2

�
mτðvÞ
T

m

�

− 2
2

ð2πÞ2 T
4
X3
r;q¼1

X∞
m¼1

2

m4
cos½2πmðωr − ωqÞ�: (36)

The notation miðvÞði ¼ W;G�; t; b; τÞ is defined by
Eq. (A75) in the Appendix.
Let us minimize VT≠0

φ;ωr−dep: with respect to φ;ωr. It has
been well known that the SUð3Þc gauge sector, the last line
in Eq. (36), is minimized at

ωr ¼
k
3
ðk ¼ 0; 1; 2Þ ðmod1Þ: (37)

One sees from the Polyakov loop defined by

WSUð3Þc
p ¼ Pexp

�
igs

Z
1
T

0

dτhGτi
�����

ωr¼k
3

¼ ei2π
k
313×3 (38)

that it is the center of the SUð3Þc gauge group.
The typical structure of the potential (36) is given by the

following two types of the functions:

fðx; ~zÞ ¼ −
X∞
m¼1

1

m4
cos½2πmx�ð~zmÞ2K2ð~zmÞ;

gðx; ~zÞ ¼ þ
X∞
m¼1

ð−1Þm
m4

cos½2πmx�ð~zmÞ2K2ð~zmÞ: (39)

We numerically depict fðx; ~zÞ and gðx; ~zÞ for positive
values of ~z in Figs. 1 and 2. We find that both of the
functions are minimized at x ¼ 0 for ~z > 0. This result is
understood by noting that the m ¼ 1 mode dominates the
functions fðx; ~zÞ and gðx; ~zÞ to yield x ¼ 0 as the minimum
configuration. It is also confirmed numerically that the
m ¼ 1 mode dominates the two functions. Then the
configurations that minimize VT≠0

φ;ωr−dep: are given by

ωr þ
4

3
φ ¼ 0 ðr ¼ 1; 2; 3Þ; ωr −

2

3
φ ¼ 0 ðr ¼ 1; 2; 3Þ;

2φ ¼ 0 ðmod1Þ (40)
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and (37). The first and the second equations in Eq. (40) are
a result of the top and bottom contributions, and the third
one is resulted by W�; G�, and tau contributions. We
immediately find that VT≠0

φ;ωr−dep: is minimized at φ ¼
~k=2ð~k ¼ 0; 1Þ and ωr ¼ k=3ðk ¼ 0; 1; 2Þ (mod 1) for non-
zero temperature. This also implies θ ¼ 0 (mod 1) at the
vacuum from the second equation in the ansatz (15). We
conclude that the center of SUð3Þc and SUð2ÞL is the
vacuum configuration at finite temperature.
There is no new phase in which the new order parameters

take nontrivial values other than the center of the gauge
group. It is crucial that the boundary condition of fermions
for the Euclidean time direction must be antiperiodic due to
the Fermi statistics. This is essential for φ to take the center
of SUð2ÞL at the minimum of the effective potential. This is
a remarkable difference when we consider the boundary
conditions of the fields for extra dimensions, which is
a priori unknown.
Let us mention the studies of [8], where the very high-

temperature behavior of the standard model has been
studied by the effective potential for the zero modes of
Aτ; Bτ, and Gτ with the assumption of p ¼ v ¼ 0. We can

reproduce the results of [8] by taking p ¼ v ¼ 0 in the
quadratic terms (A25), (A32), (A37), (A46), and (A47).

IV. CONCLUSIONS AND DISCUSSIONS

We have taken account of the new order parameters
arising from the zero mode of the Euclidean time compo-
nents of the gauge fields for studying the effective potential
of the standard model at finite temperature in four dimen-
sions. Because of the increased number of the order
parameters, there remains the component that can break
the electromagneticUð1Þ, denoted byUð1Þem, invariance in
the parametrization of the vacuum expectation values of the
Higgs field.
The existence of such a parameter complicates the

quadratic terms of the fluctuating fields by which one
obtains the effective potential at the one-loop level. We
have imposed the ansatz, which preserves the Uð1Þem
invariance, in order to study the effective potential as
analytically as possible. Then we have obtained the analytic
expression for the effective potential and study the vacuum
structure, namely, the possibility of whether the new order
parameters take nontrivial values except for the center of
the gauge group or not.
We find that the new order parameters do not take the

nontrivial values. It is important that the fermion obey the
antiperiodic boundary condition for the Euclidean time
direction due to the Fermi statistics. Thanks to this fact, the
new order parameter φ always takes zero at the vacuum for
finite temperature. It has been pointed out in [6] that the
nontrivial phase exists if there is a cross term between v and
φ in the tree-level potential. One may think that the absence
of the cross term in Eq. (8) due to the ansatz is the reason
that no new phases exist. Such a cross term, however, is not
important for the existence of the new phase. The boundary
condition for the compactified direction is essential. In the
case of [6], the boundary condition can be taken to be
periodic even for fermions because of the spatial compac-
tified direction, which contrary to the Euclidean time
direction is free from the Fermi statistics. This makes it
possible that the new order parameter φ can take a non-
trivial value except for the center of the gauge group.
Some comments are in order. Originally there are four

order parameters, v; p;φ; θ. Even though it may be unlikely
for p;φ; θ to have nontrivial values at the vacuum, one
should calculate the effective potential at the one-loop level
by using the matrices in Eqs. (A25), (A32), (A37), (A46),
and (A47) without imposing any conditions among the
order parameters. To this end, one needs to develop the
technique to sum up all of the Matsubara modes n that have
the complicated dependence in the eigenvalues of the
matrices. Concerning this point, we mention the limit
g; gY → 0. Even in the limit, the dependence of the
quadratic terms on φ; θ is survived in the simplified form.
Nevertheless, it is still difficult to perform the analytic

FIG. 1 (color online). The behavior of fðx; ~zÞ.

FIG. 2 (color online). The behavior of gðx; ~zÞ.
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calculation for obtaining the effective potential at the one-
loop level.
It may be true that the order parameters arising from the

Euclidean components of the gauge fields do not develop
nontrivial values except for the center of the gauge group. If
one considers two Higgs doublets models, including the
minimal supersymmetric standard model, for example, the
number of order parameters in the models is larger than
the usual case because of the additional zero modes of the
Euclidean components of the gauge fields. Then there may
be a possibility of a new source for CP violation at finite
temperature in dependence on the structure of the Higgs
potential.1

We stress that as long as the zero mode of the Euclidean
time component of the gauge field becomes the dynamical
variable at finite temperature field theory, it is important
and natural to take into account the effective potential at
finite temperature in addition to the usual order parameter
such as the Higgs field. We are now studying the electro-
weak models such as the two Higgs doublet models,
including the minimal supersymmetric standard model,
at finite temperature by taking account all of the order
parameters [12]. We are interested in whether the order
parameters take the nontrivial values or not. This will be
reported elsewhere in the future.
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APPENDIX

In this Appendix we present the details of notations and
calculations, some of which are used in the text.

1. Quadratic terms

In the imaginary time formulation of finite temperature
field theory, the Euclidean time τ is defined by the Wick
rotation

τ ¼ it: (A1)

Here we use ημν ¼ diagð1;−1;−1;−1Þ as the Minkowski
metric. Accordingly, the Euclidean time component of the
gauge field is related with the Minkowski component of the
gauge field by

Aτ ¼ −iA0; Bτ ¼ −iB0; Gτ ¼ −iG0: (A2)

The Euclidean time direction is compactified on S1τ
whose circumference is the inverse temperature T−1.
Bosons (Fermions) must obey the (anti) periodic boundary
conditions because of quantum statistics. Then the
Euclidean component of the momentum kτ ¼ −ik0 is
discretized as

kτ ¼
�
ωB
n ¼ 2πTn for bosons;
ωF
n ¼ 2πTðnþ 1

2
Þ for fermions;

(A3)

where n denotes the Matsubara mode, n ¼ 0;�1;�2;….
In order to obtain the effective potential at the one-

loop level, we expand the fields around the vacuum
expectation values as defined by Eq. (2) in the text and
take up to the quadratic terms with respect to the
fluctuations.
Let us start with the gauge sector of the standard model,

LEW
gauge ¼ −

1

2
trðFμνFμνÞ − 1

4
BμνBμν; (A4)

where Fμν; Bμν are the SUð2ÞL; Uð1ÞY field strengths,
respectively. We consider the SUð3Þc gauge sector later.
The quadratic terms from the gauge kinetic terms are
obtained by

LEWð2Þ
gauge ¼ −

1

2

	
∂iĀa

j∂iĀa
j − ∂iĀa

j∂jĀa
i



−
1

2
ðDSUð2Þ

τ ĀiÞaðDSUð2Þ
τ ĀiÞa −

1

2
∂iĀa

τ∂iĀa
τ

−
1

2

	
∂iB̄j∂iB̄j − ∂jB̄i∂iB̄j



−
1

2
∂iB̄τ∂iB̄τ

−
1

2
∂τB̄i∂τB̄i þ ðDSUð2Þ

τ ĀiÞa∂iĀa
τ þ ∂iB̄τ∂τB̄i;

(A5)

where we have defined

DSUð2Þ
τ Āi ≡ ∂τĀi − ig½hAτi; Āi� ði ¼ 1; 2; 3Þ: (A6)

að¼ 1; 2; 3Þ is the SUð2ÞL index, and the i; j; l stand for
the space component. The bar on the field denotes
the fluctuation. The Higgs kinetic term and potential
are

LHiggs ¼ ðDμΦÞ†DμΦ − VH; (A7)

where

DμΦ ¼ ∂μΦ − igAμΦ − i
gY
2
BμΦ;

VH ¼ −μ2Φ†Φþ λ

2
ðΦ†ΦÞ2: (A8)

The quadratic terms of the Higgs sector are given by
1A spontaneous CP violation at finite temperature has been

reported in [11].
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Lð2Þ
Higgs ¼ −ðD̄τΦ̄Þ†D̄τΦ̄ − ð∂iΦ̄Þ†∂iΦ̄

− ðD̄τΦ̄Þ†
�
−igĀτhΦi − i

gY
2
B̄τhΦi

�
−
�
ighΦi†Āτ þ i

gY
2
hΦi†B̄τ

�
D̄τΦ̄

− ∂iΦ̄†
�
−igĀihΦi − i

gY
2
B̄ihΦi

�
−
�
ighΦi†Āi þ i

gY
2
hΦi†B̄i

�
∂iΦ̄

− g2
�
hΦi†hAτiĀτΦ̄þ Φ̄†ĀτhAτihΦi þ hΦi†ĀτĀτhΦi

�

−
ggY
2

�
hΦi†hAτiB̄τΦ̄þ Φ̄†B̄τhAτihΦi þ hΦi†ĀτB̄τhΦi

�

−
ggY
2

�
hΦi†hBτiĀτΦ̄þ Φ̄†ĀτhBτihΦi þ hΦi†B̄τĀτhΦi

�

−
�
gY
2

�
2
�
hΦi†hBτiB̄τΦ̄þ Φ̄†B̄τhBτihΦi þ hΦi†B̄τB̄τhΦi

�

− g2hΦi†ĀiĀihΦi − ggYhΦi†B̄iĀihΦi −
�
gY
2

�
2

hΦi†B̄iB̄ihΦi

− μ2Φ̄†Φ̄þ λ

2
ð2jhΦij2jΦ̄j2 þ 2ðhΦi†Φ̄ÞðΦ̄†hΦiÞ þ ðhΦi†Φ̄Þ2 þ ðΦ̄†hΦiÞ2Þ: (A9)

Here we have defined

D̄τΦ̄≡ ∂τΦ̄ − ighAτiΦ̄ − i
gY
2
hBτiΦ̄: (A10)

Now let us introduce the gauge fixing and the ghosts,

LgfþFP ¼ LSUð2ÞL
gfþFP þ LUð1ÞY

gfþFP ¼ ð−iÞδBðC̄aFaÞ þ ð−iÞδBðC̄FÞ; (A11)

where δB denotes the BRS transformations [13]. Let us note that C̄a and C̄ are antighost fields. The gauge fixing functions
are chosen to be

Fa ≡ −∂iĀa
i − α1

�
ðDSUð2Þ

τ ĀτÞa − ig

�
Φ̄† τ

a

2
hΦi − hΦi† τ

a

2
Φ̄

��
þ α1

2
ba; (A12)

F≡ −∂iB̄i − α2

�
∂τB̄τ − i

gY
2
ðΦ̄†hΦi − hΦi†Φ̄Þ

�
þ α2

2
b; (A13)

where α1 and α2 are the gauge parameters. Hereafter we take α1 ¼ α2 ≡ ξ for simplicity. After operating the BRS
transformations and performing the integration of ba and b fields, the quadratic terms from the SUð2ÞL part are given by

LSUð2ÞL ð2Þ
gf ¼ ð−iÞδBðCaFaÞjquadratic ¼ −

1

2ξ
∂iĀa

i ∂jĀa
j − ðDSUð2Þ

τ ĀτÞa∂iĀa
i

þ ig

�
∂iĀa

i

�
Φ̄† τ

a

2
hΦi − hΦi† τ

a

2
Φ̄

��
−
ξ

2
ðDSUð2Þ

τ ĀτÞaðDSUð2Þ
τ ĀτÞa

þ iξg

�
ðDSUð2Þ

τ ĀτÞa
�
Φ̄† τ

a

2
hΦi − hΦi† τ

a

2
Φ̄

��
þ ξg2

2

�
Φ̄† τ

a

2
hΦi − hΦi† τ

a

2
Φ̄

�
2

− iC̄a∂2
i C

a − iξC̄aðDSUð2Þ
τ DSUð2Þ

τ CÞa

þ igξC̄a

�
g
2
hΦi†hΦiCa þ gY

2
ChΦi†τahΦi

�
: (A14)

Likewise we obtain the quadratic terms of the Uð1ÞY part,
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LUð1ÞY ð2Þ
gf ¼ ð−iÞδBðCFÞjquadratic ¼ −

1

2ξ
∂iB̄i∂jB̄j − ∂iB̄i∂τB̄τ þ

igY
2

�
∂iB̄i

�
Φ̄†hΦi − hΦi†Φ̄

��
−
ξ

2
∂τB̄τ∂τB̄τ

þ i
ξgY
2

�
∂τB̄τ

�
Φ̄†hΦi − hΦi†Φ̄

��
þ ξg2Y

8

�
Φ̄†hΦi − hΦi†Φ̄

�
2

− iC̄∂2
i C − iξC̄∂2

τCþ iξgYChΦi†
�
g
τa

2
Ca þ gY

2
C

�
hΦi: (A15)

The first term in the third line of Eq. (A5) [the second term in the third line of Eq. (A5)] is canceled by the second term in the
second line of Eq. (A14) [the second term in the second line of Eq. (A15)] after the partial integration. The third line of
Eq. (A9) is canceled by the first term in the third line of Eq. (A14) and the third term in the second line of Eq. (A15) after the
partial integration.
By noting that

ðD̄τΦ̄Þ†ĀτhΦi ¼ −Φ̄†ðDSUð2Þ
τ ĀτÞhΦi þ igΦ̄†ĀτhAτihΦi þ i

gY
2
Φ̄†hBτiĀτhΦi; (A16)

ðD̄τΦ̄Þ†B̄τhΦi ¼ −Φ̄†∂τB̄τhΦi þ igΦ̄†hAτiB̄τhΦi þ i
gY
2
Φ̄†hBτiB̄τhΦi; (A17)

where the partial integration has been performed, the second line of Eq. (A9) is recast as

− ðD̄τΦ̄Þ†
�
−igĀτhΦi − i

gY
2
B̄τhΦi

�
−
�
ighΦi†Āτ þ i

gY
2
hΦi†B̄τ

�
D̄τΦ̄

¼ ig

�
−Φ̄†ðDSUð2Þ

τ ĀτÞhΦi þ igΦ̄†ĀτhAτihΦi þ i
gY
2
Φ̄†hBτiĀτhΦi

þ hΦi†ðDSUð2Þ
τ ĀτÞΦ̄þ ighΦi†hAτiĀτΦ̄þ i

gY
2
hΦi†ĀτhBτiΦ̄

�

þ i
gY
2

�
−Φ̄†∂τB̄τhΦi þ igΦ̄†hAτiB̄τhΦi þ i

gY
2
Φ̄†hBτiB̄τhΦi

þ hΦi†∂τB̄τΦ̄þ ighΦi†B̄τhAτiΦ̄þ i
gY
2
hΦi†B̄τhBτiΦ̄

�
: (A18)

The first terms in the second and the third line of Eq. (A18), together with the first term in the fourth line of Eq. (A14), are
summarized into the compact form given by the first term in Eq. (A19) below. Likewise, the first terms in the fourth and the
fifth lines of Eq. (A18), together with the first term in the third line of Eq. (A15), are summarized into the compact form
given by the second term in Eq. (A19) below. The compact form is given by

igðξ − 1Þ
�
Φ̄†ðDSUð2Þ

τ ĀτÞhΦi − hΦi†ðDSUð2Þ
τ ĀτÞΦ̄

�
þ igY

2
ðξ − 1Þ

�
∂τB̄τΦ̄†hΦi − hΦi†Φ̄∂τB̄τ

�
; (A19)

which vanishes for the Feynman gauge ξ ¼ 1.
The quadratic part of the Lagrangian for the gauge fields Āa

i and B̄i is given by

Lð2Þ
gauge ¼ 1

2
Āa
i

�
δij∂2

l −
�
1 −

1

ξ

�
∂i∂j

�
Āa
j −

1

2
ðDSUð2Þ

τ ĀiÞaðDSUð2Þ
τ ĀiÞa

þ 1

2
B̄i

�
δij∂2

l −
�
1 −

1

ξ

�
∂i∂j

�
B̄j −

1

2
∂τB̄i∂τB̄i

− g2hΦi†ĀiĀihΦi − ggYhΦi†ĀiB̄ihΦi −
�
gY
2

�
2

hΦi†B̄iB̄ihΦi: (A20)

The quadratic part for the ghost fields Ca; C̄a; C, and C̄ is given by
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Lð2Þ
ghost ¼ −iC̄a∂2

i C
a − iξC̄aðDSUð2Þ

τ DSUð2Þ
τ CÞa − iC̄∂2

i C − iξC̄∂2
τC

þ iξgC̄a

�
g
2
jhΦij2Ca þ gY

2
ChΦi†τahΦi

�
þ iξgYC̄hΦi†

�
g
2
τaCa þ gY

2
C

�
hΦi: (A21)

Let us comment on the gauge fixing. We have chosen the gauge fixing in order to cancel all of the unwanted mixing terms
with derivatives between the gauge and Higgs fields. We found that this can be done by the gauge choices of (A12) and
(A13) with α1 ¼ α2 ¼ ξ ¼ 1, as seen above. One might think that our results are gauge dependent. This is not, however, the
case. The gauge invariance of the effective potential at minima (also maxima) has been proved in [14]. Furthermore, the
vacuum expectation values of gauge fields are also gauge invariant because they correspond to the Wilson (Polyakov) line
phases for the Euclidean time direction, which are manifestly gauge-invariant quantities.
The quadratic part for the scalar fields Āa

τ ; B̄τ, and Φ̄ is given by

Lð2Þ
scalar ¼ −

1

2
∂iĀa

τ∂iĀa
τ −

ξ

2
ðDSUð2Þ

τ ĀτÞaðDSUð2Þ
τ ĀτÞa

−
1

2
∂iB̄τ∂iB̄τ −

ξ

2
∂τB̄τ∂τB̄τ − ∂iΦ̄†∂iΦ̄ − ðD̄τΦ̄Þ†D̄τΦ̄

− g2ð2hΦi†hAτiĀτΦ̄þ 2Φ̄†ĀτhAτihΦi þ hΦi†ĀτĀτhΦiÞ
−
ggY
2

ð2Φ̄†hBτiĀτhΦi þ 2hΦi†ĀτhBτiΦ̄þ 2Φ̄†hAτiB̄τhΦi
þ 2hΦi†B̄τhAτiΦ̄þ 2hΦi†ĀτB̄τhΦiÞ

−
�
gY
2

�
2

ð2Φ̄†hBτiB̄τhΦi þ 2hΦi†B̄τhBτiΦ̄þ hΦi†B̄τB̄τhΦiÞ

þ μ2Φ̄†Φ̄ −
λ

2
ð2jhΦij2jΦ̄j2 þ 2ðhΦi†Φ̄ÞðΦ̄†hΦiÞ þ ðhΦi†Φ̄Þ2 þ ðΦ̄†hΦiÞ2Þ

þ ξ
g2

2

�
1

4
ðΦ̄†hΦiÞ2 þ 1

4
ðhΦi†Φ̄Þ2 þ 1

2
ðΦ̄†hΦiÞðhΦi†Φ̄Þ − jhΦij2jΦ̄j2

�

þ ξ
g2Y
8
ððΦ̄†hΦiÞ2 þ ðhΦi†Φ̄Þ2 − 2ðΦ̄†hΦiÞðhΦi†Φ̄ÞÞ

þ igðξ − 1ÞðΦ̄†ðDSUð2Þ
τ ĀτÞhΦi − hΦi†ðDSUð2Þ

τ ĀτÞΦ̄Þ

þ igY
2

ðξ − 1Þð∂τB̄τΦ̄†hΦi − hΦi†Φ̄∂τB̄τÞ: (A22)

The last two lines in Eq. (A22) vanish when we take the Feynman gauge ξ ¼ 1.
Let us put the parametrization (2) into Eqs. (A20)–(A22). We obtain for the gauge sector Lð2Þ

gauge that

Lð2Þ
gauge ¼ W−

i

�
δij∂2

l −
�
1 −

1

ξ

�
∂i∂j þ

�
ð∂τ − ið2πTÞð2φÞÞ2 − g2

4
ðv2 þ p2Þ

�
δij

�
Wþ

j

þ 1

2
Ā3
i

�
δij∂2

l −
�
1 −

1

ξ

�
∂i∂j þ

�
∂2
τ −

g2

4
ðv2 þ p2Þ

�
δij

�
Ā3
j

þ 1

2
B̄i

�
δij∂2

l −
�
1 −

1

ξ

�
∂i∂j þ

�
∂2
τ −

g2Y
4
ðv2 þ p2Þ

�
δij

�
B̄j

−
ggY
4

ðp2 − v2ÞĀ3
i B̄i −

ffiffiffi
2

p

4
ggYpvðWþ

i þW−
i ÞB̄i (A23)

¼ ðW−
i ; Ā

3
i ; B̄iÞM2

gauge

0
BB@

Wþ
j

Ā3
j

B̄j

1
CCA; (A24)

where
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M2
gauge ≡

0
BBB@

DW�
ij 0 − ffiffi

2
p
4
ggYpvδij

0 1
2
DA3

ij − 1
2
1
4
ggYðp2 − v2Þδij

−
ffiffi
2

p
4
ggYpvδij − 1

2
1
4
ggYðp2 − v2Þδij 1

2
DB

ij

1
CCCA: (A25)

Here we have defined

W�
μ ≡ 1ffiffiffi

2
p ðĀ1

μ ∓ iĀ2
μÞ ðμ ¼ τ; 1; 2; 3Þ (A26)

and

DW�
ij ¼ δij∂2

l −
�
1 −

1

ξ

�
∂i∂j þ

�
ð∂τ − ið2πTÞð2φÞÞ2 − g2

4
ðv2 þ p2Þ

�
δij;

DA3

ij ¼ δij∂2
l −
�
1 −

1

ξ

�
∂i∂j þ

�
∂2
τ −

g2

4
ðv2 þ p2Þ

�
δij;

DB
ij ¼ δij∂2

l −
�
1 −

1

ξ

�
∂i∂j þ

�
∂2
τ −

g2Y
4
ðv2 þ p2Þ

�
δij: (A27)

One observes that there is a coupling between W̄i and B̄j that breaks the Uð1Þem invariance due to the vacuum expectation
value p. This also happens in the scalar, ghost, and fermion sectors discussed below. The scalar sector is given by

Lð2Þ
scalar ¼ W−

τ

�
∂2
i þ ξð∂τ − ið2πTÞð2φÞÞ2 − g2

4
ðp2 þ v2Þ

�
Wþ

τ

þ 1

2
Ā3
τ

�
∂2
i þ ξ∂2

τ −
g2

4
ðv2 þ p2Þ

�
Ā3
τ þ

1

2
B̄τ

�
∂2
i þ ξ∂2

τ −
g2Y
4
ðv2 þ p2Þ

�
B̄τ

þ 1

2
h

�
∂2
i þ

�
∂τ − ið2πTÞ

�
−φþ θ

2

��
2

þ μ2 − λ

�
3

2
v2 þ p2

2

�
−
ξ

4
g2p2

�
h

þ 1

2
G0

�
∂2
i þ

�
∂τ − ið2πTÞ

�
−φþ θ

2

��
2

þ μ2 − λ

�
v2

2
þ p2

2

�
− ξ

g2 þ g2Y
4

v2 − ξ
g2

4
p2

�
G0

þ G−
�
∂2
i þ

�
∂τ − ið2πTÞ

�
φþ θ

2

��
2

þ μ2 − λ

�
v2

2
þ p2

�
− ξ

g2

4
v2 − ξ

g2 þ g2Y
8

p2

�
Gþ

−
λ

2

�
p2

2
ðGþ2 þG−2Þ þ

ffiffiffi
2

p
pvðGþ þG−Þh

�
þ ξ

g2 þ g2Y
16

p2ðGþ2 þG−2Þ

− gð2πTÞ
�
pffiffiffi
2

p
�
φþ θ

2

�
fðGþ þ G−ÞĀ3

τ þ ðWþ
τ þW−

τ Þh

þ iðWþ
τ −W−

τ ÞG0g − v

�
φ −

θ

2

�
ðW−

τ Gþ þWþ
τ G− − Ā3

τhÞ
�

− gYð2πTÞ
�
pffiffiffi
2

p
�
φþ θ

2

�
ðGþ þG−ÞB̄τ − v

�
φ −

θ

2

�
B̄τh

�

− ggY

�
1

4
ðp2 − v2ÞĀ3

τ B̄τ þ
ffiffiffi
2

p

4
pvðWþ

τ þW−
τ ÞB̄τ

�
þ ξ

ffiffiffi
2

p

8
g2pvðGþ þG−Þhþ ξ

ffiffiffi
2

p

8
g2YpvðGþ − G−ÞiG0

þ igðξ − 1Þ 1

2
ffiffiffi
2

p ½pðG− −GþÞ∂τĀ3
τ þ

ffiffiffi
2

p
vðG−ð∂τ − ið2πTÞð2φÞÞWþ

τ − Gþð∂τ − ið2πTÞð−2φÞÞW−
τ Þ

þ pðð∂τ − ið2πTÞð−2φÞÞW−
τ − ð∂τ − ið2πTÞð2φÞÞWþ

τ Þh − ipðð∂τ − ið2πTÞð−2φÞÞW−
τ

þ ð∂τ − ið2πTÞð2φÞÞWþ
τ ÞG0 þ i

ffiffiffi
2

p
vG0∂τĀ3

τ � þ igYðξ − 1Þ 1

2
ffiffiffi
2

p ½pðG− − GþÞ∂τB̄τ −
ffiffiffi
2

p
ivG0∂τB̄τ�: (A28)

Here we have defined
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Φ̄ ¼
�

Gþ
1ffiffi
2

p ðhþ iG0Þ
�
:

In terms of the real fields defined by Eq. (A26) and

G� ≡ 1ffiffiffi
2

p ðg1 ∓ ig2Þ; (A29)

Eq. (A28) becomes

Lð2Þ
scalar ¼

1

2
Ā1
τ

�
∂2
i þ ξð∂2

τ − ð2πTÞ2ð2φÞ2Þ − g2

4
ðp2 þ v2Þ

�
Ā1
τ

þ 1

2
Ā2
τ

�
∂2
i þ ξð∂2

τ − ð2πTÞ2ð2φÞ2Þ − g2

4
ðp2 þ v2Þ

�
Ā2
τ − 2πTð2φÞðĀ1

τ∂τĀ2
τ − Ā2

τ∂τĀ1
τÞ

þ 1

2
Ā3
τ

�
∂2
i þ ξ∂2

τ −
g2

4
ðv2 þ p2Þ

�
Ā3
τ þ

1

2
B̄τ

�
∂2
i þ ξ∂2

τ −
g2Y
4
ðv2 þ p2Þ

�
B̄τ

þ 1

2
h

�
∂2
i þ ∂2

τ − ð2πTÞ2
�
−φþ θ

2

�
2

þ μ2 − λ

�
3

2
v2 þ p2

2

�
−
ξ

4
g2p2

�
h

þ 1

2
G0

�
∂2
i þ ∂2

τ − ð2πTÞ2
�
−φþ θ

2

�
2

þ μ2 − λ

�
v2

2
þ p2

2

�
− ξ

g2 þ g2Y
4

v2 − ξ
g2

4
p2

�
G0

þ 1

2
g1
�
∂2
i þ ∂2

τ − ð2πTÞ2
�
φþ θ

2

�
2

þ μ2 −
λ

2
v2 −

3

2
λp2 − ξ

g2

4
v2
�
g1

þ 1

2
g2
�
∂2
i þ ∂2

τ − ð2πTÞ2
�
φþ θ

2

�
2

þ μ2 −
λ

2
v2 −

λ

2
p2 − ξ

g2

4
v2 − ξ

g2 þ g2Y
4

p2

�
g2

− 2πT

�
φþ θ

2

�
ðg1∂τg2 − g2∂τg1Þ − 2πT

�
φ −

θ

2

�
ðh∂τG0 − G0∂τhÞ

− gð2πTÞ
�
p

�
φþ θ

2

�
ðg1Ā3

τ þ Ā1
τhþ Ā2

τG0Þ − v

�
φ −

θ

2

�
ðĀ1

τg1 þ Ā2
τg2 − Ā3

τhÞ
�

− gYð2πTÞ
�
p
�
φþ θ

2

�
g1B̄τ − v

�
φ −

θ

2

�
B̄τh
�

− ggY

�
1

4
ðp2 − v2ÞĀ3

τ B̄τ þ
1

2
pvĀ1

τ B̄τ

�
þ ξ

g2

4
pvg1hþ ξ

g2Y
4
pvg2G0 − λpvhg1

−
g
2
ðξ − 1Þ½ðpg2 þ vG0Þ∂τĀ3

τ − vðg1∂τĀ2
τ − g2∂τĀ1

τÞ þ pðh∂τĀ2
τ −G0∂τĀ1

τÞ
− ð2πTÞð2φÞvðg1Ā1

τ þ g2Ā2
τÞ þ ð2πTÞð2φÞpðhĀ1

τ þ G0Ā2
τÞ�

−
gY
2
ðξ − 1Þðpg2 − vG0Þ∂τB̄τ (A30)

¼ 1

2
ðĀ1

τ ; Ā2
τ ; g1; g2; Ā3

τ ; B̄τ; h; G0ÞM2
scalar

0
BBBBBBBBBBBBBBB@

Ā1
τ

Ā2
τ

g1

g2

Ā3
τ

B̄τ

h

G0

1
CCCCCCCCCCCCCCCA

; (A31)

where M2
scalar is defined by

M2
scalar ¼

0
BBBBBBBBBB@

A a b −c̄ 0 c d d̄
−a A c̄ b 0 0 −d̄ d
b −c̄ B g h i j 0

c̄ b −g C d̄ b̄ 0 k
0 0 h −d̄ D l m −c̄
c 0 i −b̄ l E n ē
d d̄ j 0 m n F ~g
−d̄ d 0 k c̄ −ē −~g G

1
CCCCCCCCCCA
:

(A32)

The components in M2
scalar are given as
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A ¼ ∂2
i þ ξð∂2

τ − ð2πTÞ2ð2φÞ2Þ − g2

4
ðp2 þ v2Þ;

B ¼ ∂2
i þ ∂2

τ − ð2πTÞ2
�
φþ θ

2

�
2

þ μ2 −
λ

2
v2 −

3

2
λp2 − ξ

g2

4
v2;

C ¼ ∂2
i þ ∂2

τ − ð2πTÞ2
�
φþ θ

2

�
2

þ μ2 −
λ

2
v2 −

λ

2
p2 − ξ

g2

4
v2 −

ξ

4
ðg2 þ g2YÞp2;

D ¼ ∂2
i þ ξ∂2

τ −
g2

4
ðp2 þ v2Þ;

E ¼ ∂2
i þ ξ∂2

τ −
g2Y
4
ðp2 þ v2Þ;

F ¼ ∂2
i þ ∂2

τ − ð2πTÞ2
�
−φþ θ

2

�
2

þ μ2 − λ

�
3

2
v2 þ p2

2

�
−
ξ

4
g2p2;

G ¼ ∂2
i þ ∂2

τ − ð2πTÞ2
�
−φþ θ

2

�
2

þ μ2 − λ

�
v2

2
þ p2

2

�
− ξ

g2 þ g2Y
4

v2 − ξ
g2

4
p2;

a ¼ −2ð2πTÞð2φÞ∂τ; b ¼ gvð2πTÞ
�
φ −

θ

2

�
− η2ð2πTÞð2φÞv;

c ¼ −
ggY
2

pv; d ¼ −gpð2πTÞ
�
φþ θ

2

�
þ η2ð2πTÞð2φÞp; g ¼ −2ð2πTÞ

�
φþ θ

2

�
∂τ;

~g ¼ −2ð2πTÞ
�
φ −

θ

2

�
∂τ; h ¼ −gpð2πTÞ

�
φþ θ

2

�
; i ¼ −gYpð2πTÞ

�
φþ θ

2

�
;

j ¼ ξ
g2

4
pv − λpv; k ¼ ξ

g2Y
4
pv; l ¼ −

ggY
4

ðp2 − v2Þ; m ¼ −gvð2πTÞ
�
φ −

θ

2

�
;

n ¼ gYvð2πTÞ
�
φ −

θ

2

�
; c̄ ¼ η2v∂τ; d̄ ¼ η2p∂τ; b̄ ¼ η1p∂τ; ē ¼ η1v∂τ; (A33)

wherewehavedefinedη2 ≡ −gðξ − 1Þ=2, η1 ≡ −gYðξ − 1Þ=
2, which vanishes if we take the Feynman gauge ξ ¼ 1.
Let us proceed to the ghost sector. As usual, it is

convenient to introduce

C� ≡ 1ffiffiffi
2

p ðC1 ∓ iC2Þ; C̄� ≡ 1ffiffiffi
2

p ðC̄1 ∓ iC2Þ: (A34)

Then the ghost sector is given by

Lð2Þ
ghost¼ iC̄þ

�
−∂2

i −ξð∂τ−ið2πTÞð2φÞÞ2þξ
g2

4
ðp2þv2Þ

�
C−

þiC̄−
�
−∂2

i −ξð∂τ−ið2πTÞð2φÞÞ2þξ
g2

4
ðp2þv2Þ

�
Cþ

þiC̄3

�
−∂2

i −ξ∂2
τþξ

g2

4
ðp2þv2Þ

�
C3

þiC̄
�
−∂2

i −ξ∂2
τþξ

g2Y
4
ðp2þv2Þ

�
C

−iξ
ggY
4

ðp2−v2ÞCC̄3þiξ
ggY
4

ðp2−v2ÞC̄C3

−iξ

ffiffiffi
2

p

4
ggYpv½CðC̄þþC̄−Þ−C̄ðCþþC−Þ� (A35)

¼ iðC̄þ; C̄−; C̄3; C̄ÞM2
ghost

0
BBBB@

C−

Cþ

C3

C

1
CCCCA; (A36)

where M2
ghost is given by

M2
ghost

¼

0
BBBBBBBB@

−DW�
0 0 ξ

ffiffi
2

p
4
ggYpv

0 −DW�
0 ξ

ffiffi
2

p
4
ggYpv

0 0 −DA3

ξggY
4
ðp2−v2Þ

ξ
ffiffi
2

p
4
ggYpv ξ

ffiffi
2

p
4
ggYpv ξggY

4
ðp2−v2Þ −DB

1
CCCCCCCCA
:

(A37)

Here we have defined
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DW� ¼ ∂2
i þ ξ

�
ð∂τ − ið2πTÞð2φÞÞ2 − g2

4
ðp2 þ v2Þ

�
;

DA3 ¼ ∂2
i þ ξ

�
∂2
τ −

g2

4
ðp2 þ v2Þ

�
;

DB ¼ ∂2
i þ ξ

�
∂2
τ −

g2Y
4
ðp2 þ v2Þ

�
: (A38)

These are the same as (A27) with ξ ¼ 1 aside from the
factor δij.
Let us introduce the fermions of the third generation,

QL ¼
�

tL
bL

�
; tR; bR; lL ¼

�
ντL
τL

�
; τR: (A39)

Since our results do not change even if we introduce the
first and second generations with the mixings among
the generations, we consider only the third generation.
We simply assume that the neutrino is massless. The
Lagrangian for the fermions is

Lfermion¼ Q̄LiγμD
Q
μ QLþ t̄RiγμD

tR
μ tRþ b̄RiγμD

bR
μ bR

þftðt̄R ~Φ†QLþQ̄L
~ΦtRÞþfbðb̄RΦ†QLþQ̄LΦbRÞ

þ l̄LiγμDl
μlLþ τ̄RiγμD

τR
μ τRþfτðτ̄RΦ†lLþ l̄LΦτRÞ;

(A40)

where the covariant derivatives are given by

DQ
μ ¼∇μ− igAμ− i

gY
2

1

3
Bμ; DtR

μ ¼∇μ− i
gY
2

4

3
Bμ;

DbR
μ ¼∇μ− i

gY
2

�
−
2

3

�
Bμ; Dl

μ ¼ ∂μ− igAμ− i
gY
2
ð−1ÞBμ;

DτR
μ ¼ ∂μ− i

gY
2
ð−2ÞBμ (A41)

and ft;b;τ stands for the Yukawa couplings for the top,
bottom, and tau. Here∇μ stands for the covariant derivative
for the SUð3Þc, which is defined by

∇μ ≡ ∂μ − igsGμ: (A42)

The Euclidean component of the gamma matrices is
defined by γτ ≡ iγ0 with

fγμ; γνg ¼ −2δμνðμ; ν ¼ τ; 1; 2; 3Þ: (A43)

Then the quadratic terms from the fermions are

Lð2Þ
fermion ¼ −iQ̄L

�
γτ

�
∂τ − igshGτi − ighAτi − i

gY
6
hBτi

�
þ γi∂i

�
QL

− it̄R

�
γτ

�
∂τ − igshGτi − i

2gY
3

hBτi
�
þ γi∂i

�
tR þ ftðt̄Rh ~Φi†QL þ Q̄Lh ~ΦitRÞ

− ib̄R

�
γτ

�
∂τ − igshGτi þ i

gY
3
hBτi

�
þ γi∂i

�
bR þ fbðb̄RhΦi†QL þ Q̄LhΦibRÞ

− il̄L

�
γτ

�
∂τ − ighAτi þ i

gY
2
hBτi

�
þ γi∂i

�
lL

− iτ̄R

�
γτ

�
∂τ þ igYhBτi

�
þ γi∂i

�
τR þ fτðτ̄RhΦi†lL þ l̄LhΦiτRÞ: (A44)

By substituting the parametrizations for the vacuum expectation values (2) and (6) in Eq. (A44), we obtain that

Lfermion ¼ ðt̄L; t̄R; b̄L; b̄RÞMquark

0
BBB@

tL
tR
bL
bR

1
CCCAþ ðν̄L; τ̄L; τ̄R; ÞMlepton

0
B@

νL

τL

τR

1
CA; (A45)

where we have defined

Mquark ¼

0
BBBBBBB@

−iDtL
ftffiffi
2

p v 0 fbffiffi
2

p p

ftffiffi
2

p v −iDtR
−ftffiffi
2

p p 0

0 −ftffiffi
2

p p −iDbL
fbffiffi
2

p v

fbffiffi
2

p p 0 fbffiffi
2

p v −iDbR

1
CCCCCCCA
; (A46)

Mlepton ¼

0
BBB@

−iDνL 0 fτffiffi
2

p p

0 −iDτL
fτffiffi
2

p v

fτffiffi
2

p p fτffiffi
2

p v −iDτR

1
CCCA: (A47)

The diagonal elements are given by
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DtL ≡ γτ

�
∂τ − ið2πTÞ

�
ωr þ φþ θ

6

��
þ γi∂i; DtR ≡ γτ

�
∂τ − ið2πTÞ

�
ωr þ

2

3
θ

��
þ γi∂i;

DbL ≡ γτ

�
∂τ − ið2πTÞ

�
ωr − φþ θ

6

��
þ γi∂i; DbR ≡ γτ

�
∂τ − ið2πTÞ

�
ωr −

θ

3

��
þ γi∂i;

DτL ≡ γτ

�
∂τ þ ið2πTÞ

�
φþ θ

2

��
þ γi∂i; DτR ≡ γτð∂τ þ ið2πTÞθÞ þ γi∂i;

DνL ≡ γτ

�
∂τ − ið2πTÞ

�
φ −

θ

2

��
þ γi∂i: (A48)

Let us finally consider the SUð3Þc gauge sector whose
Lagrangian, including the gauge fixing and the ghost, is
given by

LSUð3Þc ¼ −
1

2
trðGμνGμνÞ − iδBðC̄α

sFα
sÞ; (A49)

where αð¼ 1 ∼ 8Þ is the SUð3Þc color index and the gauge-
fixing function Fα

s is chosen to be

Fα
s ≡ −∂iḠα

i − ξsðDSUð3Þc
τ ḠτÞα þ

ξs
2
bαs ; (A50)

as usual. The calculations are straightforward and go in
parallel with the SUð2ÞL case except that there is no scalar
field like the Higgs field in this sector. Expanding the gauge
field Gμ around the background hGτi and taking the
quadratic terms with respect to the fluctuations, one obtains
that

Lð2Þ
SUð3Þc ¼

1

2
Ḡα

i

�
δij∂2

l −
�
1 −

1

ξ

�
∂i∂j

�
Ḡα

j

−
1

2
ðDSUð3Þc

τ ḠiÞαðDSUð3Þc
τ ḠiÞα

−
1

2
∂iḠα

τ∂iḠα
τ −

ξs
2
ðDSUð3Þc

τ ḠτÞαðDSUð3Þc
τ ḠτÞα

− iC̄α
s∂2

i C
α
s − iξsC̄α

s ðDSUð3Þc
τ DSUð3Þc

τ CsÞα; (A51)

where the covariant derivative in Eqs. (A50) and (A51) is
defined by

DSUð3Þc
τ Ḡμ ≡∂τḠμ − igs½hGτi; Ḡμ� ðμ¼ τ;1;2;3Þ: (A52)

2. Quadratic terms under the ansatz

We have obtained the quadratic terms. It is, however,
difficult to sum up all of the Matsubara modes n because of
the complex dependence on n in the matrices (A25), (A32),
(A37), (A46), and (A47).2 As explained in the text, it may
be natural to impose the ansatz (15) in order to study the

effective potential at the one-loop level as analytically as
possible. Under the ansatz with the Feynman gauge ξ ¼ 1
and ξs ¼ 1, the matrices become so simple that we can
diagonalize them and sum up all of the Matsubara modes.
The quadratic terms under the ansatz for the gauge sector

is simplified as

ðW−
i ;Ā

3
i ;B̄iÞM2

gaugejansatz

0
BB@
Wþ

j

Ā3
j

B̄i

1
CCA

¼W−
i D̄

W�
δijW

þ
j þ

1

2
ðĀ3

i ;B̄iÞ
 

D̄A3 1
4
ggYv2

1
4
ggYv2 D̄B

!
δij

�Ā3
j

B̄j

�
;

(A53)

where

D̄W� ¼ ∂2
i þ ð∂τ − ið2πTÞð2φÞÞ2 − g2

4
v2;

D̄A3 ¼ ∂2
i þ ∂2

τ −
g2

4
v2; D̄B ¼ ∂2

i þ ∂2
τ −

g2Y
4
v2:

(A54)

Diagonalization of the Ā3
i and B̄i sector can be done by the

usual rotation,

�
Zi

Aγ
i

�
¼
�
cw −sw
sw cw

��
Ā3
i

B̄i

�
with

×

8<
:

cw ≡ cos θw ≡ gffiffiffiffiffiffiffiffiffi
g2þg2Y

p ;

sw ≡ sin θw ≡ gYffiffiffiffiffiffiffiffiffi
g2þg2Y

p . (A55)

Then the eigenvalues in the momentum space are given by

−k2i − ð2πTÞ2ðn − 2φÞ2 − g2

4
v2 � � �W�

i ;

−k2i − ð2πTÞ2n2 − g2 þ g2Y
4

v2 � � �Zi;

−k2i − ð2πTÞ2n2 � � �Aγ
i : (A56)

The quadratic terms for the scalar sector are
2The derivative ∂τ is replaced by ið2πTÞnðið2πTÞðnþ 1

2
ÞÞ in

the momentum space for bosons (fermions).
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1

2
ðĀ1

τ ; Ā2
τ ; g1; g2; Ā3

τ ; B̄τ; h; G0ÞM2
scalarjansatz

0
BBBBBBBBBBBBBBB@

Ā1
τ

Ā2
τ

g1

g2

Ā3
τ

B̄τ

h

G0

1
CCCCCCCCCCCCCCCA

(A57)

¼ 1

2
ðĀ1

τ ; Ā2
τÞ
�

Ā a

−a Ā

��
Ā1
τ

Ā2
τ

�
þ1

2
ðg1;g2Þ

�
B̄ ḡ

−ḡ C̄

��
g1

g2

�

þ1

2
ðĀ3

τ ; B̄τÞ
�
D̄ l̄

l̄ Ē

��
Ā3
τ

B̄τ

�
þ1

2
hF̄hþ1

2
G0ḠG0; (A58)

where

Ā¼∂2
i þ∂2

τ−ð2πTÞ2ð2φÞ2−g2

4
v2;

B̄¼∂2
i þ∂2

τ−ð2πTÞ2ð2φÞ2þμ2−
λ

2
v2−

g2

4
v2¼ C̄;

D̄¼∂2
i þ∂2

τ−
g2

4
v2; Ē¼∂2

i þ∂2
τ−

g2Y
4
v2;

F̄¼∂2
i þ∂2

τþμ2−
3

2
λv2; Ḡ¼∂2

i þ∂2
τþμ2−

λv2

2
−
g2þg2Y

4
v2;

a¼−2ð2πTÞð2φÞ∂τ; ḡ¼−2ð2πTÞð2φÞ∂τ; l̄¼ggY
4

v2:

(A59)

The Ā1;2
τ and g1;2 sectors are diagonalized by the original

base defined in Eqs. (A26) and (A29). The Ā3
τ and B̄τ sector

is diagonalized by the rotation matrix given by Eq. (A55),�
Zτ

Aγ
τ

�
¼
�
cw −sw
sw cw

��
Ā3
τ

B̄τ

�
. (A60)

Then the eigenvalues in the momentum space are

−k2i − ð2πTÞ2ðn − 2φÞ2 − g2

4
v2 � � �W�

τ ;

−k2i − ð2πTÞ2n2 − g2 þ g2Y
4

v2 � � �Zτ;

−k2i − ð2πTÞ2n2 � � �Aγ
τ;

−k2i − ð2πTÞ2ðn − 2φÞ2 þ μ2 −
λ

2
v2 −

g2

4
v2 � � �G�;

−k2i − ð2πTÞ2n2 þ μ2 −
λ

2
v2 −

g2 þ g2Y
4

v2 � � �G0;

−k2i − ð2πTÞ2n2 þ μ2 −
3λ

2
v2 � � � h: (A61)

Let us note that in the above calculations the terms
proportional to −φþ θ=2 or p vanish and φþ θ=2
becomes 2φ due to the ansatz.
The quadratic terms for the ghost sector are

iðC̄þ; C̄−; C̄3; C̄ÞM2
ghostjansatz

0
BBBB@

C−

Cþ

C3

C

1
CCCCA

¼ −iC̄þD̄W�C− − iC̄−D̄W�Cþ − iðC̄3; C̄Þ

×

�
D̄A3 ggY

4
v2

ggY
4
v2 D̄B

��
C3

C

�
; (A62)

where

D̄W� ¼ ∂2
i þ ð∂τ − ið2πTÞð2φÞÞ2 − g2

4
v2;

D̄A3 ¼ ∂2
i þ ∂2

τ −
g2

4
v2; D̄B ¼ ∂2

i þ ∂2
τ −

g2Y
4
v2:

(A63)

By introducing the new bases by the rotation matrix
(A55),

�
C̄Z

C̄γ

�
¼
�
cw −sw
sw cw

��
C̄3

C̄

�
;

�
CZ

Cγ

�
¼
�
cw −sw
sw cw

��
C3

C

�
;

(A64)

the ghost sector is diagonalized. The eigenvalues are
given, in the momentum space, by

−k2i − ð2πTÞ2ðn − 2φÞ2 − g2

4
v2 � � � C̄�; C�;

−k2i − ð2πTÞ2n2 − g2 þ g2Y
4

v2 � � � C̄Z; CZ;

−k2i − ð2πTÞ2n2 � � � C̄γ; Cγ: (A65)

Let us finally consider the fermion sector whose matrices
under the ansatz are given by

ðt̄L; t̄R; b̄L; b̄RÞMquarkjansatz

0
BBBB@

tL
tR
bL
bR

1
CCCCA

þ ðν̄L; τ̄L; τ̄R; ÞMleptonjansatz

0
B@

νL

τL

τR

1
CA (A66)
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¼ ðt̄L; t̄RÞ
0
@−iD̄tL

ftffiffi
2

p v

ftffiffi
2

p v −iD̄tR

1
A� tL

tR

�

þ ðb̄L; b̄RÞ
0
@−iD̄bL

fbffiffi
2

p v

fbffiffi
2

p v −iD̄bR

1
A� bL

bR

�

þ ðτ̄L; τ̄RÞ
0
@−iD̄τL

fτffiffi
2

p v

fτffiffi
2

p v −iD̄τR

1
A� τL

τR

�
− iν̄LD̄νLνL;

(A67)

where

D̄tL ≡ γτ

�
∂τ − ið2πTÞ

�
ωr þ

4

3
φ

��
þ γi∂i ¼ D̄tR ;

D̄bL ≡ γτ

�
∂τ − ið2πTÞ

�
ωr −

2

3
φ

��
þ γi∂i ¼ D̄bR ;

D̄τL ≡ γτ

�
∂τ þ ið2πTÞ2φ

�
þ γi∂i ¼ D̄τR ;

D̄νL ≡ γτ∂τ þ γi∂i: (A68)

Let us note that thanks to the ansatz the diagonal compo-
nents of each matrix for the top, bottom, and tau sectors
become identical. The eigenvalues in the momentum space
are

k2i þ ð2πTÞ2
�
nþ 1

2
− ωr −

4

3
φ

�
2

þ f2t
2
v2 � � � tL; tR;

k2i þ ð2πTÞ2
�
nþ 1

2
− ωr þ

2

3
φ

�
2

þ f2b
2
v2 � � � bL; bR;

k2i þ ð2πTÞ2
�
nþ 1

2
þ 2φ

�
2

þ f2τ
2
v2 � � � τL; τR;

k2i þ ð2πTÞ2
�
nþ 1

2

�
2

� � � νL: (A69)

The half integer in the Matsubara mode n is due to the Fermi
statistics for fermions. Since the quarks have the color
degrees of freedom, the eigenvalues also depend on the
order parameter ωr of the vacuum expectation value hGτi.
Taking account of the eigenvalues obtained above, the

one-loop contributions to the effective potential are
given by

Vone-loop ¼ ð6þ 2 − 4Þ × 1

2i

Z
k
ln

�
k2i þ ð2πTÞ2ðn − 2φÞ2 þ g2

4
v2
�

þ ð3þ 1 − 2Þ × 1

2i

Z
k
ln

�
k2i þ ð2πTÞ2n2 þ g2 þ g2Y

4
v2
�

þ ð3þ 1 − 2Þ × 1

2i

Z
k
ln½k2i þ ð2πTÞ2n2�

þ ð4 − 2Þ
X3
r;q¼1

1

2i

Z
k
ln½k2i þ ð2πTÞ2ðnþ ωr − ωqÞ2�

þ 2 ×
1

2i

Z
k
ln

�
k2i þ ð2πTÞ2ðn − 2φÞ2 − μ2 þ λ

2
v2 þ g2

4
v2
�

þ 1 ×
1

2i

Z
k
ln

�
k2i þ ð2πTÞ2n2 − μ2 þ λ

2
v2 þ g2 þ g2Y

4
v2
�

þ 1 ×
1

2i

Z
k
ln

�
k2i þ ð2πTÞ2n2 − μ2 þ 3λ

2
v2
�

þ ð−1Þ22
X3
r¼1

1

2i

Z
k
ln

�
k2i þ ð2πTÞ2

�
nþ 1

2
− ωr −

4

3
φ

�
2

þ f2t
2
v2
�

þ ð−1Þ22
X3
r¼1

1

2i

Z
k
ln

�
k2i þ ð2πTÞ2

�
nþ 1

2
− ωr þ

2

3
φ

�
2

þ f2b
2
v2
�

þ ð−1Þ22 × 1

2i

Z
k
ln

�
k2i þ ð2πTÞ2

�
nþ 1

2
þ 2φ

�
2

þ f2τ
2
v2
�

þ ð−1Þ 2
2

2
×

1

2i

Z
k
ln

�
k2i þ ð2πTÞ2

�
nþ 1

2

�
2
�
; (A70)
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where we have defined

Z
k
≡iT

X∞
n¼−∞

Z
d3k
ð2πÞ3 : (A71)

The first to fourth lines come from W�
i;τ; Zi;τ; A

γ
i;τ, and

Gα
i;τ, respectively, together with the ghost fields

C�; C̄�; CZ; C̄Z; Cγ; C̄γ; Cα
s ; C̄α

s . The fields G�; G0, and h
contribute to the fifth, sixth, and seventh lines, respectively.

The last four lines are the fermion contributions. In addition
to the usual order parameter v, the one-loop contributions
depend on the new order parameters φ andωr. As discussed
in the text, the effective potential at the one-loop level
consists of the zero and finite temperature part,

Vone-loop ¼ VT¼0 þ VT≠0; (A72)

where

VT¼0 ¼ −
μ2

2
v2 þ λ

8
v4

þ 4

4ð4πÞ2mWðvÞ4
�
ln
mWðvÞ2
M2

−
3

2

�
þ 2

4ð4πÞ2 mZðvÞ4
�
ln
mZðvÞ2
M2

−
3

2

�

þ 2

4ð4πÞ2mG�ðvÞ4
�
ln
mG�ðvÞ2

M2
−
3

2

�
þ 1

4ð4πÞ2 mG0ðvÞ4
�
ln
mG0ðvÞ2

M2
−
3

2

�

þ 1

4ð4πÞ2mhðvÞ4
�
ln
mhðvÞ2
M2

−
3

2

�
−

12

4ð4πÞ2mtðvÞ4
�
ln
mtðvÞ2
M2

−
3

2

�

−
12

4ð4πÞ2mbðvÞ4
�
ln
mbðvÞ2
M2

−
3

2

�
−

4

4ð4πÞ2 mτðvÞ4
�
ln
mτðvÞ2
M2

−
3

2

�
(A73)

and

VT≠0 ¼ −4
2

ð2πÞ2 T
4
X∞
m¼1

1

m4
cos½2πmð2φÞ�

�
mWðvÞ2

T2
m2

�
K2

�
mWðvÞ

T
m

�

− 2
2

ð2πÞ2 T
4
X∞
m¼1

1

m4

�
mZðvÞ2
T2

m2

�
K2

�
mZðvÞ
T

m

�

− 2
2

ð2πÞ2 T
4
X∞
m¼1

1

m4
cos½2πmð2φÞ�

�
mG�ðvÞ2

T2
m2

�
K2

�
mG�ðvÞ

T
m

�

− 1
2

ð2πÞ2 T
4
X∞
m¼1

1

m4

�
mG0ðvÞ2

T2
m2

�
K2

�
mG0ðvÞ

T
m

�

− 1
2

ð2πÞ2 T
4
X∞
m¼1

1

m4

�
mhðvÞ2
T2

m2

�
K2

�
mhðvÞ
T

m
�

þ 4
2

ð2πÞ2 T
4
X3
r¼1

X∞
m¼1

ð−1Þm
m4

cos

�
2πm

�
ωr þ

4

3
φ

���
mtðvÞ2
T2

m2

�
K2

�
mtðvÞ
T

m

�

þ 4
2

ð2πÞ2 T
4
X3
r¼1

X∞
m¼1

ð−1Þm
m4

cos

�
2πm

�
ωr −

2

3
φ

���
mbðvÞ2
T2

m2

�
K2

�
mbðvÞ
T

m

�

þ 4
2

ð2πÞ2 T
4
X∞
m¼1

ð−1Þm
m4

cos½2πmð2φÞ�
�
mτðvÞ2
T2

m2

�
K2

�
mτðvÞ
T

m

�

− 2
2

ð2πÞ2 T
4
X3
r;q¼1

X∞
m¼1

2

m4
cos½2πmðωr − ωqÞ�: (A74)

The last line in Eq. (A74) comes from the SUð3Þc gauge sector. The new order parameters φ and ωr enter into the finite
temperature part of the one-loop effective potential. Here we have defined the notations,
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mWðvÞ2 ¼
g2

4
v2; mZðvÞ2 ¼

g2 þ g2Y
4

v2; mhðvÞ2 ¼ −μ2 þ 3λ

2
v2;

mG�ðvÞ2 ¼ −μ2 þ λ

2
v2 þmWðvÞ2; mG0ðvÞ2 ¼ −μ2 þ λ

2
v2 þmZðvÞ2;

mtðvÞ2 ¼
f2t
2
v2; mbðvÞ2 ¼

f2b
2
v2; mτðvÞ2 ¼

f2τ
2
v2: (A75)

K2ðzÞ is the modified Bessel function defined in Eq. (35).
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